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Some Results on Max-min Fairness for Resource
Sharing

Ye Xia

Abstract— The max-min fairness is one of the most widely
used fairness concepts for resource sharing in communication
networks. This paper describes some results related to it.

I. I NTRODUCTION

The max-min fairness is one of the earliest, most widely
used fairness concepts in communication networks and in
several other areas of communications [1]–[3]. There is a vast
literature that proposes to allocate network or other commu-
nication resources according to this fairness criterion when
the resources are shared by multiple users. It is also related to
more recent fairness concepts such as the proportional fairness
[2]. However, many results about the max-min fairness are
scattered in the literature, often without proper proofs. The
goal here is to describe some basic results about the max-min
fairness rigorously and to correct some misconceptions.

II. D EFINITION AND BASIC PROPERTIES

Let R
n
+ denote the set of nonnegative vectors inR

n.
Throughout, we consider only nonnegative vectors, although
most of the results hold without this requirement. For a vector
x ∈ R

n, let xi denote itsith component, for1 ≤ i ≤ n. That
is, x = (x1, x2, . . . , xn). Given a non-empty setS ⊆ R

n
+, a

fairness concept supplies a way of designating some vector as
the “best” one inS.

Definition 1: A vectorx ∈ S is max-min fair(in the setS)
if for any other vectory ∈ S, xj < yj implies that there is
somei, 1 ≤ i ≤ n, i 6= j, such thatxi ≤ xj andxi > yi.

The interpretation of this definition is as follows. A vector
x ∈ S is max-min fair if one cannot increase one of its
components without decreasing another of its components
that is already smaller or equal, while remaining inS. The
concept of max-min fairness is well defined by the following
uniqueness result.

Lemma 1:When exists, the max-min fairness is unique.
Proof: We will show thatxj = yj must be true for allj.

Suppose not. Without loss of generality, let’s assumexj < yj

for somej. By the definition of the max-min fairness, there
must exist an indexi, i 6= j, such thatyi < xi ≤ xj . There
must be another indexk, k 6= i, such thatxk < yk ≤ yi.
Hence, givenxj < yj , there isk such thatxk < yk < xj < yj .
If k = j, a contradiction occurs. Ifk 6= j, we can continue
the same process, which must eventually stop. When it stops,
we will have a similar contradiction as above.

The notion of max-min fairness is related to the concept of
lexicographical order, which is a partial order defined onR

n.
A vector x ∈ R

n is said to belexicographically smallerthan
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y ∈ R
n, denoted byx �lex y, if either x = y or there exists

a k, 1 ≤ k ≤ n, such thatxk < yk andxj = yj for j < k.
Given a vector x = (x1, x2, . . . , xn), let T (x) =

(x(1), x(2), . . . , x(n)), wherex(i) is the ith order statistics of
x. That is, x(1) ≤ x(2) ≤ . . . ≤ x(n). We can define an
equivalence relation byx ∼ y if T (x) = T (y) for any
x, y ∈ S. For eachx ∈ S, let x̄ denote its equivalent class. Let
S̄ be the set of equivalent classes inS. That is,x̄ ∈ S̄ if and
only if some permutation ofx is in S. Then, lexicographically
smaller defines a total order on̄S.

Definition 2: Let x̄, ȳ ∈ S̄. We sayx̄ is lexicographically
smaller thanȳ if T (x) �lex T (y).

From now on, when without ambiguity, we writex �lex

y to meanT (x) �lex T (y), and x being lexicographically
smaller thany meansT (x) �lex T (y).

Definition 3: A vector x ∈ S is lexicographically fair (in
the setS) if for any other vectory ∈ S, y �lex x. That is,x
is the maximal (also the greatest) element inS with respect
to �lex.

The following theorem is stated without a proof in [5].
Therorem 2: If S ∈ R

n is a non-empty compact set, then
a lexicographically fair vector exists.

Proof: Let π be a permutation on the set{1, 2, . . . , n}.
Let Sπ = {y ∈ S|yπ(1) ≤ yπ(2) ≤ . . . ≤ yπ(n)}.
Note that the union ofSπ ’s over all possible permutations
is S. Hence, at least one of theSπ ’s is non-empty. Fur-
thermore, eachSπ is compact. For each fixedπ, let xπ

be the maximal element inSπ if the set is non-empty.
For a non-emptySπ, xπ exists by the following construc-
tion. Let xπ(1) = max{yπ(1)|(y1, y2, . . . , yn) ∈ Sπ}. Since
Sπ is compact and non-empty, suchxπ(1) exists. Next,
we fix the componentyπ(1) = xπ(1) and maximize the
componentyπ(2). This gives xπ(2). That is, let xπ(2) =
max{yπ(2)|y1, . . . , yπ(1)−1, xπ(1), yπ(1)+1, . . . , yn) ∈ Sπ}. In
general, oncexπ(1) to xπ(i−1) are found, we fixyπ(1) =
xπ(1), . . . , yπ(i−1) = xπ(i−1) and maximize the compo-
nent yπ(i). This gives xπ(i). The final vector isxπ =
(x1, . . . , xn) ∈ Sπ. Then, the maximal element in the set
{xπ|π is a permutation of1, 2, . . . , n} is in S and it is lex-
icographically fair.
The procedure in the above proof is conceptually simple but
inefficient to carry out. The Max-Min programming (MP) in
[4] is another constructive way of finding the lexicographi-
cally fair vector (rather than the max-min fair vector). The
rough idea of MP is as follows. In the first step, it solves
the following optimization problem,max mini xi subject to
(x1, . . . , xn) ∈ S. Let the result bet1 and suppose the
component that achieves the optimum is unique and has the in-
dexσ(1). The next optimization problem ismax mini6=σ(1) xi

subject toxσ(1) = t1 and (x1, . . . , xn) ∈ S. This process
continues. The final resultxσ = (x1, . . . , xn) is one lexico-
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graphically fair vector from its equivalent class. The existence
of such a vector is guaranteed because each optimization
problem is on a compact set.

It is assumed that, in each of the above sequence of
optimization problems, the component that achieves the re-
spective optimum is unique. But, this is not generally the case.
The computation becomes much more complicated when the
uniqueness condition is not satisfied. In fact, the MP reported
in [4] does not handle the non-unique cases correctly. A correct
procedure is to envision a tree where each node corresponds to
an optimization problem. A nodew in the tree has an index set
I(w) ⊆ N , whereN = {1, 2, . . . , n}, and a vectort(w) ∈ R

n.
The node corresponds to the problemmax minj∈N\I(w) xj

subject tox ∈ S and xk = tk(w) for ∀k ∈ I(w). Let
the optimal value bey(w) and the index set that achieves
the optimal value beΣ(w). For eachi ∈ Σ(w), there is a
child node ofw, denoted bywi. Record atwi the index set
I(wi) = I(w)∪{i} and the vectort(wi) = t(w) with a change
at theith componentti(wi) = y(w). To generate such a tree,
we initialize the root noder with I(r) = ∅ and an arbitrary
vectort(r) ∈ R

n. Then, we create children for the nodes until
no more nodes can be created, which occurs when all the leaf
nodes has an index setI(w) = N . The maximal element inS
is the maximal element in the finite set{t(w)} over all leaf
nodesw.

For a vectorx ∈ S, let (li)
n
i=1 be a permutation of the

index set{1, . . . , n} satisfyingxl1 ≤ xl2 ≤ . . . ≤ xln . Such
an index sequence is called anincreasing index sequencefor
x, which may not be unique. The next lemma can be viewed
as an equivalent definition of max-min fairness. It is somewhat
easier to conceptualize than the original definition.

Lemma 3:A vector x ∈ S is max-min fair if and only if,
for any other vectory ∈ S, y 6= x, there exists an increasing
index sequence forx, denoted by(li)n

i=1, such thatxli > yli ,
wherei = argmin1≤j≤nxlj 6= ylj .

Proof: Supposex is max-min fair. We choose an in-
creasing index sequence(li)n

i=1 that satisfies the following
property. If xlj = xlj+1

, then ylj ≤ ylj+1
. That is, when

some components ofx are identical, not only they are ordered
next to each other, but the corresponding components ofy are
ordered in non-decreasing order.

Supposexli < yli , where i is as in the statement of the
lemma. Sincex is max-min fair, there exists somek 6= li
such thatyk < xk ≤ xli < yli . Supposexk = xli . Then k
should be beforeli in the sequence(lj)n

j=1 sinceyk < yli .
That is, k = lj for some1 ≤ j ≤ i − 1. But, for suchk,
xk = xlj = ylj = yk, which contradictsyk < xk.

Next, supposexk < xli . Then again,k = lj for some
1 ≤ j ≤ i − 1. But, for suchk, xk = yk, which contradicts
yk < xk. Hence, it must be thatxli > yli .

To show the converse, let(li)n
i=1 be an arbitrary increasing

index sequence forx with the propertyxli > yli , wherei =
argmin1≤j≤nxlj 6= ylj . Then, for anyk such thatxk < yk, if
such ak exists, it must be true thatk 6= lj , 1 ≤ j ≤ i. Hence,
xli ≤ xk, andxli > yli . Hence,x is max-min fair.

The next theorem is stated in several sources (e.g., [5]). We
supply a proof.

Therorem 4:A max-min fair vector, when exists, is lexico-
graphically fair.

Proof: Let x ∈ S be max-min fair. Supposey ∈ S, y 6=
x, is another vector inS. Let (li)

n
i=1 be an increasing index

sequence forx as in Lemma 3. Leti = argmin1≤j≤nxlj 6= ylj .
Then, by Lemma 3,xli > yli .

Sincexlj = ylj for j = 1, . . . , i − 1, we haveyl1 ≤ yl2 ≤
yli−1

. Then,ylj ≥ y(j) for j = 1, . . . , i − 1. Then, we have
x(j) ≥ y(j) for j = 1, . . . , i−1, wherey(j) is thejth smallest
component ofy. If x(j) > y(j) for somej, 1 ≤ j ≤ i − 1,
then y �lex x. Next, consider the casex(j) = y(j) = ylj

for all j, 1 ≤ j ≤ i − 1. In this case, it must be true that
yli ≥ y(i), becausey(i) = min{yk|1 ≤ k ≤ n, k 6= l1, k 6=
l2, . . . , k 6= li−1} but li 6= lj for j = 1, . . . , i − 1. Then,
x(i) = xli > yli ≥ y(i). Hence,y �lex x.

Therorem 5:Supposex ∈ S is max-min fair, and hence,
lexicographically fair. Lety be any permutation ofx andy 6=
x. Then,y /∈ S. Therefore, a max-min fair vector, when exists,
is the only lexicographically fair vector for the set.

Proof: Let (li)
n
i=1 be an arbitrary increasing index

sequence forx. Let i = argmin1≤j≤nxlj 6= ylj . Then,
yli ≥ x(j) = xlj for 1 ≤ j ≤ i − 1. Hence,yli ≥ x(i) = xli .
Since equality is not possible by assumption, it must be that
xli < yli . By Lemma 3,x cannot be max-min fair, which
contradicts the hypothesis of the theorem.
Hence, when a max-min fair vector exists, there is no dis-
tinction between the max-min fairness and the lexicographical
fairness. In such a situation, much understanding about the
max-min fairness, which is a bit difficult to work with, can be
achieved by investigating the properties of the lexicographical
fairness. For instance, the fact that MP is considered as a
generic way of finding the max-min fair vector is because
it finds the lexicographically fair vector.

Besides the uniqueness, the max-min fairness has few
properties that the lexicographical fairness does not have(But,
there is a unique equivalent class that is lexicographically
fair.). In contrast, the lexicographical fairness has manymore
interesting properties that the max-min fairness does not have.
Furthermore, the lexicographical fairness is easier to work
with. For instance, the condition for its existence is less
demanding and often easier to verify. A max-min fair vector
may not exist in many compact sets but a lexicographically fair
vector always exists in a non-empty compact set. Furthermore,
for evaluating the “fairness” of the distribution of a vector’s
components, the order of these components does not matter.
Hence, the lexicographical fairness really captures everything
that the max-min fairness embodies. The extra condition
required by the definition of the max-min fairness adds little
but is only constraining.

Therorem 6:SupposeS is a non-empty compact and con-
vex set. Supposex ∈ S is lexicographically fair. Then,x is
max-min fair.

Proof: Supposex is not max-min fair. Then, by Lemma
3 there existsy ∈ S and y 6= x such that for any in-
creasing index sequence(li)n

i=1, we havexli < yli , where
i = argmin1≤j≤nxlj 6= ylj . We choose an increasing index
sequence forx that satisfies the following property. Ifxlj =
xlj+1

, then ylj ≤ ylj+1
. Let z = αx + (1 − α)y for some

0 < α < 1. We will choose a particularα such thatz ∈ S
and x �lex z. This contradicts the assumption thatx is
lexicographically fair. Hence,x must be max-min fair.
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We will show how to choose such anα. Supposexli =
xli+1

= . . . = xli+r
, and xli+r+1

> xli , if i + r + 1 ≤ n.
By the assumption on(li)n

i=1, yli ≤ yli+1
≤ . . . ≤ yli+r

.
Let α∗ ∈ (0, 1) satisfy α∗xlj > xli for i + r < j ≤ n.
Define z = α∗x + (1 − α∗)y. By convexity of S, z ∈ S.
Furthermore,zlj = xlj for 1 ≤ j < i; zj = α∗xlj + (1 −
α∗)ylj ≥ α∗xli + (1 − α∗)yli > xli for i ≤ j ≤ i + r; and
zj = α∗xlj +(1−α∗)ylj > α∗xlj > xli for i+r+1 ≤ j ≤ n.
Hence,z(j) = x(j) for 1 ≤ j ≤ i − 1, andz(i) > xli = x(i).
This contradicts the fact thatx is lexicographically fair.

Corollary 7: A compact and convex set has exactly one
lexicographically fair vector.

Proof: The conclusion follows from Theorem 5 and
Theorem 6.

III. C HARACTERIZING MAX -MIN FAIRNESS BY

OPTIMIZATION

It is known that many fairness concepts can be characterized
by the solutions to optimization problems. For instance, the
proportional fairness is defined as the optimal solution to the
problemmax

∑n

i=1 log(xi) subject tox ∈ S, whereS ⊆ R
n
+

is a non-empty compact and convex set.
Let Uα : R → R be a set of continuously differentiable,

strictly increasing functions, with the property, for every x =
(x1, . . . , xn) ∈ S, if xi < xj ,

lim
α→∞

U̇α(xi)

U̇α(xj)
= ∞ (1)

Consider the sequence of optimization problems.

max

n∑

i=1

Uα(xi) (2)

s.t. x ∈ S (3)

Supposexα is a solution to the above problem, for each fixed
α. The following theorem has been cited in the literature many
times. But, there hasn’t been a rigorous proof for it.

Therorem 8:Every limit point of the sequence{xα} is
max-min fair.

Proof: Let x be a limit point of{xα}. Without loss of
generality, supposex1 ≤ . . . ≤ xn, possibly by renaming the
axis. We wish to show thatx is max-min fair. Consider any
vector y ∈ S and y 6= x. Supposek = argmin1≤j≤nxj 6=
yj . Supposexk = . . . = xk+s for somes ≥ 0. Suppose, if
k + s + 1 ≤ n, xk 6= xk+s+1. Also suppose the indices are
ordered such that ifxj = xj+1, thenyj ≤ yj+1. Supposer =
max0≤j≤s xk+j = yk+j . Hence,yk = yk+1 = . . . = yk+r,
and if r < s, yk+r < yk+r+1.

Let {xβ} be a subsequence of{xα} converging tox. Let
{yβ} be a sequence converging toy, with the property that,
for eachβ, yβ

j = xβ
j , for 1 ≤ j ≤ k − 1. We will show such

a sequence exists. Define the hyperplaneHβ andH by,

Hβ = {(xβ
1 , . . . , xβ

k−1, zk, zk+1, . . . , zn)|zj ∈ R, k ≤ j ≤ n},

H = {(x1, . . . , xk−1, zk, zk+1, . . . , zn)|zj ∈ R, k ≤ j ≤ n}.

Note that, asβ → ∞, Hβ approachesH, in the sense that
the normal vector toHβ approaches the normal vector toH.
Let T β = Hβ ∩ S and letT = H ∩ S. Clearly, T β and T
are both convex and compact sets. Note thatx, y ∈ T . Let

yβ = argminz∈T β ||y − z||, where|| · || is the Euclidean norm.
That is,yβ is the projection ofy on the setT β , which exists
and is unique. SinceT β becomesT asymptotically andy ∈ T ,
we have||yβ−y|| → 0 asβ → ∞. Hence,yβ → y asβ → ∞
1.

By the optimality condition, for everyβ,
n∑

j=1

U̇β(xβ
j )(yβ

j − xβ
j ) ≤ 0. (4)

Sinceyβ
j = xβ

j , for 1 ≤ j ≤ k − 1,

n∑

j=k

U̇β(xβ
j )(yβ

j − xβ
j ) ≤ 0. (5)

Sincexβ → x asβ → ∞ andxj > xk for k + s < j ≤ n, we
have U̇β(xβ

j )/U̇β(xβ
k) → 0 as β → ∞. Therefore, the sign

of the sum in (5) is determined by
∑k+s

j=k U̇β(xβ
j )(yβ

j − xβ
j )

whenβ is large enough. Hence, there existsβo such that for
all β ≥ βo,

k+s∑

j=k

U̇β(xβ
j )(yβ

j − xβ
j ) ≤ 0. (6)

This implies, for eachβ ≥ βo,

min
k≤j≤k+s

U̇β(xβ
j )(yβ

j − xβ
j ) ≤ 0. (7)

SinceU̇β(xβ
j ) ≥ 0, for all j andβ,

min
k≤j≤k+s

(yβ
j − xβ

j ) ≤ 0, (8)

for β ≥ βo.
When r < s, yk = . . . = yk+r < yk+r+1 ≤ . . . ≤ yk+s.

Hence,yk − xk = . . . = yk+r − xk+r < yk+r+1 − xk+r+1 ≤
. . . ≤ yk+s − xk+s. Then, there existsβ1 such that for all
β ≥ max{βo, β1}, the minimum in (8) is achieved by a term
with the indexj that always satisfiesk ≤ j ≤ k + r. For any
suchj, xβ

j → xk andyβ
j → yk asβ → ∞. Hence,yk ≤ xk.

By the assumption thatyk 6= xk, it must be thatyk < xk.
Whenr = s, xβ

j → xk andyβ
j → yk for all j, k ≤ j ≤ k + s,

asβ → ∞. From (8), by lettingβ → ∞, we again reach the
conclusionyk < xk. By Lemma 3,x is max-min fair.

The uniqueness of the max-min fair vector implies the
following.

Corollary 9: The sequence{xα} in Theorem 8 converges.
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1To argue this rigorously, let̂yβ be the projection ofy onto Hβ . ||ŷβ −
y|| → 0 asβ → ∞. yβ is the projection of̂yβ ontoT β . Since||yβ − y|| ≤
||ŷβ − y||, ||yβ − y|| → 0 asβ → ∞.


