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Abstract—We provide bounds for the expectations of the the interference graph on each time slot, where the weight
stationary delay and the sum of the stationary queue sizes of a node is the queue length of the corresponding wireless
under the approximate maximum weight scheduling (MWS) ik |t is also known as the maximum weight scheduling
policy and under the longest-queue-first (LQF) policy in onehop MWS l H th i t b licabl
wireless networks. For MWS, our results improves the previasly ( ) policy. oweyer, € policy may not be app |9a €
provided bounds; for LQF, the results are new. In the derivaion 10 large networks since the WMIS problem MP-hard in
of the new bounds, a connection with certain graph theory general. Later, Tassiulas provided a probabilistic atbari
quantities has been established. We also derive bounds fohe that achieves throughput optimality [4]. Loosely speakig
sum of the second moments of the stationary queue sizes, whic .o apilistic algorithm tries to find a WMIS on each time slot

are also bounds for the sum of the queue-size variances. The . . . .
method is general and it can be used to derive bounds for the su using randomized search [5]. However, with the probalmlist

of even higher moments of the stationary queue sizes. Howaye algorithm, the queue sizes may grow very large, leading
for the approximate MWS policy, the bounds for the second or to exorbitant memory usage and delay. Accordingly, recent
higher moments are only valid when the average arrival rate research focuses on the queue size bounds (which can also be
vector is confined to a subset of the capacity region that depels understood as the delay bounds) of well-known scheduling

on the order of the moment. . .
Index Terms—wireless link scheduling; maximum weight algorithms [1] [2]. To the best of our knowledge, there is

schedule; longest-queue-first schedule; stability; queusize; delay  little progress in deriving bounds for the transient queizess
Researchers are concentrating on bounds for the expected

steady-state queue sizes. Previous research on netwddtsw
|. INTRODUCTION scheduling provided many results that are applicable te-wir
Performance of wireless communication systems relies t@ss link scheduling with appropriate modifications. In, [6]
efficient utilization of the shared transmission mediunm@i the authors investigated bounds for the expected queue size
taneous link transmissions may cause interference anddegrat stationarity for virtual-output-queued switches. Thabject
network efficiency or user-perceived quality of communicaf study corresponds to a special case of the wireless link
tion. Researchers address the wireless medium contenteheduling problem, which is the node exclusive interfeeen
problem by devising link scheduling algorithms (policitisat model on a complete bipartite network graph. The authors
optimize performance objectives of choice. Throughput ha$ [1] provided a generalization for arbitrary networks and
been considered as one of the most important performarickerference relationship under the MWS algorithm. Thedat
metrics. Recently, there is a growing interest on the dela&ffort in this domain introduced a variant of MWS to achieve
performance of wireless scheduling algorithms [1] [2]. SThitight bounds for the expected stationary queue size [2].
paper studies the delay bounds and queue size bounds und@b counter the difficulty of finding a WMIS on each time
the approximate maximum weight scheduliig\]|WS) policy slot, a stream of research concentrates on devising simple
and the longest queue first (LQF) policy. The two policies aagorithms that have high performance in practice. Fhe
very well known and useful. MWS algorithm is one such example; it can be much simpler
In different families of wireless communication technolothan the MWS algorithm for a fixed network. Another example
gies, link interference may have different consequences QOs the LQF algorithm, which is known for its simplicity, high
of the important cases is known as tpetocol interference performance, and aptness for distributed implementafign [
model, which is the focus of this paper. In the protocol mode[g], [9]. The focus of attention in these studies has been the
the transmission on a link (i.e., a transmitter-receiven@an throughput performance. The queue-size/delay charattsri
be successful only when there is no interference from othefrthe two algorithms have not been sufficiently addressed.
link transmissions. The following is a summary of the main results and contri-
In [3], Tassiulas et al. proposed a throughput-optimaltions of this paper.

scheduling policy that, when applied to the protocol model, , \we provide bounds for the expectations of the stationary
activates a weighted maximum independent set (WMIS) of delay and the sum of the stationary queue sizes under
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results improve the previous bounds in [1]. They are aldimk, or equivalently, there is one queue associated witthea

more general, applicable to all the cases wheke k < node in the interference graph. Each arrival process @ in.

1. The bounds for LQF are new. time; and the arrival processes for all the links are muyuall
» We also derive bounds for the sum of the second momeintslependent. Le#4;(¢) denote the number of packets arriving

of the stationary queue sizes, which are also boundslink i at time ¢. Since the distribution of4,(¢) is time

for the sum of the queue-size variances. The methawvariant, we useZ(A¥) to denote itse-th moment, if it exists.

is general and it can be used to derive bounds for thiée assume the second momehts4?) are bounded by

sum of even higher moments of the stationary quelet A(t) denote the vectofA;(t)).cv. Let Q(t) be the queue

sizes. However, for thé-MWS policy, the bounds for length vector, i.e.Q(t) = (Qi(t))icv, Where Q;(t) is the

the second or higher moments are only valid when tligieue length at the transmitter of linkA link can be activated

average arrival rate vector is confined to a subset of tba a time slot only if its queue is non-empty. At each queue,

capacity region. The subset reduces as the order of #itemost one packet can be served on any time slot. For each

moment increases. link 4, let D;(t) indicate whether or not link receives service
o Forthe LQF policy, all the bounds are valid for any arrivabn time slott. Note that
rate vector ink A°, which is a well-known stability region . .
o 1, if Q;(¢t) > 1 andi is scheduled.
for LQF [8]. Di(t) = { o Qi) 2 ! 1)
« All the bounds for then-th moments of the stationary 0, otherwise.
queue sizes, where > 1, are new results. Since the capacity of each link is one packet per time slot,

« In the derivation of the new bounds, a connection Witﬁ‘)i(t) is also the number of departures from quéla time
certain graph theory quantities has been established. ; | ¢ D(t) = (Di(t))sev. The evolution of the queues is as
This paper is structured as follows. In Section Il, we previdfollows:
the system model. Graph theoretical results and supporting
lemmas are provided in Section IlI. In Section 1V, we derive Qt+1) =Q(t) + A(t) — D(1). (2)
bounds for the expected queue-size sum and the expectgd delgye aqopt the conventional definition of the capacity region
under thek-MWS policy and the LQF policy. In Section V, A (see [3]).
we provide bounds for the sum of the queue-size squares. The
conclusions are in Section VI. A={X|0< X< pforsomeu e Co(Mp)},

Il. SYSTEM MODEL where Co(My,) stands for the convex hull of the column

For simplicity of analysis, we assume the following widely€ctors inMp,. The interior of the capacity region, denoted
used model. We consider a wireless network with one-h&)¥ A’ is defined as:
traffic. That is, any data is transmitted only once, and after o _
that, it leaves the network. Let be the set of the wireless AT={A 0= A < pufor someys € Co(My)}-
links. The system is time-slotted, the packet sizes ardiickdn Stability of the queueing system is defined as: The irredecib
and the capacity of every link is one packet per time sladiscrete-time Markov chain (DTMC) that represents the sys-
We model the interference relations of the wireless link s&m is positive recurrent. It has been shown in [3] that the
L with an interference graphi = (V, E). Each wireless stability region isA°. A scheduling algorithm is said to be
link I € L in the physical network is represented by ghroughput-optimal if keeps the queues stable under any arrival
nodev € V. Two nodesvi,vs € V are connected iy if rate vector inA°.
and only if the corresponding links in the network interfere In this paper, we will evaluate the delay performance of
with each other. We assume symmetric interference relatiawo scheduling algorithms. The first is called theMWS
thus G is undirected. Afeasible schedule is defined to be policy (k¢ € (0,1]), in which the selected schedule on each
a set of non-interfering nodes ifr. A maximal schedule time slott, denoted bym(t), has at least the fractioh times
is a feasible schedule that cannot include any more nod#gghe maximum schedule weight of the current time slot, i.e.
without causing interference. A feasible schedule cooedp m(t)7Q(t) > kmax,,car, m? Q(t). Here, the superscrigf
to an independent set ii. We denote the set of all maximaldenotes vector transpose. It is known that fRRIWS policy
schedules byMy. When applicable My, is regarded as a achieves network stability in the regiém\° [10]. The second
|[V| x |Mg| 0-1 matrix. Each column of the matrix is @1 algorithm is the LQF policy, which schedules the links in
vector representation of a maximal independent sék,ofiith  non-increasing order of the queue lengths subject to sédedu
1 indicating that the corresponding node (i is selected (and feasibility.
the corresponding wireless link is activated in the schedul In general, for any vector, let z; denote itsi-th component.
and 0 otherwise. Throughout the paper, we use the terbete denote the column vector with the vallién every entry.
schedule to refer to a maximal schedule, unless mentioned
otherwise.

The packets arriving for a wireless link are queued at the The focus of this section is to present supporting lemmas for
transmitter (sender) of the link. There is one queue for eatlie performance evaluation of the two scheduling algorihm

Ill. GRAPH THEORETICAL RESULTS



Under the protocol interference model, the capacity regiamterpretation is that the weight of any LQF schedule is lowe
can be characterized using the concept of fractional agjori bounded by (G, Q) /6.

Let w € QY be a (component-wise) non-negative weight The next lemma and its corollary demonstrate that any LQF
vector. Consider the following optimization problem, wherschedule under the queue weiglisis a 1/é-approximation

a = (am)menm, is the decision variable. to the WMIS problem under the new weighty® = (Q7),
" ) wheren > 0.
X7 (G, w) = min Z a,,, subject toMpa > w, a > 0.
medl, Lemma 3. For n > 0, v(G, Q") < mTQ".
The optimal valuey s (G, w) is called theweighted fractional Proof: Notice that since each component @fis non-

coloring/chromatic number. Computingy s (G, w) is NP-hard decreasing im when@ < R‘f', m is still an LQF schedule
in general. We denote the weighted independence numherder the weights)™”. From this fact and the definition of
i.e., the total weight of the WMIS of a graph, by(G,w), ~(G,Q"), the lemma follows. u
wherew € QLY' is the weight vector. We denoter(G.¢) ~oionary 2. Fo 1 n ~Tn
: : 0, 50(G, < :
anda(G, e) by x7(G) anda(G), respectively. orofaty rn>0,50(0,Q" <mQ
The following has been shown in [11]. Given ak-MWS schedulen,, under the queue vectayp,

. . e provide a lower bound in the next lemma.
Lemma 1. For each £ € (0,1], A € kA° if and only if we provi W und i X

o

Letv(G, @, ) be the queue length sum of a LQF schedule, Proof-
where @ is the vector of the queue lengths. The additional root:
parameterr represents a linear order of the nodesdnand a(G,Q") < (a(G, Q)" (3)
it provides the tie-breaking ability so that, for a fixed the 1o
LQF schedule is unique. Given, the nodes are assigned IDs < (Em(k)Q) )
1,2, ..., |V] according tor. When two queues are identical 1, v
in size, the one with a smaller ID is given a higher priority to < k_n(m(k)Q)
be selected in the schedule. We will derive results independ 1 el ~T n
of 7. In order to eliminater, we define a quantityy(G, u), < k_n(a(G)) M) Q" ®)

which is the minimum queue sum under the LQF policy overo see inequality (3), letn be a schedule that achieves
the set of all possible linear orders of the nodes. Such asseb'(g, Q™). Then, a(G, Q") = mTQ™ < (mTQ)". Since
denoted byll. m is a feasible schedule, we haye” Q)" < (a(G,Q))".
Definition 1. v(G, Q) £ minen (G, Q, ), Inequalit}/ (4) _is by the definition of thEMWS_poIicy and t_he
_ _ ~ fact thatm;, is a schedule under such a policy. Inequality (5)
In [8] and [7], the concept ointerference degree is used in  ¢q)10ws from two facts. First(z%_l ;)" < "1 21-—1(‘11')"’
characterizing the performance of LQF. L&tv] denote the wherea; € R, for eachi, | € f\?andn > 11 Second. the

closed neighborhood of a nodec V, i.e., all the neighbors cardinality of any schedule is upper-boundeddiys). -
of v andw itself. For a subset of the node$,C V, let G[S)]

denote the node-induced subgraphhfinduced by the nodes
in S [12]. The following is the definition of the interference %

degree: 9

Definition 2. § £ max,cv a(G[N[v]]). %

In words, the interference degree of the graprs the max- i %
imum number of nodes that could be activated simultaneously 0 9
in the neighborhood of some node. In [8], it is shown that,
when an average arrival rate vector is With}ﬂ\\", LQF is
able to stabilize the network. The following lemma relates t Fig. 1. lllustration on tightness of Lemma 4. Suppose at = 6 and

. L = Q3 = Q4 = 1. Fork = 1, the schedulen;, = (0,1,1,1)T is
LQF SChedu“ng to WMIS and Justlfles the performance bou e possible schedule under um?lws policy. On the other hand, the MWS

shown later. schedule ism = (1,0,0,0)T under anyQ™, n > 1. Hence,a(G, Q") =

%4 6™. The interference degreé, for the given graph is3, and a(G) = 4.

Lemma 2. (G, Q) < iv(G, Q), vQ e Ry . Readers can verify fon = 1,2, ..., the bound given in Lemma 4 is tight.
Proof: Omitted for brevity. [ |

The bound provided in Lemma 4 can be tight as illustrated
in Fig. 1. Note that the approximation ratio in Lemma 4
Corollary 1. a(G,Q) < imTQ. depends om, whereas the approximation ratio in Corollary
2, which is for the LQF schedule, does not.

Let /i be an LQF schedule under the queue size vegtor

Hence, the greedy schedule of LQF providesl&-
approximation to the problem of finding a WMIS. Another IThis inequality is a special case of Holder's inequality.



Analyzing the performance of MWS via Lyapunov funcBy taking expectation on both sides of the above, we have
tions typically requires relating two inner productsit)” Q(t)

and D()TQ(t). The next lemma bounds the inner product of A1) Q(1)] < xs(G, ) Ela(G,Q(1))): )
two non-negative vectors by the associated graph theatetigince D,(¢) € {0,1} for eachi, we haveD?(t) = D;(t). At
quantities. stationarity, we also havB[A(t)] = E[D(t)]. Thus,
Lemma 5. ATy < x (G, Na(G, ), Y, A e RV v 14
Proof: Let m* € My, be thei-th maximal schedule in E[D()"D(t)] = E[Z Di(t)] = Z/\Z ©)
My, wherei = 1,---,|My|. Letv € R be an optimal o — -
solution to the opt|m|zat|on problem for finding; (G, A), i.e., SinceA;(t) is independent oD; (), we have
Z'MLl vim' > A andz - v = Xf(G,\). Then, we have 0\
My | My | E[A(W)"D()] = E[AM"ED®)] =) A}, (10)
A< (S vim) =3 vi(m) -
i=1 i=1 The next lemma provides a bound for the expected queue-
| My | length sum under the stationary distribution feMWS.
< Z vio G, p) = x5 (G, NG, ). Lemma 6. Under the k-MWS policy, for any arrival rate
- vector A € kA°, the following holds under the stationary
, , B distribution.
Lemma 5 can be interpreted as an extension of Corollary v
7.5.3 in [13] to arbitrary weight vectors. In the following x7(G) B, 11
sections, we will see the central role of Lemma 5 in the ZQZ = k=GN D
analysis.

_IVIy 21 _ 932
IV. QUEUE AND DELAY BOUNDS where By =3 2im1 (M + E[AT] = 2X7).

With the help of Lemma 5, we derive bounds for the  Proof: Under thek-MWS policy, we havé
expected que_ue—length sum un(_jer th.e stationary disth . E[D®H)TQ®)] > kE[(G, Q(1))]. (12)
delay bound is then derived using Little’s law. Our derigati o _
follows [1]; however, we improve the bounds and make &ombining with (8), we get

connection with the fractional coloring numbers. T -~ T
Consider the quadratic Lyapunov functidn: RVl — R 2B[A(D)” Q1) - D) Q)
defined by®(Q) = 31| Q2. The drift of the Lyapunov <2(xs(G,A) — k) Ela(G, Q)] (13)
function satisfies the following: We obtain the next result by using (9), (10) and (13) in (7).
2(Q(t+1)) — 2(Q(t)) 0 < 2(xs(G,\) — k) E[a(G, Q(1))]

= (Qt+1) = Q)" (Q(t+1) + Q1)) A4 \4d \4
(A(t) = D(t)"

= (2Q(t) + A(t) — D(t)) + Z} A+ Z} E[A7] -2 Z} A7
= 2(A(t) - D(1))"Q(t) + (A(t) — D(t))" (A(t) - D(t , - - N
— 2(A(t) — D(1)TQ) Since A € kA°, we havexf(G, A) < k by Lemma 1. By
rearranging, we obtain a bound for the expected total weight
AWTA®) + D) D(t) - 2A6)" D(1). (6)  of the WMIS:
If the network is stable under a given policy, Ela(G, Q(1))] < By (14)

T 2(k—xy(GA)
applying Lemma 5 again, we get

(Q(t), A(t),D(t)) forms a positive recurrent DTMC [3]
and a stationary distribution exists. Under the stauona%
distribution, for a lower-boundedith-degree ponnomlaI

function/ : RIVI 5 R, we haveE[h(Q(t+1))—h(Q(t))] = V]
if the kth moments exists [14] [15]. Sinc@ satisfies the ZQz = E[e"Q(1)] < E[xs(G)a(G, Q(1))]
condition, under the stationary distribution, (@)
X
0 = B[B(Q( + 1)) - 2(Q()) = X/ (@) Ela(G, Q)] < 5= s B
= 2E[(A(t) = D(1)TQ(1)] + E[A(t)T A(1)] u

T _ T
+ E[D( ) D( )] 2E[A( ) D( )] (7) 2By the definition of thek-MWS policy, the schedule selected at tirhe

Next, we bound the terms in (7). Applying Lemma 5, we gééf'z?tgd (tt’y”i(%jgtgfﬁm_(tg By( ()1)> |fkg(€)Q>(1))ar:L gb((?) :(1) Eﬂgﬂ

EIA®)TQWIQ()] = NQ1) < x/(G.Na(G. Q). Dl LiQ) = Landui(t) 20 then D) 0. n all hese cases



By applying Little’s law, which says the product of the Consider the cubic Lyapunov functiolr : RVl — R
average arrival rate and the average delay experienced bydafined by ¥(Q(t)) = Z'Vl Q3(t). Under the stationary
arrival is equal to the average queue size, the followingnldoudistribution, we have

on the expected delay, is obtained. 0 —E[B(Q(t + 1)) — T(Q(1)]
Corollary 3. Under k-MWS, for A € kA°, = 3E[(A(t) — D(t))TQ?(¢)]

d<— xs(G) Bi. (15) A4 ,
2(20i=1 M)k = xr (G, ) +3ED((Ait) — Di(t)*Qu(1)]
Our result improves the bound in [1] by a factor of szl
X(G)/xs(G), wherex(G) is the integral coloring number of AN
G. In [16], the authors prove that the difference betwgé®) + E[Z;(Al (t) = Di(t))"]- (19)
andy (G) can be arbitrarily large, as stated in the next lemma. h

\4 31_
Lemma 7. For any integer n > 2, there exits a uniquely col- ';;XE[XS] Tg?\g th?\ t)ermlsslréélsQ)tngggﬁ 2= (B[4
orable, vertex transitive graph G, such that x(G) — xf(G) > 4
n — 2. V]
E[}_(4i(t) = Di(t))*] = Bo. (20)

=1

The above result counts on the growing size of the graph
considered. Lovasz in [17] provides inequalities to bothnel
integral coloring number as follows:

Lemma 8. y;(G) < x(G) < (1 + In(a(G)))xs (G).

Recalling that the second moments of the arrival processes a
bounded by the constant and applying Lemma 6, we have,

V] Vi
Hence, by Lemma 8, the improvement factor of our boundE[Z((Ai(t) — D;(1)*Qi(t)] < E[(C +1) Z Qi(t
over the bound in [1] is at most+ In(«a(G)). i=1
For LQF, by repeating the steps till (12) and by applying - (C+ 1)Xf(G) B (21
Corollary 1, we have, =20k —xp(GN) " ()
E[D#)TQ(t)] > 5 E[a(G, Q(1))]. (16) Similar to the derivation of (8), by Lemma 5,
. Vi
Then, (13) is replaced by E[Z(Ai(t)Qf(t)lQ(t))] = \TQ2(t)
2E[A()TQ(t) — D(H)T Q1) i1 )
<2(x4(G,\) — 1/6) B[a(G, Q(1))] < x7(G; )G, Q7).
Similarly, we replacet by 1/4 in the rest of the steps. We get/nder thek-MWS policy, by Lemma 4, we have
. . VI 2
Lemma 9. Under the LQF policy, for any arrival rate vector k 9
A e %AO, the following hold under the stationary distribution. E Z D; Q)] = o(G) (G, Q7(1)). (22)
\VI :
G Thus, we obtain
= 20170 — (G, V) v
E[Y (Ai(t) - Di(1) Q3 (¢)]
- G i=1
d< v X (@) B, (18) , >
2(20i=1 M) (1/6 = x5 (G, A)) < Ela(G, Q7 ()] (xs (G, A) — m)- (23)
_ 5Vl
where By = 37,7 (i + E[A7] — 2A7). Combining (20), (21), (23) into (19), we have
V. BOUNDS ONHIGHER MOMENTS ) 12
In this section, we first derive a bound &y 1V Q2(#)] Ela(G,Q (t))]?’(a(c) —xs(G )
when the k-MWS policy is ut|I|ze2d and when the average 3(C+1)x(G)
arrival rate vector is confined i@%AO. It also serves as a = 5—(k: — Xf(G )\))Bl + Ba.

bound for the sum of the queue-size variances. The method can

be used to derive bounds for the sum of even higher momeWléen \ € (G)AO

of the queue sizes. Additionally, when the LQF scheduling

policy is employed, we can compute the upper bounds for the (€ + Dxs(G) B + Ba(k — xs(G,A)
second or higher moments of the stationary queue sizes fo)a(G, Q*(t))] < 2 2 3

all gmval rate vectors ik A°, which is a well-known stability (—G — X (G N) (k= x£(G, \)
region for LQF [8]. o(G)




By applying Lemma 5 again, we finally get

V]

B[} Q1) =E["Q*(t)] < x4(G) Ela(G,Q*(1))]
=1

interference graph satisfies thecal pooling condition [9].

An open question is whether, for local pooling graphs and
under LQF, our framework can generate bounds for higher
moments on the whole capacity region. If it can be done, the
derived bounds can characterize the performance of LQF more

(C+ 1)xs(G)By | Balk—xs(G. )
<X (O)—2 ’
(aigy ~ X GNE=xs ()

Next, we provide a bound foE(ZLZ‘l Q?(t)) under LQF
for any arrival rate vecton € 1A°. Let r(t) be an LQF
schedule under the queue-length ve@dgt). Consider Corol-

lary 2 with n = 2 and we have

Sa(G,QX(0) < m(H) Q).

(1]

(2]

(24) 3

Hence,

1
EID®)TQ*(1)|Q)] = 5a(G.Q%(1)). “
Now, suppose\ € %AO and suppose the LQF policy is used.[5]
With (25) replacing the role of (22) and by repeating the step
after (22), we can get

(25)

(6]

V]
E Qi) -
=1
1
(C+1)xs(G)By N B2(g = x7(G,N) [8]
<xs(G) 2 3 o

(5~ xs(G V)2

The above framework can be extended to derive bouniddl
for even higher moments of the queue sizes, provided (tpg
corresponding moments of the arrival processes are boun e(J
In the case of th&-MWS policy, the subset on which a bound?2]
is valid depends on the order of the moment in questiofq
In contrast, for the LQF policy, the bounds are valid on thg4]
constant regiory A°. Whena(G) grows with the size of7,
the 1/a(G) factor also restricts the applicability of the boung, g,
in the k-MWS case for large graphs.

VI. CONCLUSIONS

In this paper, we provide improved bounds for the stationa[ri/6
delay and queue-size sum under th&IWS policy and the
LQF policy in wireless networks. The framework is also used’!
to derive bounds for sums of higher moments of the queue
sizes. For the LQF case, all the bounds are valid for anyadrriv
rate vector inA°.

The future work may consist of extending the presented
framework and deriving bounds for higher moments of the
gueue sizes on the whole stability region of theMWS
policy. It is known that all moments of the stationary queue
sizes are finite under the right conditions [14]. It may be
interesting to find appropriate Lyapunov functions and eitpl
Lemma 5 for deriving bounds on higher moments. Also,
LQF is known to be throughput optimal when the underlying

precisely. Finally, the connection between wireless sulileg
and the aspects of graph theory reported in the paper appears
interesting and deserves further study.
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