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Abstract— This paper addresses the problem of utility maxi- approach to multicast problems is not straightforward. Mos
mization of multicast sessions with multiple trees over static in- packpressure algorithms for unicast are derived by regaxin
frastructure networks. The utility functions are general concave e flow conservation constraints in the static optimizatio
functions. Inspired by the derivation of the unicast backpressee . .
algorithms, we introduce a problem formulation with tree-flow formulatpn(;ee (6, [9]' [10] for represeﬂtatlve exang)le
conservationconstraints and derive a multicast backpressure Whereas it is not obvious what constraints represent such
algorithm. The algorithm is much more distributed and local ~ flow conservation in multicast problems. To circumvent the
than previous algorithms. We provide a rigorous analysis of the  difficulty, we introduce a problem formulation witree-flow
performance including the primal optimality and the bound on  ~ -,nservatiorconstraints, by which we mean that the amount
real queue sizes using the Lyapunov optimization technique and . ’
the convex optimization techniques together. of flow on alllnk ona trge shguld be no less than the amount

of flow on its parent link with respect to the tree. Then,
. INTRODUCTION we present a subgradient algorithm by relaxing the tree-

) o flow conservation constraints. The algorithm is more local
Massive content distribution has become one of the MO§ian earlier multicast algorithms in [1], [2], [11], [L2].HE

important aPp”,Ca“_O”S on the In"[ernet..One importan'ts:laq:omrd is distributed over the network components and the
of content distribution technique svarming In a swarming - oo mmynication overhead is low since each node only needs
session, afile is broken into many chunks at the source noqg.xnoy the queue sizes at itself and at its neighboring nodes
which are then distributed to the receivers through various gocond we show how to analyze the optimality and
paths. Despite its origin in the end-system-based peer-tfye nepwork stability of the subgradient algorithm under
peer cqmmumty, swarming 1S also attractive for conteny, general concave objective function. It is hard to simply
distribution services over infrastructure netwo_rkspd_ra?dby apply the convex optimization techniques for subgradient
network or service pro_wders. For those services, infuastr algorithms to show the primal optimality of our algorithm.
ture nodes are strategically placed by the providers and af§ig s mainly due to the assumption of general concavity

well managed and refatively static. In this setting, ithaem 4iher than strict concavity on the utility functions. Thesult
shown that it is beneficial to view swarming as distributiong {he Jack of a continuous map from the dual to the primal

overmultiple multicast trees [1], [2]. This view allows us 10 |5 japles, which is crucial to prove primal convergence as

focus on af_ormal approach based on optimization theory {@.scribed in [13], [14]. Even though the dual variables
develop optimal solutions systematically. __ converge, the primal variables oscillate. Instead, we sthew

In this paper, we study the problem of utility maximizationyima| optimality of the algorithm in the long-time average
of multicast sessions with multiple trees. We suppose that,ge using the Lyapunov optimization technique in [7],
each session has an infinite data backlog in its source apf] However. we still need to use the convex optimization
is given a small number of trees over which its data iggchniques in [14], [15] to prove the dual optimality. Since
divided and then distributed to its receivers. The object/ e gypgradient algorithm uses virtual queues, we can only
to maximize the sum of session utilities which are functiongpo\ the boundedness of long-time average virtual queue
of their admitted rates. We assume t.hat the utility funaif)”backlogs with the Lyapunov technique, which is not enough
are general concave functions, which can reflect varioyg show network stability. We use the result on the dual
fairness criteria among sessions. The major constraimts Yptimality to show the real queue backlogs are bounded. The

link capacity constraints. Then, our problem is to find thgy, sets of analytical techniques complement each other in
optimal tree rate allocation while the queues in the networ,, analysis.

remain finite. _ The use of the optimization approach on multicast prob-
Our contrlbutlon_s are as follqus. F|r_st,. we present §ams has been reported in [1], [2], [11], [12], [16]-[18].
backprgssure algonthm for the utility maximization prm_nl Most of them, except [16], [18], require global exchange
of multi-tree multicast. Backpressure algorithms arem®% ot control messages. In the algorithms, source nodes and
since they are distributed and local: There is no globgjnks pelonging to the same session need to exchange their
exchange _of control messages. Various forms of backpressssion rates and link prices. In [11], [16], [18], the autho
sure algorithms for the unicast network flow problems havggnsider multi-rate multicast problems with a single fixed
been introduced [3]-[9]. However, applying the backpressu mticast tree for each session. In [1], [17], special ofjes
) ) ) are considered such as maximizing throughput or minimizing
C. Cho and Y. Xia are with the Department of Computer and Infaionat .
Science and Engineering, University of Florida, GaindsyiFL 32611. network congestion. The authors of [12] asfsume that. .the
{ccho, yxl}@ise. ufl.edu. network bottlenecks are at the nodes’ uplink capacities



whereas we assume that the bottlenecks can be anywheee,

in the network. In [1], [2], although an optimal set of trees E—1

with an optimal rate allocation are found among all possible To(k) 2 1 Z z5(K), Ts 2 lim Z,(k).
trees, the algorithms are less local and the computation kK;O k=00
requirements a_t each iteration are much heavier thar_1 tkﬁe defineg’. (k), gt 7(k) and# similarly.
proposed algorithm. In [18], a similar problem formulation our probfemP ig ase follows. ¢

to ours is introduced; but the algorithms are different. The

algorithm in [18] uses real queue updates whereas ours use® : max Z Us(Zs)

virtual queue updates. However, our algorithm has stronger seS
results on the real queue boundedness. St 7o = Tpire) = Upge) = 0, V€T, Ve e By, (1)
The remaining paper is organized as follows. Section Il 4 _

describes the network model and problem formulation. In Z Yoty = s, Vs €S, @

Section Ill, we present the backpressure algorithm. IniSect tets

IV, we show that our algorithm achieves an optimal solution Z 7. <., Ve€E, 3)

and the virtual queues are bounded in the long-time average tie€Ey

sense. We provide stronger results on queue boundedness in 0<Zs < Xpaw, VSES, 4)

Section V. The concluding remarks are in Section VI. gt >0, VteT,YneV, (5)
7. >0, VteT,Vec€ E,. (6)

1. PROBLEM DESCRIPTION
The constraints in (1) imply that for every tree the

A. Network Model allocated link rate on a link on the tree should be no less

Consider a network which is represented by a directeghan the sum of the link rate of its parent lipkt, ¢) and the
edge-capacitated graghi = (V, £), where V' is the set of exogenous arrival to the tail nodge). It can be considered
nodes ande is the set of directed links. Each linkin £ as a relaxed form of the flow conservation constraints for
has a finite capacity. > 0. Let ¢y, = maxeep . be the — trees. We assume thaj, . £ 0 if p(t,e) is null. Note that
maximum link capacity over all links. Le§ be the set of all the tree rate variableg. for treet are defined for all non-
multicast sessions in the network afffl be the number of |eaf nodesn € V;. The variablesy!, for n # o(t) appear
sessions. Each session is associated with a source and aypffecessary because the only other constraints on them
of destinations, which is a subset b are non-negativity constraints in (5). In fact, our algumit

Each session is given a set of tree§ that it uses for always assigns to those variables. However, these variables
data transmission. LeTs| be the number of trees ifi;. Let  are needed for performance analysis, which will become
T be the union ofl. Note that ift; € Ts, andty € T,  clear in Section IV.
have the same topology, we regard them as different trees.The constraints in (2) mean that the aggregate rate trans-
Let 7 be the transmission rate assigned for tre link e.  mitted by the trees for a session must be equal to the session
Let E; be the set of links on tree Denoteb(e) andd(e) o rate. The constraints in (3) are the link capacity constsain
be the transmitting (tail) node and the receiving (head)enodhat the sum of the transmission rates on a link cannot exceed
of link e, respectively. LeV; be the set of transmitting nodes the link capacity. In (4), we assume the session rates must be
b(e) for all e in E;. V; represents the set of nodes on tregounded byX ... from above, whereX,,.. is a constant.
t which are not leaves. Lei(t) be the root node of tree Let A be
Let p(t,e) be the parent link of linke on treet. Let Q(¢, n)
be the set of child links at node on treet. Let z, be the
admitted rate for session andy, be the admitted rate at \y\e have the following assumption ot
noden on treet. We assume that each source has an infinite Assumption 1:There exists a feasible solution Bf such

backlog of data. Let); be the real queue size at linkfor  that the constraints in (1) hold with strict inequality.

A 2 {(z,y,7)|(z,y,7) is feasible to problenP.}.

treet. It is highly probable that the above assumption is valid in
] real networks and it is used for showing the dual optimality
B. Problem Formulation of our algorithm.

Denote(a,) to be the vector with entries;. Letx, y and ~ We also define the sefs, ,) and A, as follows, respec-
r be the vectorz,)ses, (5, )ternevi, and (rl)ier cem,,  UVelY.
respectively. The notation such means repeatin N " . .
thepvalueayin all entries of the vgizéer.TDenote to Ee theg M@y = {(z,y)l(w,y) satisfies the constraints in (2), (4)
vector whose entries are dlls. and (5)},

Let z,(k) andz, be the time average of the admitted traffic A, = {r|r satisfies the constraints in (3) and.(6)

. i AN )
rate for session up to timek and its limit", respectively, These notations will be used to simplify later expressions.

We have the followin mptions on the utility function
1We temporarily assume that the limit exists. We shall replagewith e have the follo g assumptions on the utility functio

lim inf or limsup in case that the limit does not exist. Us(zs).



Assumption 2:U is a concave functior/, is continuous

term in (7) is always zero. Then, the dual problem is as

and differentiable. The derivative o/, is bounded on follows.

[07 Xmaw]-

Note thatU, is a somewhat general concave function. It
could be linear or non-strictly concave. We do not even

min D(7)
st. vf >0, VteT,VecE;.

assume that it is monotonically increasing. Under this as-

sumption, which is more general than that in [6], [14],
we do not have a continuous map from the dual variabled
to the primal variables in the subgradient algorithm. SUCh(x(k:),y(k‘),T(k)) = arg
continuity is available in [6], [14] and is used to prove the

primal optimality. The assumption also implies that is

bounded o0, X 4]

IIl. BACKPRESSUREALGORITHM

Following the standard subgradient method [15], we have
subgradient algorithm as follows.

max

L(x,y,r;v(k)),
(I,y)GA(myy),’f’GAr ( Y ,Y( ))

(8)
Velk +1) = [ye(k) — 6(re(k) — T;(t,e)(k) - yzf;(e)(k))]Jr»
Vt € T,Ve € Ei, 9)

Let []* and []% denote the projection onto the non-whered > 0 is a step size.

negative domain and the interval @f, b], respectively. Let

Let ¢} (k) = (1/8)~t(k), which represents a virtual queue

¢ be the non-negative Lagrange multipliers associated witize at link e for tree t at time slotk. Let ¢(k) be the

the constraints in (1). Let be the vecto(y!)icr cc g, . From

vector (¢! (k))ter.ccr,- Then, we can rewrite the algorithm

problem P, we relax the constraints in (1) and write theas follows.

Lagrangian as follows.

L(z,y,737)

= > Udws) + D) Akl =l o = Uiy
s€S teT ecEy

= Z (Us(xs> - Z yf)(t) Z ’yé)
seS teT, e€Q(t,o(t))

=D D ke

s€SteETs e€Ey:egQ(t,0(t))

DD DD DG W

ecE seSteTs:ecEy e’ eQ(t,d(e))
The last equality holds because, for gll
Sberi= D wert+ D
ecEy e€Q(t,o(t)) e€Ey:egQ(t,0(t))
whereb(e) = o(t) for e € Q(t,0(t)).
Then, the dual function is given by

D(v)

= max
(z,y)EA (2 4),TEA,
(z,y)

(2.9)EA(n.y) Z (Us(xs) - Z Yo() Z Wﬁ)

= max
sesS teTs e€Q(t,o(t))

o (- Y )

zy)EA (s,
@AY (25N (T, ceByegnt o)

SR D 0D DD DERCICEED RSN ()

e€E seSteT,:ecE, e’ €Q(t,d(e))

LD B CERD DU SIS

= max
seS teTs e€Q(t,o(t))

tmaxd > Y rile- D> )

e€E s€SteTs:ecEy e’ €Q(t,d(e))

yzt,(eﬂé,

L(x,y,757)

where the second equality holds because the constraints of

o Session and tree rate control: At each time diot
sessiors solves the following optimization problem and
assigns an optimal solution te,(k) and y‘;(t)(k) for

telTs.
1
max gUs(ﬂﬁs) — Z yz(t) Z qe (k) (10)
teTs e€Q(t,o(t))
St Z y(t)(t) = xsv

teTs
0<z, < Xma:u

Yoy =0, VteTs.
o Link scheduling: At each time slot, each link e

solves the following optimization problem and assigns
an optimal solution ta’ (k) for treest such that € E;.

max Z Té(qz(k)_ Z qéf(k))

e’ e€Q(t,d(e))

11)

7"220, Vt:e € Ey.

o Virtual queue update: At each time slbt each linke
updates the virtual queues for treesuch thate € F;
as follows:

qe(k +1) = [qe(k) = re(k) + 70y (k) + Yy (R)] T
12)
The subproblems (10) and (11) can be easily solved. First,
we can solve subproblem (10) as follows. ltetk) be a tree

with the minimum total queue backlog at the source for the
outgoing links on the tree:

t:(k) € arg {nlj{l Z

° eeQ(t,o0(t))

qe (k).

the maximization can be separated over the three terms, adificthere are more than one such trees, we pick one of
the last equality holds because the maximum of the secotttem arbitrarily but deterministically. Then, we considee



following expression:

Colia) 2 &

)

2 U (x,) — g (k).

2.

e€Q(t5 (k),o(t% (k)))

If there existsz, on [0, X,...] satisfying the equality
Cs(zs) = 0, let z4(k) denote it. Otherwise, we set,(k)
as follows:

XWLU..’L’?

i ={ o

Then, for allt € T, we setyg(t) to be

¢ | xs(k), ift=1ti(k),
Yo(t (k) = { 0, otherwise
Note that sincé/, may not be one-to-one, (k) can oscillate
over time even ifg (k) stabilizes. Once sourcedetermines
its session rate(k) and treet’ (k), it pushese (k) amount

if (s(xs)>0forall zs €0, X4z,
otherwise

of data from its reservoir to the outgoing links at the root o

the selected tree. To summarize, sousceelects only one

since the total number of trees is reasonably small, each
node can keep the tree topology information. Thereforeh eac
packet only needs to carry its tree identifier.

IV. LONG-TIME AVERAGE PERFORMANCEANALYSIS

We show in this section that with the algorithm (10)-
(12), the achieved utility can be arbitrarily close to the
optimum and the virtual queue sizes are bounded in the
long-time average sense. The analysis follows the Lyapunov
optimization technique in [7], [9].

Define) to be

Y £ {y|3(x,r) such that(x,y,r) is feasible toP.}.

Let Y be the largest admitted rate a4 such that the
VECHOr Ysym £ (Y)ier.nev,, Whose entries are alf’'s, is in
Y. That is, ysy, is obtained by pushing the same rates as
much as possible not only into the root nodes of the trees
put also into all other non-leaf nodes of the trees.

We consider the following-tightened problenP ().

tree that has the minimum total queue backlog at the SOUICEP (¢) : max Z Us(Zs)

for the outgoing links on the tree. Then, it sendsamount
of data onto the selected tree.

Subproblem (11) can be solved as follows. First, each link

e finds the tree with the maximum differential backlog,
* Ay t _ t
Bi(k) & max {gz(k) = > qu(k)}  (13)
e’ €Q(t,d(e))

If B(k) > 0, then letr (k) be the tree that solves (13) with
tie broken deterministically. 187 (k) < 0, then we set (k)
to be null. Next, linke assigns-t (k) for each treet on link
e as follows:

=1

If 72(k) is null, all rf(k) at link e are assigned zero.

if t =71x(k),
otherwise

Ces
0,

seS
'Fé — flt)(t,e) - QZ(E) Z €, Vit € T, Ve € Et,
and the constraints (2) - |6

S.t.

where0 < ¢ < Y. ProblemP(¢) is well defined for alle

such thatd) < e < Y. SinCeysym is iN Y, (Y — €)iernev;

is a part of a feasible solution to probleR(e). Therefore,
we can always find a feasible solution for allsuch that
0<e<Y.

The above problem formulation is obtained by tightening
the constraints in (1) of problem®. Such tightening can be
considered as, for every tree, pushing additionibw into
every non-leaf node on the tree.

Define A(e) and Y(¢) to be

After link e determines the tree* (k) which uses the link  A(e) = {(z,y,7)|(z,y,7) is feasible toP(c).},

capacity exclusively, the tail node of the link transmits YV(e) = {y|3(z,r) such that(x,y,r) is feasible toP ().},
amount of data if it has sufficient data in the (real) queue.

Otherwise, it transmits only the data in the queue and do

not use the remaining link capacttyThen, the receiving

node duplicates the received data into the queues of the chf

links of link e on the tree.

Itis not difficult to check that at each time slotthe above
algorithm finds a solution that maximizes the Lagranglan
given the dual variabledq(k). This property is important in
the later performance analysis.

The parametep can be used to adjust the performanc

égspectively, wherd < e < Y. It is easy to see thak(e)

and )Y (e¢) are subsets ol and ), respectively. That is, any
pasible solution of probleni(¢) is feasible to problenP.

Let (z*,y*,r*) and (z*(¢),y*(¢),r*(¢)) be some optimal
solutions of problemP and P(¢), respectively. Note that
(z*(e),y*(¢),7*(¢)) is feasible to problenP.

Remark: The optimal solution of the-tightened problem is
used in the analysis. To get a proper performance bound, it

és important to decide which constraints are tightenedeHer

bound. Rewriting the algorithm from (8)-(9) into (10)-(12)We tighten the constraints that were relaxed when we derived

has the benefit that only the sources need to adjukthe
performance bound needs to be changed.

the algorithm. It allows us to easily associate/ith each of
the virtual queues, which is crucial to get the virtual queue

In a real implementation, each source node performs t#€ ound.

session and tree rate allocation and each node performs

link scheduling and virtual queue updates for its outgoin

links. They exchange the virtual queue length of their outg
ing links with their neighbors at each time slot. Furtherejor

2In the analysis of real queue boundedness, we need to assamtigh
remaining link capacity is not used.

at U4, is well defined. Letf* and f*(¢) be the optimal
bjective values of probler® andP
we have the following lemma.
Lemma 1:

ggefine Unmaz 10 b Y g MaxXo<s, <X,,.. Us(zs). Note

(¢), respectively. Then,

[ (e) = f*, ase = 0.



Proof: The proof is omitted for brevity. | Using the fact that removing the termg(K) and
Let > . ..() be the abbreviated notation of —2e 1.0 4c(r) preserves the inequality, rearrang-
> ses 2ter, 2oecr, (') Define the Lyapunov function ing (18), and takmg théim inf as K’ — oo, we get
V (k) and the Lyapunov drifA(k) as follows:

fro 0B
VR 2 SR AK) 2 V(1) - V(E). ninf Z 2 U@l 2 178 =
s,t,e k=0 s
Then, we can get a bound for the Lyapunov drift ad/sing Jensen’s inequality and letting— 0, we get (16).
follows. On the other hand, from (18), using the definitior’f..

Lemma 2:For any finited > 0 and0 < ¢ < Y, there and the fact that removing the terig ') and -2 f*(¢) /
exists a constan3 such that for all time slot¢ and all Preserves the inequality, rearranging (18), and taking the

virtual queue sizeg(k), the Lyapunov drift satisfies limsup as K — oo, we get
2
k)= 5> Us(zs(k)) <B~f ) —2¢> gLk < B+ 2Umaa/0
5 ; Stze hgi?ogp ,;); e
(14) :
Proof: For brevity, we only give a sketch of the proof. Letting e — Y, we get (17).
By squaring (12) and followed by simple manipulation, we u
have Theorem 3 implies that the long-time average of the
9 . solution given by the algorithm can be arbitrarily close
(g0)°(k+1) — (q.)° (k) to the optimal solution of problenP by choosings to
< (rE(k) = )10y (B) = ey (K))? be arbitrarily small. However, the bound on the long-time
— 2gt (k) (rt (k) — r;(m)(k) _ yi(e)(k)) average of the virtual queue sizes increases decreases.

) . ) Therefore, the parametércan be used as a knob to tradeoff
Summing the inequality over allc 7" and alle € E; and  he gptimization performance and virtual queue size bounds
adding the term—(2/6) >, Us(xs(k)) to the both sides  Note that the boundedness of the virtual queue sizes does

of the inequality, we have not imply that the algorithm stabilizes the network. To alai
B gz e that, we have to show that the real queue sizes are bounded,
= i which we will do in Section V.
1 V. FURTHERRESULTS ONQUEUE BOUNDEDNESS
<B-2Y (SUs(ek) = 30 3 why (Rl (k) FURTH ©
scs teT. o s In this section, we show stronger results on the bounded-
- . ton ot ness of the queues. We show that the virtual and real queue
2 Z e(k) (Te(k) r”(tﬁe)(k))’ (15) sizes at every time slot are bounded above, respectively.

s,t,e
where B £ 3" | (¢maz + Xomaz)?. A. Dual Optimality and Boundedness of Virtual Queues
Since the algorithm (10)-(11) greedily minimizes the right The boundedness of the virtual queues can be proven

hand side of (15), andz*(e),y*(¢),7*(e)) is feasible to from the dual optimality of our algorithm using the convex
problemP andP(e), after a few simple manipulations, we Optimization techniques in [14] [15].

get (14). u Let Ji(y,r) = rt — t( £0) Z/b(e andJ(y, r) be the vector
Using the above lemma, we can derive the foIIowing(Jé(y,r))teT&eE,,.Slncex,yandr are bounded, there exists
theorem. a constantM; < oo such that
Theorem 3:For any paramete¥ > 0, the algorithm (10)- 9
(12) satisfies the following performance bounds. My =z (z,y)eﬁjﬁ,rem 7€y I
]iminfz Us(z,(k)) > f* — Bfé (16) LetT™ £ {v* > 0|D(y*) = min,>o D(v)} be the set of
koo SGS optimal dual solutions of probler®.
B+ 20U /0 Lemma 4:T* is non—_empty, closed and_ bounded.
lim sup — Z Z <1 (17) Proof: The proof is omitted for breV|ty. [ ]
koo M 0 s te 2y For finiten > 0 and~* € T*, letT'(n) £ {y > 0|D(v) <
Proof: For breV|ty, we only give a sketch of the proof. D(7*) +n}. Note thatl'(n) is bounded
From (14), summing the inequality overe {0,1,..., K—1}, Now, we are ready to show that the scaled virtual queue
we get vectorsig(k) can be arbitrarily close tb* by choosing small
enough$ > 0. Let d(v,T*) £ min,«cr- |y — 7*|| be the
V(K)-V(0)— 5 Z ZUS(:US(K)) distance between and the nearest optimal solution of the
k=0 seS dual. For finiten > 0, let £(n) £ max,er() d(v, T*) + 1.
Lemma 5:For any e > 0, there existé§ > 0 and a
< BK — 7f — 2 Z Z qe(r (18)  sufficiently largeK, < oo such that, with any finite initial

#=0 s,t,e feasibleq(0), for all k > Ky, d(6q(k),T*) <.



Proof: For brevity, we only give a sketch of the proof. VI. CONCLUSION

It is similar to the proof of Proposition 5 in [14]. The |y this paper, we have presented a backpressure algorithm
vector J(y(k),(k)) is a subgradient ofD at dq(k) (€€  for the utility maximization problem for multi-tree multist.
[15], page 731). Fixy > 0 and pickd such thatd <  compared with previous algorithms, our algorithm is not
min{n/M;,n/VM;}. Then, there exists a tim&, such  only distributed but local. It is not straightforward to sho
that d(dq(k), ') < &(n) for all k > Ko. Since(n) — 0 that our algorithm leads to both primal optimality and
as7n — 0, by pickingn > 0 sufficiently small, we have petwork stability due to the assumption of general concave
£(n) <e utility functions and the fact that the algorithm relies on
) ®  virtual queue updates. We have shown that two sets of
In the next lemma, we show that the virtual queue baCk'°Q§nalyticaI tools, the Lyapunov optimization technique and

at every time slot are bounded above in our algorithm.  the convex optimization techniques, can complement each
Lemma 6:For any finitej > 0, there exists a finitd/; > other and circumvent the difficulty.

0 such that, for every link and treef, the virtual queue size
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