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Abstract—The max-min faimess is one of the most widely y € R™, denoted byr <'* y, if either z = y or there exists
used fairess concepts for resource sharing in communication a k, 1 < k < n, such thatc, < y; and z; =y; for j <k.

networks. This paper describes some results related to it. Given a vectorz = (21,22,...,2n), let T(z) =
(1), T2)s - -+ T(n)), WheErez; is the i** order statistics of

Fquivalence relation by ~ y if T'(z) = T(y) for any

. max-min faimess IS one of the garhest, most W'dan y € S. Foreachr € S, letz denote its equivalent class. Let
used fairness concepts in communication networks and @be the set of equivalent classesnThat is,z € S if and

geveral other areas of communications [1]-{3]. There issa V%nly if some permutation af is in S. Then, lexicographically
literature that proposes to allocate network or other COMMU. = er defines a total order dh ‘ '

nication resources according to _th|s fa|rness_ criteriorenvh Definition 2: Let 7,5 € S. We sayz is lexicographically

the resources are shared by multiple users. It is also detate smaller thany if T'(z) <= T(y)

e e e et omeea M N o, Whe Wi sty we write <
. ' y g ) - _<ler1: . . .

scattered in the literature, often without proper prooﬂaeTy to meanT'(z) 2** T(y), andx being lexicographically

. , : smaller thany meansT(z) =<' T(y).
gqal here_ Is to describe some basic result_s about th_e Max-MMefinition 3: A vectorz € S is lexicographically fair (in
fairness rigorously and to correct some misconceptions.

the setS) if for any other vectory € S, y <!*® z. That is,z
is the maximal (also the greatest) elementSirwith respect
[I. DEFINITION AND BASIC PROPERTIES to <lez.

Let R’ denote the set of nonnegative vectors Y. The following theorem is stated without a proof in [5].
Throughout, we consider only nonnegative vectors, althoug Therorem 2:1f S € R™ is a non-empty compact set, then
most of the results hold without this requirement. For a®ecta lexicographically fair vector exists.

z € R", let z; denote itsi’” component, forl < i < n. That Proof: Let w be a permutation on the sét,2,...,n}.
is, © = (x1,22,...,2y). Given a non-empty se¥ C R}, a Let S; = {y € Slyzq) < Ynx < - < Yn(m)}-
fairness concept supplies a way of designating some vestomNote that the union ofS,’s over all possible permutations
the “best” one inS. is S. Hence, at least one of th8,’s is non-empty. Fur-

Definition 1: A vectorz € S is max-min fair(in the setS) thermore, eachS, is compact. For each fixed, let z™
if for any other vectory € S, z; < y; implies that there is pe the maximal element irS, if the set is non-empty.
somei, 1 <i <mn,i+# j, such thatr; < z; andz; > y;. For a non-emptyS,, =™ exists by the following construc-

The interpretation of this definition is as follows. A vectofion. Let z, (1) = max{y.1)|(y1,¥2,..-,yn) € Sx}. Since
x € S is max-min fair if one cannot increase one of it$, is compact and non-empty, such,, exists. Next,
components without decreasing another of its componenye fix the componenty,), = ) and maximize the
that is already smaller or equal, while remainingdn The componenty, ). This gives z, ). That is, letz, o =
concept of max-min fairness is well defined by the followingnax{y(2)|y1, ., Yr(1)—1: Tr (1) Yr(1)415- - - Yn) € Sz }. In
uniqueness result. general, oncer, to z,;_1) are found, we fixy, ) =

Lemma 1:When exists, the max-min fairness is unique. z,),...,y,;_1) = ;1) and maximize the compo-

Proof: We will show thatz; = y; must be true for alj.  nent y, ;). This gives z,;. The final vector isz™ =
Suppose not. Without loss of generality, let's assume< y;  (z1,...,z,) € S,. Then, the maximal element in the set
for somej. By the definition of the max-min fairness, there{s™ | is a permutation ofl,2,...,n} is in S and it is lex-
must exist an index, i # j, such thaty; < x; < x;. There icographically fair. [ |
must be another index, k # i, such thatz, < yx < y;. The procedure in the above proof is conceptually simple but
Hence, giver; < y;, there isk such thatr,, <y, < x; <y;. inefficient to carry out. The Max-Min programming (MP) in
If k = j, a contradiction occurs. Ik # j, we can continue [4] is another constructive way of finding the lexicographi-
the same process, which must eventually stop. When it stopally fair vector (rather than the max-min fair vector). The

we will have a similar contradiction as above. B rough idea of MP is as follows. In the first step, it solves
The notion of max-min fairness is related to the concept @e following optimization problemmax min; z; subject to
lexicographical order, which is a partial order defined®h  (z,,...,z,) € S. Let the result bet; and suppose the

A vectorz € R™ is said to belexicographically smallethan component that achieves the optimum is unique and has the in-

dexo(1). The next optimization problem isiax min; T
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graphically fair vector from its equivalent class. The ttige Proof: Let z € S be max-min fair. Supposg € S,y #
of such a vector is guaranteed because each optimizatigns another vector irf. Let (I;)_; be an increasing index
problem is on a compact set. sequence for as in Lemma 3. Let = argmin, . ;,,z1; # yi; -
It is assumed that, in each of the above sequence dfen, by Lemma 3z, > y;,.

optimization problems, the component that achieves the re-Sincexz;, =y, for j =1,...,i — 1, we havey,, <y, <
spective optimum is unique. But, this is not generally theeca y;, ,. Then,y;, > y(;) for j = 1,...,i — 1. Then, we have
The computation becomes much more complicated when thg) > y;, for j = 1,...,i—1, wherey;, is the j'* smallest
uniqueness condition is not satisfied. In fact, the MP regbrtcomponent ofy. If z(;) > y;) for somej, 1 < j <i—1,
in [4] does not handle the non-unique cases correctly. Ae00rT then y <'** z. Next, consider the case;, = y;) = y,
procedure is to envision a tree where each node correspondfpt all j, 1 < j < i — 1. In this case, it must be true that
an optimization problem. A node in the tree has an index sety, > y,;), becausey;) = min{yx|1 < k < n,k # I,k #
I(w) € N,whereN = {1,2,...,n},and avectot(w) € R". [y, ...,k # l;_1} butl; # I; for j = 1,...,i — 1. Then,
The node corresponds to the problemax min;ea 7(w) Z; Ty =T, > Y, > Y)- Hencey <lex g [ |
subject tox € S and zj, = t(w) for Yk & I(w). Let  Therorem 5:Supposer € S is max-min fair, and hence,
the optimal value bey(w) and the index set that achievegeyicographically fair. Lety be any permutation of andy
the optimal value b&(w). For eachi ¢ Xi(w), there is @ , Theny ¢ S. Therefore, a max-min fair vector, when exists,
;h”d ”0‘;‘9 °fw',de“%teﬁ byw;. Record atw; th?] deX Set js the only lexicographically fair vector for the set.
angril)e‘_”b ég”r)nugge?; (t ?’_eCt(Ot()wfr)o_ é(nzg)r;:let sscch Zntgrlge Proof: Let (I;)", be an arbitrary increasing index

€1~ comp ilwy) =ylw). 109 . 'sequence forz. Let i = argmin...,x; # y;,. Then,
we initialize the root node with I(r) = 0 and an arbitrary S Sisn d

" . a1, > w;) = xy; for 1 < j <i—1. Hence,y, >z = xy,.
vectort(r) € R™. Then, we create children for the nodes untif; A . PR
. ince equality is not possible by assumption, it must be that

no more nodes can be created, which occurs when all the I%a - By Lemma 3.2 cannot be max-min fair. which
nodes has an index sétw) = N. The maximal element is 4 < Y- BY ' ’

. . : - contradicts the hypothesis of the theorem. ]
is the maximal element in the finite sét(w)} over all leaf . . , .
Hence, when a max-min fair vector exists, there is no dis-

nodesw. S o ; :
For a vetors < 5.t ()7, be 2 pemuaton of th IPELCT DEtEeT e i famess and e excogu
index set{1,...,n} satisfyingz;, < x;, <... <z, . Such . ' 9

max-min fairness, which is a bit difficult to work with, can be
&hieved by investigating the properties of the lexicobieed
airness. For instance, the fact that MP is considered as a
generic way of finding the max-min fair vector is because
it finds the lexicographically fair vector.

Besides the uniqueness, the max-min fairness has few
properties that the lexicographical fairness does not (Bug
there is a unique equivalent class that is lexicograplyicall
fair.). In contrast, the lexicographical fairness has mamyre
interesting properties that the max-min fairness does ae¢ h
Furthermore, the lexicographical fairness is easier tokwor

ith. For instance, the condition for its existence is less
. emanding and often easier to verify. A max-min fair vector
next to e_ach other, but t.he corresponding componenjsae may not exist in many compact sets but a lexicographicaity fa
ordered in non-decreasing 0“?'6‘“ . vector always exists in a non-empty compact set. Furthegmor

Supposer;; < y,, wherei is as in the statement of thefor evaluating the “fairess” of the distribution of a vetso
lemma. Sincer is max-min fair, there exists some # i components, the order of these components does not matter.
such thaty, < xz; < x;, < y;,. Supposery = x;,. Thenk  Hence, the lexicographical fairness really captures ehary
should be beforé; in the sequencel;)7_; sincey, < y,. that the max-min fairness embodies. The extra condition
That is, k = [; for somel < j < i —1. But, for suchk, required by the definition of the max-min fairness addselittl
T = x1; = yi; = Yk, Which contradicty, < wj. but is only constraining.

Next, supposer; < x;,. Then againk = [; for some  Thergrem 6:SupposeS is a non-empty compact and con-

1 <j <i— 1. But, for suchk, ) = yx, which contradicts ey set. Suppose € S is lexicographically fair. Theng is

an index sequence is called artreasing index sequender
x, which may not be unique. The next lemma can be view
as an equivalent definition of max-min fairness. It is somawh
easier to conceptualize than the original definition.

Lemma 3:A vector z € S is max-min fair if and only if,
for any other vectoy € S,y # x, there exists an increasing
index sequence far, denoted by(l;)™_,, such thate;, > y;,,
wherei = argmin ;. xi; # yi;.

Proof: Supposer is max-min fair. We choose an in-
creasing index sequendg;)” , that satisfies the following
property. Ifz;, = x;,,,, theny,, < y;,.,. That is, when
some components af are identical, not only they are ordere

yr < xx. Hence, it must be that;, > y;,. max-min fair.
~ To show the converse, Iét;)"_, be an arbitrary incregsing Proof: Supposer is not max-min fair. Then, by Lemma
index sequence far with the propertyz;, > y;,, wherei = 3 ihere existsy € S andy # x such that for any in-

argmin ;<. x1, 7 ;- Then, for anyk such thatey <k, it creasing index sequendé)”_,, we havez;, < y;,, where
such ak exists, it must be true th_akt# 1, 1_§ j _g i. Hence, ; _ argminl<j<nxz] £ y,,. We choose an increasing index
21, < g, anday, >y, Hence,x is max-min fair. ®  sequence for that satisfies the following property. if;, =
The next theorem is stated in several sources (e.qg., [5]). Wgﬂ, theny,, < y,,,. Let z = azx + (1 — a)y for some
supply a proof. 0 < a < 1. We will choose a particulatr such thatz € S
Therorem 4: A max-min fair vector, when exists, is lexico-and = =<!** 2. This contradicts the assumption thatis

graphically fair. lexicographically fair. Hencer must be max-min fair.



We will show how to choose such am Supposer;, = y° = argmin .|y — z||, where|| - || is the Euclidean norm.
xy,,, =...=x,, ,andz >;rl,i i+r+ n. at is,y” is the projection ofy on the se which exists
i o andz, f 1< That is,y” is th ti the setl’”, which exist
By the assumption orl;)i",, vi, < w,,, < ... < w,,,. andisunique. Sinc&” becomed” asymptotically and; € T,

Let a* € (0,1) satisfy a*z;, > o, fori+r < j < n. we havel|y®—y|| — 0asB — co. Hencey? — y asf — oo
Define z = a*z + (1 — a*)y By convexity of S, z € S. 1.

Furthermore,z;, = x;, for 1 < j < i; z; = a*xy; + (1 — By the optimality condition, for everys,

o)y, > oz, + (1 —a)y, > x, fori <j <i+r;and n

zj =z +(1—a®)y, > a*wy, > a, fori+r+1<j <n. Z U’B(zf)(y? - xf) <0. (4)

Hence 2(5) = T(@) forl1 <j<i-—1, andz(z) > Ty, = T(y)-
This contradicts the fact that is lexicographically fair. m
Corollary 7: A compact and convex set has exactly on§'nceyj = »”U yfor1 <j<k-1,
lexicographically fair vector. n
Proof: The conclusion follows from Theorem 5 and ZUﬁ(g;@)(y? -2 <o. (5)
Theorem 6. n p= R

Il. CHARACTERIZING MAX-MIN FAIRNESS BY Sincez” — z asf — oo andz; > xy for k+s < j <n, we
OPTIMIZATION have U (x )/Uﬁ(xk) — 0 as 8 — oo. Therefore, the sign

It is known that many fairness concepts can be charactenz‘@edthe sum in (5) is determined bEHg UP(a))(y] — )
by the solutions to optimization problems. For instance, ti/1en g is large enough. Hence, there exists such that for
proportional fairness is defined as the optimal solutionhi® tall 6= Fo, bt
problemmax )., log(x;) subject tox € S, whereS C R’} “B/ B\, 8 B
is a non-emp%:y C(l)mpfglct)and convex set. Z UA @)y — ;) < 0. ©)

Let U* : R — R be a set of continuously differentiable,
strictly increasing functions, with the property, for eger = This implies, for each > 3,,

e n S, If 7 Kl i )
(T1,...,2,) € T < % k<1;1<1§€1+gUﬁ(:c?)(yf - 1‘?) <0. (7)
U*(x; -
lim — (z:) =00 Q) 8
a—oo [0 (z;) SinceU (x5 ) >0, for all 7 and 3,
Consider the sequence of optimization problems. min (y@ — xﬁ) <0, (8)
k<j<k+s 7 J
n
max » U%(x;) (2) for g =0,
Z: Whenr <s, yx = ... = Yktr < Uktr1 < oo0 < Yktse
st. €8 ) Hence,yr, — i = ... = Yrtr — Thorr < Yhtrtl — Thrtl <

... < yr+s — Trxs. Then, there existg; such that for all
Supposer* is a solution to the above problem, for each fixeg > max{3,, 5}, the minimum in (8) is achieved by a term
«. The following theorem has been cited in the literature magyith the indexj that always satisfie < j < k + r. For any
times. But, there hasn’t been a rigorous proof for it. suchj, 1; — x5, and yj — yk asf3 — oo. Hence,y;, < zy.
Therprerq 8:Every limit point of the sequencgz} is By the assu ftlon thay, # x5, it must be thaty, < zy.
max-min fair. Whenr = s, Ty — Tk andy —ygforall j, k <j<k+s,
Proof: Let z be a limit point of {z®}. Without loss of asff — oo. From (8), by Iettlngﬂ — o0, We again reach the
generality, suppose; < ... < z,, possibly by renaming the conclusiony;, < z;. By Lemma 3,z is max-min fair. [ ]

axis. We wish to show that is max-min fair Consider any  The uniqueness of the max-min fair vector implies the
vectory € S andy # x. Supposek = argmin_;_,x; # following.

yj. Supposery = ... = x4, for somes > 0. Suppose, if  Corollary 9: The sequencéz®} in Theorem 8 converges.
k+s+1<n, zp # Trts+1- AlSO suppose the indices are
ordered such that Ili'j = S;Z-|j+1, thenyj < Yj+1- Suppose’ = REFERENCES
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the normal vector td7? approaches the normal vector b, 1

To argue this rigorously, le§® be the projection ofy onto HZ. ||§° —
Let 7% = HP NS and letT = HNS. Clearly, 7% andT ||, g as3 — o. y” is the projection ofj® ontoT*. Since|ly® — y|| <
are both convex and compact sets. Note thagj € T. Let ||g° —y||, |[v° — y|| — 0 asB — .



