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Abstract Supramolecular assembly is often a remarkably robustd rapd spon-
taneous process, starting from a small number of monomgsist Although, the
process occurs widely in nature and is increasingly immbitahealthcare and en-
gineering, it is poorly understood. Icosahedral viral saesembly is one such out-
standing example. We sketch the experimental roadblocksniicessitate mathe-
matical and computational modeling of assembly, and listypes of experimental
data available for model validation, thereby defining thedeils' input and out-
put, and framing the scope of model predictions. We isolageviarious factors,
specificallyconfigurational and combinatorial entroghat influence spontaneous
supramolecular assembly, pinpointing the modeling chghts and motivating the
use ofmultiscalemodels. We then survey existing modeling paradigms for thd-m
eling different scales, emphasizing the newest models arabgms developed by
the author’s group, geared towards not only predicting asd intuitively explain-
ing, analyzing and engineering assembly processes. Thelslederage geometric
and algebraic characteristics unique to molecular assefablopposed to folding),
and permit provable performance guarantees together wittedevel of forward
and backward analysis as well as a desired level of precenshrefinability of
prediction.

1 Motivation

Understanding supramolecular assembly is useful for maagtigal applications.
Rational drug design is a vast area of study and requiresrstaaeling the site-
specific assembly or docking of ligands with proteins an@éobiomolecules. Sim-
ilarly, nanoscale self-assembly of materials is a vast afedudy in nanotechnol-
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ogy. Many viral capsids form by self-assembly of an icosahleshell from nearly
identical coat protein monomers enclosing genomic matéfiaderstanding how to
disrupt assembly permits us to target this part of the vifet¢ycle using drugs and
vaccines The pathophysiology of viral infections includéser parts of the the vi-
ral lifecycle that involve site-specific docking and assgmbnderstanding how to
encourage assembly can help engineer effective viral kethtat are used as trans-
port for gene therapy or potentially for bacteriophage vtherapy to attack specific
bacteria.

Scope.In this paper, we are interested only in structures formedlibgct, au-
tonomous assembly rather than structures assembled véthithof extraneous
chaperones or scaffolding molecules that do not end up dsopéne assembled
structure. Furthermore, we are not interested in strusttwemed by multistage
assembly; i.e, by various deformation and/or folding psses subsequent to the
assembly of an initial structure.

1.1 Limitations of Experimental Data and Modeling Motivatio

Supramolecular assembly is a rapid, economical procegssrdldy weak interac-
tions and non-covalent binding between the constitueneautdr components. The
assembly takes place spontaneously at room temperatuelution, or in a lipid
bilayer membrane. Available types of experimental dataupramolecular assem-
bly include:

X-ray crystallography for details of relatively large asd#ed structures (often
possessing nontrivial symmetries, as in the case of icalsahé@ruses);
cryo-electron microscopy and stochiometry studies ofoeriapproximate sub-
assembly intermediate structures and their sizes;

primary sequence or even NMR spectroscopy structure oténtrgy monomers
and smaller (sub)assemblies;

e calorimetric studies to determine dissociation energieg¢dub)assemblies;
e invitro systems to measure concentrations of various sepalsly intermediates;
e selective mutagenesis of starting monomers, and its effeztcouraging or dis-

rupting assembly; and

mining a comparable database of all of the above types of fdatassembly
systems classified by various similarity criteria, for exéen by structural or
biological similarity of viruses.

Despite the above types of experimental data and exploreéipabilities, supramolec-

ular assembly processes are poorly understood partly becdtheir remarkable ra-
pidity, spontaneity and robustness. Spontaneity makefidudt to control in vitro,
rapidity makes it difficult to get snapshots, and robustrfesdtiple pathways and
insensitivity to individual interactions of the constidienolecules) makes it diffi-
cult to isolatecrucial combinations of assembly-driving interacticrfsom among
a combinatorial explosion of possible combinations. Initholdl many of these ex-
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perimental methods are labor and resource-intensive ,ngditind alleys extremely
expensive.

This generates a strong motivation to go beyond guesswadied by theoretical
first principles alone, and develop effective mathematoal computational models
for supramolecular assembly that can inform further expenitation. On the other
hand, the necessity to validate model predictions usingtadable experimental
data and within the prevailing experimental capabilitigsames the scope of our
models, and defines their inputs, outputs and tuning pasmet

1.2 Prediction Tasks

Based on the previous discussion, we focus on models forall@ving types of
prediction tasks.

e Input: the 3D configurations of the rigid components of the startimanomers,
and the inter-component interactions (Section 2 deschibesthey are formally
specified)Output: prediction of the terminal assembly structures and their co
centrations (or probabilities).

e Input: as in the previous item, plus a 3D configuration of final asdgn@utput:
prediction of those atoms or monomers that are crucial lagsembly process
to terminate in the given input assembly configuration.

e Input: as in the previous itenDutput: prediction of minimal atomic alterations
that would significantly increase probability of the assgnpinocess terminating
in the given input assembly configuration.

e Input: as in the previous item, additionally more than one choidénaf assem-
bly configuration Output: prediction of key events such as specific intermediate
subassembly configuration choices during assembly thatrdate which one of
the final assembly configuration results.

These types of predictions cannot be made by theoreticapfirgiples, combina-
torial experimentation (trying various possibilitieshoeguesswork alone, even with
the help of known data on similar assemblies and biologinaledge about evo-
lutionarily conserved structures. In addition, for largesemblies, these predictions
cannot be made by direct application of standard methods asid/onte Carlo or
Molecular Dynamics mixed with informatics style approagfier mining existing
knowledge for similar assemblies.

1.3 The Methods of This Paper

The methods emphasized in this paper begin with isolatingedostracting crucial
factors influencing assembly, thus motivatinmaltiscalemodel of assembly.
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One such factor influencing supramolecular assembly ahéim®scales con-
figurational entropyof small assemblies at inter-monomeric interfaces, drivgn
weak forces and non-covalent binding. The exact computaifoconfigurational
considered a notoriously difficult problem in chemical thyeand computational
chemistry.

This paper describes our new modeling paradigm towardsuthieipus approx-
imation of configurational entropy suited to a specific typeediction that can
be validated by mutagenesis experiments. The paradignmistemg two aspects.
The first aspect is the generation ofattasof the configuration space using classi-
cal Thom-Whitney stratification from algebraic-geometrigeTsecond aspect is our
new theory ofconvexificationi.e, choosing parameters by which the regions of the
stratification can be represented as convex regions. Bpttsare implemented as
a prototype software EASALefficient atlasing and search of assembly landsgape
Recent mutagenesis validation of predictions of crucitdrimctions for the assem-
bly of AAV2 (Adeno Associated Virus) were based on an appration of interface
configurational entropy obtained by EASAL.

Another crucial factor influencing assembly at tihéroscaleis combinatorial
entropyin the formation of larger assemblies from smaller subabbemtermedi-
ates, especially when symmetries are present. This, tddficult to model or com-
pute. Traditional approaches have been primarily basedhgplifed geometric ap-
proximations of the assembly constituents, and local aserales, together with
statistical mechanics simulation heuristics that incoam kinetics as well. Most
of these methods do not provide performance guaranteegacittate backward
analysis of the computational model’s input-output funictinor are they suited to
providing intuitive, mechanistic explanations and prédits.

This paper details our approach for combinatorial entropyha microscale,
using algorithms with performance guarantees (or evenrgéng functions), for
counting assembly pathways with desired features, edpetiathe presence of
symmetry.

1.4 Organization

In Section 2 we discuss factors influencing assembly, miinigaa multiscale
model of assembly. In Section 3 we discuss the cru@aloscaldactor that influ-
ences supramolecular assembly nanietgrface configurational entropgt inter-
monomeric interfaces. We give a brief sketch of the litematuacing the long and
distinguished history of the notoriously difficult problevhconfigurational entropy
computation. We then describe our modeling paradigm for@pmating interface
configurational entropy: generation of an atlas of the coméition space using strat-
ified convexification, implemented as a prototype softwakSEL. In Section 4 we
discuss the cruciahicroscalefactor of thatcombinatorial entropywhich influences
the number of pathways to formation of larger assemblie® fsmaller subassem-
bly intermediates, especially when symmetries are pre¥émbriefly survey tradi-
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tional approaches based on local assembly rules andisttiaechanics simulation
heuristics that incorporate kinetics. We describe our@gqgdn for computing combi-
natorial entropy at the microscale, using algorithms (@mnegenerating functions),
for counting assembly pathways. In Section 5 we briefly presscent mutagenesis
validation of predictions of crucial interactions for thesambly of AAV2 (Adeno
Associated Virus), based on an approximation of interfam®igurational entropy
obtained by EASAL. We conclude by highlighting the remagnainallenges in Sec-
tion 6.

2 Multiscale Model based on Factors Influencing Assembly

First we describe an assembly system, i.e, the typical itgpah assembly process.
This is followed by a discussion of the key factors that infice assembly that

highlights the challenges of the above prediction tasksraativates a multiscale

assembly model.

2.1 Assembly System

An input to a computational model of an assembly process asaembly system
consisting of the following.

e A collection of of monomergdrawn from a small set afnonomeric typesof-
ten just a single type). Each monomeric type is specified adlection ofrigid
molecular componentsa rigid component is in turn specified as the set of po-
sitions of the centers of their constituextoms in a local coordinate system. In
many cases, amomcould be the representation for the average positiorcof-a
lection of atoms in an amino acid residudote that an assembbonfiguration
is given by the positions and orientations of the entire et Bgid molecular
components in an assembly system, relative to one fixed coempoSince each
rigid molecular component has 6 degrees of freedom, a caoafiga is a point
in 6(n— 1) dimensional Euclidean space.

e The pairwise component of the potential energy functionhef assembly sys-
tem, specified as a sum of potential energy (also called gyhgerms be-
tween pairs of constituent atomsand j in two different rigid components of
the assembly system. The weak interactions between theeriglecular com-
ponents is captured by this potential energy function. Tdieapse potential en-
ergy terms are, in turn, specified using pairnismnard-JonesndHard-Sphere
pairwise potential energy function§he pairwise Lennard-Jones term is typi-
cally present only for selected pairs of atomsnd j, one from each compo-
nent, while the Hard-Sphere potentials apply to all othérsp&8oth are func-
tions of the distance; ; betweeni and j; The former function is typically dis-
cretized to take different constant values on 3 intervatstlie distance value
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dij: (0,1i ), (li;j,uw j),and(u; j,o). Typically, |; ; is the so-called Van der Waal
or steric distance given by "forbidden” regions around a&o®emnd j. And u; j is

a distance where the attractive (electrostatic or othekyfesces between the
two atoms is no longer strong (typically these forces decatha reciprocal of
some power off ;). Intuitively, the interval(0,1; ;) is where the repulsive force
dominates, andl; j,u; j) is where the attractive force and repulsive forces are
balanced, andu; j,«) is where neither force is strong. Over these 3 intervals
respectively, the Lennard-Jones potential assumes a igiyalueh; j, a small
values j, and a medium valugy . All of theseboundsfor the intervals ford, j,

as well as the values for the Lennard-Jones potential o thésrvals arespec-
ified constantas part of the input to the assembly model. These constamts ar
specified for each pair of atomsand j, i.e., the subscripts are necessary. The
middle interval is called thevell. The Hard-Sphere potentials are defined solely

by the Van der Waal’s forbidden distandg, = ui ;.
e A non-pairwise component of the potential energy functiothie form ofglobal

potential energyterms that capture the tethers between the rigid components

within a monomer, as well as other global potential energsnsethat implic-
itly represent the solvent (water or lipid bilayer membiaeffect [23, 24, 16].
These are specified using discrete values over intervalgedfistances or angles
between pairs of entire rigid components (as opposed te paatoms).

It is important to note that all the above potential energyntearefunctions of the
assembly configuration

Observe that an assembly system can alternatively be eyesbkas a set of rigid
molecular components drawn from a small set of types, t@getithassembly con-
straints in the form of distance and angle intervals. These comgfrdiefindeasible
configurations (where the pairwise inter-atoms distance$aager thar; j, and any
relevant tether and implicit solvent constraints are atl}. The set of feasible con-
figurations is called thassembly configuration spaceheactive constraintegions
of the configuration space are regions where at least one dfghnard-Jones inter-
atom distances lies in the well, i.e, the interia}, u; ;).

Note that for the prediction tasks given above, the input to theemably model
assembly consists of an assembly system, optionally alathgome or more final
assembly configurations.

2.2 Factors, Challenges, Multiscale

The assembly configuration space can be partitioned infonregvith constant po-
tential energy. Th&ee energyf such aregion is related to the probability of finding
the assembly system in a configuration in the region and isrmgmt on both its
potential energy (inversely) and on the log volume of thearegdirectly). The for-
mer is constant over the region, as defined and is easy to d¢erfgruour model.
Roughly speaking, the latter represents tbafigurational entropyf the region.
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We refer the reader to [18, 43] for a succinct exposition efriglationship between
these properties.

2.2.1 Nanoscale: Interface Configurational Entropy

At equilibrium, the configuration space (complex of constastential energy re-
gions) partitions into potential enerdyasinsrepresentingquilibrium configura-
tions.

The potential energy computation for these configuratierisimediate. and the
challenge is to to compute the configurational entropy, v@umes of these basins
to determine thetability or binding affinityfor these equilibrium configurations.

The dimension as well as geometric and topological compyl@tia potential en-
ergy basin corresponding to an equilibrium assembly cordifpan make the com-
putation of the basin volume challenging. If the volume itedmined by sampling,
it takes timeexponentialn the dimension, and each rigid component in the assembly
system punishingly adds 6 to this dimension. Already forlgnmeterface assembly
systemshat are associated with specific types of interfaces betwig molecular
components, thigterface configurational entropgomputation, at theanoscalés
thus highly challenging.

2.2.2 Microscale: Combinatorial Entropy

For larger, microscale assemblies, this type of direct gonditional entropy com-
putation is impossible. Instead, they are treated as beiogrsively assembled as
an interface assembly system, from small number of stabdenmediate subassem-
blies [36]. This recursive assembly is usually represeasegihassembly treevhose
leaves are the rigid molecular components of the assembtgrsy the root is the
final large assembly configuration, and the internal nodeshar intermediate sub-
assembly configurations. The overall entropy of a configomagpace region of the
large assembl¢ is a combination of:

e the entropies of its small number of constituent equilibrisubassemblies;;

¢ theinterface configurational entropgf the assembly of th€;’s to formC;

e thecombinatorial entropyt themicroscalethat arises from the number of differ-
ent collections of subassembli€sthat assemble to fori@, heavily influenced
by the symmetries ot [38, 26, 7]; and finally

e themicroscale kineticshat interrelate the stability and binding affinity of diffe
ent interface assembly configurations, with the concentratof the constituent
subassembly configurations.

The potential energy basins corresponding to equilibrionfigurations of the large

assembly syster@ as well as their stability and binding affinity are again dete
mined by the geometry and topology of the initial partitiowoi constant potential

energy regions as well asicroscale kinetics
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Fig. 1 Multiscale assembly model scales shown; Left:combinatorial entropy usirageale interface assembly sys-
tem of 2 rigid molecular components with pair potentials; Mid: Large T=alyvimicroscale assembly shown as polyhe-
dron; Right: whose combinatorial entropy is given using (recursive) Assefnbes

The above discussion isolates the factors influencing dsgexa:potential energy
interface configurational entropy and nanoscale kinetiesmbinatorial entropy
and microscale kineticsThis motivates a 3-scale model for assembly (see Figure
1).

3 Nanoscale Models: Interface Configurational Entropy

We discuss 3 types of models that attempt to capture thenfimifprelated properties
of interface configuration space regions for small assexabfiee energy, partition
function (relative probability), stability, binding affiy, configurational entropy. We
refer the reader again to [18, 43] for understanding theteedationship between
these properties.

3.1 Stability based on Extent of Rigidity

In [36], rigidity was roughly equated with being an equiiibn assembly configura-
tion (i.e, low energy representative configuration of a pti&é energy basin) and a
further shortcut was used to quantify stability of an edpilim assembly configura-
tion, namely, the number of Lennard-Jones pairs that haé teifmoved in order to
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degenerate into a flexible configuration with many smalldriglibassemblies. This
shortcut also been suggested by lleana Streinu in a persomathunication. How-

ever, as mentioned in the previous section, even for smediaklies, the bottleneck
in computing the stability and binding affinity of equilibrn configurations is the
computation of the volume of the high dimensional poterdiargy basin corre-
sponding to the equilibrium configuration, possessing apimated geometry and
topology. This rigidity-based approximation of the voluise&oo coarse to be ef-
fective, as demonstrated for example in trying to deterroioeial interactions for

AAV2 assembly as in Section 5, for which a different method twbe used. In par-
ticular, for that example, even a straightforward PCA ordgiplue based method
outperformed the rigidity based method.

3.2 Traditional Methods for Configurational Entropy and Free
Energy

There has been a long and distinguished history of configuatentropy and free
energy computation methods [18, 2, 14, 15, 13, 19, 12, 33, Ra@hy of which
use as input the configuration trajectories of Molecular &yits or Monte Carlo
simulations.

All configurational entropy computations reduce to commyitiartesian volumes
of constant potential energy regions of a configuration spas mentioned earlier
[18, 43]. Even methods that directly compuptrtition integrals(i.e, probabilities of
a configuration being in a region of the configuration spacedjrectly compute free
energy (e.g. the Mining Minima method [12]) must effectivebmpute volumes
of configuration space regions since free energy gradidntsliag affinities) are
effectively based omntropy differencelsetween the configuration space regions that
correspond to "before” and "after” assembly. Again, thetynie of configurational
entropy as volume computation for configuration space regitarifies the intrinsic
nature of the two mutually compounding challenges #ratmethod will have to
overcome: dimensionality and topological/geometric claxipy.

As mentioned earlier, accurate computation of volumes afigaration space
regions cannot escape exponential dependence on dimerssiong as the compu-
tation is achieved by counting samples explicitly. Sanpls often the only way
to compute volume of constant potential energy regiongesthey are typically
semi-algebraic sets (i.e., sets of configurations satigfgiystems of quadratic in-
equalities, since distance is a quadratic function of tiesan configuration). Such
semi-algebraic sets have high geometric and topologicaptexity, going beyond
just the inherent nonlinearity, even in relatively low dims@nal scenarios. In addi-
tion, during sampling, Jacobian computations are necgssanap from the "free”
internal coordinates to constant potential energy regafrtee cartesian configu-
ration space. Such Jacobian computations are necessegys#irte Lennard-Jones
and Hard sphere pair potentials are both dependent ondtdar-distances, which
depend quadratically (not linearly) on the cartesian cioattes of a configuration.
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For instance, with 2 rigid molecular components, the dinmnef the cartesian
configuration space is just 6. However, when each comporeanigms of atoms, the
active constraint regions induced by any standard potdatiedscape are complexes
of nested boundaries of different (effective) dimensidnis. due to this reason that
one cannot guarantee ergodicity of Monte Carlo samplinggie any reasonable
bounds on the number of rejected samples. For both Monte @ad Molecular
Dynamics, uniform sampling can only be claimed in the linit,"if run for suf-
ficiently long, or starting from sufficiently many initial aéigurations.” This also
causes problems for many entropy computation methodselyadmn principal com-
ponent analyses of the covariance matrices from a trajecfasamples in internal
coordinates, followed by a quasiharmonic [2] or nonparaimésuch as nearest-
neighbor-based) [14] estimates. Such methods genaredigestimatehe volumes
of configuration space regions with high geometric or topmal complexity, even
when hybridized with higher order mutual information [18hd nonlinear kernel
methods, such as the Minimally Coupled Subspace approa¢h3pf Ab initio
methods such as [33] based on geometric algebras (Lie alg€bassman-Cayley
algebra etc. common in robotics) are used to give boundsappoximate configu-
rational entropy without relying on Monte Carlo or Moleaulzynamics sampling.
However, it is not clear how to extend them beyond restrietesembly systems
such as a chain or loop of rigid molecular components eachistimg of at most
3 atoms, where each component is noncovalently bound toatle eeighboring
component at exactly 2 sites.

There has been some research on infering the topology obttfegaration space
[11, 39, 22, 30] starting from Monte Carlo and Molecular Dymnies samples, and
using the topology to guide dimensionality reduction, [42]

3.3 Approximations of Configurational Entropy via Atlas of
Configuration space

As mentioned earlier, geometric constraints on inter-atiistances and angles can
be extracted from our potential energy function. A receipigpdy the author intro-
duces the notion of aatlas of a configuration space, which consists of two ingre-
dients. The first ingredient is stratificationof the configuration space intctive
constraint regiongnext subsection). The second ingredient is a representafi
each active constraint region by carefully chosen paramméiat make the region
convex (following subsection).

3.3.1 Stratification, Active Constraint Regions
Consider an assembly configuration spageof k rigid components, defined by a

systemA of assembly constraints. The configuration space has diorems< 6(k —
1), the number of internal degrees of freedom of the configomatisince a rigid
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object in Euclidean 3-space has 6 rotational and translaitidegrees of freedom.
Fork =2, mis at most 6 and in the presence of two tether constraints it inost
4.

A Thom-Whitney stratificationf the configuration space’ (see Figure 2) is a
partition of the space into regions grouped into stbqtaf <7 that form a filtration
DCXoC Xy C...C Xn=«/, m=6(k—1). EachX; is a union of nonempty closed
active constraint regions iRwherem—i inequality constraint§ C A areactive,
meaning equality is attained and they are independent. &ztole constraint se&p
is itself part of at least one, and possibly many, helntelexed, nested chains of
the form 0C Q{) C Q'1 C...C le—i =Qc...c Q. These induce corresponding
reverse nested chains of active constraint regl@@_s 0cC RQ'm C RQ'm LG C

Rle—i =RgpC...C RQ|0 Note that here for all, j, RQ'mq C X; is closed andj

dimensional.

We represent the active constraint system for a region, bgctime constraint
graphwhose vertices represent the participating atoms (at Bimstach rigid com-
ponent) and edges representing the active constraintgbattiem. Between a pair
of rigid components, there are only a small number of possilotive constraint
graph isomorphism types since there are at most 12 contditese

There could be regions of the stratification of dimensjowhose number of
active constraints exceedsks- 1) — j, i.e. the active constraint system is overcon-
strained, or whose active constraints are not all indepgn@=pendent constraints
diminish the set of realizations. For entropy calculatjighgse regions should be
tracked explicitly, but in the present paper, we do not adersihese special regions
in the stratification. Our regions are obtained by choosmggik — 1) — j indepen-
dent active constraints.

3.3.2 Convex Representation of Active Constraint Region ahAtlas

A new theory of Convex Cayley Configuration Spa(e€CS) recently developed
by the author [37] gives a clean characterization of actaestraint graphs whose
configuration spaces are convex when represented by a spgwice of so-called
Cayley parameteis., distance parameters between pairs of atoms thatactvia
in the given active constraint region (see Figure 3). Sudivexconstraint regions
are said to beonvexifiableand the corresponding Cayley parameters are said to be
its convexifyingparameters.

The Atlas of an assembly configuration space is a stratification of tmdigura-
tion space into convexifiable regions. In [27], we have shidvehmolecular assem-
bly configuration spaces with 2 rigid molecular componeatgetan atlasThe soft-
ware EASAL (Efficient Atlasing and Search of Assembly Laragses) efficiently
finds the stratification, incorporates provably efficiegiaithms to choose the Cay-
ley parameters [37] that convexify an active constrainiargefficiently computes
bounds for the parametrized convex regions [8], and cosvtieet parametrized con-
figurations into standard cartesian configurations [29].
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Fig. 2 Top: atlas portion, with active constraint regions labeled by their activstaint graphs (dark edges); the
regions are shown as sweeps around a stationary reference molecule. Bottom: actiantoegions with convexify-
ing Cayley parameters (light edges), which decrease with dimension, as edges are ddeledtive constraint graph;
note intersection with the complement of a convex subregion in the c&uges are successively added to the active
constraint graphs for the child and descendant atlas regions as more constrairnts betie.
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Fig. 3 Top Left: atlas region showing interiors and boundaries sampled in its cifyingxCayley parameters; bound-
ary/child regions sampled in their own Cayley parameters and mapped back to therpgien Cayley parame-
ters (note increase in sampleJop Right: boundary/child regions sampled in their own Cayley paramdiersrsas
sweeps around grey reference (toy) helix. Bottom Left: union of boundary regaomgsled in parent’s Cayley param-
eters, shown as sweep around blue reference haditice (b) is biggerBottom Right: sweep of one of the boundary
regions sampled in parent’s Cayley parameters is shown in red around gray referencéhé@eamplingmisses the
other colored configurations the same boundary region, obtained by sampling in its own Cayley paresnet

The key point is that EASAL igailored for assembly and leverages its unique prop-
erties in particular, even simple folding configuration spacesg/, the classic cy-
cloheptane or cyclooctane) do not have atlases.

3.3.3 EASAL-based Approximations of Configurational Entrgoy

There are many natural ways to approximate configuratiantebgy. Their efficacy
depends on the particular application where they are usediW¥ one example here
that we used for determining crucial constraints as in ad&i The potential energy
basins of an interface assembly system are centered ardoeicdnfigurations in the
zero-dimensional active constraint regions of the confijon space atlas. These
regions cannot be found by EASAL without finding the higheneinsional regions
of the atlas. Furthermore, each distinct configuration ichsal region is rigid and
could be considered an equilibrium assembly configuratith its own potential
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energy basin. Any configuration in a basin satisfies at le@st-@) of the input
constraints (fon rigid molecular components), i.e, the corresponding {atemic
distances fall within their respective Lennard-Jonessvdlhe number of copies of
one of the configurations in a basin is the number of higheedsional regions of
the atlas whose active constraint graphs are subgraphg dlfi¢hactive constraint
graph of the given configuration. This is an approximate measf the size or
volume of a potential energy basin (configurational entrapgociated with that
basin).

4 Microscale Model: Combinatorial Entropy

As mentioned in Section 2, the computation of combinatamtopy requires both
(a) a count of assembly trees (defined in Section 2) (see &igumweighted by
the combined probability of their constituent stable sgbatblies (in turn obtained
from their free energies); and (b) microscale kinetics axdeed in Section 2.

Fig. 4 Top: icosahedral assemblies shown as 12 pentamers, or 20 trimers; Bottom:AsSeses based on (left)
sequential addition of pentamers, and starting with a trimer of pentamersbuiitbm level triangles representing
pentamers, or (right) sequential addition of trimers starting with a pentantarbattom level triangles representing
trimers.
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4.1 Combinatorial Entropy via Simplified Assembly Components
and Local Rules

The assembly model [35] combines both (a) and (b) above dbassehe “local-
rules” theory of [4, 5, 6, 34]. In addition, differentiatiarf these models from other
similar [32, 44, 25, 31, 17] are given in [35]. The [35] modelies crucially on
the following. (i) Full-blown dynamic simulation (their pppach has no static anal-
ogy for analyzing successful assembly trees alone); (B polygonal repre-
sentations of monomers an explicitly specified set of stabldigurations for the
subassemblies; (iii) Simplified geometric interactionsie®n monomeric types ex-
plicitly and procedurally specified as local rules. The abtype of assembly model
provided just the necessary level of detail to answer thdiof questions about
concentrations of subassembly configurations. Howevendal and reverse anal-
ysis are difficult as are intuitive explanations as to whé eélocal rules and stable
subassemblies are likely to result in a given final assembly.

4.2 Combinatorial Entropy via Assembly Trees and Orbits
(Pathways)

To compute the weighted sum of assembly trees for an assemwibligurationA as
given in (a) above, it is useful to analyze orbits of assenglgs under the action of
automorphism grou® of A, or the polyhedral graph corresponding&oSimilarly

it is useful to analyze orbits of subassembkésinder the action of. The induced
action of G on an assembly tree is obtained by thecting on each subassembly
occuring as a node in the tree. Two trees in the same orbitrthidénduced action
represent the same assembly process (properties suchamsthaned probabilities
of its constituent subassemblies - are the same), hencelheach orbit under this
action anassembly pathwaySimilarly the orbit of a subassembl/ underG is
called anassembly typeMore generally, if any finite grouf® acts on a finite se$,
there is an induced action &f on the set of assembly trees farEven if all assem-
bly trees have equal probability of occuring, not all assigmhathways have equal
probability of occuring, since the corresponding orbitséhdifferent sizes depend-
ing on their stabilizer subgroup @. In [38], we formulated various questions about
probabilities of pathways with various properties. In [Z§we answered some of
these questions; specifically, in BoSiVi, we gave expli@hgrating functions for
counting all pathways with a given orbit size.
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5 Validation of EASAL Prediction of AAV2 Crucial Interaction s

The results in this section have appeared in [41]. We stdrteal simplified poten-
tial energy landscapes designed from known X-ray structfi®eAV2 coat protein
monomers and interfaces [1, 10, 28] (data provided by Magisahdje-Mckenna'’s
lab, see Figure 2). For each of the 3 interfaces (2-fold,|8-#émd 5-fold), we de-
termined the pairs of interacting atoms that are consenvedlated viruses (10-20
pairs for each interface). These were used as the candidatadtions for the cru-
cial interactions. For the mutagenesis experiment in Moké&nlab, these candidate
interactions were disabled one by one, by mutating one oftbms in the pair.
The effect of the mutation on assembly efficacy was detemilzyemeasuring con-
centration of successfully assembled viral shells via-@getron microscopyrhis
experiment [3] took at least 2 years

For EASAL's predictions, we treated monomers as singlelggimponents in the
interface assembly systems. We used Lennard-Jones adgeioti the above pairs
of interacting atoms and hard spheres for the sterics of@h®ining atoms. No
solvent effects were considered. For each interface, fan edits interactions, the
approximate interface configurational entropy was congpate described in Sec-
tion 3, when the specific interaction was dropped. We cahésithesensitivityof
that interaction. In fact, for each of the interfaces we gatesgl a new atlas and com-
puted the above quantity for more than one assembly systeaimed from different
pairs of participating multimers - see below for a detailedatiption. The rationale
was that the same interface drives assembly of differemistyb multimer-pairs dur-
ing the formation of larger intermediate subassembliesoWtained a cumulative
sensitivity ranking for each interaction, over all of théexant interface assembly
systems for that interactioThis computation took 1 week

The tabulated results for Dimer and Pentamer interfacegigen in the two
Tables 1. The atom numbers in the first two columns are stdmiambering used in
the cited papers. In some cases, Atom1 interacts with maredhe partner Atom2.
Mutagenesis disables all interactions in which a mutatechatarticipates. Atom
1 and Atom 2 give the residue In both cases, the highest raimkecctions (the
corresponding atom pair names are given) output by EASAIlcatd that assembly
is most sensitive to these interactions. They were valilagenutagenesis, resulting
in assembly disruption (the "Confirmed” column). Note th&rik entries in the
"Confirmed” column indicate that mutagenesis was not peréat to disable those
interactions, i.e, it is as yet unknown whether EASAL's peéidns are correct.

Pentamer interface with participating Multimers

During the formation of larger assembly intermediates twidtimers (as opposed to
monomers) could assemble across the same interface. Waaabtanew pentamer
interface atlas for a monomer and a dimer. While the weakeforieractions remain
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Table 1 Sensitivity ranking: Dimer (top), Pen-
tamer(bottom) Interfaces

atoml] atom2 |Confirmed
P293(W694, P696 Yes[3]
R294| E689, E697 Yes[3, 40]
E689 R298 Yes[3]
W694| P293, Y397 Yes|[3]
P696 P293 Yes[3]
Y720 W694 Yes[3]

atoml] atom2 |[Confirmed
N227| Q401 | Yes[40]

R389| Y704
K706| N382
M402| Q677 | Yes[3]
K706| N382

N334|T337,Q314
S292| F397 | Yes[40]

the same, the number of hard-sphere sterics increases andeshthe interface
configuration space significantly. Factoring this into thekings, we found two
other crucial interactions for the pentamer interface: 28997 and N227-Q401.
Both of them were confirmed by assembly disruption throughagmenesis, and
have been included in the above tables.

Note concerning the Trimer interfacéle could not obtain useful sensitivity rank-
ings for the trimer interface due to heavy influence of steciaused by interdigita-
tion). This tallied with the fact that mutagenesis of the afithe trimer interface in-
teractions could not disrupt assembly. We do not believeassembly of the AAV2
shell is sensitive to any of the trimer interactions. We ectjre that the assem-
bly proceeds primarily by dimeric and pentameric interfateractions. Trimers
interdigitate and contribute to stability of the capsiccathe assembly is complete.

6 Conclusions and Open Questions

We defined the scope of assembly models based on the type efireemtal data
available for validation. We gave factors influencing adsignand motivated a mul-
tiscale model. We surveyed traditional models and new mizaémth the nanoscale
and the microscale and highlighted the issues that arestgtanding. We then gave
an example of model prediction that could be experimentallidated.
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Open Questions on Configurational Entropy

At the moment the exact computation of configurational gatrae., volumes of
atlas regions is done by sampling, which, as mentioned, doegscape the ex-
ponential time dependence on dimension. However, for odfiwe regions, faster
methods for example based on [9] may help with volume contjputdor atlas re-

gions. Another unresolved issue is that kinetics influeheestucture of equilibrium
potential energy basins, which we have not taken into adcoun

Open Questions on Combinatorial Entropy

The generating function in [7] for counting pathways witle #ame orbit size does
not extend to pathways with a given property, not even thdsese intermediate
subassemblies are stable. Sacrificing the generatingdurfar an algorithm opens
the field to matroid basis-exchange type algorithms, pexistable subassemblies
can be defined appropriately. We gave a randomized courlgjogithm [36] based
on matroid basis exchange, for counting all assembly tresstable subassem-
blies. However what is needed is to count pathways (i.e, drbés) with stable
subassemblies. Furthermore, the question is open how tbinemicroscale kinet-
ics with the above type of orbit counting.
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