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Abstract—We propose an algorithm for maximizing the life-
time of a wireless sensor network when there is a mobile sinkral
the underlying application can tolerate some amount of delain
delivering the data to the sink. The algorithm is distributed, and
in addition, mostly uses local information. Such an algoribm can
be implemented by parallel and/or distributed execution aml the
overhead of message passing is low. It is also possible to ezdithe
algorithm into a network protocol so that the sensor nodes ad
the sink can run it directly as part of the network operation. We
give a proof of the algorithm’s optimality and the boundedness
of the queue sizes, both in the long-run average sense. Thegof
is based on analyzing a Lyapunov drift.

Index Terms—Wireless Sensor Network, Lifetime Maximiza-
tion, Distributed Algorithm, Delay-Tolerant Application s, Mobile
Sink

|. INTRODUCTION
A. Motivation

sensor nodes, and as a result, mitigate the energy-holéeprob
and increase the network lifetime. The use of a mobile sink
can also be found naturally in some application scenarios. F
instance, in habitat monitoring, a mobile robot may be used
to collect information from the sensor nodes in the field. If
much of the habitat area is inaccessible by the robot or if
it is desirable to minimize disturbance to the targeted ahim
species, the robot will follow predetermined paths and stop
by a set of pre-arranged locations regularly for data cttiec
(see [15] for more examples).

B. Related Work and Contributions

In [15], the authors propose a framework of improving the
network lifetime by taking advantage of not only sink matyili
but also application delay tolerance. The resulting model i
called Delay Tolerant Mobile Sink Model (DT-MSMPT-

A wireless sensor network (WSN) typically consists of #SM is suitable to those applications where some amount
sink node and a large number of sensor nodes, each of whi¢hdelay in data delivery to the sink is permitted [9]. The
gathers information from its vicinity and delivers colledt sensor nodes may delay the transmission of the collected dat
data to the sink for further processing in a possibly muttph and wait for the mobile sink to arrive at the location most
fashion. The sensor nodes usually operate with batterids davorable for improving the network lifetime. However, find
are often deployed into a harsh environment. Once depldlyechn efficient algorithm for DT-MSM is not the focus of [15].
is hard or even impossible to recharge or replace the bedteri The goal of this paper is to find a distributed algorithm
of the sensor nodes. Therefore, extending the networlniget that solves the lifetime maximization problem associatét w
by efficient use of energy is a critical requirement for a WSNDT-MSM. The decisions to be made include how long the

The network lifetime is usually defined as the time unt#ink should stay at each potential stop, and how to route the
the first node fails because of energy depletion [1], [2]. Du#ata to the sink when it stops (including deciding the amount
to the multi-hop routing from the sensor nodes to the sind, tlof data transmitted at various nodes), subject to a maximum
sensor nodes close to the sink usually are the most burdet@drable delay. The paper has two main contributionst,Firs
with relaying data from distant nodes. The traffic imbalanaaur algorithm is both distributed and mostly local. The aller
can cause early energy depletion for the nodes near the sistdution is broken down into smaller decision problems and
creating an “energy hole” around the sink. The result may leach decision can be done locally in a sensor node. For the
an early disconnection of the sink from the remaining sensarost part, only local information at a node itself and at its

nodes, which may still have plenty of energy [3], [4], [5].

neighbors is needed. In general, distributed algorithnes ar

Recently, the exploitation of mobility to improve the life-more useful and preferable for networking problems because
time of a WSN, especially the mobility of the sink, hashey can be readily built into network protocols and become

attracted the interest of researchers [6], [7], [8], [9P][111],

network control algorithms. Local algorithms have the addi

[12], [13], [14], [15]. By making stops at different places i tional benefit of restricting the control traffic to be among
the network to receive collected data from the sensor nodkxzally interacting nodes. Second, we analyze our algarith
a mobile sink can better balance the traffic load across taed show that it converges to the optimal objective value for



the lifetime maximization problem in the long-run average The rest of the paper is organized as follows. Section I
sense, and that the long-time average of the virtual quees sidescribes the system model of DT-MSM and the problem
are bounded. The proof is based on analyzing a Lyapunov drftirmulation. The proposed distributed algorithm for thelpr

We briefly survey related work. The authors of [7] study theem is given in Section lll. In Section IV, we show that the
lifetime maximization problem in a WSN with a mobile sink.algorithm converges to the optimal value of the problem and
They propose a distributed subgradient algorithm for sgjvi the queue sizes are bounded by applying the Lyapunov drift
the problem. However, their problem is quite different frontechnique. In Section V, we present the experimental result
ours. Furthermore, our algorithm is motivated by a subgradi that verify the convergence of our algorithm to the optimal
algorithm; but the deviations have substantial conseqegencvalue and the boundedness of the queues in the system. The
Unlike their algorithm, standard convergence results far t conclusion is given in Section VI.
subgradient algorithms do not apply to our algorithm and
the analysis about convergence and algorithm performance i

our case relies on a different framework. In addition, their Il. SYSTEM MODEL AND PROBLEM FORMULATION
approach relaxes the energy constraints, whereas we fredax t
flow conservation constraints. The wireless sensor network is modeled as a directed graph,

The authors of [6] formulate a linear programming probleréienoted byG® = (N, A), whereN = {1,..., N} is the set of
for determining how to move the mobile sink and how lonygertices representing the sensor nodes.drislthe set of edges
the sink should stay at a stop to gather data, with the safe@resenting the wireless links. Each sensor nodenerates
objective of maximizing the network lifetime. However, howdata at a constant rate and has an initial energy endowment
to route the collected data to the sink is not an interestéir th ;. Let d(i, j) be the Euclidean distance between nodesd
study. In contrast, traffic routing is an important decisian j-
our case. Let N(i) denote the set of (downstream) neighbor nodes
Regarding the analytical method, the Lyapunov drift tectof nodei, i.e., N(i) = {j|(i,j) € A}. Letc: A — RT be
nique is widely used for studying the stability issue of coht a given cost function on the edge set. The cdstj) is the
and optimization algorithms for a network of queues. A repreequired energy to send a unit of data from nede ; and it
sentative work is [16], where the authors apply this techeiqis usually a function of the distance betweeand j. Let £
to the study of a link scheduling algorithm in multi-hop patk be the set of the sink locations indexed from 1 through
radio networks that proves to be stable and achieve theeentir As stated earlier, we assume that the traveling time between
throughput region. Our method is more closely related t¢,[1the sink locations is negligible. With this assumption, the
which is also about a dynamic control algorithm in wirelessrder of visits to the sink locations does not matter for the
networks that attains the optimal performance goal as veell @ptimization problem in this paper. The same conclusion has
the desired stability property. been found true for related problems in several other papers
[6], [7], [12], [14]. Thus, for simplicity of explanation, &
assume that the order of visits is givenlas> 2 — --- — L.
] ) ) . DT-MSM was introduced in [15]. It is suitable for an
It is worth commenting on our assumptions regarding thg,sjication that can tolerate a certain amount of delay. In
sink’s movement. First, the sink’s traveling time betwe®PS  pT.\SM, each node can postpone the transmission of data
is negligible. This assumption is widely used in the litarat ;| the sink is at the location most favorable for extemgin
of similar mobile sink problems [6], [10], [11], [12], [13], the system lifetime. However, there is usually a maximum
[14], [15]. Itis appropriate for applications where othinés  jgay that the application can tolerate. This maximum delay
of interest, e.g., the delay tolerance level, are much Ipg® (glerance is denoted bip. The sink must complete one of its
the traveling time. Another reason for making this assuampti 1q,rs from node 1 tol, and back to 1 inD time units and

is tractability. If the sink’s traveling time cannot be negfled, ihen repeats the same tour in the next round.
the problem becomes very hard to solve. It has a componen

equivalent to th@raveling Salesman Problemwhich is known

to é)e andNP-hard probrllem. ible | , h he sink tours, which is denoted &5. The actual lifetime isT" - D.
econd, we restrict the possible locations where the SiNK G, ¢ jacision variables are how much time the sink stays at

stop to a given finite set. If the sink can stop at an arbitrayl - 1ocatiori € £ within each tour, denoted by, and what
location, the problem becomes fundamentally differents Tl?he rate of data transmission from nod® j should be while

authors of [14] study the problem of how to determine t e sink is at, denoted byll(-;-), for each node pair and. In

Iocat|.ons, whichis NP-hqrd, and present an approximatign optimal solution, the mobile sink does not necessargit vi
algorithm. That problem is essentially orthogonal to our

. OUr%y| the sink locations. In that case, we still let the sinkitvis
Furthermore, although more lifetime can be extracted if t@%ch a node; but the time of stay is 0

locations of the stops are part of the decision variables;ave . 0

approach that performance level by letting the given finie s In our problem formullat|ontl and a;; alvlvays sholw up
of potential stops be large. Our assumption is also appatgpritogether in the formtla%.). We can deﬁnefgj) = tlagj) to
when the nature of the sensor field or the special featureeofnieplacetlaz(.l.). Clearly, a:il.) can be interpreted as the traffic
mobile sink require the locations of the stops to be cons#ihi volume on the link(i, 7) when the sink is at. We will take

C. Assumptions

Since each tour take® time units, the problem of max-
imizing the system lifetime is to maximize the number of



the view of traffic volume in the following discussitin

In DT-MSM, a sensor node can temporarily delay data tran
mission and store the data in its local buffer; this is in casit
to the non-delay-tolerant case, where each sensor node n
not buffer data. The network can deliberately take advanta
of delay tolerance and data buffering as follows. When tt :
sink is at locatior!, it collects data from a set of sensa®s, p+d.
where R; C N, through multi-hop communication. The se™
R is called thecoverageof sink location/. The nodes from
outside R; do not attempt to transmit or relay data when th mié
sink is at locationl. We assumeR; is given for eachl and
Uiec R = N. In a degenerate case, eaGhmay be the same :
asN.2 DAd.

Thus, for each locatior, there is a graplG! = (N U
{1}, AY), where A" = {(i,j) € Ali € R;,j € Ry U {I}}.
Recall that when the sink is at locatiédnthe nodes outside
the coverager; do not participate in the data transfer proces ]
and hence, their incoming or outgoing links are not usahle f D—*dn'g
data transfer. The grapfi contains only those links that are
usable when the sink is at locatidnplus those links from a
sensor node in the coveradg to location/. When the sink
is at locationl, the (downstream) neighbor set of noflés
denoted byN; (i) = {4|(i,j) € A'}.

We create an expanded graph from the graghs € £, and iD7d;
make the expanded graph into a flow network. As it becomes
clear shortly, the lifetime maximization problem will be &9- 1
network flow problem on the expanded graph. In Fig. 1, we

show an example of the expanded graph. Some details about . . .
its construction are as follows. With the introduction of node in the expanded graph, the

1) Start each column witd?, for all [ € £ definition of A is modified in a natural way for eadhe L.

Al e (1) ' The edges of the fornti, 1) in the original A' are replaced
2) Relabel node in G* asi*’, with (i, s). Ni(i) is still defined asNi(i) = {j|(i, ) € A'}
3) Add a vertexs, which represents the sink. Al ! ’

l
4) For eachl, replace the edgéiV,1) with (i), s) and but under the newd . o o
. We make the following connectivity assumption: For any
remove node from G*.

5) Foreach®,l=1,..., L—1,add an edgéi(®), i(+1). sensor node € A, there is a path from) to s in the

6) Set the supply at nodé!) to be Dd; and the demand expanded graph. This ensures that there is a way to deliver
at nodes topEgD S od ! data from node to the sink.
ieN Vi

) @) ; (1) ()
The cost of each vertical edge (of the fori", j)) is Let z;; andy;” be the wraffic volume on edge 7, j )
assigned as follows: ’ and (i), i(+1), respectively. The flow conservation law at

the sensor nodes is as follows.
c(i,j), it 4, jeER,j#s
0}

ey =i, i icRuj=s (1) oo = Y ) -y =-D-d
00, otherwise JHENL() JEN1(3)

Expanded graph of DT-MSM

The cost of each horizontal edge (of the form(¢f), i(:+1))) o if(ll) - 127}5 N o
is set to be), because the head and tail of such an edge are the Z T — Z Tty —y; =0,
)

same physical node and real communication does not occur. j:i€ N (4) JEN (i
l if le{2,....L-1}VieN
1Oncex§j) for the link (¢, j) is solved, we can assign an arbitrary positive Ly _ (L) I (L—1) _ 0
|L| iarm® — O Lji Lijm T Y =,

value tot;, as along as,~} t; < D, and assign, ;| = x; /t;. The root o ) ) )
reason why we can do this is that there is no upper bound onirtkerdte JAENL () JENL (1.)
aﬁ.). If such an upper bound were in our formulations, the sitmativould if l=1L,Vie N.
be very different and the problem would become very hard. (2)

2Each R; will be chosen by the network operator for added flexibility. These flow conservation equations ensure that at each node,

Depending on the operator's preference, edthmay be as large as the . . .
entire set of the nodes, or alternatively, it may containyanlsmall number the total traffic going Into a node must be equal to the total

of nodes around locatioh There are practical reasons why the operator maifaffic coming out of the node. The first equation in (2)
prefer the latter arrangement. When the nodegjnare close to location, corresponds to the nodes in the first column in Fig. 1, which
any coordination and control can be done faster and withdesshead. For . . .
instance, the announcement that the sink is at locationly needs to be are the source nodes. The second equation Is for any node in
made to the nodes ;. the columns2 to L — 1. The third equation is for the nodes



in the last column.

The interpretation is the following. At the beginning of a min » (10)
cycle of lengthD time units, node; has accumulatedd;
amount of data, which was generated in the previous cycle. g, Z Z e x O < 2E;, VieN (11)
This amount of data must be delivered to the sink by the end I=1 jEN: (i)
A
of the current cyclezz(.j) is the amount of data sent on edge Z Z I ) y (1-1) (z) _0
(i,7) when the sink is at locatio; ygl) is the amount of eN(G) JENG) ! ’
buffered data (i.e., queue size) at nod@st after the sink ' ' VieLVie N
leaves location/. Thus, yl(l’l) fl) is the change in the I '
buffered data at nodewhile the sink is at location. Z :CEZS) _M=0
In addition, at the sink (node), all arrival traffic must be =1 j:s€ N, (5)
drained. Thus, we have (12)
9 =pd;, Yy =0, VieN (13)
L " [ , zl) >0, VieLVieR,YjeN() (14)
;j:seNl(j)xjs _; e 3) yj” >0, VieN,Vie{23,. .. L-1} (15)
z > 0. (16)

Note thatM is an upper bound of any traffic volume or
The problem we address in this paper is to maximize thgy buffered data. We will use the ternfisw and volume
number of rounds (or cycles)), made by the mobile sink interchangeably. The new formulation has the interpraati
while maintaining the flow conservation (2) and (3), subjeghat it minimizes the maximum energy consumption among
to the energy constraints at the sensor nodes. More prgcisell nodes in a single round, normalized with respectFto
the problem can be written as follows. while satisfying flow conservation.
Now, we turn to deriving an algorithm by Lagrangian relax-
(@) ation. Letwfl) andr, be the Lagrange multipliers associated

max T’
with the constraints in (12). The Lagrangian function of)(10
st.(2),(3) ®) s
L L
Z ex)xgé) T<E;, Vi enN (6) L(z’x’y77r) = Z+7TS(Z Z
I=1 jEN;(3) =1 j:s€eN,(j)
0} ; : ; L N
x;) >0, VleL,VieR,Vje Nj(i) @)
O | SoomlC Y a = D g Y =),
y,' >0, VieN,VieLl (8) == eNG) JENG)
T>0. 9 a7)

wherer = (wfl),ws) overi e N,l € L.

Constraints (6) ensure that the total energy expendituie at After grouping the terms based on the primal variables

node during? rounds should be less than or equal to th%ndy’ we get
node’s initial energy endowment. The above problem can be (z) (z)
easily transformed into a linear programming problem, \Wwhic L(z,z,y,m) =2+ Z Z +
will be shown next. =1 (i,5)e Al (18)
N L-1 N
>SS - w - DY
i=1 =1 i=1
For convenience, we defing!) 2 m for i = 1,...,L,

Ill. DECOMPOSITION BY THELAGRANGE METHOD and these appear in the second term of equation (18). The

Lagrangian dual functiofi(w) is now given by
In this section, we illustrate a distributed algorithm to  0(7 ):minL(Z z,y,7) (19)
solve the problem defined in Section II. The following is OO )
the equivalent linear problem, which is obtained from the st Z Z vy e —2Bi <0, VieN (20)
maximization problem of (4) - (9) by replacing/T" with =. I=1jEN()
The decision variables are the vectarsindy and the scalar (l) >0, VieL,VieN,Vje N(() (22)
z; z is also the optimization objective. For convenience, we (1) .

) <y < <I<L-1

also defineM = "N | Dd;, y{” = Dd; and ny) =0 for all Osy"sM, 1sisl-1VieN (22)

71



We can decompose the problem (19) - (23) into the following Let

two subproblems.

N L-1

§1:min 33 (1D — 70y, 0

=1 (=1

st. 0<y <M, VieN,1<I<L-1. (24)

S5 : min Z+Z Z (l) l- (l)

=1 (i,5)e Al
0<al) <M, VieN,VleLVjeN()

ZZ@:C

I=1 jeN;i(4)
z > 0.

S.t.

—2E; <0, VieN

(25)

Note that we have added the upper bouhdto the flow
variablesz andy.

A. Algorithms for Subproblems
Th(e s)olutlon for subproblens; is shown in Algorithm 1.
If ( I+1

(= M) to the varlabley OtherW|se,yl should be 0.

Algorithm 1 Solution for .S,
it (x("™ — 7y >0 then

Algorithm 1 can be |mplemented in a distributed and local
can be decided locally in the sensor

manner. The value sz
nodei. Also, nodei only needs to have the knowledge of
from its neighbor node seV, (i) for all I € L.

Now, we turn to the subproblerfi;. For ease of exposi-
tion, we change the originaf; to a maximization problem.
Suppose, for the moment, is fixed atz and definef(z) as

follows:

l l
D))

ij

>

J:J €N ()
Vie N,Vl € L,Vj € Ni(i)

Z Z € xl)<2E

=1 jEN,;(3)

Vi e N.

(l)) is negatlve then we a55|gn the largest valq

maxz >« D)

=1 j:5€N; z)
st 0<al) <M, WieLvieN)

L
Z Z € xl)<zE

EN(7)
Then, f(z) = -z + Zi:l fi(2)

Hence, the maximization problem for findingz) can be
further decomposed into smaller maximization problems in
which each node finds f;(z). The problem to findf;(z) at
each node corresponds to th&actional knapsack problem
which is solvable in polynomial time [18].

Suppose there a®¥ knapsacks and knapsackas a weight
capacity of zE;. For knapsacki, we wish to pack items,
denoted by(i,l, j) for j € N;(i) andl € L. We assume
that each item can be infinitely divisible. Suppose there is a

reward(m; _ J(l)) when we pack a unit of iter(y, /, j). Also,

con5|dere§j) as the weight of one unit of iterfi, , j). Recall
that the maximum available amount of an itendis The profit
of an item(i,(, j) is defined as the reward per unit weight of
that item,(wfl) — 7r§l))/e§é.). The fractional knapsack problem
is to select the items to pack subject to the capacity canstra
of the knapsack such that the total reward is maximized.

The solution is listed in Algorithm 2, which greedily packs
the most profitable item among the remaining ones until that
fem is exhausted or the knapsack capacity is reached. This
operation stops if all profitable (that is, with a positivefit)
items are packed or the knapsack is full.

Algorithm 2 can be implemented in a distributed and local
manner. A nodeé only requires the knowledge @rél) of each
neighbor;j € N;(i), for all 1. '

Algorithm 2 Fractional Knapsackz] for Finding f;(2)
M)y /7,0
5 )€

sort (4,1, j) in the decreasing order (ﬁfrl@ -7
U<« zZE;
for each of(s, [, j) in the sorted listdo
if (r(") — 7" <0) then
break
else if (U — Mez(i)) < 0 then
(l < Uley; 0
break
else
el = M
UeU- Mel)
end if
end for

The tricky part in solving subprobleifi; is how to choose
the right value forz, so that the overall objective function,
f(2), is maximized. Note that eaclf;(z) is a concave,
nondecreasing, and piecewise linear functiorr,0dnd hence,
f(z) is a concave and piecewise linear functionzofVe will
search for an optimal solution by increasingand we only



need to care about those points that mark the beginningwanat is inside the outer for-loop in parallel, and for thate-
end of a linear segment. Let' be the first optimal solution quires only local information. After the one-dimensionabg
encountered in the search. To the left ©f, the function P;[] is computed, nodé can broadcast this array to all other
f(z) must be increasing (except the trivial case wh¢fe) nodes. After a node collects the complete two-dimensional
is identically 0, which can be discovered separately); ® tlarray, it can compute* by itself. Another possibility is that
right, the function is non-increasing. This is also a suffiti each node sends the arraf; | to the sink; the sink computes
condition for optimality. z* and sends it back to every node, which goes on to execute
Consider the right derivatives of these piecewise line&lgorithm 2.
functions. Note that the (right) derivative of the functiffx)
can be written as’(z) = 3., f/(z) — 1. The optimality B. Main Algorithm
condition is We now combine various algorithms into our main algo-
, . rithm. We assume that the system operates in a time-slotted
{ZiEN fil(z) >1, =< Z* (26) Wway. The Lagrangian dual problem of (10) is
Ziew filz) S 1, =2 > 2 Dual: max 0(r). (27)

Also note thatf’(z) may change only when at least one ofonsider the subgradient projection method to solve proble

the f/(z) changes. From Algorithm 2, we see th§(z) is (27)3 The update ofr at each iteration is given by the
determined by the last item packed from the ordered list; agojlowing equations.

is increased to: + Az for some small posnwekz Suppose

this item is (i, j,1). Then, f/(z) = (r") — x\")E;/el!). Fur- w4 1) = [rO (k) = 5( > ) (k) + o (k)—
thermore, afterf/(z) takes a new vaIue it may change again JEN(4)

only whenz is incremented b)Me /EZ, where(i, ', 1) is Z :vg?(k) - yflil)(k))]ﬂ Vie N,Vie L (28)
the next item on the ordered list. jHEN; (5)

Hence, the procedure for searching is to keep track L l
of the sequence of points whepé(z) may change, which 7, (k +1) = [ms(k) — 6(M — Z Z x§s)(k))]+, (29)
requires keeping track of the sequence of points where 1=1 (j,s) Al

fi/(('lz)) may crzgn_ge, for each Consider a fixed. SUPPOSe \yhere[p]+ = max{0,b} andd is a sufficiently small positive
(m;’ —m;’)/e;; is sorted in decreasing order and suppose apy,mper*

item (i, 1, 7) with (wl@ — wﬁl)) < 0 is discarded. Starting with  Our main algorithm is motivated by the subgradient al-
2o = 0, we can generate a sequenge= z—1 + MGE?/Ei gorithm, but not exactly identical. The standard convecgen

iteratively, where(i, j,1) used in the update to gey, is the results of the subgradient algorithm do not apply. In Sectio
k' item in the list. Then,f/(z) can change only at each oflV, we will use a different analytical framework to prove the

the pointszy. optlmallty of the algorithm.

Algorithm 3 describes an implementation of the above idea L€t dq.” (k) = " (k). For technical reasons, the upper
for finding an optimalz*. For eachi, the arrayP;| | records Pound of the flow variables is modified frod to M (c) <
the sequence of;, and f/(z;). Algorithm 3 eventually solves M + NLe, wheree is a small positive value. We have the
the subproblens, by calling Algorithm 2 using the optimal following algorithm.

z*.

Main Algorithm
Algorithm 3 Solution for .Sy - ~

N L-1
for eachi e N do o oo y(k) €argmin{ > > (" k) - ¢V ()"} (30)
sort (i,1, ) in decreasing order ofr;’ —m,;")/e;; Pt
. . CN l l
discard any iteni, 1, j) if (x{" =) <0 st gV e[ MeLieN1<I<L-1.
k<0, z1<0
for each of(i, [, 2 in the sorted lisdo 3_\N¢ briefly debslcribe the Su]tf)?r?die?)t' algorith(m)[lg]. Consideconvex
optimization problem:min,¢ x f(z), subject tog;(z) < 0,5 = 1,...,r
“k <:Zk+Meg where f : R* — R, g; : R* — R, for j]: 1,...,r, are convex
Pi[k] < (2, (m; l))E /e functions, andX C R™ is a convex and closed set. Let the Lagrangian
keka41 function beL(z, u) = (f(x)+ 1’ g(x)), wherep' is the transpose gi. The
dual problem to the above minimization problemrisax,>q q(u), where
end for q(p) is the dual function defined by(u) = mingcx L(z, p). Let z(k)
end for and p(k) be the primal and dual variables after theth iteration of the

; * ; i ofi P algorithm, and leta(k) > 0 be the step size in thé-th iteration. Then,
find 2* which satisfies (26) by SearChlmg)z)lEN the subgradient projection algorithm is(k) € argmingcx L(z, u(k));

each node applies Algorithm 2 withz* wk 4+ 1) = [uk) + a(k)g(z(k))]T. It can be shown thay(z(k)) is
a subgradient of the dual functiop(x) at the pointu(k). Hence, at each
iteration, the dual variables move in the direction of a sabgnt (followed

The description of Algorithm 3 is ambiguous on how tdY Projection toR%).

ke th | ithm distributed d tiallv) | | Tdn 4Although there is no non-negativity requirement »rin the optimization
m_a € he a gO.rI. m Istributed an _ (par 1a y) oca are problem (27), the subgradient algorithm tries to find a negative optimal
different possibilities. In one version, each nodexecutes , which exists.




(z(k), z(k)) € argmin{§+ amounte at each nodé),i € N,1 € £. The demand at the
L destination nodes is now M + N Le, so that there exists a
D1y — ¢@ (1)) 31) feasible flow.
IZ: Z (g7 (k) = @ (R)a;j ) 1) Remark: A crucial fact is that any feasible flow to the
perturbed problem still satisfiauél) € [0,M(e)],i € N,1 <
I < L-1 20 e 0,MeieNIeLje N
L l l . .
Z Z D0 2B ieN Zlel ZjeNl_(i) eEJ)x_gj) < zFE;, i E-./\/_, a!’ldz > 0. H(?nce,
g = ’ the vectory is feasible to the optimization problem in (30),

=1 (i,5)e Al
st 2l €[0,M(e),i e N, € L,j € Ni(i)

=1 aeN() and(z, x) is feasible to the problem in (31).
220 In the following lemma, we discuss some useful properties
of the optimal objective value function of tlheperturbed prob-
gk +1) = [¢" (k) — ( Z 171('?(’“) + P (k)— lem. For simplicity of discussion, we consider the standard
JENLG) linear programming problem:
ST d@w) -y, VieNWiel (32) (P) min ¢z
JHENI(J) s.t.Axr =d
gs(k+1)=0. (33) x> 0.

Note that (30) and (31) are solved by Algorithms 1 and 3, |y the problem P(e)) below, the right hand side of the
respectlve(llg/, with suitable modification of the notatiore ®an equality constraint irf P) is perturbed by along the direction

considerg,”’ as a virtual queue at nod€ in Fig. 1, and (32) A4

can be understood as the queue dynamic. That is, the queue .

length of the node at time slét-1 is equal to the queue length (P(e)) min ¢ =

at time slotk plus the new arrivalsyC, v, ;) :c;? +y7y st Az =d+ eAd

minus the total service( ;. v, ;) :vl(-;-)—f—yfl)). Sinceg;(k+1) = x> 0. (38)

0, all flow reaching the sink should be drained out. Suppose problem(P) is feasible and problem(P(e)) is

feasible fore € [0,¢,], wheree, is a positive constant. Let
f* and f*(e) be the optimal objective values for probldiR)

In this section, we show that our algorithm converges to ttaad (P(¢)), respectively, where € [0, ¢,].
optimal solution and the virtual queues are bounded, both in BN . : L

: . ..~ Lemma 1. f*(e) is continuous, convex, and piecewise linear

the long-run average sense. The analytical technique iarin Pon 0, ]
borrowed from [17] and [20]. or

We first define ane-perturbed problem to the original Proof: Let (D) be the dual linear problem dfP).
problem in (10) - (16), which will be used laterHere, e

IV. CONVERGENCEANALYSIS

T
is the same small positive constant in the definitioméfe). (D) maxd”
st. ATr <e,
min z (34) ) ) _ ) _
I where 7 is the dual variable associated with the equality
sit. Z Z eg?:cg-) < B, VieN (35) constraint of(P). Similarly, the dual problem fo(P(e)) is:
I=1 jEN, (i) (D(e)) max (d + eAd)Tn
Z :vyl) - Z xfé) Y =y = —, st.ATr <e.
JHEN(5) JENI(4) . . .
VieLVie N Note that the set of feasible solutions {dp(¢)) is the same
I ' as that for(D). Let D denote this set, which does not depend
Z xgls) — M+ NLe one. By strong duality [21], we know thaf*(¢) = max{(_d+
121 jsem () eAd)Tr|m € D} for e € [0, ¢,). For anye € [0, ¢,], the optimal

(36) Objective value can be obtained at one of the extreme points
©) () . of D. Let €2 be the set of extreme points @&, which is a
yi = Ddi, yi =0, VieN. 37) finite set. Hencef*(e) = max{(d + eAd)Tr|r € Q}. For
The usual non-negativity constraints of the variables #tie s€aChm € Q, (d+cAd)” is a linear function of. Therefore,
required. In the above problem, we inject extra supply in the (€) = max{(d + ¢Ad)"x|= € D} is a continuous, conve,
and piecewise linear function efon [0, ¢,] [22]. [ ]

5For ease of presentation, we assuRye= .\ for all [ € £ from now on. Let ¢, be the largest for which the perturbed problem (34)
If this is not the case, we need to modify thgerturbed problem as follows. _ (37) is feasible.
From the expanded graph, we remove any node that does noahaath to
the sinks. Then, we inject amount of extra supply to each of the remainingTherorem 2. Let é(e) be the optimal value for the problem
nodes, exceps. Suppose the total number of remaining nodes, excluding . « .
is K. We change the right hand side of the second equation in (8@) f n (34) - (37)* wheree € [O, 60]* andz* be the optlmal value

M + NLeto M + Ke. for the unperturbed problem. Thefite) — 2* ase — 0.



Proof: This is a direct consequence of Lemma 1. ®m right hand of (41) excludes the links to the sink. Adding
Next, we want to prove our algorithm converges to theg,(k )(Zl 2o (s)eAl ;vys) (k)) = 0 to (41) and also using the
optimal objective value in the time average sense. Let Hft:ty (k) Dd;, we have

define a Lyapunov function of the queues B¥(q) =
Yien Yiecla)?. Let A(k) £ Vig(k + 1)) = V(g(h)),

M (1
which is known as the Lyapunov drift. A(k) <B + 22‘1 k)Dd;
Lemma 3. There exists a positive constait such that for z) )
any e € [0,¢,] and anys > 0, the following condition holds + 2; ZAL ( (k)) 2y (k) (42)
for any time slotk and for anyq(k), N (L”le
(l+1) O] o
A + 2200 < #2303 (a0 = ) )
7 =1
2, (z) (39) . . .
B+ 52(6) - 262 q;", Note that the second term now includes the links to the sink.
leL ieN Adding (2/6)z(k) to both sides of inequality (42), we get
where Z(¢) is part of an optimal solution of the-perturbed
problem. )< B+ 2Zq(1)
Proof: By squaring (32) and arranging it, we get
(a”(k + 1)) = (a" (k) < ¢(i 1, k) — 24" (K)g i, 1, ), Wiy S @w) - Okl i
U (i,j)eAl
N L—
(40) P Z Z ( ) (l)(k)) o
where i=1 1=1
) A 1) 20 0 (1-1) Y
g(i, 1, k) = Z Tij (k) — Z i (k) +y; (k) —y; (k). §B+22q§ )(k)Ddi
JENI(1) JHENL(F) i=1
Note thatg(i,l,k) < NM because Yk < (e X
g( (lz Z]GNZ (i) *ij (k) < % Z Z (qﬁl)(k) _ qz(l)(k))xl(é)(e)
(N —1)M andy, (k) < M for all 4, [, and k. U (i )eal
N L-1
Summing the inequality in (40) over dllandi, we have +92 Z ( (l+1 q(l)(k)) y(l)(e) (43)
=1 =1
O )
ZZ {( /‘H‘l) - (qz' (/‘?)) } In (43), (2(¢),2(e),4(e)) is an optimal solution of the-
=li=t perturbed problem defined in (34) - (37). Based on the earlier
2. l) . . _ . .
<> g%, k) 22% (4,1, k) remark,(¢) is feasible to the optimization problem in (30),
Li and (2(e), z:(e)) is feasible to (31). Buty(k) is a minimum
to the optimization problem in (30), antt:(k), z(k)) is a
<LN3M? 42 Zq(l) Z :z:z(-é-)(k:)+ minimum to (31). Hence, inequality (43) follows.
L JENI(3) After regrouping the terms in (43) and using (37), we have
(l)(k})— @ r (=L
Yo @) =y (k) +y (k) 2 2,
j'iENL(J) A(k) + 5z(k) <B+ 5 2(e)+
23> a7 (0 =D a5 (@ -5+ 9 (@)
l) X2 g
=B~ 22 Z qJ (k) leL J J
=1 (j,s)€Al iEN 2
=B+ 250 -2 >3 o (k) (44)
Dy Y (") = 0 k) 2 (k) N =T

1=1 (i,j) €Al . . .
N (LmieA s In (44), the flow conservation constraint (36) is used. H

Define Q(k) = 312, Sicn-at” (k), which is th f
+2ZZ( (1) (l)(k)) yzgl)(k) efine Q(k) = 27,2, > ;en @ (k), which is the sum o

i the virtual queue sizes at time slbt

Therorem 4. There exists a positive constaRtsuch that for

1 0
+ 2ZQ§ (k) (k), (41) anye e (0,¢,] and anys > 0, the following holds.
1 5B
whereB £ LN3M?. (41) is obtained by regrouping the terms lim sup — Z z(k) < — + 2(e), (45)
based on variables andy. Note that the third term on the T—o0 =0 -2



T-1

B 1 0.25
li — — 4+ —Z2(e). 46
m sup - Z QR) < o+ 5-2() (46)
. . o 02t
Proof: Summing the inequality in (39) fork =
0,1,---,7T —1, we have o
T 015
P e
V(a(T)) = V(e(0)) + 5 p_ 2(k) < BT + STZ(e) g Ll
h=0 @n g
T-1
—2¢ > Q(k) 0.05 |
- Primal O t'i(k% -----------
After arranging the terms, we get 0 , e’ DpAma
0.0*10° 1.0%10’ 2.0%10’
T—-1 . .
1 §B iteration (k)
= > 2(k) < —+2(e)
T k:() 2 Fig. 2. Convergence to the optimal valug,
Je — T oV (q(0
53 oy - VAT | 9V(a0)
T P 2T 2T V. EXPERIMENTAL RESULTS
- 5_B+2(6)+ 6V (q(0)) (4g) In this section, we present the results of the simula-
-2 2T tion/numerical experiments to verify the validity of ouigat
After taking the limit inT', we get (45). rithm. First, we show that our algorithm achieves the optima

objective value for the problem in (10) - (16). Then, we show
how the Lyapunov drift and the queue size evolve.

For the experiments, we randomly place 50 sensor nodes
2e Z Q(k) in a circular region with a radius 25m. We also generate 6
sink locations in the same region for the mobile sink to visit

Next, from (47), we have

2T 2 The cost of transmitting one bit of data between two nodes
< BT + Tz(e) +V(q(0)) = V(a(T)) - 3 z(k) depends on the distance between them as in the first order
o7 k=0 radio model [23]:
The above inequality is the same as where § = 100 pJ/bit/m* [23]. The data generation rate of
_— each node is randomly selected frdh 500] bps and each
1 Qk) < <B, 1 He) + V(q(0)) (50) node has 5007 of initial energy.
T = ~ 2 e 2T Transmission can only occur within a limited range, which
is assumed to be 7.5m. For the algorithm, we dise 10~8
After taking the limit inT", we get (46). B ande= 108,

Let (z*,y*,2*) be an optimal solution to the original Fig. 2 shows the convergence result of our algorithm to
problem in (10) - (16). Note that* is also the optimal the primal optimal value. As a reference, the optimal soluti
objective value. of the primal problem (10) - (16) is obtained by the CPLEX
linear programming solver. The curve labeledz5) is the
time average value of(k) at iterationk. Fig. 2 verifies the
first part of our main theorem, Theorem 5.

Therorem 5. There exists a positive constaBtsuch that for
any positived, the following holds.

1 12 5B We also measure the Lyapunov drift(k) = V(q(k+1))—
lim sup — z2(k) < — + 27, (51) V(q(k)), at every iteration. As expected by Lemma 3, we can
Tooo T k=0 2 observe that the drift is bounded from above.
- Fig. 4 s;hows the time averaged value of the total queue size,
1imsup% Z Qk) < 22 n %2(50) (52) zl:zi:qj ), By the second part of Theorem 5, this value is
T=oe % =0 €0 €0 bounded from above, which is verified here.

Proof: In (45), lete — 0. Since by Theorem Z(¢) — z*
ase — 0, we get (51). - VI. CONCLUSION
By Theorem 5, we can také small enough so that the In this paper, we propose an algorithm for maximizing the
long-time average of(k) is arbitrarily close to the optimum WSN lifetime when there is a mobile sink and the underlying
z*. But, this is at the expense of an increase in the provalapplication can tolerate some degree of delay in delivettieg
gueue bound. data to the sink. Although known linear or convex optimiaati
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Finally, we discuss several possible future research direc
tions. First, our algorithm currently uses virtual queueesi
and other virtual quantities, such as virtual traffic volsmfer
control. To make it more like an adaptive network algorithm,
it is desirable to incorporate real queue sizes and redidraf
volumes into the algorithm. This will allow the nodes to
send real traffic while the algorithm is being executed. One
next step of research is to make such a modification and
analyze the stability and optimality of the modified system.
Second, it may be possible to derive simpler, sub-optimal
or heuristic algorithms based on the insights gained from
studying the optimal algorithm in this paper. These heigsst
can be evaluated and compared with the optimal one under
more comprehensive evaluation criteria, including vagiou
engineering costs. Third, the problem formulation can be
incrementally enriched to reflect additional constraintsast
considerations. Examples include models in which the sink
traveling time is non-negligible or the sink locations beeo
additional decision variables. These new problems arellysua
much more difficult to solve optimally. Deriving heuristic
algorithms in a principled way, as advocated above, may be a
good strategy to meet the challenge.
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