
FRONTIER - A general 2D and 3D geometri
 
onstraint solverPart I: ar
hite
ture and implementationMeera Sitharam�y Jian-Jun Oung� Adam Arbree� Naganandhini Kohareswaran�May 21, 2004Abstra
tFRONTIER is a general 2D and 3D, opensour
e, variational 
onstraint solver, designed and implemented tomeet several requirements that 
orrespond to inadequa
ies in 
urrent variational 
onstraint solvers. Theserequirements in
lude: the ability to mix 
onstraints with feature based and other representations; generalityand 
orresponding 
omputational eÆ
ien
y in dealing with 
omplex, 
y
li
 or 3D 
onstraint systems; user-driven navigation of the set of solutions that is 
omplete in some well-de�ned sense; re
ognizing and o�eringthe user systemati
, eÆ
ient and 
omplete methods to dete
t and 
orre
t in
onsisten
ies and ambiguities;overall transparent ar
hite
ture, implementation, data 
ow and representation in
luding portable modulesand an extensible 3D visual user interfa
e.Part I of this manus
ript des
ribes FRONTIER's input-to-output fun
tionality, ar
hite
ture and imple-mentation (spe
i�
ally how it meets the last requirement above), along with essential ba
kground, motivationand 
omparisons with previous work. It also formulates a list of previously unsolved 6 te
hni
al and 2 imple-mentational problems that 
apture the above requirements. The solutions to the implementational problemsare dis
ussed in Part I. The other problems, requiring algorithmi
 solutions are dis
ussed in Part II.FRONTIER leverages the advantages of the �rst author's existing geometri
 
onstraint de
ompositionalgorithm 
alled the Frontier Vertex Algorithm, as well as some of its previously published properties su
has the systemati
 dete
tion and 
orre
tion of over
onstraints. However, the solutions presented here - to theabove list of te
hni
al and implementational problems - are des
ribed here for the �rst time.Keywords: Variational geometri
 
onstraint solving, Cy
li
al and 3d geometri
 
onstraint systems, De
ompo-sition of geometri
 
onstraint systems, User navigation of solution 
onformations, Feature-based and assemblymodeling, Con
eptual design, Parametri
 
onstraint solving, Under
onstrained and Over
onstrained systems,Degree of Freedom analysis, Constraint graphs.OrganizationPART I: Ar
hite
ture1. Introdu
tion, Motivation, Previous Work, Contributions2. General Ba
kground on Geometri
 Constraint Solving (GCS)3. Input-Output Des
ription of FRONTIER4. Spe
i�
 Prior Work Leading up to FRONTIER5. New Contributions: List of Key Te
hni
al Problems6. Solution to Problem 1: Modules, Datastru
tures, Data
ow7. Solution to Problem 2: Designing a Suitable Graphi
al User Interfa
e8. Con
lusion of Part IPART II: Algorithms1. Introdu
tion and Context2. Solution to Problem 3: Dealing with Input Feature Hierar
hies3. Solution to Problem 4: Dealing with DOF mis
lassi�
ations in 3D�University of Florida, Work supported in part by NSF Grant CCR 99-02025, NSF Grant EIA 00-96104y
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4. Solution to Problem 5: Solution Spa
e Navigation5. Solution to Problem 6: Building Stable Algebrai
 Systems6. Solution to Problem 7: Dealing with In
onsisten
ies and Ambiguities and EÆ
ient Updates7. Solution to Problem 8: Online Solving8. Open Problems9. Appendix { DR-Planner Pseudo
ode1 Introdu
tion and MotivationToday's CAD systems largely restri
t variational 
onstraint representations to 2D 
ross se
tions. This persistsdespite the general 
onsensus that advo
ates a judi
ious use of 3D variational 
onstraints for the intuitiveexpression and maintanen
e of 
ertain 
omplex and 
y
li
 relationships that often o

ur between features, partsor subassemblies [7℄ [15℄ [10℄ [40℄ [43℄ [42℄ [62℄ [64℄ [66℄.It is generally understood that purely pro
edural, history based representations risk tediousness and inef-�
ien
y in the generation and maintanen
e even in simple 
ases su
h as the examples shown in Figures 5 and4. Su
h representations often require the designer to perform hand 
al
ulations, or expli
it trial and error
onstru
tions on s
reen. Furthermore, intuitively lo
al 
hanges and updates 
ould require long \rollba
ks," atworst repeating the design pro
ess from s
rat
h. These diÆ
ulties persist, even if the pro
edural representationin
orporates B-rep or CSG solids, variational 
onstraints on 2D 
ross se
tions 
ombined with sweeps, extrusionsor parametri
 
onstraints.S
ope.We restri
t our dis
ussion here primarily to shape and geometry information at the 
on
eptual design stage, andwe will loosely use the word feature (hierar
hy) to denote feature, part and subassembly (hierar
hies). Withinthese bounds, we stay 
onsistent with FEMEX and other standard de�nitions of feature hierar
hy. See [8℄,[3℄ [6, 11, 12℄, [54, 55℄. With few ex
eptions, we generally restri
t ourselves rigid, non 
exible shape elementsas primitive geometri
 obje
ts, and variational and assembly 
onstraints expressible as polynomial equations,although we explain in Part II, Se
tion 4 how we deal with 
ertain simple inequalities. We usually rely on generi

ombinatorial or degree of freedom analysis during the 
onstraint de
omposition pro
ess. However, we dete
tex
eptions, and provide methods for 
orre
tin mis
lassi�
ation in 3D 
aused by algebrai
 dependen
es. Whilewe sket
h how to fa
ilitate the use of geometri
 
onstraints in 
onjun
tion with other geometri
 representationsof features, parts and subassemblies in a feature hierar
hy, our fo
us is not the 
onversion from one geometri
representation to another: we generally assume the existen
e of su
h interfa
es. We also do not deal withpersisten
e, generi
 naming and related issues su
h as repeatability, feature mat
hing and re
ognition. Otherimportant problems and extensions that we do not dis
uss here are listed in Part II, Se
tion 8, under futurework and open problems.Within the above s
ope, we identify 5 requirements below that must be satis�ed by an e�e
tive 
onstraint enginein order for 3D 
onstraints (variational and assembly) to be used to their full potential in today's CAD systems.New Contributions of this 2 part Manus
riptThe 
ontributions of this 2 part manus
ript 
an be summarized as the methods using whi
h FRONTIER -introdu
ed in [57℄ and available as GNU opensour
e software [65℄ - meets the 5 requirements below.It is ne
essary to distinguish the 
ontributions of this manus
ript from those of related other papers by the�rst author [38, 39℄, [35, 36, 39℄, in [53℄, [26℄, whi
h led up to the development of FRONTIER. A guide to thereader: our previous results are sket
hed in the ba
kground Se
tions 2 and 4 only. Later se
tions - Se
tion 6and 7 of Part I and all of Part II - are devoted entirely to new 
ontributions.The new 
ontributions are made pre
ise as a series of 8 te
hni
al problems in Se
tion 5. Subsequently,the �rst two implementational problems is devoted a se
tion here and the remaining 6 problems, requiringalgorithmi
 solutions are dis
ussed in Part II of this manus
ript.2
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Figure 2: Multiple views (dotted and dashed) with di�erent referen
ing elements x and y; numbers representdofs; two views have intertwined feature hierar
hies (above and below); box 
ontains net shape elements 
ommonto both viewsIn order to motivate and formally state these problems, we �rst state the 5 requirements, brie
y des
ribe theprogress so far in addressing the 5 requirements, 
ompare them to FRONTIER's, provide basi
 ba
kground ongeometri
 
onstraint solving (Se
tion 2), give an input-output des
ription of FRONTIER, (Se
tion 3), as wellas ba
kground on the prior work that led up to FRONTIER (Se
tion 4).1.1 Requirement 1: Generality 
ombined with EÆ
ien
yGeometri
 
onstraint engines in 2D and 3D need to be both general and eÆ
ient in order to be e�e
tive insolving 
omplex, 
y
li
, spatial 
onstraint systems. In general, eÆ
ien
y and generality are strongly 
ompetingrequirements. Cru
ial to ta
kling this tradeo� is the eÆ
ient generation of a 
lose-to-optimal de
ompositionand re
ombination (DR) plan for su
h 
onstraint systems, in order to deal with the tra
tability bottlene
k in
onstraint solving: minimizing the size of simultaneous polynomial equation systems, thereby 
ontrolling thedependen
e on exponential time algebrai
-numeri
 solvers. In parti
ular, a general algebrai
-numeri
 solver ispra
ti
ally 
rippled in dealing with even moderately sized systems. Consider the notorious 
onstraint problemof �nding a line in 3D that is tangent to 4 given spheres, or in other words, at a spe
i�ed distan
e from 4 givenpoints [14℄. While this problem 
annot be de
omposed, its diÆ
ulty { relative to its size { di
tates the need forde
omposition of larger systems.1.1.1 Previous work and ComparisonsFRONTIER's DR-planner is based on the re
ently developed Frontier vertex algorithm (FA) [38℄, [53℄, [26℄whi
h builds upon nearly a de
ade of work on geometri
 
onstraint solving. While this body of work impli
itlyrelied on earlier methods for 
onstraint system de
omposition, the optimal DR-planning problem was isolatedor de�ned in the literature for the �rst time only in [36℄.Until then, many 2D variational 
onstraint solvers used de
omposition methods that dete
ted only spe
i�
patterns of 
onstraints su
h as triangles, thereby la
king generality. In parti
ular, implementations of most ofthese methods are likely to perform poorly on at least one of the natural examples shown in Figures 5 and 4.Others su�ered from di�erent drawba
ks, su
h as far-from-optimal DR plans, and their inability to in
orpo-rate a desired input de
omposition into features and subassemblies (see next requirement below). Most of theseprevious methods su
h as e.g.[4, 59, 60, 4℄, [40, 41, 18, 20℄, [1, 61, 51, 48℄, are 
lassi�ed and their performan
eis formally analyzed with respe
t to a number of relevant new measures in [38℄.A serious diÆ
ulty in 3D variational 
onstraint solving is the the la
k of a 
ombinatorial 
hara
terization ofrigidity even for point and distan
e 
onstraint systems. See [24℄. In parti
ular, the few existing 3D variational
onstraint solvers are not able to even deal with simple rigid subsystems in 3D that are not amenable to adegree-of-freedom analysis, but are yet 
ru
ial building blo
ks of most generi
ally well
onstrained systems. As4



a result, pra
ti
ally no 3D 
onstraint solvers existed and one of the most general 3D 
onstraint solving problemthat 
ould be ta
kled by prior solvers was the pipe-routing problem of [58℄. A general 3D 
onstraint solvershould both automate and provide systemati
 help to the user to both re
ognize and deal with nongeneri
,spe
ial-
ase behavior that is not predi
ted by an automated degree-of-freedom analysis su
h as the \bananasproblem" e.g., Figure 6. FRONTIER augments the Frontier vertex algorithm to deal with su
h 
ommonlyo

uring 3D problems. This is dis
ussed in Part II, Se
tion 3.1.2 Requirement 2: Mixed representations and Feature Hierar
hiesDesigners �nd it intuitive to represent many spatial features as a pro
edural history or an almost linear sequen
eof atta
hments, extrusions, sweeps, or CSG Boolean operations su
h as interse
tions, or parametri
 
onstraintset
. permitting B-rep and other representations of some features along the way. On the other hand, designersappre
iate the expressiveness and intuitiveness of using variational 
onstraints. It would be desirable if apro
edural history 
ould in
orporate both 2D and 3D variational 
onstraints, as well as other representations.In this paper, we denote su
h representations as mixed representations. See Figure 1. In parti
ular, it would bedesirable to use variational 
onstraints to express the intera
tion of a 
olle
tion of features, parts or subassembliesat some level of a feature hierar
hy. Re
ursively, the features 
ould themselves be represented entirely usingother representations, or in a similar, mixed manner, using 
onstraints to relate the sub-features. This is anatural representation, sin
e regardless of the way in whi
h the features at any given level are represented,
onstraints between features at that level 
ould be spe
i�ed between primitive geometri
 obje
ts or handlesbelonging to the features.To a
hieve this type of representation, the de
omposition plan dis
ussed under Requirement 1 has to in-
orporate an input, partial de
omposition representing the underlying feature, part or subassembly hierar
hy, apartial order, typi
ally represented as a Dire
ted A
y
li
 Graph or dag. See Figures 1 and 2. This in
orporationof an input, 
on
eptual design de
omposition is 
ru
ial also in order to 
apture design intent, or assembly orderand allow independent and lo
al manipulation of features, parts, subassemblies or subsystems within their lo
al
oordinate systems. This is also 
ru
ial for providing the user with a feature repertoire, the ability to pasteinto a sket
h already resolved features and 
onstraint subsystems that are spe
i�ed in another representation orallowing 
ertain features or easier subsystems to be solved using other, simpler, methods su
h as triangle-basedde
omposition or parametri
 
onstraint solving. Sometimes the user would prefer to spe
ify a priority at theverti
es of the dag whi
h di
tates the order of resolution of the features, parts, subassemblies or subsystems.Note that parametri
 
onstraint solving 
an in fa
t be a
hieved as a spe
ial 
ase, where the order is a 
omplete,total order. More generally, this 
an be used in the CAD database maintanen
e of multiple produ
t views as in[29℄, [12℄, for example the design view and a downstream appli
ation 
lient's view may be somewhat di�erent
onstraint systems and the two feature hierar
hies may not even be re�nements of one another, but intertwined.Furthermore, ea
h view 
ould 
ontain di�erent referen
ing shape elements that are not part of the net shapeand therefore, not part of the other views. See Figure 2. This is parti
ularly the 
ase when these referen
ingshape elements are generated during the operations of a history-based pro
edural representation.1.2.1 Previous Work and ComparisonsPrevious work on su
h mixed representations 
an be 
lassi�ed into two broad types. The �rst type, su
h as[46, 47, 13℄, di
tates a uni�ed representation language whi
h is an amalgamation of variational 
onstraintswith other representation languages su
h as CSG and Brep. The se
ond type, su
h as [25℄ wrestles with aheterogeneous approa
h, using many servers, one for ea
h representation language, so that the appropriate one
an be 
alled when required. Both approa
hes, while highly general in s
ope, have their obvious drawba
ks. Ourapproa
h throughFRONTIER has a narrower fo
us: how to freely enable a variational 
onstraint representationof feature intera
tions using feature handles at any level within a mixed pro
edural representation of the largerfeature hierar
hy, permitting the features to be independently manipulated. FRONTIER represents featurehandles as so-
alled Frontier verti
es of a rigid 
luster 
orresponding to the feature, in the 
orresponding
onstraint graph. (See Se
tions 2 and 4 for formal de�nitions). More importantly, its DR-planner in
orporatesan input design de
omposition or feature hierar
hy. This is dis
ussed in Part II, Se
tion 2.It is shown in [38℄ that many of the previous de
omposition methods listed above (or any obvious modi�-
ations of them) would inherently fail to in
orporate even tree-like input design de
ompositions. FRONTIER'sDR-planner in
orporates multiple views, or intertwined input design de
ompositions. This is dis
ussed in Part5



II, Se
tion 2. This is also 
ru
ial for designer-guided, 
on
eptually meaningful navigation of the solution spa
e,see below. This is dis
ussed in Part II, Se
tion 4.1.3 Requirement 3: Con
eptually meaningful navigation of the Solution Spa
eConstraint solvers should deal with the standard and well do
umented problem of 
lassifying and steeringthrough multiple generi
 solutions, realizations or 
onformations in a 
on
eptually meaningful manner: spe
i�-
ally permitting re
ursive navigation of the solution spa
e of ea
h feature and subassembly in the input partialde
omposition. Other methods of pi
king out solution 
hoi
es should be permitted su
h as the appearan
e andrelative orientation of primitives in the sket
h in sear
hing for a solution; and to help 
hoose spe
i�
 solutions,in
orporating variety in the 
onstraint repertoire to in
lude 
onstraints for navigation, su
h as fun
tional andequational or engineering 
onstraints and simple inequalities.1.3.1 Previous work and ComparisonsThe �rst approa
h [16, 19, 58℄ attempts to automati
ally pi
k a solution that is as 
lose as possible to theappearan
e of the input sket
h. Typi
ally, 
hirality (or relative orientation) of the geometri
 primitives in thesket
h is used as the guide. A related approa
h uses expli
itly de�ned \navigation" 
onstraints provided by theuser. These 
ould in
lude 
hirality 
onstraints, and other 
onstraints related to 
hirality (by oriented matroidtheory) su
h as interse
tion or noninterse
tion of 
onvex hulls or subsets of the points, and redu
e to spe
i�
polynomial inequalities, as well as relational or engineering 
onstraints [20℄.A se
ond approa
h gives the user an indexing [5℄, of the solution spa
e using a DR-plan of the 
onstraintsystem as a guide. The methods of [5℄ provide tra
table steering for simple, 2D 
onstraint systems that aretriangle de
omposable, or have linear DR-plans, similar to ruler and 
ompass 
onstru
tible systems, that permitsolving for one geometri
 primitive at a time.In this 
ase, ea
h su
h addition provides two \bifur
ation" 
hoi
es that are typi
ally two re
e
tions of thenewly solved-for primitive. However, su
h DR-plans exist only for spe
ial 
onstraint systems and even then maynot in
orporate a user's 
on
eptual feature de
omposition, denying the user's prefered navigation path.The third approa
h (FRONTIER's) is a hybrid method that both uses navigation 
onstraints and o�erstwo options: a visual walkthrough with ba
ktra
king or automati
 sear
h for a solution. FRONTIER uses itsDR-plans to provide the user 
ontrol over navigation by re
ursively navigating the features and subassembliesof the input feature hierar
hy, or design de
omposition. In addition, sin
e FRONTIER is built on a 
lear,formal basis, its ar
hite
ture and algorithms de
ouple the methods for optimal DR-planning (via the Frontiervertex algorithm, FA) from methods that are built upon a good DR-plan, regardless of how it is found. As aresult several of the latter methods that were 
oupled with prior de
ompositions, 
arry over. This is dis
ussedin Part II, Se
tion 4.For example: relational and engineering 
onstraints are often used to spe
ify desired solutions; these typi
allyrelate one distan
e to another without �xing either. The method for dealing with su
h 
onstraints based onthe de
omposition given in [4, 4, 18, 20℄, 
arries over to the DR-plan given by the Frontier vertex algorithmand 
an be adopted by FRONTIER. Chirality 
onstraints redu
e to polynomial inequalities given by 
ertaindeterminants and prior methods for dealing with these 
arry over. Note however that dealing with generalpolynomial inequalities as 
onstraints is a diÆ
ult problem related to solving under
onstrained systems. SeePart II, Se
tion 8.1.4 Requirement 4: Dealing with In
onsisten
ies and Ambiguities FlexiblyPartly due to the ri
h de
larative power and expressiveness of variational 
onstraints (as opposed to more rigidpro
edural representations), 
onstraint engines should support the management of a wide variety of ambiguitiesand in
onsisten
ies of both input and output. In addition, to allow the user to deal with su
h ambiguities in gen-eral and 
omplex 
onstraint systems, 
onstraint solvers should permit 
exible user feedba
k and navigation atevery stage of the 
onstraint spe
i�
ation and solving pro
ess. This in
ludes: (a) dete
ting over(under)spe
i�ed(over)under
onstrained systems and di�erent 
onstraint systems representing multiple 
lient views; (b) fa
ili-tating eÆ
ient o�ine user updates of various parts of the 
onstraint system in
luding the input design de
om-position (
) online, instantaneous resolution of partially spe
i�ed systems, (d) permitting automati
 as well as6



user-driven, step-by-step inspe
tion for algebrai
 dependen
ies and instabilities and pre as well as post pro
ess-ing of the (inde
omposable) algebrai
 systems sent to the 
anned algebrai
/numeri
 solver; whi
h is related to(e) easy editability of the 
onstraint repertoire as well as editability of the 
onstraint-to-(algebrai
) equationparsing me
hanism. In addition, providing all of this 
exibility of user feedba
k and intera
tion also requires(f) a user interfa
e that supports it.1.4.1 Previous Work and ComparisonsIssues (a), (b), above gain from a good de
omposition method that permits a partial de
omposition to be input.Dete
tion of 
ombinatorially over
onstrained 
lusters is a
hieved by many DR-planners, in
luding [51℄, [27℄,and a modi�
ation of [61℄ d es
ribed in [38℄. See Figure 8. Most solvers ask the user to remove 
onstraints in anover-
onstrained situation but give poor guidan
e whi
h 
onstraints to delete. In 
ontrast, re
ent work in [26℄provides a sequen
e of unique, well-de�ned, 
omplete lists of over
onstraints that 
an be generi
ally removedwithout making the system under
onstrained. This method extends dire
tly to a solution to the problem of
onstraint re
on
iliation of multiple 
lient views, and to a method of eÆ
iently updating the sytem on
e oneof these 
onstraints is removed. This method is based on the frontier vertex algorithm, and is hen
e dire
tlyin
orporated into FRONTIER. This is dis
ussed in Se
tion 4.Under
onstrained sket
hes arise often in pra
ti
e. No satisfa
tory method exists for a systemati
 des
riptionand navigation of the in�nite solution spa
e of under
onstrained systems (see Part II, Se
tion 8), but many
onstraint solvers in
luding [51℄ and [27℄ dete
t them. In fa
t, the 
omplete set of maximal well
onstrained
lusters of under
onstrained systems 
an be read o� as the \sour
es" or \roots" of a FRONTIER's DR-plan [53℄.For under
onstrained systems, FRONTIER also provides a sequen
e of exhaustive lists of 
onstraints(types,not values) that 
an be generi
ally added (a so-
alled 
ompletion) without making the system over
onstrained.This was implemented in [65℄ (2001 version for general 2D 
onstraint systems, 2002 version for a small 
lass of3D 
onstraint systems, and by the 2003 version for most 3D 
onstraint systems). A proof of why this methodworks is given in a paragraph of Part II, Se
tion 6. This should be 
ompared with a method for obtaining
ompletions for a 
lass of triangle de
omposable 2D 
onstraint systems whi
h is the subje
t of the paper [45℄.Obtaining the values asso
iated with these 
ompletion 
onstraints represents the remaining diÆ
ulty in solvingunder
onstrained systems. However, for the CAD appli
ation, there are e�e
tive heuristi
s to infer these values[21, 68, 73℄ from the input sket
h of the 
onstraint system.Issue (b), the question of eÆ
ient updates was mostly ignored before the DR-planning problem was formallyde�ned and the quality and performan
e of DR-plan stru
ture shown to be 
ru
ial for the entire geometri

onstraint solving pro
ess in [38℄. Moreover, sin
e the 
onstraint systems are often simple and triangle de
om-posable, with e�e
tively linear DR-plans whose subsystems were of small size and typi
ally involved solving asingle quadrati 
 equation, those 
onstraint solvers su
h as [58℄ implement updates simply redoing the entire sys-tem from s
rat
h. For general 3D 
onstraint systems and more 
omplex DR-plans, this approa
h is intra
table.The FRONTIER geometri
 
onstraint solver leverages properties of its FA DR-plans in 
onjun
tion with themodularity and 
larity of its ar
hite
ture and other routines to perform eÆ
ient updates. This is dis
ussed inPart II, Se
tion 6.Issue (
) namely online and intera
tive resolution (say, of the partial input 
onstraint sket
h so far) is relatedto the resolution of general under
onstrained systems. This is, in general, a 
omplex problem whi
h has nosatisfa
tory solution to date. See Part II, Se
tion 8. The diÆ
ulty is however ameliorated by the fa
t thatwhile the the online solving and partial output pro
ess need to be fast and inexpensive, some in
orre
tness andin
ompleteness 
an be tolerated, sin
e the partial output is usually only meant to guide the user and the errorswill be re
ti�ed when the input is 
omplete and the (
orre
t and 
omplete) o�ine algorithm is run.The best overall performan
e to date with respe
t to online and under
onstrained system resolution isthat of the 
ommer
ial 2D variational geometri
 
onstraint solver by D-
ubed amenable to a triangle basedde
omposition method [58℄. FRONTIER's approa
h is to leverage its de
omposition along with methodsfor resolving simple under
onstrained systems, and parameterless 
onstraints via its \Simplesolver." This isdis
ussed in Part II, Se
tion 7.Issues (d) and (e) are 
ru
ial mainly in 3D (although they o

assionally arise with the presen
e of angleand in
iden
e 
onstraints in 2D as well) and hen
e have not been addressed by the (primarily 2D) variational
onstraint solvers so far. See Figure 6. FRONTIER provides automati
 as well as user-driven redu
tion andstability 
he
king for algebrai
 dependen
ies (
ommon in 3D, as in the \bananas" problem, see Figure 6) while7



formulating independent equations to resolve subsystems{ this is a nontrivial task 
ompounded by instabilities(during algebrai
-numeri
 solving) 
aused by the presen
e of rotationally symmetri
 obje
ts, shared obje
tsand in
iden
e 
onstraints in the subsystem being resolved. This is dis
ussed in Part II, Se
tion 5. This isimportant sin
e algebrai
-numeri
 solvers typi
ally need all the help they 
an get even on minimal or irredu
ible
onstraint systems obtained after de
omposition. Intera
tive, 
exible symboli
 redu
tion and stability 
he
kingof of algebrai
 equation systems by the user are desirable. This gains from an editable and eÆ
ient 
onstraintrepertoire and intera
tive parsing me
hanism, provided by FRONTIER. This is dis
ussed in Part II, Se
tion5. Con
erning Issue (f), we �rst dis
uss user interfa
es spe
i�
ally of variational 
onstraint solvers (we do notdis
uss parametri
 
onstraint solver, or traditional solid modeler user interfa
es). These in
lude 2D (Erep,D-
ubed, I-DEAS, [5℄, [58℄) and 3D user interfa
es, su
h as Ho�man's 3D 
onstraint interfa
e built at Purdue,Bruderlin's 3D 
onstraint interfa
e built at TU-Ilmenau, and [58℄. We also in
lude interfa
es that use someform of variational 
onstraint solving (in a generous interpretation). The 2D user interfa
e that is 
urrentlymost su

essful is the 
ommer
ial proprietary solver [58℄. They also have a 3D 
onstraint solver for examplewhi
h solves the \pipe routing" problem. In parti
ular, as pointed out earlier, the 2D interfa
e is impressive atbringing to the user an online resolution of the sket
h so far; and 
onsistently and repeatably interpreting thesket
h's appearan
e (say using relative orientation of primitive obje
ts or 
hirality). The latter is used also byother 
onstraint solvers su
h as [5℄ and a 
ommer
ial solver I-DEAS. Some user interfa
es also interpret gesturesmade by the user. Qui
ksket
h [69℄ is a GUI that interprets the users strokes to 
onstru
t the obje
t ratherthan pi
king obje
ts from the menu like most other 3D 
omputer modeling/sket
hing systems. The sket
hesthus drawn 
an then be re�ned by de�ning 2D/3D 
onstraints on them. Qui
ksket
h is a tool for pen-based
omputers. Brown University's Sket
h [74℄ uses a similar method for drawing and moving 3D obje
ts on thes
reen using the mouse. Many of the 
ommer
ial solid modeling and CAD systems infer geometri
 
onstraintsand try to 
apture design intent by interpreting the users mouse movements.It is important to note that the demands on the user interfa
e are proportional to the number of ba
kendfa
ilities that the variational 
onstraint solver o�ers and wants to bring to the user. The existing variational
onstraint solvers do not usually o�er the generality and various ba
kend fa
ilities as dis
ussed earlier. Moresigni�
antly, they generally try to distan
e or hide the solving pro
ess 
ompletely from the user.FRONTIER's user interfa
e, on the other hand, en
ourages the user to intera
t during all aspe
ts of thesolving pro
ess, during DR-planning, building stable algebrai
 systems, navigating the solution spa
e, ba
k-tra
king, et
. At the same time it fun
tions eÆ
iently even without the user intervention and o�ers 
omplete,well-de�ned sets of options to the user when updates need to be made to the 
onstraint system, as dis
ussedunder Issues (a), (b) above. Hen
e the design of the user interfa
e is signi�
antly di�erent. Extensibility is theprimary issue. This is dis
ussed in Se
tion 7.Some novel aspe
ts are: FRONTIER permits 3D sket
hing either by editing a 3D s
ene graph, or by using a2D-3D user interfa
e whi
h allows sket
hing the 
on
eptual 3D 
onstraint system on a 2D 
anvas and spe
ifyingany input de
omposition requirements intuitively, but permitting the user to ba
ktra
k and navigate throughthe various subsystem solutions, displayed on a 3D 
anvas. The ba
ktra
king is fa
ilitated by displaying the
onstraint system's DR-plan and allowing the user to 
li
k on subsystems in it to do the navigation. As dis
ussedunder Issues (d), (e) above FRONTIER also permits the user to 
reate a 
onstraint-equation parse tree thatis not hard
oded, add and delete 
onstraint types, obje
t types, and feature types, and permits the user tomassage the 
onstraint subsystems (sent to the algebrai
 or numeri
 solver) into a stable and minimal form.1.5 Requirement 5: Extensibility, Transparen
y, PortabilityFinally, no 
onstraint engine is a stand alone entity, and preferably ea
h of its 
omponents needs to be easily andindividually portable into a larger CAD system. This poses nontrivial implementation 
hallenges parti
ularlyfor 
onstraint solvers that o�er a high degree of generality and 
apabilities. This requires dealing with with a
orresponding in
rease in the 
omplexity of the individual modules, their organization and their 
ommuni
ation.1.5.1 Previous Work and ComparisonsExisting 
onstraint solvers that have been well in
orporated into larger CAD systems in
lude the 2 
ommer
ial
onstraint solvers by D-
ubed [58℄ and I-DEAS (both 2D). To a
hieve portability, FRONTIER relies on a 
on-straint representation language and ne datastru
tures that are shared seamlessly by all of its modules in
luding8



Figure 3: Typi
al 3D sket
her: i
ons show repertoire of obje
t and 
onstraint typesthe graphi
al user interfa
e. This a
tively fa
ilitates almost all of FRONTIER's 
apabilities. The represen-tation is based on the 
onstraint system's DR-plan. This representation merges geometri
 and 
ombinatorialinformation in a natural manner and is dis
ussed in Se
tion 6.2 Basi
 Ba
kgroundGeometri
 
onstraint systems also arise in many other appli
ations besides CAD, in
luding roboti
s, mole
-ular modeling and tea
hing geometry [71, 56, 70, 63, 49, 51, 55, 67℄ [5, 16, 32, 33, 28, 35℄ [36, 38, 39, 37℄[34, 27, 37, 22, 23, 59℄ [60, 7, 58, 61, 1℄ [26, 53, 57, 65℄. For re
ent reviews of the extensive literature on ge-ometri
 
onstraint solving see, e.g, [36, 48, 17℄. Most of the 
onstraint solvers so far deal with 2D 
onstraintsystems, although some of the newer approa
hes in
luding [30, 31, 38, 39℄ [37, 7, 58℄ [26, 53, 57, 65℄, extend to3D 
onstraint systems.A geometri
 
onstraint system 
onsists of a �nite set of geometri
 obje
ts and a �nite set of 
onstraintsbetween them. See Figure 3. The 
onstraints 
an usually be written as algebrai
 equations and inequalitieswhose variables are the 
oordinates of the parti
ipating geometri
 obje
ts. For example, a distan
e 
onstraintof d between two points (x1; y1) and (x2; y2) in 2D is written as (x2 � x1)2 + (y2 � y1)2 = d2A solution or realization of a geometri
 
onstraint system is the (set of) real zero(es) of the 
orrespondingalgebrai
 system. In other words, the solution is a 
lass of valid instantiations of (the position, orientation andany other parameters of) the geometri
 elements su
h that all 
onstraints are satis�ed. Here, it is understoodthat su
h a solution is in a parti
ular geometry, for example the Eu
lidean plane, the sphere, or Eu
lidean 3 di-mensional spa
e. A 
onstraint system 
an be 
lassi�ed as over
onstrained, well-
onstrained, or under
onstrained.Well-
onstrained systems have a �nite, albeit potentially very large number of rigid solutions; their solutionspa
e is a zero-dimensional variety. Under
onstrained systems have in�nitely many solutions; their solutionspa
e is not zero-dimensional. Over
onstrained systems do not have a solution unless they are 
onsistentlyover
onstrained. Well or over
onstrained systems are 
alled rigid systems.9
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onstrained), and dof 
onstraint graph; 2D example, 
onstraint graph, DR-planall unnumbered verti
es and edges have dof weights 2 and 1Te
hni
ally, geometri
 
onstraint solving straddles 
ombinatori
s, algebra and geometry. Spe
i�
ally, itoverlaps 
ombinatorial rigidity theory, geometri
 methods for kinemati
s, roboti
s and me
hanisms, automatedgeometry theorem proving, geometri
 invariant theory, and 
omputational algebrai
 geometry (solving spe
i�

lasses of polynomial systems arising from geometri
 
onstraints).The question of \to what extent 
an geometri
 
onstraint problems be approa
hed 
ombinatorially?" is highlynon-trivial and important. It provides a framework for a systemati
 dis
ussion of progress in the area and leadsto a natural organization of the new 
ontributions to be dis
ussed in this manus
ript.2.1 Constraint Graphs and Degrees of FreedomRe
all that geometri
 
onstraint problem 
onsists of a set of geometri
 elements and a set of 
onstraints betweenthem. A geometri
 
onstraint graph G = (V;E;w) 
orresponding to geometri
 
onstraint problem is a weightedgraph with n verti
es (representing geometri
 obje
ts) V and m edges (representing 
onstraints) E; w(v) is theweight of vertex v and w(e) is the weight of edge e, 
orresponding to the number of degrees of freedom availableto an obje
t represented by v and number of degrees of freedom (dofs) removed by a 
onstraint represented bye respe
tively.For example, Figures 4, 11, 5 show 2D and 3D 
onstraint systems and their respe
tive dof 
onstraint graphs.Several more 3D 
onstraint systems whose graphs have verti
es of weight 3, 5 and edges of weight 1,3 
an befound in Figures 11, 12, 6, 7, 8. One more 2D 
onstraint system whose graph has verti
es of weight 3 (variableradius 
ir
les) and 2 and edges of weight 1 
an be found in Part II, Figure 13.Note that the 
onstraint graph 
ould be a hypergraph, ea
h hyperedge involving any number of verti
es. Asubgraph A � G that satis�es Xe2Aw(e) +D �Xv2Aw(v) (1)is 
alled dense, whereD is a dimension-dependent 
onstant, to be des
ribed below. Fun
tion d(A) =Pe2A w(e)�Pv2A w(v) is 
alled density of a graph A.The 
onstant D is typi
ally �d+12 � where d is the dimension. The 
onstant D 
aptures the degrees of freedomof a rigid body in d dimensions. For 2D 
ontexts and Eu
lidean geometry, we expe
t D = 3 and for spatial
ontexts D = 6, in general. If we expe
t the rigid body to be �xed with respe
t to a global 
oordinate system,then D = 0.Next, we give some purely 
ombinatorial properties of 
onstraint graphs based on density. These will be latershown to be related to properties of the 
orresponding 
onstraint systems.A dense graph with density stri
tly greater than �D is 
alled over
onstrained. A graph that is dense andall of whose subgraphs (in
luding itself) have density at most �D is 
alled well
onstrained. A graph G is 
alledwell-over
onstrained if it satis�es the following: G is dense, G has atleast one over
onstrained subgraph, and hasthe property that on repla
ing all over
onstrained subgraphs by well
onstrained subgraphs (in any manner), Gremains dense. A graph that is well
onstrained or well-over
onstrained is said to be rigid or a 
luster. A densegraph is minimal if it has no dense proper subgraph. Note that all minimal dense subgraphs are 
lusters but10
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Figure 5: Two more 2D 
onstraint systems examples; 
onstraint graphs; DR-plans; all unnumbered verti
esand edges have dof weights 2 and 1. On left: verti
es L1, L2, L3 in 
onstraint graph represent the line obje
ts;solution shown at bottomthe 
onverse is not the 
ase. A graph that is not a 
luster is said to be under
onstrained. If a dense graph isnot minimal, it 
ould in fa
t be an under
onstrained graph: the density of the graph 
ould be the result ofembedding a subgraph of density greater than �D.To dis
uss how the graph theoreti
 properties based on degree of freedom (dof) analysis des
ribed above relate to
orresponding properties of the 
orresponding 
onstraint system, we need to introdu
e the notion of generi
ity.Informally, 
onstraint system is generi
ally rigid if it is rigid for most of 
hoi
es of 
oeÆ
ients of system. Moreformally we use the notion of generi
ity of e.g, [9℄. A property is said to hold generi
ally for polynomialsf1; : : : ; fn if there is a nonzero polynomial P in the 
oeÆ
ients of the fi su
h that this property holds for allf1; : : : ; fn for whi
h P does not vanish.Thus the 
onstraint system E is generi
ally rigid if there is a nonzero polynomial P in the 
oeÆ
ients ofthe equations of E - or the parameters of the 
onstraint system - su
h that E is solvable when P does notvanish. For example, if E 
onsists of distan
e 
onstraints, the parameters are the distan
es. Even if E hasno overt parameters, i.e, if E is made up of 
onstraints su
h as in
iden
es or tangen
ies or perpendi
ularity orparallelism, E in fa
t has hidden parameters 
apturing the extent of in
iden
e, tangen
y, et
., whi
h we 
onsiderto be the parameters of E.2.2 Inadequa
y of a pure dof analysisA generi
ally rigid system always gives a 
luster, but the 
onverse is not always the 
ase. In fa
t, there arewell-
onstrained, even minimal dense 
lusters whose 
orresponding systems are not generi
ally rigid and arein fa
t generi
ally not rigid. Consider for example the Figures 7, 6, 8, 11 related to the so-
alled \bananas"problem in 3D, whi
h 
an be dete
ted as the root 
ause beneath large 
lass of 
ombinatorial mis
lassi�
ations,although this dete
tion is nontrivial.A 
ombinatorial dof analysis of the 3D 
onstraint system in Figure 7(top) would 
orre
tly report the leftand right subsystems (P1; P2; P3; P4; P5 and P1; P6; P7; P8; P5 respe
tively) and the whole system to be well-
onstrained 
lusters. Figure 8 (bottom) has the same number of 
onstraints, but a dof analysis would 
orre
tlyreport both that the left subgraph as over
onstrained and the whole as under
onstrained. Figure 6 (left) also11



Figure 6: Algebrai
 over
onstraint in 3D: 
onstraint system drawn on a 2D 
anvas; 
orresponding 
onstraintgraphs have verti
es of weight 3 and edges of weight 1has the same number of 
onstraints and appears to be a well
onstrained 
luster a

ording to a dof analysis.However, while the left and right subsystems are (in fa
t) well
onstrained 
lusters, the whole system is gener-i
ally over
onstrained. In a well-de�ned sense, this is an algebrai
 as opposed to 
ombinatorial over
onstraint.However, when restri
ted to 
onsistently over
onstrained situations (those 
hoi
es of distan
es - su
h as in thisexample - that are guaranteed to admit a solution), the system in Figure 6 (left) is generi
ally under
onstrained,although the system on Figure 6(right) is generi
ally well
onstrained. A similar 
lassi�
ation holds for Figure11. In fa
t, 
onstraint system is algebrai
ally over
onstained if the 
ommon overlap of any subset of its well-
onstrained 
lusters is under
onstrained. The above \bananas" is a spe
ial 
ase of this. However, the dofanalysis is ina

urate only in the \bananas" situation. Another standard example, in 4 dimensions the graphK7;6 representing distan
es is minimal dense, and hen
e a 
luster, but it does not represent a generi
ally rigidsystem. However, it should be noted that in 2 dimensions, a

ording to Laman's theorem [50℄ if all geometri
obje
ts are points and all 
onstraints are distan
e 
onstraints between these points then any minimal dense
luster represents a generi
ally rigid system.In fa
t, there is no known, tra
table 
hara
terization of generi
 rigidity of systems for 3 or higher dimensions,based purely properties of the 
onstraint graph. While it is possible to determine generi
 rigidity by examiningthe 
orresponding graph rigidity matrix of indeterminates, (based on so-
alled in�nitesimal framework rigidity)this approa
h and the best known \almost-
hara
terizations" and 
onje
tures based on graph rigidity andmatroids (in 3 dimensions) lead to algorithms that have typi
ally exponential behavior, and no known 
onje
tureshas held up in 4 dimensions [72℄, [24℄.In fa
t even in 2D, while Laman's theorem [50℄ 
ombinatorially 
hara
terizes generi
 rigidity of point anddistan
e systems, there are no known 
ombinatorial 
hara
terizations of rigidity, when other 
onstraints besidesdistan
es are involved.For example, Figure 9 shows a 
ase of angle 
onstraints in 2D: 3 line segments with 3 in
iden
e 
onstraintsform a triangle with 3*4-3*2 = 6 (resp. 3*6-3*3 = 9) degrees of freedom. It would appear that to make itwell
onstrained, we 
an introdu
e 3 angle 
onstraints (ea
h of whi
h removes 1 dof). But in fa
t, this wouldmake it algebrai
ally over
onstrained. (This 
an be leveraged for building light weight, online, 
onstraint solversfor spe
ial 
onstraint systems. See Part II, Se
tion 7).NOTE:We will nevertheless rely heavily on 
ombinatorial dof analysis of 
onstraint graphs - 
arefully augmentedby some 
he
ks for algebrai
 dependen
e as in Part II, Se
tion 3) - to determine generi
 rigidity of 
onstraintsystems; hen
e from now on we will use the terms rigid system and 
luster inter
hangeably.
12



Figure 7: Modi�
ations to 3D system in Figure 6: Combinatorially well 
onstrained (DR-plan has single sour
e,top) and under
onstrained (DR-plan has many sour
es, bottom)2.3 The need for de
omposition: DR-plans and their propertiesThe overwhelming 
ost of solving a geometri
 
onstraint system is the size of the largest subsystem that issolved using a dire
t algebrai
/numeri
 solver. This size di
tates the pra
ti
al utility of the overall 
onstraintsolver, sin
e the time 
omplexity of the 
onstraint solver is at least exponential in the size of the largest su
hsubsystem.Therefore, an e�e
tive 
onstraint solver should 
ombinatorially develop a plan for (re
ursively) de
omposingthe 
onstraint system into small subsystems, whose solutions (obtained from the algebrai
/numeri
 solver)
an be (re
ursively) re
ombined by solving other small subsystems. Su
h a re
ombination is straightforward,provided all the subsystems are generi
ally rigid (have only �nitely many solutions). The DR-planner is a graphalgorithm that outputs a de
omposition-re
ombination plan (DR-plan) of the 
onstraint graph. In the pro
essof 
ombinatorially 
onstru
ting the DR-plan in a bottom up manner, at stage i, it lo
ates a well
onstrainedsubgraph or 
luster Si in the 
urrent 
onstraint graph Gi, and uses an abstra
t simpli�
ation of Si to to 
reatea transformed 
onstraint graph Gi+1.Although re
ursive de
ompositions were used for geometri
 solving from the beginning, DR-plans and theirproperties were formally de�ned for the �rst time in [38℄. See Figures 4, 5. Formally, a DR-plan of a 
onstraintgraphG is a dire
ted a
y
li
 graph (DAG) whose nodes represent 
lusters in G, and edges represent 
ontainment.The leaves or sinks of the DAG are all the verti
es (primitive 
lusters) of G. The roots or sour
es are all themaximal 
lusters of G. There 
ould be many DR-plans for G. See Figures 13, and 10. An optimal DR-plan isone that minimizes the maximum fan-in. The size of a 
luster in a DR-plan is its fan-in (it represents the sizeof the 
orresponding subsystem, on
e its 
hildren are solved).Besides solving eÆ
ien
y purposes, it is straightforward that a DR-plan is required for the 
lassi�
ationproblem (the output requirement (1) above) and for the under
onstrained dete
tion and 
ompletion problem(output requirement (4) above). In addition, it will be 
lear from Se
tion 4.3, and Part II, Se
tions 4, 6, that itis indispensable also for navigation, dealing with over
onstraints and for eÆ
ient updates (output requirements(2), (3) (5) above).Sometimes a somewhat modi�ed de�nition of a DR-plan is used that in
orporates another partial order13



Figure 8: Combinatorially over
onstrained 
lusters in well (single sour
e in DR-plan) and under
onstrained(multiple sour
es in DR-plan) graphs
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alled the solving priority order, whi
h is 
onsistent with the DR-plan's DAG order, but 
ould be more re�ned.This is parti
ularly useful in 3D for assembly 
onstraint systems as well as for 
orre
ting ina

urate dof analyses(as will be seen in Part II, Se
tion 3. The intent is that 
lusters that appear later in the order need to be solvedafter the 
lusters that appear earlier. In fa
t, the nodes in su
h a DR-plan may not be independent 
lustersthat appear in the original 
onstraint graph or 
onstraint system. They be
ome well
onstrained 
lusters onlyin the transformed 
onstraint system (resp. graph) after earlier 
lusters in the solving order are already solved(resp. simpli�ed).A few other properties of DR-plans are of interest. We would like the width i.e, number of 
lusters in theDR-plan to be small, preferably linear in the size of G: this re
e
ts the 
omplexity of the planning pro
ess anda�e
ts the 
omplexity of the solving pro
ess that is based on the DR-plan. Sin
e 
lusters are typi
ally minimaldense subgraphs (see Se
tion 2), it is desirable for DR-plans to have the 
luster minimality property: i.e., forany node in the DR-plan, no proper subset of at least 2 of its 
hildren indu
es a 
luster. Another desirableproperty is that the DR-plan in
orporate an input partial de
omposition. I.e., given an input DAG P whosenodes are subgraphs of G and whose edges represent 
ontainment, a DR-plan of every node in P should beembedded in the output DR-plan for G.All properties de�ned above for DR-plans transfer as performan
e measures of the DR-planners or DR-planning algorithms. It is shown in [53℄, that the problem of �nding the optimal DR-plan of a 
onstraint graphis NP-hard, and approximability results are shown only in spe
ial 
ases. Nonapproximability results are notknown. See Part II, Se
tion 8. However, most DR-planners make adho
 
hoi
es during 
omputation (say theorder in whi
h verti
es are 
onsidered) and we 
an ask how well (
lose to optimal) the best 
omputation path ofsu
h a DR-planner would perform (on the worst 
ase input). We 
all this the best-
hoi
e approximation fa
torof the DR-planner.3 Basi
 Input-Output 
apabilities of FRONTIERNote: This is illustrated by the various s
reenshots of the FRONTIER's operation, throughout this 2-partmanus
ript.FRONTIER is intended to be 
alled by a CAD system at any stage where variational (2D or 3D) 
onstraintsare used to spe
ify relationships between primitive geometries at some level of a feature or assembly hierar
hy.While FRONTIER is intended to intera
t dire
tly with the GUI of the 
alling CAD system, it also has its owngraphi
al user interfa
e to be dis
ussed later in this paper and in Part II.Assuming that its own GUI is being used for input/output, we des
ribe below is a generi
 session withFRONTIER.The generi
 input to FRONTIER 
onsists of the following.(1) A 2D or 3D geometri
 
onstraint system (see Se
tion 2), S, i.e, a set of primitive geometri
 obje
ts, ea
hof a spe
i�ed type, and 
onstraint types relating pairs (or larger subsets) of these obje
ts. See Figure 3. Some
onstraint types have a metri
 value spe
i�
ation and these 
ould be 
onstants or variables related to othersu
h values (in the 
ase of so-
alled relational or engineering 
onstraints). In addition, intervals of values arepermitted for some of the in
iden
e or interse
tion 
onstraints whi
h are e�e
tively 
hirality or oriented matroid
onstraints, de
laring (non) interse
tions of 
onvex hulls, and used primarily for navigation of the solutionspa
e (for example the 
onstraint that 2 line segments should or should not interese
t). The 
onstraint system(in
luding 3D systems) is often sket
hed on a 2D 
anvas. See Figures 11 and 12.(2) An input partial de
omposition of the 
onstraint system P obtained from one or more feature, part orsubassembly hierar
hy design views. The features or subassemblies (nodes of the DAG) are intended to bemanipulated independently within their own lo
al 
oordinate systems, as well as moved around relative to ea
hother in the 
oordinate system of a higher level feature or subassembly. There 
ould be a priority order givento the resolution of the features (a linear order degenerates to parametri
 
onstraint solving), or subassemblies.See Figure 13.(3) Some of the features or subassemblies in the input hierar
hy may have been already solved and may be
hosen from a repertoire of 
ommonly o

uring su
h features, parts or subassemblies. In this 
ase, they maynot be input as 
onstraint systems; they are 
agged and treated en-blo
 as already solved rigid bodies.(4) Additions, 
hanges, updates to all of the above. See Part II, Figure 16.16



Figure 11: 3D generi
ally algebrai
ally over
onstrained system, sket
h on a 2D 
anvas; for given set of distan
es,well
onstrained; 
orresponding DR-plan

Figure 12: 3D 
onstraint system drawn on 2D 
anvas with line and point obje
ts and distan
e and angle
onstraints (graph has verti
es of weight 3(points and lines); edges of weight 3 (in
iden
es) and 1 (distan
es andangles). Solution (right)
17



Figure 13: Left: input partial de
ompositions for 3D 
onstraint system shown in Figure 12; groups are featuresor subassemblies. Right: 3 di�erent DR plans in
orporating 
orresponding input de
omposition. Featuresappear as 
lusters or, if under
onstrained, their 
omplete set of maximal 
lusters. Features may (not) interse
ton (non) trivial subgraphs.

18



(5) Other intera
tive user input requested by the geometri
 
onstraint solver during solution spa
e navigation.See Part II, Figures 10, 11, 12, 13.FRONTIER's outputs are the following.(1) Classi�
ation of the input 
onstraint system S as (generi
ally) well
onstrained, over
onstrained or under-
onstrained. Classi�
ation of ea
h feature or subassembly in the hierar
hy P as well
onstrained, over
onstrainedor under
onstrained. See Figures 7, 8, 6.(2) In the 
ase the system is 
lassi�ed as well
onstrained, FRONTIER gives a method for systemati
 (withor without user intervention) navigation of the solution spa
e, spe
i�
ally, the various solutions, realizations or
onformations of ea
h of the well
onstrained features, parts and subassemblies of the asso
iated input partialde
omposition P , in priority order (if one is given) See Part II, Figures 10, 11, 12, 13, and Figure 12.(3) In 
ase 
ombinatorially over
onstrained (potentially in
onsistent) features, parts, subassemblies or subsys-tems are present, see Figures 8 (for any requested 
olle
tion of them), FRONTIER gives a 
omplete, navigablerepresentation of the well
onstrained redu
tions; for example an exhaustive list of existing 
onstraints any one ofwhi
h 
an be removed without generi
ally making the entire system or any of the subsystems (in the 
olle
tion)under
onstrained. For ea
h su
h removal, a se
ond exhaustive list of 
onstraints that 
an be removed, and soon, resulting in a sequen
e of lists.(4) In 
ase of those (sub)systems 
lassi�ed as under
onstrained (or ambiguous), FRONTIER gives a de
om-position into a 
omplete set of maximal 
lusters (i.e., where all the maximal 
lusters are present). In addition,a 
omplete, tra
table, navigable representation of its well
onstrained 
ompletions. This question again has awell-de�ned interpretation using rigidity matroids whi
h we omit here. One su
h navigable representation 
ouldbe an exhaustive list of 
onstraints (parti
ipating obje
ts and type of 
onstraint, but not value) that 
an beadded without generi
ally making the system over
onstrained. For ea
h su
h addition, a se
ond exhaustive listof 
onstraints that 
an be added, and so on, resulting in a sequen
e of lists.(5) A method of eÆ
iently updating the output when in
remental 
hanges are made to the input. For example:a 
ontraint value is 
hanged, a 
onstraint is added or removed, an obje
t is added or removed, a feature is addedet
. These 
ould be o�ine or online updates (see settings of a typi
al 
onstraint solver below).3.1 FRONTIER's phases, solving options, modes and settingsAs dis
ussed in Se
tion 2 and Se
tion 4, FRONTIER has a planning phase, whi
h is purely 
ombinatorial,mainly graph theoreti
 resulting in a DR-DAG; and a solving phase where the polynomial systems 
orrespondingto the nodes of the DR-DAG are a
tually solved using an algebrai
-numeri
 solver. In the latter phase, twosolving options are available. The autosolve option in whi
h FRONTIER sear
hes and displays a solution orrealization of the entire input system (in 
ase it is well
onstrained). There 
ould be exponentially many su
hsolutions, the pro
ess is not steered by the user and ea
h solution is displayed as it is found. See for example thefull solution displayed in Figure 12. In the navigate option, the user is permitted to guide the pro
ess 
losely bypi
king one of the available solutions (displayed on a separate window) for ea
h subsystem appearing as a nodein the DR-DAG, whi
h should in
lude all the maximal well or well-over
onstrained subsystems of the user'sinput 
on
eptual feature, part or subassembly hierar
hy See Part II, Se
tion 2 and Se
tion 4. Ba
ktra
kingstarting at any subsystem of the DR-DAG is fully supported, and partially solved systems should be displayed.See Figures 13 and Part II, Figures 10,11, 12, 13.FRONTIER's generate mode is used when the input is new; the update mode is used when in
remental
hanges are being made to any of the part of an earlier input; the underlying algorithms of the planning andsolving phases permit eÆ
ient updates for the 
hanged input. See Part II, Figure 16. One important advantageof modularizing the phases is that in the update mode (Part II, Se
tion 6), the DR-planning phase is entirelyomitted when, for example, only value 
hanges are made to existing 
onstraints { these do not generi
ally 
hangethe DR-plan. FRONTIER's o�ine setting would be used if the entire input is 
onstru
ted (sket
hed using theGUI) before the planning and solving phases are begun. The online setting is used when an instant resolutionof ea
h 
onstraint is required even as it is being input, typi
ally by sket
hing on the GUI s
reen. See Part II,Figure 17 and Part II, Se
tion 7.
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40Figure 14: From Left. Constraint graph G with edge weight distribution. D is assumed to be 0 (system �xed in
oordinate system); A 
orresponding 
ow in bipartite G�. Another possible 
ow. Initial 
ow assignment thatrequires redistribution4 Previous Work: The Frontier Vertex Algorithm (FA) DR-PlannerDe
omposition algorithms based on 
onstraint graphs have been proposed sin
e the early 90's based on re
og-nition of subgraph patterns su
h as triangles [21, 59, 60, 58℄ [51, 55℄; and based on Maximum Mat
hing [61, 1℄.However, prior to [38℄, the DR-planning problem and appropriate performan
e measures for the planners werenot formally de�ned. That paper also gives a table 
omparing 3 main types of DR-planners, with respe
t tothese performan
e measures in
luding those in Se
tion 3 and Se
tion 2.In this this se
tion, we sket
h the properties of the Frontier vertex DR-plans and the 
orresponding DR-planner (FA DR-planner) [39, 37, 53, 57, 26, 65℄ whi
h was designed spe
i�
ally to ex
el simultaneously inthese strongly 
ompetin performan
e measures. FRONTIER uses this DR-planner; in parti
ular several newalgorithms related to DR-planning introdu
ed in Part II (Se
tions 2 and 3). are built upon this DR-planner.Note. The pseudo
ode in Appendix of Part II in
orporates the new algorithms into the existing FA-DR-planner.4.1 The Frontier Vertex DR-plan (FA DR-plan)Intuitively, an FA DR-plan is built by following two steps repeatedly:1. Isolate a 
luster-minimal dense subgraph C in the 
urrent graph Gi (whi
h is also 
alled the 
luster graphor 
ow graph for reasons that will be 
lear below). Che
k for algebrai
 dependen
ies that 
ould 
ause adof mis
lassi�
ation.2. Simplify C into T (C), transforming Gi into the next 
luster graph Gi+1 = T (Gi) (the re
ombinationstep).4.1.1 Isolating ClustersThe isolation algorithm, �rst given in [35, 36℄ is a modi�ed in
remental network maximum 
ow algorithm. Thekey routine is the distribution of an edge (see the DR-planner pseudo
ode in the Appendix of Part II) in the
onstraint graph G. For ea
h edge, we try to distribute the weight w(e) +D+1 to one or both of its endpointsas 
ow without ex
eeding their weights, referred to as \distributing the edge e." See DistributeEdge in thepseudo
ode in Part II, Appendix. This is best illustrated on a 
orresponding bipartite graph G�: verti
es in oneof its parts represent edges in G and verti
es in the se
ond part represent verti
es in G; edges in G� representin
iden
e in G. As illustrated by Figure 14, we may need to redistribute (�nd an augmenting path).If we are able to distribute all edges, then the graph is not dense. If no dense subgraph exists, then the
ow based algorithm will terminate in O(n(m+ n)) steps and announ
e this fa
t. If there is a dense subgraph,then there is an edge whose weight plus D + 1 
annot be distributed (edges are distributed in some order, forexample by 
onsidering verti
es in some order and distributing all edges 
onne
ting a new vertex to all theverti
es 
onsidered so far). It 
an be shown that the sear
h for the augmenting path while distributing this edgemarks the required dense graph. It 
an also be shown that if the found subgraph is not over
onstrained, then itis in fa
t minimal. If it is over
onstrained, [35, 36℄ give an eÆ
ient algorithm to �nd a minimal 
luster inside it.4.1.2 Cluster Simpli�
ationThis simpli�
ation was given in [39, 37℄. The found 
luster C intera
ts with the rest of the 
onstraint graphthrough its frontier verti
es; i.e., the verti
es of the 
luster that are adja
ent to verti
es not in the 
luster. The20
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15Figure 15: From left: FA's simpli�
ation of graph givin DR-plan in Figure 10; 
lusters are simpli�ed in theirnumbered order: C4 is simpli�ed before C7 et
.verti
es of C that are not frontier, 
alled the internal verti
es, are 
ontra
ted into a single 
ore vertex. This 
oreis 
onne
ted to ea
h frontier vertex v of the simpli�ed 
luster T (C) by an edge whose weight is the the sum ofthe weights of the original edges 
onne
ting internal verti
es to v. Here, the weights of the frontier verti
es andof the edges 
onne
ting them remain un
hanged. The weight of the 
ore vertex is 
hosen so that the density ofthe simpli�ed 
luster is �D, where D is the geometry-dependent 
onstant. This is important for proving manyproperties of the FA DR-plan: even if C is over
onstrained, T (C)'s overall weight is that of a well
onstrainedgraph, (unless C is rotationally symmetri
 - see Part II, Se
tion 3, for how this important ex
eption is treated).Te
hni
ally, T (C) may not be well
onstrained in the pre
ise sense: it may 
ontain an over
onstrained subgraph
onsisting only of frontier verti
es and edges, but its overall dof 
ount is that of a well
onstrained graph.Figure 15 illustrates this iterative simpli�
ation pro
ess ending in the �nal DR-plan of Figure 10.4.2 The Frontier Vertex Algorithm (FA DR-planner)The 
hallenge met by FA is that it provably meets several 
ompeting requirements in
luding those of Se
tion3 and Se
tion 2. The graph transformation performed by the FA 
luster simpli�
ation is des
ribed formallyin [39, 37℄ that provide the vo
abulary for proving 
ertain properties of FA that follow dire
tly from thissimpli�
ation. However, other properties of FA require details of the a
tual DR-planner that ensures them, andare brie
y sket
hed here.Note: A detailed pseudo
ode of the FA DR-planner (the existing version, explained in [53℄, in
orporating thenew algorithms developed in Part II of this manus
ript, 
an be found in the Appendix of Part II).The basi
 FA algorithm is based on an extension of the distribute routine for edges (explained above) to verti
esand 
lusters in order for the isolation algorithm to work at an arbitrary stage of the planning pro
ess, i.e, inthe 
luster or 
ow graph Gi.First, we brie
y des
ribe this basi
 algorithm. Next, we emphasize the parts of the algorithm that ensure 4
ru
ial properties of the output DR-plan:(a) dealing with 
ombinatorially over
onstrained subgraphs in order to obtain 
orre
t DR-plans (in a well-de�ned sense) for well
onstrained graphs, as well as(b) for under
onstrained graphs - whi
h requires outputing a 
omplete set of maximal 
lusters as sour
es of theDR-plan;(
) 
ontrolling width of the DR-plan to ensure a polynomial time algorithm; and(d) ensuring 
luster-minimality of 
lusters in the DR-plan.Three datastru
tures (elaborated in Se
tion 6) are maintained. The 
urrent 
ow or 
luster graph, Gi the
urrent DR-plan (this information is stored entirely in the hierar
hi
al stru
ture of 
lusters at the top level ofthe DR-plan), and a 
luster queue, whi
h is the top-level 
lusters of the DR-plan that have not been distributed21



so far, in the order that they were found (see below for an explanation of how 
lusters are distributed). Westart with the original graph (whi
h serves as the 
luster or 
ow graph initially, where the 
lusters are singletonverti
es). The DR-plan 
onsists of the leaf or sink nodes whi
h are all the verti
es. The 
luster queue 
onsistsof all the verti
es in an arbitrary order.The method DistributeVertex (see pseudo
ode of Part II, Appendix) distributes all edges (
alls Distribu-teEdge) 
onne
ting the 
urrent vertex to all the verti
es 
onsidered so far. When one of the edges 
annot bedistributed and a minimal dense 
luster C is dis
overed, its simpli�
ation T (C) (des
ribed above) transformsthe 
ow graph. The 
ows on the internal edges and the 
ore vertex are inherited from the old 
ows on theinternal edges and internal verti
es. Noti
e that undistributed weights on the internal edges simply disappear.The undistributed weights on the frontier edges are distributed (within the 
luster) as well as possible. How-ever, undistributed weights on the frontier edges (edges between frontier verti
es) may still remain if the frontierportion of the 
luster is severely over
onstrained. These have to be dealt with 
arefully. (See dis
ussion ondealing with the problems 
aused by over
onstraints below.) The new 
luster is introdu
ed into the DR-planand the 
luster queue.Now we des
ribe the method DistributeCluster (see pseudo
ode of Part II, Appendix). Assume all theverti
es in the 
luster queue have been distributed (either they were in
luded in a higher level 
luster in theDR-plan, or they failed to 
ause the formation of a 
luster and 
ontinue to be a top level node of the DR-plan,but have disappeared from the 
luster queue). Assume further that the DR-plan is not 
omplete, i.e., its toplevel 
lusters are not maximal. The next level of 
lusters are found by distributing the 
lusters 
urently in the
luster queue. This is done by �lling up the \holes" or the available degrees of freedom of a 
luster C beingdistributed by D units of 
ow. The PushOutSide su

essively 
onsiders ea
h edge in
ident on the 
luster with1 endpoint outside the 
luster. It distributes any undistributed weight on these edges + 1 extra weight unit onea
h of these edges. It 
an be shown that if C is 
ontained inside a larger 
luster, then atleast one su
h 
lusterwill be found by this method on
e all the 
lusters 
urrently in the 
luster queue have been distributed. Thenew 
luster found is simpli�ed to give a new 
ow graph, and gets added in the 
luster queue, and the DR-planas des
ribed above.Eventually, when the 
luster queue is empty, i.e, all found 
lusters have been distributed, the DR-plan's toplevel 
lusters are guaranteed to be be maximal. See [53℄ for formal proofs.Note: Throughout, in the interest of formal 
larity, we leave out ad ho
, but highly e�e
tive heuristi
s that�nd simple 
lusters by avoiding full-
edged 
ow. One su
h example is 
alled \sequential extensions" whi
hautomati
ally 
reates a larger 
luster 
ontaining a 
luster C and a vertex v provided there are atleast D edgesbetween C and v. These 
an easily be in
orporated into the 
ow based algorithm, provided 
ertain basi
invariants about distributed edges is maintained (see below).This 
ompletes the des
ription of the ba
kbone of the basi
 FA DR-planner. Next we 
onsider some detailsensuring the properties (a) { (d) above.4.2.1 (a) Problems 
aused by over
onstrained subgraphs and trivial interse
tionsIn Figure 16, after C1 and C2 are found, when C1 is distributed, C1 and C2 would be pi
ked up as a 
luster,although they do not form a 
luster. The problem is that the over
onstrained subgraph W interse
ts C1 on atrivial 
luster, and W itself has not been found. Had W been found before C1 was distributed, W would havebeen simpli�ed into a well
onstrained subgraph and this mis
lassi�
ation would not have o

urred.It has been shown in [53℄ that this mis
lassi�
ation 
an be avoided (W 
an be for
ed to be found after C2is found), by maintaining the following invariant: always distribute all undistributed edges 
onne
ting a newfound 
luster C (or the last distributed vertex that 
aused C to be found), to all the verti
es distributed so farthat are outside the 
luster C. Undistributed weight on edges inside C are less 
ru
ial: if they be
ome internaledges of the 
luster, then this undistributed weight \disappears" when C is simpli�ed into a well
onstrained
luster; there is also a simple method of treating undistributed weight on frontier edges so that they also do not
ause problems - the method and proof 
an be found in [53℄).4.2.2 (b) Finding a 
omplete set of maximal 
lusters in under
onstrained graphsWhile the DR-planner des
ribed so far guarantees that at termination, top level 
lusters of the DR-plan aremaximal. It also guarantees that the original graph is under
onstrained only if there is more than one top level
luster in the DR-plan. However, in order to guarantee that all the maximal 
lusters of an under
onstrained22
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lassi�
ation: Left 2D example, Right 3D example.graph appear as top level 
lusters of the DR-plan, we use the observation that any pair of su
h 
lusters interse
ton a subgraph that redu
es (on
e in
iden
e 
onstraints are resolved) into a trivial subgraph (a single point in2D or a single edge in 3D). This bounds the total number of su
h 
lusters and gives a simple method for �ndingall of them. On
e the DR-planner terminates with a set of maximal 
lusters, other maximal 
lusters are foundby simply performing a Pushoutside of 2 units on every vertex (in 2D) or every vertex and edge (in 3D), and
ontinuing with the original DR-planning pro
ess until it terminates with a larger set of maximal 
lusters. Thisis performed for ea
h vertex in 2D and ea
h edge in 3D whi
h guarantees that all maximal 
lusters will befound. See [53℄ for proofs.4.2.3 (
) Controlling width of the DR-plan
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Figure 17: Prevent a

umulation of 
lustersFA a
hieves a linear bound on DR-plan width by maintaining the following invariant of the 
luster or 
owgraph: every pair of 
lusters in the 
ow graph (top level of the DR-plan) at any stage interse
t on at most arotationally symmetri
 subgraph. FA does this by repeatedly performing 2 operations ea
h time a new potential
luster is isolated.The �rst is an enlargement of the found 
luster. In general, a new found 
luster N is enlarged by any 
lusterD1 
urrently in the 
ow graph, if their nonempty interse
tion is not a rotationally symmetri
 or trivial subgraph.In this 
ase, N neither enters the 
luster graph nor the DR-Plan. Only N [D1 enters the DR-plan, as a parentof both D1 and the other 
hildren of N . It is easy to see that the sizes of the subsystems 
orresponding to bothN [D1 and N are the same, sin
e D1 would already be solved.For the example in Figure 17, when the DR-plan �nds the 
luster C2 after C1, the DR-planner will �nd thatC1 
an be enlarged by C2 The DR-planner forms a new 
luster C4 based on C1 and C2 and puts C4 into the
luster queue, instead of putting C2 to 
luster queue. (Refer to the pseudo
ode in PartII, Appendix : AddChild,CanCombine.) 23
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lusters that must be present in any subset ofthe 
hildren of C that form a 
luster. In this 
ase, E itself forms a 
luster. C 0 is a 
luster made up of a propersubset of at least 2 of C's 
hildrenThe se
ond operation is to iteratively 
ombine N [ D1 with any 
lusters D2; D3; : : : based on a nonemptyoverlap that is not rotationally symmetri
 or trivial. In this 
ase, N [D1 [D2, N [D1 [D2 [D3 et
. enter theDR-plan as a stair
ase, or 
hain, but only the single 
luster N [D1 [D2 [D3 [ : : : :: enters the 
luster graphafter removing D1, D2, D3 : : :.Of
ourse, both of these pro
esses are distin
t from the original 
ow distribution pro
ess that lo
ates 
lusters.Refer to the DR-planner pseudo
odes: addChild, 
anCombine in Part II, Appendix.4.2.4 Cluster MinimalityRe
all from Se
tion 2 that a desirable property of DR-plans is that for any 
luster in the DR-plan, no propersubset of atleast 2 of its 
hild 
lusters forms a 
luster. This property is 
ru
ial for 
orre
ting 
ombinatorialover
onstraints (see Se
tion 4.3 and [26℄) and dof mis
lassi�
ations in pure 
ombinatorial dof analysis, arisingfrom algebrai
 over
onstraints (see Part II, Se
tion 3). FA ensures this using a generalization of the methodMinimal of [35, 36℄ whi
h �nds a minimal dense subgraph inside a dense subgraph lo
ated by DistributeVertexand DistributeEdge.On
e a 
luster C is lo
ated and has 
hildren C1; : : : ; Ck, for k � 2, the re
ursive method 
lusMin (seepseudo
ode in Part II, Appendix) removes one 
luster Ci at a time (repla
ing earlier removals) from C andredoes the 
ow inside the 
ow graph restri
ted to C, before C's simpli�
ation. If a proper subset of atleast 2Cj 's forms a 
luster C 0, then the 
lusMin algorithm is repeated inside C 0 and thereafter in C again, repla
ingthe set of 
hild 
lusters of C that are inside C 0 by a single 
hild 
luster C 0. If instead no su
h 
luster is found,then the removed 
luster Ci the essential. I.e., it belongs to every subset of C's 
hildren that forms a 
luster.When the set of 
lusters itself forms a 
luster E (using a dof 
ount), then 
lusMin is 
alled on C again with anew 
hild 
luster E repla
ing all of C's 
hildren inside E.4.3 Corre
ting Combinatorial Over
onstraintsA method for dealing with 
ombinatorial over
onstraints as per the output requirement in Se
tion 3 - was givenre
ently in [26℄. It is based on showing that there is a unique, well-de�ned set of redu
ible 
onstraints that 
anbe deleted without making the graph under
onstrained. See Figure 19. (Dete
ting and 
orre
ting algebrai
over
onstraints of Se
tion 2 is a more diÆ
ult problem and is dis
ussed in Part II, Se
tion 3.)The 
ombinatorial over
onstraint 
orre
tion method is further based on key properties of the FA-DR-planand gives an eÆ
ient (generally linear time) solution that retains full generality and moreover:(i) Traverses the given DR-plan top down to in
rementally output this unique set of 
onstraints in reversesolving order, minimizing the need to solve again previously solved portions of the DR-plan;(ii) Sele
ts 
onstraints from those parts of the 
onstraint system that the user identi�es;(iii) Isolates information that 
an be routinely stored and maintained as part of the DR-plan, making the abovepro
ess even more eÆ
ient; and(iv) Automati
ally updates (see Figure 19) the DR plan with minimal reorganization, on
e one of the redu
ible
onstraints is removed, whi
h may 
ause many lower level 
lusters of the DR plan to be
ome under
onstrained.This method is des
ribed in [26℄ and is part of the FRONTIER solver [65℄. This method is de
eptivelysimple but makes sophisti
ated use of the FA DR-plan and hen
e requires an intri
ate proof of 
orre
tness.
24
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Figure 19: Left: unoptimized DR-plan of G1 in Figure 10, after redu
tion of edge (1; 7); modi�
ation path ismarked; Middle and Right: two optimization steps5 Problem ListThe properties of the Frontier vertex algorithm FA dis
ussed in Se
tion 4 are in
orporated into FRONTIER.Here we present a further list of 
on
rete te
hni
al problems whose solutions represent the new 
ontributions ofthis 2-part manus
ript. The �rst two are implementational problems dis
ussed in the next 2 se
tions of Part I,and the remainder are problems that require algorithmi
 solutions and are dis
ussed in Part II.� Problem 1: Designing the ar
hite
ture for the implementation of a full-
edged, portable geometri
 
on-straint solver based on FA. These are dis
ussed in Part I, Se
tion 6. Cru
ial data stru
tures form thebasis for a 
onstraint representation language, and are designed to fa
ilitate the seamless 
ommuni
ationbetween the individual 
omponents of the geometri
 
onstraint solver, as well as the portability of theindividual 
omponents. This dire
tly addresses Requirement 5 of the Introdu
tion, and plays a role in allof the other requirements as well.� Problem 2: User interfa
e that permits easy editability of the 
onstraint, feature, part and subassemblyrepertoire, and supports the high degree of 
exible and online user feedba
k and intera
tion of Problem5. This addresses Requirement 4(f) of the Introdu
tion and is dis
ussed in Part I, Se
tion 7.� Problem 3: Augmenting FA beyond [39, 53℄, spe
i�
ally to deal with (multiple) input feature, part orsubassembly de
ompositions that result in a feature DAG. This automati
ally allows priority assignmentsin the feature DAG, thereby in
orporating, for example, assembly order, triangle-based de
omposition aswell as parametri
 
onstraint solving as spe
ial 
ases. This automati
ally also allows to paste in featuresand already solved parts of a sket
h, i.e, delineate parts of the input 
onstraint system as already solved.This augmentation of FA addresses Requirement 2 of the Introdu
tion and is dis
ussed in Part II, Se
tion2.� Problem 4: Dealing with the inadequa
y of 
ombinatorial dof analysis in 3D, spe
i�
ally with simplealgebrai
 dependen
ies between 
onstraints that 
annot be 
ombinatorially dete
ted by a degree of freedomanalysis { one example 
on
erns rotationally symmetri
 
lusters and other motifs that o

ur 
ommonly andare 
ru
ial for building larger 
lusters, but are responsible for a large 
lass of dof analysis mis
lassi�
ations,although dete
ting them is highly nontrivial. Again, sin
e these modi�
ations do not immediately preserveother 
ru
ial properties of FA, they result in further modi�
ations to restore those properties. Thisaddresses Requirement 1 of the Introdu
tion and is dis
ussed in Part II, Se
tion 3.� Problem 5: Con
eptually meaningful navigation or steering through the solution spa
e, re
ursively navi-gating the solution spa
es of features, subassemblies in the input partial de
ompositions as well as other
lusters in the DR-plan, with fully 
exible ba
ktra
king. In
orporating resolution methods for relational,engineering and other navigation 
onstraints spe
i�
 inequality 
onstraints and 
hirality 
he
ks. Thisaddresses the Requirement 3 of the Introdu
tion, is a key a
hievement of FRONTIER's Equation andSolution Manager (ESM) and is dis
ussed Part II, Se
tion 4.� Problem 6: Formulating stable, independent algebrai
 equations from 
onstraints for the resolution ofindividual 
lusters of the DR-plan. (These are then sent to the 
anned algebrai
-numeri
 solver). The25



Figure 20: Organization of FRONTIERformulation of a stable set of equations requires nontrivial 
he
ks for algebrai
 dependen
ies in 3D whi
h is
ompounded by the presen
e of shared obje
ts and in
iden
e 
onstraints between the 
hild 
lusters that areto be resolved into a parent 
luster. This is fa
ilitated by maintaining an editable 
onstraint-to-equationparse tree, whi
h in addition permits step-by-step inspe
tion and pre-pro
essing as well as post-pro
essingof the simultaneous polynomial system to be sent to the 
anned algebrai
-numeri
 solver. These are othera
hievements of of FRONTIER's ESM, dis
ussed in Part II, Se
tion 5; and addresses Requirements 1 and4(d,e) of the Introdu
tion.� Problem 7: Dete
ting and dealing with under
onstraints (over
onstraints were dealt with in [53℄ and themethod is sket
hed in Se
tion 4.3, and in
orporated into FRONTIER). In addition, eÆ
ient user updatesare handled by FRONTIER's update mode { dis
ussed in Part II, Se
tion 6. However, eÆ
ient updatesare a
hieved through fun
tionalities o�ered by FRONTIER's datastru
tures, its DR-planner, its Equationand Solution Manager, and its Universal Transfer Unit (UTU). This addresses Requirements 4(a,b) of theIntrodu
tion.� Problem 8: In
orporating simple methods for (online) resolution of 
ertain types of under
onstrainedsket
hes { this is a
hieved by FRONTIER's Simplesolver. This is dis
ussed in Part II, Se
tion 7. Thisaddresses some aspe
ts of Requirement 4(
) of the Introdu
tion.6 Solution to Problem 1: Organization and Data
owThe FRONTIER system is 
omposed of six modules: 26



� The GUI (Se
tion 7), sometimes just refered to as Sket
her, is written in Java, Java 3D is the main driverfor FRONTIER and is used for all input and output. The GUI is used to input: the 
onstraint systemand a 
on
eptual de
omposition or feature hierar
hy, (these 
ould have been partially solved and storedfrom an earlier session), any updates to these, and intera
tive user input during the 
onstraint parsingand equation building stages and solution spa
e navigation. The GUI is also used to modify the obje
t,
ontraint and feature repertoire or 
onstraint-to-equation parse tree. The GUI is used to output: the DR-plan of the input 
onstraint system 
onsistent with the input 
on
eptual de
omposition, the best possibleonline resolved display of it using the Simplesolver; (Part II, Se
tion 7) the system of equations as theyare being parsed in stages from the 
onstraints, the subsystem solutions 
orresponding to the nodes of theDR-plan, the partially solved system as the navigation pro
eeds, and the �nal solution.� The universal transfer unit (Part II, Se
tion 6, written in C++) 
oordinates 
ommuni
ation between thevarious modules and makes de
isions about whi
h modules are 
alled for various update operations. Itadditionally manages the translations required by FRONTIER's modules, for example, it 
onverts thegeometri
 
onstraint system input obtained from the Sket
her or GUI to a dof graph input for the DR-planner. See des
ription of data
ow below.� The Simplesolver (Part II, Se
tion 7, written in Java) that is used for a rough online resolution of theinput sket
h for display purposes.� The DR-planner (Se
tion 4 and Part II, Se
tions 2, 3, pseudo
ode in Appendix; written in C++) ob-tains/updates the DR-plan that is used to guide the solving.� The Equation and Solution Manager (ESM) (Part II, Se
tions 4,5, pseudo
ode in Appendix written inC++) obtains/updates subsystems 
orresponding to the nodes of the DR-plan to the Algebrai
-Numeri
Solver to obtain all the possible solutions (given a �xed 
hoi
e of solutions for the 
hild subsystems),and manages the user's navigation of the solution spa
e by appropriately storing the solutions, as wellas traversing and ba
ktra
king on the DR-plan. (The Algebrai
-Numeri
 Solver is o�-the-shelf and notdis
ussed in this manus
ript).� The Constraint to Equation Parser (CEP) (Part II, Se
tion 5, written in C++) is a submodule of theESM used to build the subsystems 
orresponding to the nodes of the DR-plan, with input from the user.It also allows the user to 
hange the 
onstraint-to-equation parse tree (to improve eÆ
ien
y or when new
onstraint or obje
t types are added).Next, we dis
uss the data
ow between these modules. See Figure 20. To do so, we �rst explain the maindatastru
ture, organized based on the DR-plan stru
ture (Se
tions 2 and 4), that is shared seamlessly by all themodules. The datastru
ture is physi
ally shared by the C++ modules, and is 
ommuni
ated, through the UTU,to the Java modules using a Java Native Interfa
e (JNI arrays); however the same datastru
ture is 
on
eptuallymirrored in the obje
t oriented hierar
hies used by the Java modules. See Se
tion 7.A se
ondary, related datastru
ture organizes the 
onstraints in a hierar
hy for eÆ
ient parsing into equations.This datastru
ture is also 
on
eptually mirrored by the 
onstraint hierar
hy used by the Sket
her (see Se
tion7). The datastru
ture is 
alled the 
onstraint-to-equation parse tree and is used by the CEP while buildingstable systems of equations to send to the algebrai
-numeri
 solver.These datastru
tures together address Problem 1 of the list in Se
tion 5. The details of the se
ondary CEPdatastru
ture are dis
ussed in Part II, Se
tion 5; however the data
ow between the CEP and the other modulesis dis
ussed here.6.1 Primary Datastru
turesThese are based on the FA DR-plan des
ribed in Se
tion 4.6.1.1 Original Graph and Flow Graph or Cluster GraphThe graph datastru
ture is simply 
ontains two lists and two parameters. The parameters, the depth of thegraph and the dimension of the graph, store the depth of the largest 
luster (distan
e to leaf or sink in theDR-plan) and the dimension of the obje
ts in the graph represents respe
tively. The two lists are a list of27



verti
es (geometri
 obje
ts) and a list of edges (
onstraints). The stru
tures of the vertex and edge obje
ts arethe bulk of the graph datastru
ture. The graph stru
ture along with a Cluster queue of 
urrent undistributed
lusters in the graph (See Se
tion 4 and the top level 
lusters in the DR-plan (the Cluster stru
ture and DR-planare des
ribed below) 
onstitute the 
on
eptual Cluster or Flow graph.An edge obje
t represents a single 
onstraint within the geometri
 system that is being pro
essed. The�elds of the edge obje
t 
an be divided into two groups, the des
riptive parameters and the 
ontrol parameters.The des
riptive parameters group stores the various parameters that des
ribe ea
h parti
ular 
onstraint. Theyin
lude a 
onstraint ID, Type, the degree of freedom weight of the 
onstraint, and the ID's of the endpointverti
es.The 
ontrol parameters group stores parameters that are used to 
ontrol the pro
ess of 
ow distribution.See Se
tion 4. First there are two 
ags, s
an and label. These 
ags are used to mark those edges that shouldbe tested as part of the 
urrent augmenting path sear
h and those obje
ts that are part of the 
urrently found
luster respe
tively. Next, there are the three �elds that store information about the 
ows on the edge: a left
ow �eld and a right 
ow �eld, whi
h re
ord the 
ows onto the left and right endpoints of this edge; and thepossible 
ow �eld that re
ords the 
urrent amount of 
ow left to distribute for this edge. Finally, there is aprede
essor vertex �eld. This �eld stores the ID of the vertex that was pro
essed to bring this edge into theaugmenting path. Along with a 
omplementary �eld, prede
essor edge, in the vertex obje
t. This �eld allowsthe 
urrent augmenting path to be sear
hed as a linked list.The vertex obje
t stores information about the 
orresponding geometri
 obje
t and like the edge obje
t, hasseveral internal �elds that 
an be divided into des
riptive and 
ontrol groups. The des
riptive group 
ontainsseveral simple �elds, the ID of the obje
t, the integer Type of the obje
t, the weight (number of degrees offreedom) of the obje
t, and a list of the edge ID's adja
ent to this vertex. Additional �elds in
lude a list of
ags one for ea
h degree of freedom indi
ating whether ea
h degree of freedom is free. This allows the user orthe ESM to �x some of the degrees of freedom and solve for the remainder.The 
ontrol group is a bit more 
ompli
ated for the vertex obje
t. First it 
ontains identi
al label and s
an
ags to indi
ate verti
es in the augmenting path found during the edge distribution (see Se
tion 4), and verti
esin the 
urrent 
luster respe
tively. Se
ond it 
ontains a frozen �eld. This boolean �eld is used in the presen
e ofinput 
on
eptual de
ompositions See Part II, Se
tion 2. When a vertex is marked as frozen it is not pro
essedduring distribution. Freezing groups of verti
es is 
ru
ial to �nding a DR-plan that in
orporates a user de�nedinput feature hierar
hy. Finally, there are possible 
ow and existing 
ow �elds. The possible 
ow is a 
ount ofthe amount of 
ow that this vertex 
an still a

omodate. I.e., the number of degrees of freedom of the vertexthat have not yet been appropriated by 
ows on in
ident edges. The existing 
ow is the amount of 
ow thatthis vertex already 
ontains.6.1.2 ClusterA 
luster obje
t represents the frontier vertex simpli�
ation of a well
onstrained or a well-over
onstrainedsubgraph, as well as its original subgraph. See Se
tion 4. The key to this representation is the division of theverti
es within the subgraph into interior and frontier verti
es. Interior verti
es are verti
es within the subgraph,whi
h have no adja
ent edge that is not part of the subgraph. The remainder of the verti
es in the subgraphare frontier verti
es. Within the 
luster obje
t, the frontier verti
es are stored in a list. However, the interiorverti
es and all of the edges between them are 
onverted into a single new vertex, the 
ore of the 
luster. Thisnew vertex obje
t is also stored in the 
luster. These 
luster obje
ts are hierar
hi
al and form a dire
ted a
y
li
graph (DAG), i.e, their sub-DR-plan. The DAG interrelationships are stored within ea
h 
luster as a list of itsimmediate 
hildren.Next, the 
luster 
ontains more des
riptive �elds, a group ID 
orresponding to a feature, if any, in the inputfeature hierar
hy, that this 
luster 
orresponds to (note that not every feature in the input feature hierar
hy isa 
luster; however, every 
luster feature must appear in the output DR-plan { see Part II, Se
tion 2). Anotherimportant des
riptive �eld is the 
luster type that indi
ates whether this 
luster is well
onstrained, rotationallysymmetri
, well-over
onstrained (
ombinatorially), algebrai
ally over
onstrained et
. (see Part II, Se
tion 3 forthe algorithmi
 importan
e of this �eld); a list of original verti
es that 
onstitute this 
luster; and two lists ofinner edges and frontier edges that store the edges between the frontier verti
es and the 
ore and the edgesbetween the frontier verti
es respe
tively.Next, the 
luster obje
t has several �elds that store the solved degrees of freedom of the 
luster. See Part28



,
,Figure 21: JNI 
ommuni
ation of Shapes, Constraints, Feature hierar
hy data.II, Se
tion 4 for algorithmi
 details. A list of strings is stored, one for ea
h solution of the 
luster returned fromthe algebrai
-numeri
 solver (given �xed 
hosen solutons to ea
h of the 
hild 
lusters). When the user sele
tsa desired solution, that string is parsed into a list of a
tual degree of freedom values for this 
luster. Multiple
opies of the list are permitted, one for ea
h parent of the 
luster in the DR-plan, if they exist. The �nal �eldis a 
ag that indi
ates whether this 
luster has been solved or not.The DR-Plan obje
t is simply a pointer to the root node of a list of 
lusters as they are des
ribed above. In
ase the graph is under
onstrained, the root node is a dummy node, whose 
hildren are the a
tual sour
es ofthe DR-plan, i.e, a 
omplete set of maximal 
lusters. See Se
tion 4.6.2 Communi
ation between the ModulesThe Sket
her is used for all user input and for all output displays. It shares its Java datastru
tures dire
tly withthe Simplesolver, also written in Java, whi
h performs a rough online resolution (to the extent of its 
apability)of the input 
onstraint system as it is being sket
hed (see Part II, Se
tion 7). The ba
kend C++ modulesare used for more detailed and a

urate solution using 
onstraint system de
omposition (DR-planner) featuresolution spa
e navigation (ESM) et
. All information passed between the Sket
her and the ba
kend modules(C++) pro
eeds via the UTU. It is passed through a JNI interfa
e of three arrays, one of integers, one ofdoubles and one of 
hara
ters. The sket
her writes information into these three arrays, and natively 
alls theC++ 
oded UTU with these three arrays as parameters. The UTU parses these arrays and from them 
reates(or restores, see below) the graph and DR-Plan data stru
tures des
ribed above - that are used by both theESM and the DR-Planner to pro
ess the user's request. The UTU then dire
ts the both the DR-Planner andthe ESM to a

omplish the spe
i�
 request made by the user. These requests are di�erentiated by the use ofan integer 
ag that is passed as the �rst integer in the integer array.While the DR-Planner never needs to initiate 
ommuni
ation with the user, the ESM must 
ontinuallyintera
t with the user (through the UTU) to sele
t various subsytem solutions and to dire
t the path towards�nal solution. See Part II, Se
tion 4. The 
ommuni
ation between the ESM and the Sket
her is a

omplishedthrough the same three arrays des
ribed above. While there are numerous types of information the ESM 
anpass ba
k to the Sket
her through the UTU, their pro
ess is always the same. First, the UTU must translatethe 
urrent state of the DR-Plan and graph data stru
tures into the three 
ommuni
ation arrays. Then alladditional 
ommuni
ation information is written to the three arrays. The Sket
her reads only this 
ommu-ni
ation information, but stores the residual data stru
ture information while it pro
esses the 
ommuni
ationinformation. The residual data stru
ture information is passed ba
k to the UTU, if ne
essary, during the next29



request, and using it, the UTU 
an rebuild the 
urrent state of the solution pro
ess and the ESM 
an 
ontinuewhere it left o�. The detailed a
tions of the Sket
her, UTU, and the ESM in ea
h mode of 
ommuni
ation areoutlined in the next se
tions.6.2.1 Communi
ation during the Generate ModeThe Generate mode of 
ommuni
ation begins when the Sket
her has a new graph to send to the DR-Planner andthe ESM. In this 
ase, there is no residual data stru
ture information to return the ESM; any su
h informationthat the Sket
her is storing is dis
arded. The Sket
her sets the request 
ag to signal a new input graph, andthen the writes a list of the 
urrent obje
ts and their parameters into the three 
ommuni
ation arrays. Followingthis is a list of all the 
urrent 
onstraints and parameters and a list of all the user-de�ned groups. The Sket
herthen 
alls the UTU. The UTU parses these lists, 
reates the input graph, and 
alls the DR-Planner with themas parameters for the planning phase. The 
ompleted DR-Plan is returned to the UTU, whi
h then sends it tothe ESM for the solving phase.The ESM takes the DR-Plan, parses it into the 
ommuni
ation arrays and returns it to the Sket
her (followingthe pro
edure des
ribed above). The Sket
her displays the DR-Plan to the user and allows the user to approveof the DR-Plan before solution begins. If the plan is not approved, the Sket
her enters the Update Mode, andintera
tive editing of the graph is permitted (see below and Part II, Se
tion 6 for details of the underlyingalgorithms). However, if the plan is approved, the Sket
her simply passes the request 
ag, set to the 
ontinueoption, ba
k to the UTU along with a solving option 
ag that indi
ates whether the user 
hooses to navigatethe solution spa
e (Navigate option), or whether the ESM should automati
ally solve the system (Autosolveoption).6.2.2 Communi
ation during the Navigate optionWhen the UTU re
eives the 
ontinue 
ag, the UTU simply sends the re
onstru
ted graph and DR-Plan dire
tlyto the ESM.When the ESM re
eives the 
ontinue 
ag, it begins the solution-navigation pro
ess and a visual walk-through or steering through the solution spa
e (See Figures in Se
tion 3, and Part II, Se
tion 4 also for underlyingalgorithmi
 details). The ESM traverses the DR-plan bottom up, 
ommuni
ating with the Constraint-to-Equation Parser (CEP) to build a stable system of equations (See Part II, Se
tion 5 for details { this pro
essalso permits intera
tion with the user des
ribed separately in a subse
tion below), and 
ommuni
ating with thealgebrai
-numeri
 solver. This 
ontinues until the ESM rea
hes the point where it has several subsystem solutionsto o�er to the user. At this point, the user must sele
t one of several possible realizations or 
onformationsthat the ESM will use to 
reate the �nal solution. This information must be passed from the ESM ba
k tothe Sket
her for display. The ESM sends ba
k two lists of information via the UTU. First, for ea
h solutionpossibility, the ESM writes out a list of the obje
ts in the subsystem. For ea
h obje
t, the ESM writes theobje
t's ID, and a list of its solved degrees of freedom. Se
ond, the ESM writes a list of the 
lusters 
ontainedin the 
urrent DR-Plan and a boolean 
ag to indi
ate whether they have been solved or not. This informationallows the user to 
onsider the 
urrent position of the solution in the DR-Plan when making his/her 
hoi
e of asolution. As a �nal step, the ESM sets a 
ag to indi
ate that this information is a new solution possibility andreturns.The Sket
her displays ea
h solution possibility or 
onformation to the user in a separate window. The originalsket
h and a partially solved sket
h, in
orporating the subsystem solutions 
hosen so far into the unsolved originalsket
h are also displayed and allows the user to make a 
hoi
e of several options des
ribed below. (See Figuresin Se
tion 3, and Part II, Se
tion 4.1. Sele
t a solution and 
ontinue solution - In this 
ase, the Sket
her simply sets the ESM 
ommuni
ation 
agto indi
ate a solution 
hoi
e and sends the UTU the number of the 
hosen solution. The ESM uses this toupdates the DR-Plan to 
ontain the obje
t positions 
ontained in the 
hosen solution and 
ontinues the solutionnavigation pro
ess. Assuming that the user always sele
ts a solution, this pro
ess of solving, solution sele
tion,and DR-Plan update would 
ontinue until all the subsystems in the DR-Plan have been solved.2. Choose to ba
ktra
k - If the user de
ides that none of the 
urrent solution 
hoi
es are to their liking, theymay 
hose to edit his earlier sele
tions. For editing, the user has two options: resolve the 
urrent 
luster withnew 
hoi
es for its 
hildren's solutions, or repeat the solving of some previous 
luster after making new 
hoi
esfor the solutions of its 
hildren. In either 
ase, the Sket
her sends a 
ag ba
k to the UTU that indi
ates that30



ba
ktra
king is to o

ur and an ID of the 
luster from whi
h the users wishes to 
ontinue solution. The UTUedits the DR-Plan and resets the \solved" 
ags that indi
ate that that 
luster is the next to be solved. TheESM will ignore any previous solutions if the �n 
ag has been unset, and when the UTU 
alls it with the altered\solved" list, it will 
ontinue solving from an earlier point exa
tly as des
ribed above. Note that the user 
anintera
tively update the graph (see below) until a �nal solution is returned.3. Choose to update - This �nal option indi
ates that the user believes there is something wrong with the inputgraph itself, rather than the bifur
ation 
hoi
es that have been made earlier. Many minor modi�
ations of thegraph do not require the re-planning and solution of the system. These 
hanges 
an be made intera
tively duringsolution and mu
h of the original plans and solutions 
an be reused. The 
ommuni
ations and data
ow for theupdate mode is des
ribed in its own se
tion below, the algorithmi
 details of update operations are des
ribedin Part II, Se
tion 6.Of 
ourse, sometimes no solution will exist for a given 
luster in the DR-Plan. In this 
ase, the ESM willhave no solution options to return to the user. In this instan
e, the ESM �rst de
ides what is the nature of thela
k of solution, either zero solutions, in�nite solutions (under
onstrained), or erroneous solution (see Part II,Se
tions 4, 5 for des
riptions of these problems 
aused by the presen
e of navigation and inequality 
onstraintsor unstable systems respe
tively). Then rather than a solution possibility, the ESM returns a no solution 
agto the Sket
her, and an integer 
ode to indi
ate the type of non-solution en
ountered. In this 
ase, the user ispresented with only options 2 and 3 above, whi
h will allow him or her to edit the solution until a valid solutionis found.Assuming a solution to the 
urrent system exists and the user 
an sele
t subsystem solutions to �nd it, all
ommuni
ation in the Generate Mode will end when all the root 
lusters in the DR-Plan have been solved. Atthis point, the ESM writes a 
ag to indi
ate that a �nal solution is to be returned. Then it returns a orderedlist of all obje
ts, their ID's and the �nal positions of their degrees of freedom. The ESM ends and the solutionpro
ess is 
ompleted.6.2.3 Communi
ation during the Autosolve optionIf the user 
hose the autosolve as opposed to the navigate option, there is no intera
tion between the userand the ESM after the DR-Plan has been a

epted. The pro
ess of auto-solving is the same as the navigatesolution option (as des
ribed above, details in Part II, Se
tion 4), ex
ept that when the ESM would request abifur
ation 
hoi
e from the user, the ESM automati
ally 
hooses a sele
tion. The ESM will sear
h the entirespa
e of bifur
ations for the �rst set that returns a valid solution for ea
h 
luster in the DR-Plan. At the end ofthe auto-solution pro
ess the ESM either returns a �nal solution exa
tly as in the Generate Mode, or it returnsa 
ag that indi
ates that no valid solution exists.6.2.4 Communi
ation during the Update ModeThe Update mode, as mentioned above, allows the user to intera
tively edit the input graph during the pro
essof solution. The algorithmi
 details 
an be found in Part II, Se
tion 6. Update mode allows �ve 
hanges tobe made to the graph during solution: 
hange a 
onstraint parameter, add a 
onstraint, remove a 
onstraint,add or delete an obje
t, and add or delete a feature to the input feature hierar
hy. The sket
her indi
ateswhi
h mode the user has sele
ted with a 
ag and required data (for example, the ID of the obje
t or 
onstraintto be deleted) that it sends to the UTU. The UTU then updates the input graph and 
alls the DR-Plannerand the ESM whi
hever is required, to 
orre
tly edit the graph and 
ontinue solution with the least amount ofrepeat solving. See Part II Se
tion 6 for details on how UTU makes these de
isions and the resulting operationsperformed by the DR-planner and ESM.6.2.5 Communi
ation between the Constraint-to-Equation Parser (CEP) and the GUIThe CEP (method and datastru
ture des
ribed in Part II, Se
tion 5 ) permits the user to both set up the
onstraint-to-equation parse tree, and to intera
tively build subsystems of equations that the ESM sends to thealgebrai
-numeri
 solver. This 
ommuni
ation also takes pla
e via the UTU, and through a JNI array to theGUI. The GUI opens a text window for this 
ommuni
ation.The GUI options allow the user to set intera
tive/automati
 mode for the CEP at any point during a session.In the intera
tive mode of the CEP, the user is again given the option of taking the Entry mode (where the user31




an input or modify the parse tree) or the Parse mode (in whi
h 
ase, the user is prompted during the solvingphase, ea
h time when a subsystem of equations is built by the ESM to send to the algebrai
-numeri
 solver).In automati
 mode of operation, the default 
hoi
e is to shut o� all user intera
tion with the CEP.7 Solution to Problem 2: Design and Implementation of an Appro-priate GUISpe
i�
ations on the design of the GUI are imposed by the various fun
tionalities of FRONTIER that are broughtto the user via the GUI are des
ribed in Se
tion 1 with �gures in Se
tion 3 (as well as in various se
tions ofPart II). These fun
tionalities o

ur during the various modes (generate and update), phases (planning andsolving), solving options and settings (online and o�ine). Other spe
i�
ations are imposed by the ar
hite
tureof FRONTIER, in parti
ular, the data
ow between the GUI (whi
h is the main driver) and the other modulesduring the various modes, phases, solving options and settings - via the the 
onstraint representation languageand seamless datastru
ture used by the modules, are all des
ribed in Se
tion 6.Here, we 
on
entrate on the internal design of the GUI that (i) permit the above spe
i�
ations to be met(ii) ensure extensibility, robustness, resour
e eÆ
ien
y and s
alability. Hen
e we only dis
uss the representationof geometri
 obje
ts and 
onstraints for the purposes of input 
onstraint system sket
hes, extending the inputobje
t and 
onstraint repertoire, 
ommuni
ation with ba
k-end modules and output display.We do not dis
uss other interesting user per
eption and sket
h or gesture interpretation issues that ariseduring the 
onstraint system sket
hing pro
ess, espe
ially in 3D; similarly, we do not dis
uss other importantdisplay issues. For example, providing user friendly and intuitive, but eÆ
ient utilization of the 
anvas fordisplay. This is needed while refreshing the display by a rough online resolution of the input system as it isbeing sket
hed (by the FRONTIER's Simplesolver dis
ussed in Part II, Se
tion 7), while displaying subsystemsolutions on a separate 
onformation window during navigation (Part II, Se
tion 4), while displaying a partiallysolved system, whi
h in
orporates solved parts into the original unsolved sket
h, and while displaying the �nalsolution. Other input/output and storage issues of the GUI are visible from FRONTIER s
reenshots in Se
tions3 and in various se
tions of Part II. These are not dis
ussed here, although their implementation poses someinteresting problems su
h as the following. An intuitive me
hanism for inputing design de
ompositions; outputdisplay of the DR-plan whi
h involves a good graph drawing algorithm; modifying the obje
t, 
onstraint orfeature repertoire; the related issue of storing partial or 
omplete results of a session su
h as a sket
h alongwith partial solution information su
h as the DR-plan and some of the subsytem solutions in a �le (a featurerepertory), that 
an be opened at a later session, as part of a new, larger 
onstraint system; inputing andmodifying 
onstraint-to-equation parse tree to be used by the ESM; simplifying the modi�
ations to the algebrai
equations for a subsytem that is being 
onstru
ted by the ESM, spe
i�
ally by the 
onstraint-to-equation parser(input); solution spa
e navigation and ba
ktra
king by 
li
king various subsystems on the DR-plan or buttonsto 
hoose subsystem solutions; updating the 
onstraint system or input de
ompositon (input), et
. All of theseissues are however strongly in
uen
ed by the representation of the geometri
 obje
ts and 
onstraints whi
h wedis
uss here.The main features of the obje
t and 
onstraint representation are modularity and hierar
hy within theobje
ts and 
onstraints. These properties are a dire
t e�e
t of the 
lean and obje
t-oriented nature of the 
ode,whi
h simpli�es any future expansion and hen
e provides extensibility. Simultaneously, this GUI representationalso re
e
ts the internal geometri
 properties of these obje
ts in a natural way, i.e., the manner in whi
h theyare represented and analyzed by the ba
k-end modules (as subgraphs in the DR-planner, or subsystems in theESM). This ensures a 
ommon representation and the seamless data
ow between the modules, not requiringawkward translations from one representation to another.There are three di�erent versions of Sket
her, the 2D Sket
her, the 2D-input 3D-output Sket
her, and the3D Sket
her. We shall �rst dis
uss the implementation details of the 2D Sket
her. The 2D-input 3D-outputSket
her and the 3D Sket
her have a similar design, thus maintaining 
onsisten
y in addition to the otherfeatures.
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Figure 22: 2D Shapes or Obje
ts

, ,Figure 23: Hierar
hy within 2D shapes or obje
ts7.1 2D Sket
her and CanvasThe 2D Sket
her is written in JAVA using JAVA AWT and Swing pa
kages. The appli
ation 
an be divided(implementation-wise) into two major 
omponents the part that handles the display with all the asso
iated
omponents and the interfa
e that 
ommuni
ates with the UTU. The 2D Sket
her has the following primitivegeometri
 obje
ts: points, lines, rays, line segments, 
ir
les and ar
s and the bitmap \image" obje
t, whi
hrepresents an arbitrary rigid obje
t that has already been solved and is perhaps represented in another rep-resentation language by the 
alling CAD module and 
ould potentially just been 
onverted to a bitmap, withunderstood dimensions. The 
onstraints that 
an be applied to these obje
ts are: distan
e, in
iden
e, perpen-di
ularity, parallel and tangen
y 
onstraints. Ea
h of the shapes has a unique ID, and similarly ea
h of the
onstraints have a unique ID.7.1.1 Representation of 2D Obje
ts (Shapes) and ConstraintsAll the shapes des
end from a baseShape 
lass. The properties that are 
ommon to all the shapes like: Name:Name of the shape, ID: Unique ID of that parti
ular instan
e, ShapeTypeID: Unique ID for that 
lass of shape,Sele
ted Flag that indi
ates whether the shape is sele
ted or not, Color et
., are de
lared in this 
lass. The Line,
ir
le and the ar
 shapes are des
endents of this 
lass. The normalShape 
lass is a des
endent of the baseShape
lass. It also in
ludes another property. The obje
ts of this 
lass have x; y 
oordinates de�ned by their positionon the s
reen. These obje
ts 
an be dragged on the s
reen using the mouse. The point and the \image" shapesare both des
endants of this 
lass. The following �gures show the obje
t hierar
hy within the shapes and thevarious attributes of ea
h shape.Another key feature of the design is the pointSubShape 
lass, whi
h is a des
endent of the pointShape
lass. All the other obje
ts like the line, 
ir
le, ar
 and the image shapes have sub-shapes that are of typepointSubShape. For example the line segment has two sub-shapes that are its end points. In 
ase of the linesegments the sub-shapes are of type pointLineShape. The pointLineShape is a des
endent of the pointSubShape,whi
h 
an be set to in�nity. The line and the ray are 
onsidered to be spe
ial 
ases of the line segment whereboth or one of the end points is set to in�nity, respe
tively. The positions of the shapes that are not of typenormalShape are de�ned by the positions of their sub-shapes that are of type normalShape.33



Figure 24: 2D Constraints
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Figure 25: Constraint Hierar
hyThis obje
t-oriented design proves to be very advantageous for most of the fun
tionalities of Sket
her (bothdisplay and 
ommuni
ation with ba
k-end modules). Good examples are the writeToStream/readFromStreammethods that are used to save to �le and read from one respe
tively. These methods in the baseShape 
lasswrite/read the 
ommon properties and then 
all the writeAdditionalProps/readAdditionalProps method inthe derived 
lasses to write/read additional properties of the shapes. In ea
h derived 
lass (of shapes) thesemethods are overridden to write/read the spe
i�
 properties of that parti
ular shape and then 
alls the writeAd-ditionalProps/readAdditionalProps methods of the its sub-shapes, if any. For example in lineShape this methodwrites/reads the length of the line segment and then 
alls the writeAdditionalProps/readAdditionalProps meth-ods of its end points. In the writeAdditionalProps/readAdditionalProps methods of the end points the 
oordi-nates of the points are written/read. Similarly in 
ase of 
ir
le shape the radius is written/read and then thewriteAdditionalProps/readAdditionalProps method of its 
enter is 
alled.The 
onstraints are also implemented in a similar manner. All 
onstraints des
end from a baseConstraint 
lass.The metri
 
onstraints like distan
e and angle have a property asso
iated with them that de�ne their valuewhile the logi
al 
onstraints like tangen
y, parallelism, and perpendi
ularity do not. Ea
h 
onstraint maintainsan array of shapes that are asso
iated with that 
onstraint.For some of the 
onstraints just spe
ifying the shapes involved, is not enough. We also need to spe
ify whi
hpart (sub-shape) of that shape is involved. For example if we spe
ify an in
iden
e 
onstraint between a pointand a line segment then we have to spe
ify whi
h end point of the line segment is in
ident with the point.Similar to the hierar
hy in shapes there is normalConstraint 
lass that des
ends from the baseConstraint 
lass.All the des
endents of the normalConstraint 
lass have an additional property that spe
i�es whi
h sub-shapeof ea
h of the two shapes are involved in the 
onstraint. Displaying the 
onstraints using graphi
s, by itself isan interesting issue. The representation of the 
onstraint needs to be intuitive enough for the user to be ableto interpret it easily. The simplesolver module usually resolves the in
iden
e, tangen
y 
onstraints online fordisplay (See Part II, Se
tion 7), and these are not represented expli
itly by any graphi
s. Again the obje
t-34



Figure 26: Partial s
enegraph used to display 3D s
enes in Sket
heroriented design proves to be useful with the 
onstraints, for the same reasons dis
ussed earlier. For example themethod drawConstraint is 
alled every time the s
reen is repainted. And this method is overridden in all the
onstraints to display the spe
i�
 graphi
s of that 
onstraint.7.2 2D-Input-3D-Output Sket
her and the 3D sket
herThe �rst version of Sket
her is 
apable of handling both 2D and 3D 
onstraint systems. The user 
an 
hooseto work in either the 2D mode or the 3D mode. In the 2D mode it fun
tions exa
tly like the 2D version. Inthe 3D mode, the user is allowed to draw the 3D sket
h on a 2D 
anvas and solve it in the 3D mode. Howeverthe subsystem solution 
hoi
es, partially solved sket
h and the �nal sket
h are displayed on the 3D 
anvas.The solver does not use the input 
oordinates of the obje
ts to 
al
ulate the solution (relative orientations ofthe points pla
ed on the 
anvas may be used as 
hirality navigation 
onstraints during solving, but the a
tual
oordinate values of points on the 
anvas are not used). So the Sket
her simply sends a 0 as the z 
oordinate forall the obje
ts. The other modules treat the sket
h as a 3D problem and solve for all the 3 dimensions. Whenthe subsystem solution 
hoi
es are displayed all the obje
ts have 3 meaningful dimensions so they are displayedon a 3D 
anvas. And the �nal output is also displayed on a 3D 
anvas.The implementation of the 2D parts of this Sket
her is similar to that of the 2D Sket
her. The only di�eren
eis that every time a 2D shape or 
onstraint is 
reated a 
orresponding 3D shape or 
onstraint is 
reated andatta
hed to the s
enegraph, whi
h may or may not be used in future. This is done to allow the user to swit
hbetween the two modes easily at any point. The implementation of the 3D obje
ts (Shapes and Constraints)is the same in both the 2D-input 3D-output version and the full 3D version. These obje
ts are implementedusing JAVA3D (heavy weight) [2℄. On the other hand, 2D Sket
her is written using JAVA AWT and JAVASwing (light weight). A heavyweight 
omponent is one that is asso
iated with its own native s
reen resour
e(
ommonly known as a peer). A lightweight 
omponent is one that "borrows" the s
reen resour
e of an an
estor(whi
h means it has no native resour
e of its own { so it's "lighter"). In parti
ular, this means that a 
anvas3Dwill draw on top of Swing obje
ts no matter what order Swing thinks it should draw in. As a result, JAVA3Dand JAVA Swing are not fully 
ompatible with ea
h other [44℄. To walk around this, �xes introdu
ed by theSwing team have to be followed.We use a Java3D s
ene graph for rendering, sket
hing and editing purposes. The s
ene graph is a graph stru
turethat 
ontains Java3D nodes. Ea
h node 
onne
tion represents a parent-
hild relationship.The 3D Sket
her is a se
ond version of Sket
her that allows the user to intera
tively sket
h in 3D spa
e. Thereare many issues that need to be addressed in 
ase of a 3D GUI [52℄ in order to provide the user the intuitive feelof sket
hing, moving and manipulating obje
ts in a 3D s
ene, in
luding 
amera, visibility, shading and textureissues.However, we restri
t our dis
ussion primarily to the obje
t and 
onstraint representations. The 3D Sket
heruses the same obje
t hierar
hy as the 2D Sket
her and the 2D-input 3D-output Sket
her, but the 3D Sket
herhas some more 3D Shapes. 35



Figure 27: 3D Shapes or Obje
ts 
ontaining the point subshape as handleA s
ene graph is 
onstru
ted in su
h a way that state information 
annot be shared among sub-graphs.This enables Java3D to render s
enes 
on
urrently. The viewBran
h node governs the 
amera position. TheaxisGroup node 
ontains the nodes 
orresponding to X;Y and Z axes and the X-Z plane that are displayed atall times in the 3D s
ene to help the user visualize the 3D spa
e. The s
ene node has a mouseRotate node thatallows the user to rotate the whole s
ene. Along with the s
ene the axes and the plane are also rotated using another node (not shown in the �gure). The pi
ker node under the s
ene node allows the user to pi
k any of theobje
ts that are present in the s
ene. The light node is responsible for the lighting in the s
ene. The rootGroupnode 
ontains the all the nodes 
orresponding to the di�erent shapes and 
onstraints in the s
ene.7.2.1 Representation of 3D Obje
ts and ConstraintsThe point is represented by a small sphere in 3D spa
e. The basi
 hierar
hy among the shapes is maintainedexa
tly as it is in 2D Sket
her. The point is the basi
 shape and all the other shapes have sub-shapes that arepoints and a
t as handle to manipulate the position or the dimensions of the obje
t. The line segment has twosub-shapes that are its end points. The line segment 
onsists of a thin 
ylinder 
onne
ting the two end points.The orientation and the length are 
al
ulated using the positions of the two endpoints of the line segments.The length is 
hanged by appropriately s
aling the 
ylinder along its axis. Then the mouse dire
ted rotation isapplied to the s
aled 
ylinder to position it a

urately.In addition to the points and the line segments in the 2D-input 3D-output Sket
her there are some moreshapes in the 3D Sket
her. See Figure 3.The plane shape is a quadrilateral having three handles, ea
h positioned at one of the four 
orners of there
tangle. The plane of the obje
t 
an be 
hanged by dragging the handles. The handle 
an also be used toextrude and or rotate the plane shape as required. The sphere obje
t has only one handle, whi
h is used to
hange the radius of the sphere. The position 
an be 
hanged by dragging the sphere itself. The 
ylinder obje
tis similar to a line segment ex
ept that it has one more handle that is used to 
hange the radius of the 
ylinder.This handle is pla
ed at on the 
ir
umferen
e of the 
ylinder. The handles along the axis of the 
ylinder 
anbe used to rotate the 
ylinder or 
hange the height of the 
ylinder. The 
one obje
t is similar to the 
ylinderobje
t having three handles.Currently, the 2D-input 3D-output Sket
her has only three 
onstraints the distan
e 
onstraint, angle 
onstraintand torsion angle 
onstraint. For 3D examples, it allows an angle 
onstraint to be spe
i�ed between threepoints/sub-shapes. The three shapes involved in an angle 
onstraint 
an be sub-shapes of line segments or apoint obje
ts. It 
onsiders the point that was pi
ked se
ond among the three points to be the vertex of the angle.The torsion angle is between 2 line segments that may not share a point. Two spe
i�ed points are identi�ed,for
ing the line segments into a 
ommon plane, and the 
onstraint then spe
i�es the angle between them.8 Con
lusion of Part IWe introdu
ed and motivated FRONTIER using 5 requirements that are essential for 2D and 3D variational
onstraint solvers in CAD appli
ations; 
ompared FRONTIER's approa
h and performan
e with other 
onstraintsolvers on ea
h of these requirements; provided basi
 ba
kground on geometri
 
onstraint solving; pre
iselydes
ribed the input-output 
apabilities of FRONTIER; and provided ba
kground results on the Frontier VertexDR-planner on whi
h FRONTIER is based. This set the preliminaries for listing the new 
ontributions of this2 part manus
ript as a list of 8 te
hni
al problems. FRONTIER's ar
hite
ture and implementation address 2 ofthese problems (Problems 1 and 2 of Se
tion 5) and have been dis
ussed here. The remainder of the problems,requiring algorithmi
 solutions, will be dis
ussed in Part II.36
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