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Figure 1. Typi
al 3D sket
her: i
ons show repertoire of obje
tand 
onstraint typ esSit04b℄. For re
ent reviews of the extensive literature on geometri
 
onstraintsolving see, e.g, [HLS98a, Kra92, Fud95℄.A geometri
 
onstraint system 
onsists of a �nite set of geometri
 obje
ts and a�nite set of 
onstraints between them. See Figure 1. The 
onstraints 
an usually bewritten as algebrai
 equations and inequalities w hose variables are the 
oordinatesof the parti
ipating geometri
 obje
ts. For example, a distan
e 
onstraint of d be-tween two points (x1; y1) and (x2; y2) in 2D is written as (x2�x1)2+(y2�y1)2 = d2Most of the 
onstraint solvers so far deal with 2D 
onstraint systems, althoughsome of the newer approa
hes in
luding [HLS97b, HLS98b, HLS01a, HLS01b℄[HLS99, Bru86, Owe℄ [HSY04, LS04, OSMA01, Sit04b℄, extend to 3D 
on-straint systems. A solution or realization of a geometri
 
onstraint system is the(set of) real zero(es) of the 
orresponding algebrai
 system. In other words , thesolution is a 
lass of valid instantiations of (the position, orientation an d anyother parameters of) the geometri
 elements su
h that all 
onstraints are sa tis�ed.Here, it is understood that su
h a solution is in a parti
ular geometry, for examplethe Eu
lidean plane, the sphere, or Eu
lidean 3 dimensional spa
e. A 
onstraintsystem 
an be 
lassi�ed as over
onstrained, well-
onstrained, or under
onstrained.Well-
onstrained systems have a �nite, albeit potentially very large number of rigidsolutions; th eir solution spa
e is a zero-dimensional variety. Under
onstrained sys-tems have in�nitely many solutions; their solution spa
e is not zero-dimensional.
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onstrained systems do not have a solution unless they are 
onsistently over-
onstrained. Well or over
onstrained systems are 
alled rigid systems.1.0.1. S
ope. Geometri
 
onstraints have been used as su

in
t, minimal rep-resentations of geometri
 
omposites in many other appli
ations besides CAD, su
has roboti
s, mole
ular modeling and tea
hing geometry. As a result, there is a vastbody of literature related to geometri
 
onstraint solving. This manus
ript's s
opeis restri
ted to 
ombinatorial methods for geometri
 
onstraint solving, spe
i�
allywithin the CAD appli
ation 
ontext.Te
hni
ally, geometri
 
onstraint solving straddles 
ombinatori
s, algebra andgeometry. Spe
i�
ally, it overlaeps 
ombinatorial rigidity theory, geometri
 meth-ods for kinemati
s, roboti
s and me
hanisms, automated geometry theorem prov-ing, geometri
 invariant theory, and 
omputational algebrai
 geometry (solvingspe
i�
 
lasses of polynomial systems arising from geometri
 
onstraints).The question: to what extent 
an geometri
 
onstraint problems be approa
hed 
om-binatorially? is highly non-trivial and important. It provides a framework for asystemati
 dis
ussion of progress in the area and leads to a natural organization ofthe problems to be dis
ussed in this paper.1.1. Constraint Graphs and Degrees of Freedom. A geometri
 
on-straint graph G = (V;E;w) 
orresponding to geometri
 
onstraint system is aweighted graph with vertex set (representing geometri
 obje
ts) V and edge set(representing 
onstraints) E; w(v) is the weight of vertex v and w(e) is the weightof edge e, 
orresponding to the number of degrees of freedom available to an obje
trepresented by v and number of degrees of freedom (dofs) removed by a 
onstraintrepresented by e respe
tively.For example Figures 2, 3, 4 show 2D and 3D 
onstraint systems and theirrespe
tive dof 
onstraint graphs. Several more 3D 
onstraint systems whose graphshave verti
es of weight 3, 5 and edges of weight 1,3 
an be found in Figures 9, 8, 5,6, 7.Note that the 
onstraint graph 
ould be a hypergraph, ea
h hyperedge involvingany number of verti
es. A subgraph A � G that satis�esXe2Aw(e) +D �Xv2Aw(v)(1.1)is 
alled dense, where D is a dimension-dependent 
onstant, to be des
ribed below.Fun
tion d(A) =Pe2A w(e) �Pv2A w(v) is 
alled density of a graph A.The 
onstant D is typi
ally �d+12 � where d is the dimension. The 
onstant D
aptures the degrees of freedom of a rigid body in d dimensions. For 2D 
ontextsand Eu
lidean geometry, we expe
t D = 3 and for spatial 
ontexts D = 6, ingeneral. If we expe
t the rigid body to be �xed with respe
t to a global 
oordinatesystem, then D = 0.Next, we give some purely 
ombinatorial properties of 
onstraint graphs based ondensity. These will be later shown to be related to properties of the 
orresponding
onstraint systems.A dense graph with density stri
tly greater than �D is 
alled over
onstrained.A graph that is dense and all of whose subgraphs (in
luding itself) have density atmost �D is 
alled well
onstrained. A graph G is 
alled well-over
onstrained if itsatis�es the following: G is dense, G has atleast one over
onstrained subgraph, andhas the property that on repla
ing all over
onstrained subgraphs by well
onstrained
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Figure 2. Left: An under
onstrained 3D example with 1 extradof and its dof 
onstraint graph: ea
h of 4 rigid obje
ts has 6 dofs,B, C, D are 
onstrained by in
iden
e with the housing A, whi
hremoves 5 dofs in ea
h 
ase, so that ea
h of the pairs AB, AC, ADis under
onstrained and has one extra degree of freedom. The re-maining 2 pairs BC and CD are 
onne
ted by distan
e 
onstraints,whi
h remove 1 dof ea
h. Right: A 2D 
onstraint system withpoints or �xed radius 
ir
les and distan
e 
onstraints, ex
ept for Aand J whi
h are line segments with a perpendi
ularity and distan
e
onstraint between them. In the 
onstraint graph, all unnumberedverti
es have weight 2 and unnumbered edges have weight 1. Be-low: A 2D example, 
onstraint graph, DR-plan.subgraphs (in any manner), G remains dense. A graph that is well
onstrained orwell-over
onstrained is 
alled 
luster. A dense graph is minimal if it has no denseproper subgraph. A graph that is not a 
luster is said to be under
onstrained. Ifa dense graph is not minimal, it 
ould in fa
t be an under
onstrained graph: thedensity of the graph 
ould be the result of embedding a subgraph of density greaterthan �D.1.2. Inadequa
y of a pure dof analysis. Note that all minimal dense sub-graphs are 
lusters but the 
onverse is not the 
ase.To illustrate the 
hallenge involved, we need to dis
uss how the graph theo-reti
 properties des
ribed above based on degree of freedom (dof) analysis relate to
orresponding properties of the 
orresponding 
onstraint system. For this, we needto introdu
e the notion of generi
ity. Informally, a 
onstraint system is generi
allyrigid if it is rigid (does not 
ex or has only �nitely many non-
ongruent, isolatedsolutions) for most of 
hoi
es of 
oeÆ
ients of the system. More formally we usethe notion of generi
ity of e.g, [CLO98℄. A property is said to hold generi
ally for
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Figure 3. Two more 2D 
onstraint systems examples; 
onstraintgraphs; DR-plans; all unnumbered verti
es and edges have dofweights 2 and 1. Left: verti
es L1, L2, L3 in 
onstraint graph rep-resent the line obje
ts; solution shown at bottom. Right: Exampleof Variable radius Cir
le, Ar
 and Ray obje
ts, Angle, Paralellismand Tangen
y 
onstraints

Figure 4. Simple 3D 
onstraint system drawn on 2D 
anvas withpoints and distan
es and DR-planpolynomials f1; : : : ; fn if there is a nonzero polynomial P in the 
oeÆ
ients of thefi su
h that this property holds for all f1; : : : ; fn for whi
h P does not vanish.Thus the 
onstraint system E is generi
ally rigid if there is a nonzero polynomialP in the 
oeÆ
ients of the equations of E - or the parameters of the 
onstraintsystem - su
h that E is solvable when P does not vanish. For example, if E
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Figure 5. Constraint dependen
es in 3D: 
onstraint systemdrawn on a 2D 
anvas; 
orresponding 
onstraint graphs have ver-ti
es of weight 3 and edges of weight 1
onsists of distan
e 
onstraints, the parameters are the distan
es. Even if E has noovert parameters, i.e, if E is made up of 
onstraints su
h as in
iden
es or tangen
iesor perpendi
ularity or parallelism, E in fa
t has hidden parameters 
apturing theextent of in
iden
e, tangen
y, et
., whi
h we 
onsider to be the parameters of E.A generi
ally rigid system always gives a 
luster, but the 
onverse is not alwaysthe 
ase. In fa
t, there are well-
onstrained, dense 
lusters whose 
orrespondingsystems are not generi
ally rigid and are in fa
t generi
ally not rigid due to thepresen
e of generi
 
onstraint dependen
es. Consider for example Figures 5, 6, 7that illustrate the \bananas" problem of [GSS93℄ 
aused by generi
 
onstraintdependen
e. This problem is also present in Figure 9, and 
an be dete
ted asthe root 
ause beneath large 
lass of 
ombinatorial mis
lassi�
ations, although thisdete
tion is nontrivial.A 
ombinatorial dof analysis of the 3D 
onstraint system in Figure 6(top) would 
orre
tly report the left and right subsystems (P1; P2; P3; P4; P5 andP1; P6; P7; P8; P5 respe
tively) and the whole system to be well
onstrained 
lusters.Figure 7 (bottom) has the same number of 
onstraints, but a dof analysiswould 
orre
tly report both that the left subgraph as over
onstrained and thewhole as under
onstrained. Figure 5 (left) also has the same number of 
onstraintsand appears to be a well
onstrained 
luster a

ording to a dof analysis. However,while the left and right subsystems are (in fa
t) well
onstrained 
lust ers, the wholesystem is generi
ally over
onstrained. In a well-de�ned sense, this is an over
on-straint that is not expli
it, but is 
aused by a 
onstraint dependen
e that is notdete
table by a dof or density 
ount. However, when restri
ted to 
onsistentlyover
onstrained situations (those 
hoi
es of distan
es - su
h as in this example -that are guaranteed to admit a solution), the system in Figure 5 (left) is generi
allyunder
onstrained, although the system on Figure 5(right) is generi
ally well
on-strained.
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Figure 6. Modi�
ations to 3D system in Figure 5: Combinatori-ally well 
on strained (DR-plan has single sour
e, top) and under-
onstrained (DR-plan has many sour
es, bottom)In fa
t, a 
onstraint system has a 
onstraint dependen
e if the 
ommon overlapof any subset of its well
onstrained 
lusters is under
onstrained. The above \ba-nanas" is a spe
ial 
ase of this. However, among these situations, the dof analysis isina

urate only in the \bananas" 
ase. To date, there is no known, tra
table 
har-a
terization of generi
 rigidity of systems for 3 or higher dimensions, based purelyon 
ombinatorial properties of the 
onstraint graph [Whi97℄, [GSS93℄, althoughseveral 
onje
tures exist.However, it should be noted that in 2 dimensions, a

ording to Laman's the-orem [Lam70℄, if all geometri
 obje
ts are points and all 
onstraints are distan
e
onstraints between these points then any minimal dense 
luster represents a gener-i
ally rigid system. But there are no known 
ombinatorial 
hara
terizations of2D rigidity, when other 
onstraints besides distan
es are involved. For methodsthat address 2D systems with angle and in
iden
e 
onstraints, see Se
tion 8 and[JJO04℄.Note. In this manus
ript, we will nevertheless rely on the above dof analy-sis, augmented, however, to 
he
k for many types of 
onstraint dependen
e (in-
luding the bananas situation and others su
h as the so-
alled \hinge" situation[Cra79, Cra82℄). Sin
e a 
omplete des
ription of this augmented property of a
luster (
alled module-rigidity) [SZ04b℄ is involved and outside the s
ope of thispaper, from now on we will use the terms rigid system and the de�nition of 
luster
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Figure 7. Combinatorially or expli
itly over
onstrained 
lustersin well (single sour
e in DR-plan) and under
onstrained (multiplesour
es in DR-plan) graphsinter
hangeably. In Se
tion 4 however, we will sket
h an intuitive, simple algorithmthat approximates a 
he
k for module-rigidity.2. Basi
 Input-Output requirements of a geometri
 
onstraint solverThe generi
 input to an e�e
tive geometri
 
onstraint solver for CAD appli
a-tions 
onsists of the following.(1) A 2D or 3D geometri
 
onstraint system (see Se
tion 1), S, i.e, a set of primitivegeometri
 obje
ts, ea
h of a spe
i�ed type, and 
onstraint types relating pairs (orlarger subsets) of these obje
ts. See Figure 1. Some 
onstraint types have a metri
value spe
i�
ation, for example, a distan
e 
onstraint between 2 points and a valuefor the distan
e; or a torsion angle 
onstraint between a pair of line segments in
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Figure 8. 3D 
onstraint system drawn on 2D 
anvas with line andpoint obje
ts and distan
e and angle 
onstraints (graph has ver-ti
es of weight 3(points and lines ); edges of weight 3 (in
iden
es)and 1 (distan
es and angles). Solution (right)3D and a value for the angle. The values asso
iated with the 
onstraints 
ould be
onstants or variables related to other su
h values in the 
ase of so-
alled relationalor engineering 
onstraints or navigation 
onstraints, see Se
tion 5. In addition, in-tervals of values are permitted for some of the in
iden
e or interse
tion 
onstraintswhi
h are e�e
tively 
hirality or oriented matroid 
onstraints, de
laring (non) in-terse
tions of 
onvex hulls of subsets of geometri
 obje
ts, and used primarily fornavigation of the solution spa
e, for example, the 
onstraint that 2 line segmentsshould or should not interese
t. The 
onstraint system, also in 3D, is often sket
hedon a 2D 
anvas. See Figures 9 and 8.(2) An input partial de
omposition of the 
onstraint system P obtained from oneor more views of a feature, part or subassembly design hierar
hy. The featuresor subassemblies are nodes of dire
ted a
y
li
 graph (dag) and are intended to bemanipulated independently within their own lo
al 
oordinate systems, as well asmoved around relative to ea
h other in the 
oordinate system of a higher levelfeature or subassembly. There 
ould be a priority order given to the resolution ofthe features or subassemblies: a linear order degenerates to so-
alled parametri

onstraint solving. See Figure 10.(3) Some of the features or subassemblies in the input hierar
hy may have beenalready solved and may be 
hosen from a repertoire of 
ommonly o

uring su
hfeatures, parts or subassemblies. In this 
ase, they may not be input as 
onstraintsystems; they should be 
agged and treated en-blo
 as already solved rigid bodies.(4) Additions, 
hanges, updates to all of the above. See Figure 28.(5) Other intera
tive user input requested by the geometri
 
onstraint solver duringsolution spa
e navigation.A geometri
 
onstraint solver's desired outputs are the following.(1) Classi�
ation of the input 
onstraint system S as (generi
ally) well
onstrained,over
onstrained or under
onstrained. Classi�
ation of ea
h feature or subassemblyin the hierar
hy P as well
onstrained, over
onstrained or under
onstrained. SeeFigures 6, 7, 5.
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Figure 9. 3D 
onstraint system (with generi
 
onstraint depen-den
e not dete
table by a simple dof 
ount), sket
h on a 2D 
anvas;it is well
onstrained for the given set of distan
es; 
orrespondingDR-plan(2) In the 
ase the system is 
lassi�ed as well
onstrained, a method for systemat-i
ally navigating the solution spa
e with or without user intervention, spe
i�
ally,steering through the various solutions, realizations or 
onformations of ea
h of thewell
onstrained features, parts and subassemblies of the asso
iated input partialde
omposition P , in priority order (if one is given) See Figures 20, 21, 22, 23, 24.(3) In 
ase 
ombinatorially over
onstrained, potentially in
onsistent, features, parts,subassemblies or subsystems are present, see Figures 7, for any requested 
olle
tionof them, give a 
omplete, navigable representation of the well
onstrained redu
-tions; for example an exhaustive list of existing 
onstraints any one of whi
h 
anbe removed without generi
ally making the entire system or any of the subsystems- i in the 
olle
tion - under
onstrained. For ea
h su
h removal, a se
ond exhaustivelist of 
onstraints that 
an be removed, and so on, resulting in a sequen
e of lists.(4) In 
ase of those (sub)systems 
lassi�ed as under
onstrained (ambiguous), a
omplete de
omposition into maximal 
lusters (i.e., where all the maximal 
lustersare present). In addition, a 
omplete, tra
table, navigable representation of itswell
onstrained 
ompletions. This question again has a well-de�ned interpretationusing rigidity matroids whi
h we omit here. One su
h navigable representation
ould be an exhaustive list of 
onstraints (parti
ipating obje
ts and type of 
on-straint, but not value) that 
an be added without generi
ally making the systemover
onstrained. For ea
h su
h addition, a se
ond exhaustive list of 
onstraintsthat 
an be added, and so on, resulting in a sequen
e of lists.
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Figure 10. Left: input partial de
ompositions for 3D 
onstraintsystem shown in Figure 8; groups are features or subassemblies.Right: 3 di�erent DR plans in
orporating 
orresponding input de-
omposition. Features appear as 
lusters or, if under
onstrained,their 
omplete set of maximal 
lusters. Features may (not) inter-se
t on (non) trivial subgraphs.(5) A method of eÆ
iently updating the output when in
remental 
hanges are madeto the input. For example: a 
onstraint value is 
hanged, a 
onstraint is added orremoved, an obje
t is added or removed, a feature is added et
. These 
ould beo�ine or online updates (see settings of a typi
al 
onstraint solver below).2.1. The need for de
omposition: DR-plans and their properties.The overwhelming 
ost of solving a geometri
 
onstraint system is the size of thelargest subsystem that is solved using a dire
t algebrai
/numeri
 solver. This size
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onstraint graph G1 and DR-plan; all verti
eshave weight 2 and edges weight 1di
tates the pra
ti
al utility of the overall 
onstraint solver, sin
e the time 
om-plexity of the 
onstraint solver is at least exponential in the size of the largest su
hsubsystem.Therefore, an e�e
tive 
onstraint solver should 
ombinatorially develop a planfor (re
ursively) de
omposing the 
onstraint system into small subsystems, whosesolutions (obtained from the algebrai
/numeri
 solver) 
an be (re
ursively) re
om-bined by solving other small subsystems. Su
h a re
ombination is straightforward,provided all the subsystems are generi
ally rigid (have only �nitely many solutions).The DR-planner is a graph algorithm that outputs a de
omposition-re
ombinationplan (DR-plan) of the 
onstraint graph. In the pro
ess of 
ombinatorially 
onstru
t-ing the DR-plan in a bottom up manner, at stage i, it lo
ates a well
onstrainedsubgraph or 
luster Si in the 
urrent 
onstraint graph Gi, and uses an abstra
tsimpli�
ation of Si to to 
reate a transformed 
onstraint graph Gi+1.Although re
ursive de
ompositions were used for geometri
 solving from thevery beginning, DR-plans and their properties were formally de�ned for the �rsttime in [HLS01a℄. See Figures 3, 2, 4. Formally, a DR-plan of a 
onstraint graphG is a dire
ted a
y
li
 graph (dag) whose nodes represent 
lusters in G, and edgesrepresent 
ontainment. The leaves or sinks of the dag are all the verti
es (primitive
lusters) of G. The roots or sour
es are all the maximal 
lusters of G. There 
ouldbe many DR-plans for G. See Figures 10 and 11. An optimal DR-plan is one thatminimizes the maximum fan-in. The size of a 
luster in a DR-plan is its fan-in (itrepresents the size of the 
orresponding subsystem, on
e its 
hildren are solved).Besides solving eÆ
ien
y purposes, it is straightforward that a DR-plan is re-quired for the 
lassi�
ation problem (the output requirement (1) above) and forthe under
onstrained dete
tion and 
ompletion problem (output requirement (4)above). In addition, it will be 
lear from Se
tions 8 and Se
tion 7, that it is indis-pensable also for navigation, dealing with over
onstraints and for eÆ
ient updates(output requirements (2), (3) (5) above).A few other properties of DR-plans are of interest. We would like the widthi.e, number of 
lusters in the DR-plan to be small, preferably linear in the size ofG: this re
e
ts the 
omplexity of the planning pro
ess and a�e
ts the 
omplexityof the solving pro
ess that is based on the DR-plan. In addition, it is desirablefor DR-plans to have the 
luster minimality property. I.e., the 
hild 
lusters of anygiven 
luster are guaranteed to be maximal proper sub-
lusters that form a minimal
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overing set for the 
luster { this property is used both in determining rigidity evenusing pure dof analysis [LS04℄, and for building stable algebrai
 systems of low
omplexity 
orresponding to the 
lusters [SAZK04, SPZ04℄.A byprodu
t of the augmented de�nition of 
luster of [SZ04b℄, des
ribed inSe
tion 1 and dis
ussed in Se
tion 4 is that a somewhat modi�ed de�nition of aDR-plan is used that in
orporates another partial order 
alled the solving priorityorder, whi
h is 
onsistent with the DR-plan's dag order, but 
ould be more re�ned.The intent is that 
lusters that appear later in the order are not self-
ontained,but dependent and need to be solved after the 
lusters that appear earlier. These
lusters be
ome well
onstrained 
lusters only in the transformed 
onstraint systemafter earlier 
lusters in the solving order are already solved. This type of priorityorder 
an be leveraged for assembly 
onstraint systems, or to express pro
eduralhistories where later features are dependent upon geometri
 obje
ts that are notinitially present, but are the results of operations applied to earlier features.Another important, related property is that the DR-plan in
orporate an inputpartial de
omposition. I.e., given an input dag P whose nodes are subgraphs of Gand whose edges represent 
ontainment, a DR-plan of every node in P should beembedded in the output DR-plan for G. This is dis
ussed in [SZ04a℄.All properties de�ned above for DR-plans transfer as performan
e measuresof the DR-planners or DR-planning algorithms. It is shown in [LS04℄, that theproblem of �nding the optimal DR-plan of a 
onstraint graph is NP-hard, andapproximability results are shown only in spe
ial 
ases. Nonapproximability resultsare not known. See Se
tion 9. However, most DR-planners make adho
 
hoi
esduring 
omputation (say the order in whi
h verti
es are 
onsidered) and we 
anask of how well (
lose to optimal) the best 
omputation path of su
h a DR-plannerwould perform (on the worst 
ase input). We 
all this the best-
hoi
e approximationfa
tor of the DR-planner.2.2. A geometri
 
onstraint solver's phases, solving options, modesand settings. As dis
ussed in Se
tion 1, an e�e
tive 
onstraint solver has a plan-ning phase, whi
h is purely 
ombinatorial, mainly graph theoreti
 resulting in aDR-plan; and a solving phase where the polynomial systems 
orresponding to thenodes of the DR-plan are a
tually solved using an algebrai
-numeri
 solver. In thelatter phase, two solving options should be available. The autosolve option in whi
hthe 
onstraint solver sear
hes and displays a solution or realization of the entire in-put system (in 
ase it is well
onstrained) There 
ould be exponentially many su
hsolutions, the pro
ess is not steered by the user and ea
h solution is displayed as itis found. See for example the full solution displayed in 8. In the navigate option, theuser should be permitted to guide the pro
ess 
losely by pi
king one of the availablesolutions (displayed on a separate window) for ea
h subsystem appearing as a nodein the DR-plan, whi
h should in
lude all the maximal well or well-over
onstrainedsubsystems of the user's input 
on
eptual feature, part or subassembly hierar
hy.Ba
ktra
king starting at any subsystem of the DR-plan should be allowed, andpartially solved systems should be displayed. See Figures 10, 20, 21, 22, 23, 24. A
onstraint solver's generate mode is used when the input is new; the update modeis used when in
remental 
hanges are being made to any of the part of an earlierinput; the underlying algorithms of the planning and solving phases permit eÆ
ientupdates for the 
hanged input. See Figure 28. One important advantage of modu-larizing the phases is that in the update mode, the DR-planning phase is entirely



14 MEERA SITHARAMomitted when, for example, only value 
hanges are made to existing 
onstraints {these do not generi
ally 
hange the DR-plan. A 
onstraint solver's o�ine settingwould be used if the entire input is 
onstru
ted (sket
hed using the GUI) beforethe planning and solving phases are begun. The online setting is used when aninstant resolution of ea
h 
onstraint is required even as it is being input, typi
allyby sket
hing on the GUI s
reen. See Figure 29.Note. This manus
ript is illustrated by s
reenshots of the FRONTIER 
onstraintsolver's sket
her. FRONTIER is an opensour
e 3D geometri
 
onstraint solvingsoftware suite developed by the author's group at the University of Florida.3. The De
omposition-Re
ombination (DR) planning problemAlthough de
omposition algorithms based on 
onstraint graphs have been pro-posed sin
e the early 90's, [FH97, Owe91, Owe93, Owe℄ [LM96, MR97℄,[Pab93, AJM93℄. prior to [HLS01a℄, the DR-planning problem and appropriateperforman
e measures for the planners were not formally de�ned.In this se
tion, we give a table 
omparing 3 main types of DR-planners, withrespe
t to the input-output requirements of Se
tion 2 and expand on the latestof the 3 DR-planners, [HLS01b, HLS99, LS04, OSMA01, SAZK04, SZ04b,Sit04b, Sit04a, SZ04a, SPZ04℄ the Frontier vertex Algorithm (FA) whi
h whi
hwas designed spe
i�
ally to ex
el simultaneously in these strongly 
ompeting re-quirements.3.1. Two early DR-planners. We 
on
entrate on two primary types of earlyalgorithms for 
onstru
ting DR-plans using 
onstraint graphs and geometri
 degreesof freedom.Note. We leave out 
onstraint solving methods su
h as [CH88, Hav91, Hsu96℄not only be
ause they do not �t the graph based DR-planner des
ription but alsosin
e they are nondeterministi
 and rely on symboli
 
omputation, or they arerandomized or generally exponential and based on exhaustive sear
h.The �rst type of algorithms, whi
h we 
all SR for 
onstraint Shape Re
ognition(e.g.[FH96b, Owe91, Owe93, BFH+95℄, [HV94, HV95, FH96b, FH97℄),
on
entrates on re
ognizing spe
i�
 well
onstrained subgraphs of known shape,most 
ommonly, patterns su
h as triangles. Su
h graphs are 
alled triangle de
om-posable. The se
ond type, whi
h we 
all MM for generalized Maximum Mat
hing(e.g. [AJM93, Pab93, LM96, Kra92℄, [TW85, Hen92℄) is based on �rst iso-lating 
ertain well
onstrained subgraphs by transforming the 
onstraint graph intoa bipartite graph and �nding a maximum generalized mat
hing, followed by a 
on-ne
tivity analysis to obtain the DR-plan. This is related to rigidity matroid basedmethods (generally only for 2D 
onstraint systems with points and distan
es) asdis
ussed brie
y in 1, see [GSS93℄. measures de�ned in the previous se
tion.Informally, one inherent drawba
k of the SR algorithms is their inability toperform a generalized degree of freedom analysis. For example, SR would re-quire an in�nite repertoire of patterns (
ommon ones are listed in [HV94, HV95℄,[FH96a℄). Similarly, a de
omposition of under
onstrained 
onstraint graphs intowell
onstrained 
omponents is possible for SR algorithms but only subje
t to thepattern limitations. In many 
ases, MM algorithms do not satisfy 
luster mini-mality, i.e., will output DR-plans with larger, nonminimal subgraphs Si that may
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ontain smaller well
onstrained subgraphs. This a�e
ts the best-
hoi
e approxi-mation fa
tors adversely. Most signi�
antly, neither is able to in
orporate inputpartial de
ompositions, deal with algebrai
ally over
onstrained subgraphs that of-ten arise in 3D (or in 2D in the presen
e of angle 
onstraints), or give a 
ompletede
omposition of under
onstrained graphs into maximal 
lusters.Below is a formal performan
e table of SR, MM and the FA (Frontier vertex)algorithms { 
hoosing a representative algorithm (typi
ally the best performer) inea
h 
lass { using the performan
e measures given above. The FA DR-planner issket
hed later.3.2. Comparing performan
e.Performan
e measure SR MM FAGenerality No Yesy YesUnder
onstrained de
omposition No(Yes�) No YesIn
orporate Design de
omposition No(Yes�;Æ) No YesCluster minimality No(No�) No YesBest-
hoi
e approximation fa
tor 0 (O( 1n )�) O( 1pn ) O( 12 )Complexity(all have O(n) width) O(s2)� O(nD+1s) O(n3s)Note. The variable s in the 
omplexity expressions denotes the number of verti
es,n, plus the number of edges, m, of the 
onstraint graph. Re
all that the 
onstant Drefers to the number of degrees of freedom of a rigid obje
t in the input geometry.} The supers
ript `*' refers to narrow 
lasses of DR-plans: those that require the
lusters to be based on triangles or a �xed repertoire of patterns. The supers
ript`y' refers to general 2D systems, but not 3D. The supers
ript `Æ' refers to a strongrestri
tion on the design de
ompositions that 
an be in
orporated into DR-plansby SR.3.3. The Frontier Vertex DR-plan (FA DR-plan). Intuitively, an FADR-plan is built by following two steps repeatedly:1. Isolate a 
luster C in the 
urrent graph Gi (whi
h is also 
alled the 
lustergraph or 
ow graph for reasons that will be 
lear below). Che
k and ensurea 
omplete, maximal, dof rigid de
omposition of C.2. Simplify C into T (C), transforming Gi into the next 
luster graph Gi+1 =T (Gi) (the re
ombination step).3.3.1. Isolating Clusters. The isolation algorithm, �rst given in[HLS97a, HLS98a℄ is a modi�ed in
remental network maximum 
ow algorithm.The key routine is the distribution of an edge in the 
onstraint graph G. For ea
hedge, we try to distribute the weight w(e) +D + 1 to one or both of its endpointsas 
ow without ex
eeding their weights, referred to as \distributing the edge e."This is best illustrated on a 
orresponding bipartite graph G�: verti
es in one ofits parts represent edges in G and verti
es in the se
ond part represent verti
es inG; edges in G� represent in
iden
e in G. As illustrated by Figure 12, we may needto redistribute (�nd an augmenting path).If we are able to distribute all edges, then the graph is not dense. If no densesubgraph exists, then the 
ow based algorithm will terminate in O(n(m+n)) stepsand announ
e this fa
t. If there is a dense subgraph, then there is an edge whoseweight plus D + 1 
annot be distributed (edges are distributed in some order, forexample by 
onsidering verti
es in some order and distributing all edges 
onne
ting
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40Figure 12. From Left. Constraint graph G with edge weightdistribution. D is assumed to be 0 (system �xed in 
oordinatesystem); A 
orresponding 
ow in bipartite G�. Another possible
ow. Initial 
ow assignment that requires redistributiona new vertex to all the verti
es 
onsidered so far). It 
an be shown that the sear
hfor the augmenting path while distributing this edge marks the required densegraph. It 
an also be shown that if the found subgraph is not over
onstrained, thenit is in fa
t minimal. If it is over
onstrained, [HLS97a, HLS98a℄ give an eÆ
ientalgorithm to �nd a minimal (non-trivial, if one exists) dof 
luster inside it. Then[LS04℄ gives a method to ensure a 
omplete, maximal, dof rigid de
omposition ofC. The found 
luster then needs to be 
he
ked for possible dof mis
lassi�
ationdue to the presen
e of 
onstraint dependen
es and rotational symmetry as des
ribedin Se
tion 1 and [SZ04b℄. An intuitive and simpli�ed version of these 
he
ks aredes
ribed in Se
tion4.3.3.2. Cluster Simpli�
ation. This simpli�
ation was given in [HLS01b, HLS99℄.The found 
luster C intera
ts with the rest of the 
onstraint graph through its fron-tier verti
es; i.e., the verti
es of the 
luster that are adja
ent to verti
es not in the
luster. The verti
es of C that are not frontier, 
alled the internal verti
es, are
ontra
ted into a single 
ore vertex. This 
ore is 
onne
ted to ea
h frontier vertexv of the simpli�ed 
luster T (C) by an edge whose weight is the the sum of theweights of the original edges 
onne
ting internal verti
es to v. Here, the weightsof the frontier verti
es and of the edges 
onne
ting them remain un
hanged. Theweight of the 
ore vertex is 
hosen so that the density of the simpli�ed 
luster is�D, where D is the geometry-dependent 
onstant. This is important for provingmany properties of the FA DR-plan: even if C is over
onstrained, T (C)'s overallweight is that of a well
onstrained graph, (unless C is rotationally symmetri
 andtrivial, in whi
h 
ase, it retains its dof or weight). Te
hni
ally, T (C) may not bewell
onstrained in the pre
ise sense: it may 
ontain an over
onstrained subgraph
onsisting only of frontier verti
es and edges, but its overall dof 
ount is that of awell
onstrained graph.Figure 13 illustrates this iterative simpli�
ation pro
ess ending in the �nalDR-plan of Figure 11.The graph transformation performed by FA is des
ribed formally in [HLS01b,HLS99℄ using simpli�er maps that provide the vo
abulary for proving 
ertain prop-erties of FA that follow dire
tly from this simpli�
ation me
hanism. However, otherproperties of FA require details of the a
tual DR-planner that ensures them. TheFA algorithm was developed in stages; it and the data stru
tures for its implemen-tation 
an be found in [Sit04b, OSMA01, LS04, Sit04a, SZ04a, SZ04b℄. The
hallenge met by FA is that it provably meets the several 
ompeting requirements
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ation of graph givin DR-planin Figure 11; 
lusters are simpli�ed in their numbered order: C4 issimpli�ed before C7 et
.of the table above. Some of these requirements are dis
ussed in the next se
tion.Others, su
h as in
orporating an input feature hierar
hy [SZ04a℄, are omitted.3.4. The Frontier Vertex DR-planner (FA DR-planner). Note: a de-tailed pseudo
ode of the FA DR-planner (the existing version, as well as in
orporat-ing the module-rigidty algorithm of this paper) 
an be found in [Sit04b℄, [Sit04a℄.The pseudo
ode has been implemented as part of the downloadable, opensour
eFRONTIER geometri
 
onstraint solver [OSMA01℄, [Sit04b℄, [Sit04a℄, [Sit04
℄.The basi
 FA algorithm is based on an extension of the distribute routine for edges(explained above) to verti
es and 
lusters in order for the isolation algorithm towork at an arbitrary stage of the planning pro
ess, i.e, in the 
luster or 
ow graphGi. First, we brie
y des
ribe this basi
 algorithm. Next, we sket
h the parts of thealgorithm that ensure 3 
ru
ial, inter-related properties of the output DR-plan:(a) ensuring 
luster minimality - this is needed to ensure true 
lusters even justa

ording to the dof-based de�nition of Se
tion 1;(b) for under
onstrained graphs: outputing a 
omplete set of maximal 
lusters assour
es of the DR-plan;(
) 
ontrolling width of the DR-plan to ensure a polynomial time algorithm.Three datastru
tures are maintained. The 
urrent 
ow or 
luster graph, Gi the
urrent DR-plan (this information is stored entirely in the hierar
hi
al stru
ture of
lusters at the top level of the DR-plan), and a 
luster queue, whi
h is the top-level
lusters of the DR-plan that have not been distributed so far, in the order thatthey were found (see below for an explanation of how 
lusters are distributed). Westart with the original graph (whi
h serves as the 
luster or 
ow graph initially,where the 
lusters are singleton verti
es). The DR-plan 
onsists of the leaf or sinknodes whi
h are all the verti
es. The 
luster queue 
onsists of all the verti
es in anarbitrary order.



18 MEERA SITHARAMThe method DistributeVertex distributes all edges (
alls DistributeEdge) 
on-ne
ting the 
urrent vertex to all the verti
es 
onsidered so far. When one of theedges 
annot be distributed and a minimal dense 
luster C is dis
overed, its sim-pli�
ation T (C) (des
ribed above) transforms the 
ow graph. The 
ows on theinternal edges and the 
ore vertex are inherited from the old 
ows on the internaledges and internal verti
es. Noti
e that undistributed weights on the internal edgessimply disappear. The undistributed weights on the frontier edges are distributed(within the 
luster) as well as possible. However, undistributed weights on the fron-tier edges (edges between frontier verti
es) may still remain if the frontier portionof the 
luster is severely over
onstrained. These have to be dealt with 
arefully.(See dis
ussion on dealing with the problems 
aused by over
onstraints in Se
tion7.) The new 
luster is introdu
ed into the DR-plan and the 
luster queue.Now we des
ribe the method DistributeCluster Assume all the verti
es in the
luster queue have been distributed (either they were in
luded in a higher level
luster in the DR-plan, or they failed to 
ause the formation of a 
luster and
ontinue to be a top level node of the DR-plan, but have disappeared from the
luster queue). Assume further that the DR-plan is not 
omplete, i.e., its top level
lusters are not maximal. The next level of 
lusters are found by distributing the
lusters 
urently in the 
luster queue. This is done by �lling up the \holes" or theavailable degrees of freedom of a 
luster C being distributed byD units of 
ow. ThePushOutSide method su

essively 
onsiders ea
h edge in
ident on the 
luster with1 endpoint outside the 
luster. It distributes any undistributed weight on theseedges + 1 extra weight unit on ea
h of these edges. It 
an be shown that if C is
ontained inside a larger 
luster, then atleast one su
h 
luster will be found by thismethod on
e all the 
lusters 
urrently in the 
luster queue have been distributed.The new 
luster found is simpli�ed to give a new 
ow graph, and gets added in the
luster queue, and the DR-plan as des
ribed above.Eventually, when the 
luster queue is empty, i.e, all found 
lusters have beendistributed, the DR-plan's top level 
lusters are guaranteed to be the 
omplete setof maximal dof rigid subgraphs of the input 
onstraint graph. See [LS04℄ for formalproofs.Note: Throughout, in the interest of formal 
larity, we leave out ad ho
, buthighly e�e
tive heuristi
s that �nd simple 
lusters by avoiding full-
edged 
ow.One su
h example is 
alled \sequential extensions" whi
h automati
ally 
reatesa larger 
luster 
ontaining a 
luster C and a vertex v provided there are atleastD edges between C and v. These 
an easily be in
orporated into the 
ow basedalgorithm, provided 
ertain basi
 invariants about distributed edges is maintained(see below).This 
ompletes the des
ription of the ba
kbone of the basi
 FA DR-planner.Next we 
onsider some details ensuring the properties (a) { (
) above.3.4.1. Ensuring Cluster Minimality. First we intuitively explain why 
lusterminimality is a 
ru
ial property. In Figure 14, after C1 and C2 are found, when C1is distributed, C1 and C2 would be pi
ked up as a 
luster, although they do notform a 
luster. The problem is that the over
onstrained subgraph W interse
ts C1on a trivial 
luster, and W itself has not been found. Had W been found beforeC1 was distributed, W would have been simpli�ed into a well
onstrained subgraphand this mis
lassi�
ation would not have o

urred.
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lusters that must be present in any subset of the 
hildren of Cthat form a 
luster. In this 
ase, E itself forms a 
luster. C 0 is a
luster made up of a proper subset of at least 2 of C's 
hildrenIt has been shown in [LS04℄ that this type of mis
lassi�
ation 
an be avoided(W 
an be for
ed to be found after C2 is found), by maintaining three invariants.The �rst two are des
ribed here. The third is highly related to property (b) and isdes
ribed in the next subse
tion.The �rst is the following invariant: always distribute all undistributed edges
onne
ting a new found 
luster C (or the last distributed vertex that 
aused C to befound), to all the verti
es distributed so far that are outside the 
luster C. Undis-tributed weight on edges inside C are less 
ru
ial: if they be
ome internal edges ofthe 
luster, then this undistributed weight \disappears" when C is simpli�ed intoa well
onstrained 
luster; there is also a simple method of treating undistributedweight on frontier edges so that they also do not 
ause problems - the method andproof 
an be found in [LS04℄).The se
ond invariant that is useful for ensuring 
luster minimality is that forany 
luster in the DR-plan, no proper subset of atleast 2 of its 
hild 
lusters forms a
luster. FA ensures this using a generalization of the methodMinimal of [HLS97a,HLS98a℄ whi
h �nds a minimal dense subgraph inside a dense subgraph lo
atedby DistributeVertex and DistributeEdge.See Figure 15. On
e a 
luster C is lo
ated and has 
hildren C1; : : : ; Ck, fork � 2, a re
ursive method 
lusMin removes one 
luster Ci at a time (repla
ingearlier removals) from C and redoes the 
ow inside the 
ow graph restri
ted toC, before C's simpli�
ation. If a proper subset of atleast 2 Cj 's forms a 
lusterC 0, then the 
lusMin algorithm is repeated inside C 0 and thereafter in C again,
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ing the set of 
hild 
lusters of C that are inside C 0 by a single 
hild 
lusterC 0. If instead no su
h 
luster is found, then the removed 
luster Ci the essential.I.e., it belongs to every subset of C's 
hildren that forms a 
luster. When the setof 
lusters itself forms a 
luster E (using a dof 
ount), then 
lusMin is 
alled on Cagain with a new 
hild 
luster E repla
ing all of C's 
hildren inside E.3.4.2. (b) Finding a 
omplete set of maximal 
lusters in under
onstrained graphs.While the DR-planner des
ribed so far guarantees that at termination, top level
lusters of the DR-plan are maximal. It also guarantees that the original graph isdof under
onstrained only if there is more than one top level 
luster in the DR-plan.However, in order to guarantee that all the maximal 
lusters of an under
onstrainedgraph appear as top level 
lusters of the DR-plan, we use the observation that anypair of su
h 
lusters interse
t on a subgraph that redu
es (on
e in
iden
e 
onstraintsare resolved) into a trivial subgraph (a single point in 2D or a single edge in 3D).This bounds the total number of su
h 
lusters and gives a simple method for �ndingall of them. On
e the DR-planner terminates with a set of maximal 
lusters, othermaximal 
lusters are found by simply performing a Pushoutside of 2 units on everyvertex (in 2D) or every vertex and edge (in 3D), and 
ontinuing with the originalDR-planning pro
ess until it terminates with a larger set of maximal 
lusters. Thisis performed for ea
h vertex in 2D and ea
h edge in 3D whi
h guarantees that allmaximal 
lusters will be found. See [LS04℄ for proofs.
d

c

 b

a

e

C5

C3

C4

C2C1

b d g hec ifa

i

h

gf

Figure 16. Prevent a

umulation of 
lusters3.4.3. (
) Controlling width of the DR-plan. FA a
hieves a linear bound onDR-plan width by maintaining the following invariant of the 
luster or 
ow graph:every pair of 
lusters in the 
ow graph (top level of the DR-plan) at any stageinterse
t on at most a trivial subgraph. FA does this by repeatedly performing 2operations ea
h time a new potential 
luster is isolated.The �rst is an enlargement of the found 
luster. In general, a new found 
lusterN is enlarged by any 
luster D1 
urrently in the 
ow graph, if their nonemptyinterse
tion is not a rotationally symmetri
 or trivial subgraph. In this 
ase, Nneither enters the 
luster graph nor the DR-Plan. Only N [ D1 enters the DR-plan, as a parent of both D1 and the other 
hildren of N . It is easy to see that thesizes of the subsystems 
orresponding to both N [D1 and N are the same, sin
eD1 would already be solved.For the example in Figure 16, when the DR-plan �nds the 
luster C2 after C1,the DR-planner will �nd that C1 
an be enlarged by C2 The DR-planner forms anew 
luster C4 based on C1 and C2 and puts C4 into the 
luster queue, instead ofputting C2 to 
luster queue.The se
ond operation is to iteratively 
ombineN[D1 with any 
lustersD2; D3; : : :based on a nonempty overlap that is not rotationally symmetri
 or trivial. In this



GEOMETRIC CONSTRAINT SOLVING 21
ase, N [ D1 [ D2, N [ D1 [ D2 [ D3 et
. enter the DR-plan as a stair
ase, or
hain, but only the single 
luster N [D1 [D2 [D3 [ : : : :: enters the 
luster graphafter removing D1, D2, D3 : : : .Of
ourse, both of these pro
esses are distin
t from the original 
ow distributionpro
ess that lo
ates 
lusters.4. Corre
ting the 3D dof mis
lassi�
ationsAs pointed out in Se
tion 1 (see also Se
tion 9), it is not known despite sev-eral 
onje
tures and heuristi
s in the 
ombinatorial rigidity literature [GSS93℄,whether a tra
table, purely 
ombinatorial analysis exists to 
orre
tly 
lassify a 3D
onstraint system (or 2D 
onstraint graph with other 
onstraints besides distan
e
onstraints) as generi
ally rigid. The few 
onstraint solvers that deal with 3D sys-tems for example the proprietary, 
ommer
ial D-
ubed solver [Owe℄, whi
h handles
ertain 3D 
onstraint systems su
h as the \pipe routing problem" and FRONTIER[OSMA01, Sit04b, Sit04a, LS04, SZ04b℄, whi
h deals with fairly general 3Dsystems, must grapple with this problem in some systemati
 fashion.In this se
tion, we dis
uss an intuitive simpli�
ation of a method used by theFRONTIER 
onstraint solver [SZ04b℄ that uses a 
on
ept 
alled module-rigidityto re
tify dof mis
lassi�
ation of a large 
lass of 3D 
onstraint graphs. Rotationallysymmetri
, trivial subgraphs and 
lusters underlie these mis
lassi�
ations. Belowwe dis
uss both their dire
t and indire
t involvement in su
h mis
lassi�
ations andhow to re
tify them - the latter is espe
ially nontrivial (see Figures in Se
tion 1
on
erning the \bananas" problem) and both are 
ompli
ated by the presen
e ofin
iden
e 
onstraints.Methods for handling other 
ommon mis
lassi�
ations dis
ussed in 1 
aused by2D angle 
onstraints are dis
ussed only brie
y in Se
tion 8, under the 
ontext ofonline solving.4.1. Rotationally symmetri
, trivial subgraphs. Some 
ommon 3D ex-amples of rotationally symmetri
, trivial subgraphs are: a single point in 3D or2D (does not 
ause any mis
lassi�
ations); 2 points in 3D in
ident on a line; 2points in 3D and a distan
e 
onstraint between them, along with other in
identpoints, line segments and lines, redu
ing to a trivial �xed-length line segment 
lus-ter. Here are some examples of dof analysis problems dire
tly involving the lattertwo types of subgraphs and how they are re
ti�ed by the FRONTIER 
onstraintsolver's FA-based DR-planner [Sit04b, Sit04a, SZ04b℄.4.1.1. Dete
ting rotational symmetri
 and under
onstrained trivial subgraphs.For the 3D example in Figure 17, the points a and b are in
ident to the line l. Thewhole obje
t has 6 degrees of freedom. It would be deemed a 
luster in the usualdof analysis. However, it is under
onstrained and should not be pi
ked up as a
luster. Intuitively, the obje
t loses one degree of freedom be
ause of its rotationalsymmetry - a geometri
 property, whi
h 
ompensates for its under
onstrainedness,thereby \fooling" the simple dof 
ount into 
lassifying it as well
onstrained.To solve this problem, in 3D, after a new subgraph is found to be a 
luster bydof analysis by the DR-planner, it 
he
ks whether it is a trivial, rotationally sym-metri
 subgraph. Dete
ting this involves organizing potentially numerous in
iden
e
onstraints: these are divided into 3 groups, those obje
ts that are in
ident on theleft endpoint, the right endpoint and on both. On
e the rotational symmetry is de-te
ted, if this subgraph has 6 degrees of freedom, then it is not a 
luster and should
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Figure 17. Rotationally symmetri
 obje
t: dete
ting by organiz-ing in
iden
es (left); spe
ial 
ase of FA simpli�
ation (right); ddenotes distan
e and i in
iden
e 
onstraintbe dis
arded. If it has 5 or fewer degrees of freedom (redu
ing to a �xed-length linesegment in 3D), it is kept as a 
luster and marked as rotationally symmetri
, as a
ru
ial help during navigation of its solution spa
e by as dis
ussed in Se
tion 5.4.1.2. Enlarging and 
ombining 
lusters based on nontrivial overlap. One of theimportant features of any general, tra
table DR-planner that avoids a 
ombinatorialexplosion is that it restri
t the width or number of 
lusters in the DR-plan. Forthis purpose, we now show that the 
he
k for rotational symmetry - by organizingin
iden
es - given in subse
tion 4.1.1 is 
ru
ial.As des
ribed in Se
tion 3, FA a
hieves a linear bound on DR-plan width bymaintaining the following invariant of the 
luster or 
ow graph: every pair of 
lus-ters in the 
luster graph at any stage interse
t or overlap on at most a rotationallysymmetri
 or trivial subgraph. This is done by enlarging and 
ombining 
lustersbased on nontrivial overlap.For the example in Figure 18, the overlapped part ofD1 = C1 andN = C2 has aDR-plan whi
h has 2 sour
e 
lusters, ab and 
d. On
e the in
iden
es are organized,the overlap is seen to be a trivial rotationally symmetri
 subgraph (albeit not a
luster) and hen
e N would not be enlarged by D1.In one spe
ial 
ase, 
lusters should be enlarged even when their overlap is atrivial rotationally symmetri
 
luster. For example, as in Figure 18, either N or D1is a rotationally symmetri
 
luster and they overlap on a rotationally symmetri

luster, then N 
an in fa
t be enlarged by D1 (even without any other 
onstraintbetween them). Here, N = C2 is a rotationally symmetri
 
luster and 
an beenlarged by D1 = C1.4.1.3. Rotational symmetry and over
onstraints. For the 3D example in Fig-ure 17 (right) the line segment C1, with 5 degrees of freedom, is an over
onstrained
luster based on dof. To retain many of their properties, FA and other DR-plannerswould have to simplify su
h 
lusters (see Se
tion 3) into a well
onstrained 
lusterwith 6 dof's. In this 
ase, however, su
h a simpli�
ation would 
ause FA or any
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lusters: organizing in
iden
es to (left) de-te
t rotationally symmetri
 subgraphs in overlap and (right) dete
ta rotationally symmetri
 parti
ipating 
lusterstandard dof analysis to fail to �nd this simple triangle as a 
luster! Sin
e lineseg-ments and triangles are basi
 building blo
ks of 
onstraint systems, this problemneeds to be 
orre
ted.To solve this problem. when the DR-planner dete
ts a rotationally symmetri

luster with 5 degrees of freedom, it not only marks it as rotationally symmetri
,but simpli�es it into 
luster that maintains its 5 degrees of freedom. Intuitively, weview the loss of 1 dof due to rotational symmetry as yet another type of over
on-straint a geometri
 over
onstraint (distin
t from the 
ombinatorial and 
onstraintdependen
es dis
ussed in Se
tion 5). These 
lusters behave in many ways likewell
onstrained even though they possess 1 less degree of freedom.4.2. The \Bananas" Problem. We now dis
uss a 
lassi
 
ase where dofanalysis fails to 
orre
tly 
lassify a large 
lass of 
onstraint graphs due to the 
on-straint dependen
e 
aused by the indire
t involvement of rotationally symmetri
,trivial 
lusters or subgraphs. Some example �gures illustrating this were given inSe
tion 1. These errors must be 
he
ked for as soon as a potential 
luster is iso-lated by 
ow during the FA DR-planning pro
ess. We brie
y des
ribe an intuitivesimpli�
ation of how the FRONTIER 
onstraint solver ([Sit04b, SZ04b℄) handlesthese errors, thereby 
orre
tly 
lassifying a large 
lass of graphs for whi
h a puredof analysis is inadequate. As mentioned in Se
tion 1, 
omplete pro
ess involvesensuring an augmented notion of rigidity 
alled module-rigidity and 
an be foundin [SZ04b℄.4.2.1. Problem Des
ription. For the 3D example in Figure 5, if the DR-planneroperates purely by dof analysis, it will lo
ate this graph as a 
luster. In fa
t, thegraph is generi
ally over
onstrained sin
e the distan
e between the 2 overlap pointsin the 
enter is determined independently both by the left and right 
lusters. Thegraph (right) however is 
ombinatorially under
onstrained: If these distan
es were
onsistent (equal), then the graph would be under
onstrained. It has a dof of 6(appears to be well
onstrained) be
ause its under
onstrainedness is 
ompensatedby its over
onstrainedness.The example in Figures 7, 6 is very similar to the above example, ex
ept thatit has a distan
e 
onstraint between the two overlap points. In this 
ase, the
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lusters are 
ombinatorially over
onstrained and will be simpli�edinto well-
onstrained 
lusters. The 
ombined 
luster will not be pi
ked up by dofanalysis unless there is one more 
onstraint between the two 
lusters, say a distan
e
onstraint as in Figures 7, 6 (left). In both of these 
ases, the dof 
lassi�
ation isin fa
t 
orre
t.In fa
t, as pointed out in Se
tion 1, the 
onstraint system has 
onstraint de-penden
es, if the 
ommon overlap O of any subset of its well
onstrained 
lustersis under
onstrained; the undetermined edges in the overlap are independently de-termined by ea
h of the 
lusters, whi
h is the sour
e of the over
onstraint - i.e,many equations with dependent or even identi
al left hand sides, but generi
allyindependent right hand sides. The above \bananas" is a spe
ial 
ase of this, wherethe overlap is a rotationally symmetri
 trivial subgraph that is not a 
luster. Thistype of 
onstraint dependen
e 
auses the dof analysis to be ina

urate only in thisspe
i�
 \bananas" 
ase. See Claim 1 below.Di�erent responses are possible when an 
onstraint dependen
e is dete
ted.(a) The user 
ould be asked to 
orre
t the o�ending under
onstrained overlap Oby adding expli
it 
onstraints to the overlap. This would now 
ause expli
it 
om-binatorial over
onstraints, whi
h 
an be dete
ted and 
orre
ted (see Se
tion 7,[HSY04℄). This 
ould also 
ause new subgraphs to be
ome self-
ontained 
lusters,where previously they would have been dire
tly made part of larger 
lusters.(b) We assume that the sour
e of 
onstraint dependen
e is intentional and knownto the user who has otherwise ensured that the over
onstraint is 
onsistent (theright hand sides have the same dependen
e as the left hand sides of the 
orre-sponding equations). In this 
ase, the user, after being informed of an 
onstraintdependen
e, may 
hoose not to 
orre
t it. I.e, it is desirable that all 
onstraint de-penden
es (atleast those within 
lusters lo
ated by the 
ow algorithm or other dofanalysis) be dete
ted, sin
e they 
ould 
ause it is suÆ
ient to treat only those 
asesof 
onstraint dependen
e that a
tually 
ause a mis
lassi�
ation by a dof analysis.4.2.2. A re
ursive solution. When a new 
luster C is found in 3D, we des
ribehow it is 
he
ked for dof mis
lassi�
ation and how it is treated {in the 
ase when it
onsists of exa
tly 2 
hild 
lusters whi
h have been 
orre
tly 
lassi�ed. Addressingthis 
ase is suÆ
ient be
ause of the following 2 
laims.Claim 1: Let C be a 
luster in 3D dete
ted by 
ow or dof analysis. Assume C
onsists of 
hild 
lusters that have all been 
orre
tly 
lassi�ed as 
lusters (i.e., theyhave passed the dof mis
lassi�
ation 
he
k being des
ribed here). Furthermore,assume that C satis�es the 
luster minimality property des
ribed in Se
tion 3. I.e,for every 
luster in the DR-plan, no proper subset of its 
hild 
lusters form a 
luster.Finally, assume that C has been mis
lassi�ed due to an 
onstraint dependen
e
aused by more than one 
luster independently �xing a single distan
e between apair of points not 
onne
ted by an expli
it distan
e 
onstraint. Then C must have
onsisted exa
tly of a pair of 
hild 
lusters forming the \bananas" stru
ture, i.e.,whose overlap is a trivial (rotationally symmetri
) 
luster having 6 dofs.To prove the 
laim, �rst 
onsider the 
ase where C 
onsists of a pair of 
hild
lusters { in this 
ase, while their overlap 
ould be an under
onstrained graph witharbitrarily many 
lusters, it is not hard to see that a dof mis
lassi�
ation takespla
e exa
tly when the pair forms the \bananas stru
ture."Next, 
onsider the 
ase where 
luster-minimal C 
onsists of 3 or more 
lusters.Also assume some subset of its 
hild 
lusters have a 
ommon overlap that is an
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onstrained system 
ausing the sour
e of an 
onstraint dependen
e of thetype des
ribed above. It is not hard to see that a dof mis
lassi�
ation would resultexa
tly when some pair of 
lusters form the \bananas" stru
ture. But that wouldimply that pair would have been pi
ked up as 
luster (a

ording to dof analysis)
ontradi
ting the 
luster-minimality of C.In fa
t, the proof of the 
laim is further simpli�ed in the 
ase of the FA DR-planner: due to the enlarging and 
ombining operations it uses to 
ontrol width ofthe DR-plan, (see Se
tion 3) - if the parent 
luster C has more than 2 
hild 
lusters, then for every pair of them, their overlap is guaranteed to be equivalent (viain
iden
e 
onstraints) to a trivial subgraph.Claim 2: The FA DR-plan has the 
luster minimality property. I.e, for every 
lusterin the DR-plan, no proper subset of its 
hild 
lusters form a 
luster.Claim 2 is proven true (by [LS04℄ and Se
tion 3) only for the FA DR-plan built by apurely 
ow based dof analysis. In parti
ular, that FA DR-planner �rst �nds (by dof
ow analysis) a potentially nonminimal 
luster S 
onsisting of 
lusters D1; : : : ; Dkand then runs a minimality-ensuring algorithm (that re
ursively performs a 
owbased dof analysis again) and 
onstru
ts a sub-DR-plan of S, i.e., rooted at S,whose leaves are D1; : : : ; Dk (see [LS04℄, Se
tion 3). However, the FA DR-plannerbased on purely dof 
ow analysis may mis
lassify the minimal \
lusters," thus foundand thereby the entire sub-DR-plan may 
ontain mis
lassi�ed 
lusters, in
ludingthe original nonminimal \
luster" S.Thus, given Claim 1, the most eÆ
ient way to modify the FA DR-planner to avoidmis
lassi�
ations due to this type of 
onstraint dependen
e, is to perform the base
ase of the \bananas" 
orre
tion (des
ribed below) during the minimality-ensuringportion of the FA algorithm. I.e., the base 
ase is performed during the 
onstru
tionof the sub-DR-plan for S, assuming that the 
lusters D1; : : :Dk have already been
he
ked and 
orre
ted. I.e, it is performed ea
h time a 
luster C 
onsisting of apair of (already 
he
ked and 
orre
ted) 
hild 
lusters C1 and C2 is lo
ated duringand is being 
onsidered as an element in the sub-DR-plan for the 
luster S. On
ethe \bananas" 
orre
tion des
ribed below is 
ompleted: in the �rst 2 
ases below,C is inserted into the sub-DR-plan for S and in the last 
ase, C is not inserted.And the minimality-ensuring method 
ontinues.At the end of the pro
ess, a sub-DR-plan for it is found, with 
luster-minimal
lusters 
orre
ted for dof mis
lassi�
ation, and either S is found to be a true 
luster,in whi
h 
ase the sub-DR-plan has a single root or sink, namely S itself, or S is nota 
luster, in whi
h 
ase the sub-DR-plan's roots or sinks 
orrespond to the 
ompleteset of maximal 
lusters within S.4.2.3. The base 
ase of bananas 
orre
tion. When a 
luster is found 
onsistingof 2 
hild 
lusters C1 and C2, during the the minimality-ensuring method, �rst
he
k whether the entire overlap between C1 and C2 redu
es to a rotationallysymmetri
 subgraph with 5 or 6 dofs. (after in
iden
es are organized as des
ribedin the previous subse
tions). If it is not a rotationally symmetri
 subgraph, weput C = C3 in the DR-plan (after 
he
king for potential enlargement des
ribed inprevious se
tions, and 
he
king for and announ
ing any 
onstraint dependen
es,i.e, if the overlap is not well
onstrained).If the overlap is a rotationally symmetri
 
luster, i.e., it redu
es either to asingle point (after resolving in
iden
es) or there is a distan
e 
onstraint in the
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it 
onstraints as in Figure 6, 7, then C3 is retained asa normal well
onstrained 
luster.If the overlap is a rotationally symmetri
 subgraph whi
h is not a 
luster, andthere are other 
onstraints between C1 and C2, retain C3, but mark it as a 
luster
ontaining a 
onstraint dependen
e (and announ
e it); it is then simpli�ed into a
luster with 6 dofs, retained but marked to be \handled with 
are" during solvingand navigation (Se
tion 5).If there are no other 
onstraints between C1 and C2, then the 
onstraint de-penden
e must be announ
ed. there is a dof mis
lassi�
ation and in fa
t, the found
luster C = C3 should be thrown away. However we need to prevent it from being\found" again, and moreover, we need to prevent it from 
ausing a dof mis
lassi-�
ation of a larger 
luster that in
ludes both C1 and C2, and is found at a laterstage.To do so, we remove the 
onstraint dependen
e by adding an edge - represent-ing a \virtual" distan
e 
onstraint - to the overlap. The following 
orre
tions needto be done:a) all the existing 
lusters that 
ontain this edge must be resimpli�ed so that they
ontinue to have a dof of 6. b) the edge must be appropriately 
agged as \belong-ing" to C1 or C2 (its distan
e value was �xed by C1 or C2), so that a 
luster D
ontaining this edge that will be found in the future by the DR-planner (and passesthe \bananas" 
he
k), have to be handled as follows: (i) if D remains a 
luster onremoval of this edge, then the sour
e of a potential 
onstraint dependen
e has beendete
ted { this need not be announ
ed until the point when it 
auses an under
on-strained overlap between D and a partner 
luster whi
h is pi
ked up as a future
luster. (ii) if D requires the edge to be pi
ked up as a 
luster by dof analysis, thenD should inherit the 
ag of the edge so that during the solving phase D is solvedonly after atleast one of the original 
lusters C1 or C2 is solved (and thereby thedistan
e asso
iated with the edge has been �xed).
) both the 
lusters C1 and C2 in the pair are distributed again (see des
ription of
ow method in Se
tion 3)Note. It is important to noti
e that the above method utilizes the se
ond partialordering or the solving priority order of the 
lusters of the DR-plan given in Se
tion1. Re
all that this ordering is 
onsistent with the DR-plan's inherent partial order.More signi�
antly, it uses the modi�ed de�nition of DR-DAG given in Se
tion1, where not every node of the DR-plan represents an independent 
luster in theoriginal graph or 
onstraint system. A node represents a generi
ally well
onstrainedsystem in the transformed system or transformed graph after all the 
lusters beforeit in the solving order have been solved or simpli�ed.Figure 19 shows examples of the bananas situation that are 
orre
tly 
lassi�ed bythe method des
ribed above.In Figure 19 Top Left: the graph is a 
luster a

ording to dof analysis, but notreally rigid, as dete
ted by the bananas 
orre
tion and as seen by the de
omposi-tion shown. Top Right: rigid, but no pair of self-
ontained 
lusters shown forms atruly rigid subgraph, as dete
ted by the bananas 
orre
tion although they do form
lusters a

ording to dof analysis. Bottom: not rigid as dete
ted by the bananas
orre
tion, but a 
luster a

ording to dof analysis; 
omplete maximal module de-
omposition and solving priority orders found by the bananas 
orre
tion: the pairC1; C2 forms a rigid C5 but that C5 
an be solved only after C3 is solved; I.e.,
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orre
tion works. See textfor explanation.before the virtual edge (
; d) is added, C1 and C2 would not be pi
ked up togetheras a 
luster 
andidate. Similarly, it will also determine that C5; C3 form a rigid C6,but only a

ording to solving priority order shown. Bottom Right: DR-plan for left
onstraint system with 2 sour
es or roots: C6 and C4.5. Solving and Navigating the solution spa
eIn this se
tion we dis
uss 
ombinatorial approa
hes to solving and navigatingthe solution spa
e of a 
luster, during the solving phase of a 
onstraint solver's oper-ation, on
e the planning phase has already output a DR-plan. For under
onstrainedsystems the situation is more 
omplex, see Se
tion 7, and Se
tion 9.A well
onstrained system may have exponentially many solutions in the numberof geometri
 primitives. For example, even a simple ruler and 
ompass 
onstru
-tion in 2D permits 2 solutions for ea
h 
onstru
ted point (re
e
tions are 
onsidereddistin
t sin
e they 
annot be obtained by a physi
al eu
lidean transformation su
has rotation or re
e
tion) Existing approa
hes to 
ontrolling this 
ombinatorial ex-plosion fall under three broad 
ategories.
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Figure 20. Left: display of all solutions of the 
luster formed bythe 3 
ir
les in 
onstraint system of Figure 2. Middle: partiallysolved sket
h after 
hoosing one of them; Right 2 solutions of thediamond of points and distan
esOne standard approa
h [Fud95, FH96b, Owe℄ attempts to automati
ally pi
ka solution that is as 
lose as possible to the appearan
e of the input sket
h. Typ-i
ally, 
hirality (or relative orientation) of the geometri
 primitives in the sket
his used as the guide. A related approa
h uses expli
itly de�ned \navigation" 
on-straints or \de
larative solution sele
tors" provided by the user. The formal basisfor this began with [Hen92℄, and some of the more re
ent methods are surveyedin [BS03℄. The use of geneti
 algorithms for dealing with these extra 
onstraintsare given in [JALS03℄. In general, these 
onstraints 
ould in
lude 
hirality or rel-ative orientation 
onstraints, and other 
onstraints related to 
hirality (by orientedmatroid theory [BVS+93℄) su
h as interse
tion or noninterse
tion of 
onvex hullsor subsets of the points. They redu
e to spe
i�
 polynomial inequalities obtainedfrom determinants of matri
es of indeterminates. Another type of navigational
onstraint are the so-
alled relational or engineering 
onstraints [FH97℄.A se
ond approa
h gives the user an indexing [BFH+95℄, of the solution spa
eusing a De
omposition Re
ombination (DR) plan of the 
onstraint system as aguide. These DR-plans are generated by most 
onstraint solvers to eÆ
iently guidethe algebrai
-numeri
 solvers. Spe
i�
ally, they break down the large polynomialsystem that arises from the entire geometri
 
onstraint system into small subsystemsthat 
an be handled by algebrai
-numeri
 solvers. This is 
ru
ial sin
e the lattertypi
ally have exponential time 
omplexity.The methods of [BFH+95℄ provide tra
table steering for simple, 2D 
onstraintsystems that are triangle de
omposable, or have linear DR-plans, similar to rulerand 
ompass 
onstru
tible systems, that permit solving for one geometri
 primitiveat a time.In this 
ase, ea
h su
h addition provides two \bifur
ation" 
hoi
es that aretypi
ally two re
e
tions of the newly solved-for primitive. However, su
h DR-plansexist only for spe
ial 
onstraint systems and in over
onstrained 
ases they maynot in
orporate a user's 
on
eptual feature de
omposition, potentially denying theuser's prefered navigation path. This problem is explained in detail in [SZ04a℄.A thirdmixed approa
h (used by the FRONTIER 
onstraint solver [OSMA01,Sit04b, Sit04a, SAZK04℄), is a hybrid method that both uses navigation 
on-straints and o�ers two options: a visual walkthrough with ba
ktra
king or auto-mati
 sear
h for a solution. See Figures 20, 21, 22, 23, 24.
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Figure 21. Left: 
omplete solution of root 
luster of Figure 2after 
hoosing one of the solutions for ea
h of the 
hild 
lusters(the 3 
ir
les and the diamond of Figure 20). Right: new solutionof root 
luster after ba
ktra
king to repi
k a di�erent solution ofthe 3 
ir
le 
luster

Figure 22. Solution navigation for 
onstraint system in Figure 4:Two solutions for the 
hild 
luster of the root marked in the DR-plan.

Figure 23. After pi
king the solution on right in Figure 22, 2�nal solutions for root 
luster with ba
ktra
king option.
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Figure 24. After ba
ktra
king and repi
king the left solution of
hild 
luster in Figure 22, two �nal solutions for root 
luster (
om-plete system of Figure 4).Furthermore, the walkthrough is based on general DR-plans (for 2D or 3Dsystems), su
h as the FA DR-plan (output of the Frontier vertex Algorithm) ofSe
tion 3, that in
orporates a user's desired 
on
eptual feature or subassemblyde
omposition, whi
h is 
ru
ial for a user-dire
ted sear
h for the solution spa
e.The method des
ribed 
ompletely in [SAZK04℄ has the advantage that it 
anbe a stand-alone module: it takes as input the 
onstraint graph, the DR-plan (out-put of any DR-planner) and navigation 
onstraints, and outputs to the GUI (resp.stores in the DR-plan stru
ture) the realizations or solutions - of the subsystemsen
ountered during navigation. Other intera
tive input in
ludes the user's 
hoi
eof solutions to the 
lusters. The method provides fully 
exible ba
ktra
king forredoing su
h 
hoi
es starting from any 
luster. See Figure 28. In the FRONTIER
onstraint solver, this method is 
alled the Equation and Solution Manager (ESM).[OSMA01, Sit04b, Sit04a, SAZK04℄. The module in addition eÆ
iently dealswith updates or 
hanges to the 
onstraint graph and the navigation 
onstraints;these are dis
ussed in Se
tion 8.There are 4 
ru
ial parts of the ESM. The �rst is the overall 
ontrol 
ow basedon a standard re
ursive traversal of the DR-plan and an eÆ
ient datastru
turefor maintaining 
hosen realizations, whi
h maintains 
larity and 
ontrols 
omplex-ity during navigation, and provides fully 
exible ba
ktra
king or steering. See[SAZK04, OSMA01, Sit04b, Sit04a℄ for des
riptions of this part of the ESM.The se
ond part is a method for building independent algebrai
 systems 
orre-sponding to the 
lusters of the DR-plan. The third part is a purely 
ombinatorialmethod [SPZ04℄ for optimizing the algebrai
 
omplexity of these systems - thismethod interestingly uses minimum spanning trees on a graph obtained from the
luster stru
ture. The weights are determined based on a 
luster solving methodthat uses rigid body me
hani
s and quaternions. The fourth part leverages themodularity of the ESM as well as the above 
hara
teristi
s to in
orporate naviga-tion 
onstraints.Note. We restri
t our des
ription here to the se
ond and the fourth parts des
ribedabove.
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Figure 25. Left:Assigning overlap equations. Right:Dealing with
onstraint dependen
es during solving.6. Building algebrai
 systems - the stability issueThe polynomial system 
orresponding to a 
luster C typi
ally has 9 variables(entries of the rotation/translationmatrix in homogeneous 
oordinates) 
orrespond-ing to ea
h 
hild 
luster of C. Three of these variables are dependent, via equationsof the type s2 + 
2 = 1, where s and 
 represent the sine and 
osine of one of therotation angles. These 
ould be redu
ed using a quaternion or other forms for op-timization of algebrai
 
omplexity [SPZ04℄ whi
h is a separate problem that doesnot in
uen
e our dis
ussion here. In addition there are polynomial equations forthe 
onstraints that relate primitive geometri
 elements of the 
hild 
lusters. Theseare the 
onstraints asso
iated with C and need to be resolved to obtain a solutionto C given the solutions of its 
hildren. The solutions of the 
hildren determine therelative positions of the geometri
 elements within the 
hild 
lusters: these appearon the left hand sides of the polynomial system for C. But in the 
ases where Cappears after one of its 
hildren (or some other 
luster) in the solving priority order(see Se
tion 2) one or more of C's distan
e 
onstraints (values) 
ould be determinedby the solution of the 
hild 
lusters (or other 
lusters). These appear on the righthand sides of the polynomial system 
orresponding to C. (These equations 
ouldresult in an undesirable 
ompounding of numeri
al error, whi
h is outside the s
opeof our dis
ussion here).In order to avoid even more basi
 instabilities, it is usually ne
essary to removeover
onstraints and dependent 
onstraints: a stable, well
onstrained system generi-
ally has as many variables as equations. The number of equations 
ould ex
eed thenumber of variables, be
ause of expli
it over
onstraints that appear as edges in the
onstraint graph or be
ause of over
onstraints as in the \bananas" 
ase, where someof the 
onstraints are dependent. The former 
an be removed using the method of[HSY04℄, whi
h dete
ts and removes so-
alled redu
ible edges whose removal doesnot make the 
luster under
onstrained. The latter are expli
itly marked by a goodDR-planner su
h as [SZ04b℄ as dis
ussed in Se
tion 2: the method of dealing withthese is dis
ussed later in this se
tion.The bulk of this se
tion, however, deals with well
onstrained subsystems withno 
onstraint dependen
es. Even for these, pi
king an independent set of algebrai
equations is a nontrivial task. Some of these equations are in
iden
e or overlapequations (equating 2 variables) 
aused either by expli
it in
iden
e 
onstraints orby geometri
 elements that are shared by two or more overlapping 
hild 
lusters.Figure 25 illustrates the problem for an example in 3D, the entire 
luster C hassolved 
hild 
lusters C1, C2, C3. To solve C, i.e, to solve for the rotation/translation



32 MEERA SITHARAMof C2 and C3, say, into the 
oordinate system of C1 (
hosen to be the 
oordinatesystem for C) several overlap equations, that require that, for instan
e, point Ain C1 fall in the same lo
ation as point A in C2. We treat these as distin
t fromexpli
it in
iden
e 
onstraints, whi
h dire
tly enter the dof analysis.For generi
 stability (independen
e), when m 
hild 
lusters are present in theparent 
luster, the number of equations to solve the parent 
luster be at mostD(m�1) (D is 3 in 2D and 6 in 3D). This in
ludes the number of equations 
ausedby any other 
onstraints between C1 and C2 (in this example, there are none) andthe overlap 
onstraints.Even in well
onstrained parent 
lusters C although the dof analysis of the
luster C (appropriate in
lusion-ex
lusion 
ount of the dofs of the 
hild 
lustersand their overlaps) would show the the 
luster to be well
onstrained, the numberof potential overlap equations 
ould ex
eed the D(m� 1) as in the above example:ea
h of the points A, A0, B, and C generates 3 overlap equations and the point Dgenerates 3*2 = 6, totaling 18 overlap equations whi
h ex
eeds D(m� 1) = 6 � 2 =12. The ESM uses a method (see the getEquation and getOverlapEquation methodsof the ESM pseudo
ode in [Sit04a, Sit04b℄) that partitions overlaps and other
onstraints between the 
hild 
lusters of C in a way that they 
onstitute a stableand and algebrai
ally independent set of D(m� 1) 
onstraints for solving C.We de
ide on whi
h overlap equations to dis
ard as follows. Let n be thenumber of other (nonoverlap) 
onstraints relating the 
hild 
lusters of the parent
luster C being solved. If C is well
onstrained, then D(m� 1) � n. To 
hoose andpartition the overlap equations, we stipulate the following.� Any 
luster (in
luding trivial 
lusters) in the overlapped region should par-ti
ipate in atmost as many overlap 
onstraints as the number of its degreesof freedom, although the total number of position variables of its geometri
primitives 
ould be higher; For example, in 3D, any line segment (trivial
luster), even one that is of variable length should parti
ipate in at most5 overlap equations although its two end points 
onstitute 6 position vari-ables, sin
e they belong to a 
luster and hen
e the distan
e between themhas been �xed by that 
luster (this is the 
onstraint dependen
e or over
on-straint 
aused by the 
lassi
 bananas stru
ture of Se
tion 1). any under
on-strained overlap is a sour
e of 
onstraint dependen
es and over
onstraintswhi
h must be eliminated in building a stable system, regardless whether it
auses a mis
lassi�
ation during dof analysis.� Any 
oordinate position of a geometri
 element in a 
luster (an expressionin the rotation/translation variables of the 
luster) should parti
ipate eitherin an expli
it in
iden
e 
onstraint relating 
hild 
lusters of C or an overlap
onstraint, but not both; otherwise when we set everything else ex
ept thatvariable to 
onstants, we get either 2 identi
al equations, or 2 in
onsistentequations with the variable o

uring with the same 
oeÆ
ient, i.e, 1;� If two geometri
 elements parti
ipate in an expli
it in
iden
e 
onstraintwithin a 
luster Ci, then only one of them 
an parti
ipate in an overlapequation;� Any non-rotationally symmetri
 
hild 
luster should parti
ipate in at leastD(3 in 2D; 6 in 3D) equations (overlap and nonoverlap 
ombined); for points



GEOMETRIC CONSTRAINT SOLVING 33in 2D, this bound is 2, and for �xed length line segments in 3D, this numberis 5.� Any pair of 
lusters should be related by at most D overlap or nonover-lap equations (this number is less if m >= 2, or if one of the 
lusters isrotationally symmetri
).� Total of D(m� 1)� n overlap equations should be 
hosen.It 
an be shown that for generi
ally well
onstrained 
luster C, any assignmentor partitioning algorithm for 
hoosing the overlap equations results in a generi
allystable and independent system, provided it satis�es these 
riteria.As mentioned in Se
tion 3 a signi�
ant advantage of using an FA DR-plannerin this 
ontext is the following. In 
ase C 
onsists of a just a pair of 
hild 
lusters,then their overlap 
ould be an under
onstrained graph with arbitrarily many 
lus-ters, but ensuring the �rst requirement above is relatively easy, by simply obtainingthe DR-plan of the overlapped part. If, on the other hand, the parent 
luster Chas more than 2 
hild 
lusters, then be
ause of the 
luster-minimality property ofSe
tion 3, the overlap of every pair of them is guaranteed to be equivalent (viain
iden
e 
onstraints) to a rotationally symmetri
, trivial subgraph. See below forhow rotationally symmetri
 trivial 
lusters and subgraphs involving in
iden
e 
on-straints are dete
ted and treated. In this 
ase as well, ensuring the �rst 
riterionbe
omes easy. To do so, for ea
h subset of 
hild 
lusters of C with a nonempty in-terse
tion (overlap) subsystem, a DR-sub-plan for the overlap is 
reated. Althoughthere are exponentially many su
h (ne
essarily trivial) overlaps in the number of
hild 
lusters, the number of distin
t overlaps and their total size is bounded bythe size of the 
luster C, i.e, most of the subsets generate overlaps that are emptyor identi
al to others.An advantage of using FA to 
reate these DR-plans as well is that they wouldbe 
reated in one pass (as part of a 
ommon DR-plan of the entire 
luster C) simplyby providing an input de
omposition whose nodes 
orrespond to these nonemptyoverlap subsystems. For ea
h 
luster in these overlap DR-plans, the assignment ofoverlap equations should ensure that the �rst 
riterion above should hold.On
e these DR-plans are 
reated, sin
e there are atmostD(m�1) overlap equa-tions to be 
hosen, a standard assignment algorithm - ensuring the 5 above 
riteria- will take only O(m) time to 
hoose and partition the set of overlap equations.In the example above, this method will assign 3*2 overlap equations for thepoint shared by all the 
lusters, whi
h we denote d: Xd;C1 = Xd;C2 = Xd;C3 ;Yd;C1 = Yd;C2 = Yd;C3 ; and Zd;C1 = Zd;C2 = Zd;C3 . And 2 overlap equationsea
h for the points a, b and 
: Xa;C1 = Xa;C2 ; Ya;C1 = Ya;C2 ; Xb;C2 = Xb;C3 ;Yb;C2 = Yb;C3 ; X
;C1 = X
;C3 ; and Y
;C1 = Y
;C3 .6.0.4. Extraneous solutions. While the set of equations thus obtained for solv-ing the 
luster C is guaranteed to be stable and algebrai
ally independent, andtheir solution set will be �nite 
ontain all the valid realizations of C, some of thesolutions obtained may not be valid. Consider the following example:For the 2D example in Figure 26, the overlapped part of C1 and C2 
onsistsa; b; 
. After ESM performs the above assignment method of overlap equations forC3, one possible 
hoi
e of overlap equations 
ould be: Xa;C1 = Xa;C2 ; Yb;C1 = Yb;C2 ;X
;C1 = X
;C2 .Retaining C1's 
oordinate system for C3, the rotation/translation of C1 is �xedto be the identity hen
e the left hand sides of the above equations are 
onstants.
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Figure 26. A 2D example with extraneous solutionsThe right hand sides are expressed in terms of the 4 nonzero rotation/translationvariables (2 translations and the sine s and 
osine 
 of the rotation angle) of C2,whi
h need to be solved for. Setting the fourth equation to be s2 + 
2 = 1, thealgebrai
Solver is 
alled on the 4 equations in 4 variables. There is only one validsolution for C3 for any given 
hoi
e of solutions for C1 and C2. However, Twosolutions are returned, but in one of them, the lo
ations of a and 
 in C1 do notmat
h the lo
ations of a and 
 in C2 (although their X 
oordinate values mat
h).Hen
e the various solutions of the 
urrent 
luster C (assuming �xed solutionsfor the 
hild 
lusters) need to be inspe
ted and extraneous solutions dis
arded.6.0.5. Stable algebrai
 systems in the presen
e of over
onstraints and 
onstraintdependen
es. Over
onstrained 
lusters C fall into two types that are handled dif-ferently.The �rst type of 
luster is over
onstrained a

ording to the de�nition in PartI, Se
tion 2 and 
an be dete
ted using a traditional dof analysis. For su
h 
om-binatorially over
onstrained 
lusters C, over
onstraints are �rst redu
ed using themethod given [HSY04℄. Indu
tively, solved 
hild 
lusters are assumed to be well-
onstrained. The above method of partitioning overlap 
onstraints for well
on-strained 
lusters is then applied. On
e the solutions are returned by the algebrai
-numeri
 solver, these dis
arded equations are 
he
ked and only those solutions thatsatisfy them are retained.The se
ond type of over
onstrained 
luster is also generi
ally over
onstrainedbut the sour
e of the over
onstaint is 
onstraint dependen
e. See Figures in Se
-tion 1 and des
ription in Se
tion 4, explaining the \bananas" problem, and howa good DR-planner marks these as 
onstraint dependen
es to be \handled with
are" during solving. In some of these 
ases, the left hand sides of these equationsare dependent and the right hand sides do not re
e
t the same dependen
e. Weillustrate with an example how stable systems of equations are built in this 
ase.For the 3D example in Figure 25(middle, with DR-plan shown on right), the over-lapped part of C1 and C2 
onsists of b; 
. When ESM builds the algebrai
 equationsfor solving C3, as dis
ussed above, it would obtain 6 equations for b and 
 in theoverlapped part and 1 equation for the distan
e 
onstraint between a and d: 7 equa-tions but only 6 variables 
orresponding to the rotation/translation of C2 into the
oordinate system of C1, 
hosen as the home 
luster, to be the 
oordinate system
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t, we obtain 10 equations in
luding 3 of the form s2 + 
2 = 1 and 9variables in
luding the s's and the 
's.To solve the problem, the following modi�
ation is made to the method used byESM. For the verti
es in the overlapped part of two 
hild 
lusters, ESM �rst 
he
kswhether the distan
es in the lo
al 
oordinate of ea
h 
hild 
luster are 
onsistent(equal within a toleran
e). If not, the 
luster is returned as in
onsistent or unsolv-able. If they are, ESM assumes there is one distan
e 
onstraint between the twoverti
es in the overlapped part and 
ontinues in the usual way, i.e. it only obtains 5equations for the overlapped part, sin
e it is a rotationally symmetri
 trivial 
luster.6.1. In
orporating Navigation 
onstraints. Navigation 
onstraints 
anbe used to 
onvert the above ESM methods of user-dire
ted navigation and ba
k-tra
king into a (tra
table) automati
 sear
h for desired solutions for any 
luster ofthe DR-plan. These 
onstraints 
an either be given apriori or intera
tively duringa user-dire
ted navigation, to prune o� the realizations of the DR-plan's 
lustersen
ountered thus far.Leveraging the modularity of the ESM method dis
ussed above - i.e., its sepa-ration from the DR-planner, and its appli
ability to any input DR-plan (generatedby any method) - permits methods developed along with other DR-planners forin
orporating navigation 
onstraints - to be transferred pra
ti
ally un
hanged tothe FA DR-planner and the ESM methods dis
ussed above. We des
ribe the two
ommon types of navigation 
onstraints below.One type of 
onstraint used for navigation or pi
king out desired solutions forany 
luster of the DR-plan are Relational or Engineering 
onstraints whi
h typi
allyrelate metri
 parameters of one 
onstraint with that of another without �xing any ofthem. For example, the sum of the squares of 3 distan
es (between 3 pairs of points)
ould be for
ed to a 
onstant; or the tangent of an angle (between two lines) 
ouldbe for
ed to the ratio of some pair of distan
es (between 2 pairs of points), et
. Amethod for in
orporating these types of 
onstraints into a Shape Re
ognition (SR)DR-planner (see Se
tion 3) is given in [FH97℄ for triangle de
omposable systems).The other type of 
ommon navigation 
onstraints are 
hirality [Fud95, FH96b℄,also 
alled order type, and related oriented matroid 
onstraints. Chirality 
on-straints 
an be inferred from the input sket
h. They des
ribe relative orientationsof the obje
ts in the input sket
h. For example, for point obje
ts, they assign signsto the D + 1 by D + 1 determinants of the homogeneous 
oordinate matri
es ob-tained from ea
h set of D+1 point obje
ts. I.e, these 
onstraints are D+1 degreepolynomial inequalities. These 
orrespond to a 
omplete oriented matroid spe
i-�
ation. Alternatively, a partial oriented matroid spe
i�
ation 
ould be spe
i�edby the user: these assert interse
tion or separation of 
ertain pairs of 
onvex hullsof the point obje
ts (
alled respe
tively 
ir
uits and 
o-
ir
uits in oriented matroidterminology). For example, two line segments 
ould be 
onstrained to interse
t, ora point 
ould be for
ed to lie in the 
onvex hull of some other set of points. These,too 
ould be written as polynomial inequalities. Depending on their degree, onlyadho
 approa
hes are known for dealing with these 
onstraints and these work forany DR-plan. See Se
tion 9.
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onsisten
ies and ambiguitiesHere we dis
uss methods for dealing with 
ombinatorially over
onstrained andunder
onstrained systems. Over
onstraints 
aused by 
onstraint dependen
es su
has the \bananas" problem are dis
ussed in Se
tion 4.7.1. Under
onstrained systems. Under
onstrained sket
hes arise often inpra
ti
e. In fa
t, as explained in Se
tion 3, the 
omplete set of maximal well
on-strained 
lusters of under
onstrained systems 
an be read o� as the \sour
es" or\roots" of a FRONTIER's DR-plan [Sit04b℄, [LS04℄. For under
onstrained sys-tems, FRONTIER also provides a sequen
e of exhaustive lists of 
onstraints(types,not values) that 
an be generi
ally added (a so-
alled 
ompletion) without makingthe system over
onstrained. This was implemented in [Sit04b℄ (2001 version forgeneral 2D 
onstraint systems, 2002 version for a small 
lass of 3D 
onstraint sys-tems, and by the 2003 version for most 3D 
onstraint systems). A proof of why thismethod works is given below. As pointed out in Part I, Se
tion 1, this should be
ompared with a method for obtaining 
ompletions for the 
lass of triangle de
om-posable 2D 
onstraint systems whi
h is the subje
t of the paper [JASRVMVP03℄.Claim: Let S be the set of root or sour
e 
lusters of a DR-plan of a 3D or 2D
onstra int graph G output by FRONTIER. The new 
onstraints that 
an be addedwithout making any of the 
lusters (more) over
onstrained are exa
tly those new
onstraints that relate 
lusters in S, i.e., those 
onstraints that are not within anyof the 
lusters of S.Proof. As des
ribed in Se
tion 3, and proven in [LS04℄, S 
onsists of a 
ompleteset of maximal 
lusters in G. Clearly adding a new 
onstraint within a 
luster ofS will 
ause that 
luster to be
ome more over
onstrained than before. To provethe 
onverse, assume to the 
ontrary that one of the new 
onstraints 
auses anover
onstraint between two 
lusters C1 and C2 in S. This would imply that eitherC1 [ C2 was a 
luster before the addition of the 
onstraint, 
ontradi
ting the fa
tthat S 
onsists of maximal 
lusters, or that C1[C2 
ontains another well
onstrained
luster D as a subgraph, whi
h overlaps both C1 and C2 (atleast one of the overlapsmust be on a trivial 
luster sin
e C1 [ C2 is not a 
luster) and D is not 
ontainedin either C1 or C2. This 
ontradi
ts the 
ompleteness of S.On
e any of these 
onstraints is added, the FA-DR-planner 
an update the DR-plan(as des
ribed below) to potentially provide a new list of sour
e verti
es, and a newlist of 
onstraints between them. This iterative pro
ess ends when the DR-planhas a single sour
e vertex, i.e, when the system is well
onstrained. The pro
essgives the sequen
e of lists required by Part I, Se
tion 3 to obtain a well
onstrained
ompletion of the input under
onstrained system.To obtain the realizable intervals of metri
 values asso
iated with these 
on-straints is a more diÆ
ult problem and is related to the question of des
ribing andnavigating the in�nite solution spa
e of under
onstrained systems (see Se
tion9).However, for the CAD appli
ation, there are e�e
tive heuristi
s to infer these values[FH97, SAK95, Yua99℄ from the input sket
h of the 
onstraint system.7.2. Over
onstraints. Dete
tion of 
ombinatorially over
onstrained 
lustersis a
hieved by many DR-planners, in
luding [LM96℄, [HC01℄, and a modi�
a-tion of [Pab93℄ des
ribed in [HLS01a℄. See the message in Figure 7. However,
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Figure 27. Left: unoptimized DR-plan of G1 in Figure 11, afterredu
tion of edge (1; 7); modi�
ation path is marked; Middle andRight: two optimization stepseÆ
iently utilizing the DR-plan to isolate the minimal but 
omplete set of over-
onstraints that 
an be deleted, and eÆ
iently updating the DR-plan after deletionhave been addressed only re
ently in [HSY04℄. Most solvers ask the user to re-move 
onstraints in an over-
onstrained situation but give poor guidan
e whi
h
onstraints to delete. The method in [HSY04℄ is based on showing that there is aunique, well-de�ned set of redu
ible 
onstraints that 
an be deleted without makingthe graph under
onstrained. See Figure 27.The method is further based on key properties of the FA-DR-plan and gives aneÆ
ient (generally linear time) solution that retains full generality and moreover:(i) Traverses the given DR-plan top down to in
rementally output this unique set of
onstraints in reverse solving order, minimizing the need to solve again previouslysolved portions of the DR-plan;(ii) Sele
ts 
onstraints from those parts of the 
onstraint system that the user iden-ti�es;(iii) Isolates information that 
an be routinely stored and maintained as part of theDR-plan, making the above pro
ess even more eÆ
ient; and(iv) Automati
ally updates (see Figure 27) the DR plan with optimal reorganiza-tion, on
e one of the redu
ible 
onstraints is removed, whi
h may 
ause many lowerlevel 
lusters of the DR plan to be
ome under
onstrained.This method is des
ribed in [HSY04℄ and is part of the FRONTIER solver[Sit04b℄. This method is purely 
ombinatorial, de
eptively simple but makes so-phisti
ated use of the FA DR-plan and hen
e requires an intri
ate proof of 
orre
t-ness. 8. EÆ
ient Updates and Online Solving8.1. Updating a solved 
onstraint system. We dis
uss the question ofeÆ
ient updates to the solution of a geometri
 
onstraint system (the output inSe
tion 2), given in
remental updates to any portion of the input in Se
tion 2.As it is to be expe
ted, a good DR-plan 
an be used as a datastru
ture tosystemati
ally realize eÆ
ient updates and also to analyze eÆ
ien
y. Similarly, agood DR-planner (Se
tion 3) and ESM method (Se
tion 5) 
an be judged by their
larity and eÆ
ien
y in handling updates.



38 MEERA SITHARAMBefore the DR-planning problem was formally de�ned and the quality andperforman
e of DR-plan stru
ture shown to be 
ru
ial for the entire geometri
 
on-straint solving pro
ess in [HLS01a℄, the question of updates was mostly ignored.Moreover, sin
e the 
onstraint systems are often simple and triangle de
omposable,with e�e
tively linear DR-plans whose subsystems were of small size and typi
allyinvolved solving a single quadrati
 equation, those 
onstraint solvers su
h as [Owe℄that permit updates, implement them by simply redoing the entire system froms
rat
h. For general 3D 
onstraint systems and more 
omplex DR-plans, this ap-proa
h is intra
table.The properties of FA DR-plans in 
onjun
tion with the modularity and 
larityof the ESM method des
ribed in Se
tion 5 [SAZK04℄, 
an be used to performeÆ
ient updates [OSMA01, Sit04b, Sit04a℄.We brie
y des
ribe several possible input updates: for ea
h, we list whi
h por-tions of the output need to be updated and in what possible ways, and sket
hmethods to do so. In FRONTIER's update mode, 
hanges to the input are al-lowed at the end of the DR-planning phase, or at any point during the solving andnavigation phase of the ESM. See Figure 28.8.1.1. Changing Constraint Values. The �rst and simplest 
ase is 
hanging themetri
 value of a 
onstraint e. In this 
ase, no DR-planner is involved. Furthermore,let C be the a
tive 
luster where e is resolved (i.e., e is a 
onstraint relating 
hild
lusters of C). The only relevant 
lusters whose realizations will 
hange (for whi
hthe algebrai
Solver needs to be 
alled again) are those an
estors on the uniquepath from the a
tive 
luster C to a sour
e or root 
luster of the DR-plan. In thegeneri
 
ase, there will be no 
hange in the 
lassi�
ation of any 
luster, or 
hange inthe number of realizations of any 
luster, or the realization-
hoi
es of non-relevant
lusters (in order to ensure a solution of the entire system). Hen
e in the generi

ase, the update simply requires the ESM to resolve and navigate the realizationsof the relevant 
lusters, keeping all other realization 
hoi
es �xed.See Se
tion 4 for a dis
ussion of nongeneri
 
ases and earlier in this se
tion forthe under
onstrained 
ase where e has no a
tive 
luster (it relates 2 sour
e nodesof the DR-plan).8.1.2. Adding a Constraint. Constraints are typi
ally added to 
onvert an un-der
onstrained system into a well
onstrained one. See Se
tion 7.1.Adding a 
onstraint 
ould require the involvement of the DR-planner. sin
e inthis 
ase, the 
lassi�
ation of the 
lusters as well as the entire system 
ould 
hange.I.e, these 
lusters 
ould now be
ome (
ombinatorially) generi
ally over
onstrainedif they were well
onstrained before or the entire system 
ould now be
ome well
on-strained if it was under
onstrained before. The former 
ase is immediate to dete
t.The latter 
ase requires the involvement of the DR-planner. This 
an be viewedsimply as a 
ontinuation of FA's DR-planning pro
ess from before the addition ofe: now e will have to be distributed in the �nal 
ow graph 
ontaining the sour
e
lusters of the DR-plan before the edge was added; and the DR-plan will have to beupdated with any new 
lusters found. For this purpose, the �nal 
ow assignmentsare retained in addition to the 
luster stru
tures in the DR-plan, at the end of theDR-planning phase.On
e the DR-planning phase of the update is 
omplete, the ESM's solving phasepro
eeds as des
ribed in the previous subse
tion on 
hanging 
onstraint value sin
eagain, the only 
lusters a�e
ted by the addition of a 
onstraint e are its a
tive andrelevant 
lusters in the new DR-plan.
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ase for 
onstraint removal is to 
on-vert an over
onstrained system into a well
onstrained one. This requires the in-volvement of the DR-planner and 
ould signi�
antly 
hange the DR-plan and its
lusters at every level, sin
e many of the previous 
lusters may now no longer bewell
onstrained. The method of Se
tion 7 [HSY04℄ a
hieves this with the minimaldisruption.Sin
e the method already deals with previous 
lusters be
oming under
on-strained, it dire
tly extends to the se
ond 
ase of 
onstraint removal when theentire well
onstrained system be
omes under
onstrained.A third 
ase of 
onstraint removal 
auses a 
ombinatorially over
onstrainedor even well
onstrained system to now develop a 
onstraint dependen
e as in the�gures des
ribing the bananas problem in Se
tion 1. However, if no other 
hangesare made, the system 
ontinues to have the same set of realizations.Sin
e 
onstraints have only been removed, all the previous solutions of thethe 
onstraint system remain. This is true of any un
hanged 
luster in the DR-plan. However, 
onstraint removal 
hanges the DR-plan signi�
antly, as des
ribedin Se
tion 7, and hen
e the navigation of the solution spa
e by the ESM would haveto be redone atleast for all the new 
lusters in the DR-plan.8.1.4. Adding or Removing a new obje
t or feature. Addition is handled byputting the new obje
t (and 
onstraints relating it to the existing obje
ts) in the
ow graph as an undistributed 
luster along with its undistributed in
ident edgese; and adding the obje
t to the DR-plan as a new sour
e vertex. Now the methodredu
es to the \Adding a 
onstraint" method dis
ussed above for the undistributededges e.Removal is handled by simply removing the 
onstraints that relate the obje
tto the remainder of the 
onstraint system (using the method above).Adding a new feature to the input de
omposition relies on details of the methoddes
ribed in [SZ04a℄, in
orporated into the FA DR-planner and 
an also be foundin [Sit04b, Sit04a℄. Removal of a feature involves dire
t removal of those 
lusters -that have now be
ome inessential - from the DR-plan. The pro
ess does not involvethe DR-planner.Note: none of these update methods attempt to preserve optimality of the DR-plan, i.e, the sizes of the 
lusters may not be optimal on
e the update is 
ompleteand is hen
e not sustainable for large number of updates. See open problem inSe
tion 9.8.2. Solving a geometri
 
onstraint system online. The problem of on-line solving is the following: as the user inputs (sket
hes) ea
h geometri
 primi-tive and 
onstraint of the input 
onstraint system and ea
h feature of the inputde
omposition, the output - 
orresponding to the subsystem sket
hed so far - isimmediately available to the user for inspe
tion. This is a diÆ
ult question sin
epartially input 
onstraint systems are often under
onstrained and realizing those isa a diÆ
ult problem. See Se
tions 7 and 9. The diÆ
ulty is however ameliorated bythe fa
t that while the the online solving and partial output pro
ess need to be fastand inexpensive, some in
orre
tness and in
ompleteness 
an be tolerated, sin
e thepartial output is usually only meant to guide the user and the errors will be re
ti�edwhen the input is 
omplete and the (
orre
t and 
omplete) o�ine algorithm is run.The typi
al approa
h to online solving is to run an inexpensive simplesolvermethod that attempts to extend or modify the displayed solution - of the subsystem
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Figure 28. Update possibilities shown on pull down menu { up-dates are possible after the DR-planning stage, during the naviga-tion and after the �nal solution is displayedinput so far - to in
lude the newly added geometri
 element or 
onstraint. Thismethod must handle highly under
onstrained systems in a simple, lightweight, lo
alfashion, 
hoosing an adho
 extended or modi�ed solution that is as 
lose as possibleto the input sket
h of the 
onstraint system. If the simplesolver is unable to extendor modify the 
urrent solution, then either it outputs the 
losest approximation it
an �nd, or it then 
alls the o�ine algorithm to perform the update and displaysthe extended solution thus obtained. In the online setting, �nding a solution 
loseto the appearan
e of the input sket
h is typi
ally important, and the o�ine updatepro
ess must in
lude it as a navigation 
onstraint, see Se
tion 8 and Se
tion 5).The best performing online simplesolver (for 2D and spe
i�
 
lass of \piperouting" 3D systems), to date is the proprietary 
ommer
ial D-
ubed solver of[Owe℄. FRONTIER's simplesolver [OSMA01, Sit04b, Sit04a, JJO04℄ worksonly for 2D and iteratively swit
hes between two methods. Method (i) handlesparameterless or nonmetri
 
onstraints su
h as in
iden
e, tangen
y, et
. as wellas angle 
onstraints [JJO04℄ (ignoring distan
e 
onstraints) and uses nontrivialobservations leveraging dependen
ies of angle 
onstraint graphs. See Figure 29.Method (ii) is a simple, repeated use of the triangle inequality that handles distan
e(ignoring angles and nonmetri
) 
onstraints.
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Figure 29. Simplesolver that handles angle and in
iden
e 
on-straints online9. Open Problems, Related areas and te
hniques9.0.1. Inadequa
y of 
ombinatorial 
lassi�
ation. This is a longstanding openproblem in the rigidity theory (see [GSS93℄) with many 
onje
tures and heuristi
approa
hes but no satisfa
tory solution; any improvement is desirable: give a 
om-pletely 
ombinatorial 
hara
terization (and asso
iated polynomial time algorithm)for determining if a 
onstraint graph is generi
ally rigid, i.e, well
onstrained, over-
onstrained or under
onstrained. The problem is open not only for 3D systems,but also for 2D systems other than those that 
ontain only points and distan
es,for example for those that in
lude angle and in
iden
e 
onstraints.9.0.2. Under
onstrained systems. This is another longstanding open problem toobtain a satisfa
tory des
ription and systemati
 navigation of the solution spa
esof under
onstrained systems. This is related to the 
on�guration spa
es of gen-eralized 2D and 3D me
hanisms and to robot arm (inverse) kinemati
s with wideranging appli
ations in
luding newer ones su
h as mole
ular modeling [JRKT01,CH88, CNS℄ The problem has both 
ombinatorial and algebrai
 underpinnings.The algebrai
 part is related to roadmapping real algebrai
 varieties arising fromgeometri
 
onstraints and also to geometri
 groups and Lie algebra te
hniques.A re
ent investigation 
ould shed new light on the problem and was ki
kstartedby a proof of [CDR03℄ of the Carpenter's rule 
onje
ture that a polygonal linkage
an be 
onvexi�ed without self-interse
tions. Cru
ial to the proof is the natural,but 
lever use of a standard (rigidity based) formalization the 
on
ept of expan-sive motions. A 
onstru
tivization of these expansive motions was provided by[Str00℄, whi
h introdu
ed highly versatile stru
tures 
alled pseudotriangulations(well
onstrained 
ompletions of 2D polygonal linkage me
hanisms whi
h are highlyunder
onstrained systems). These have been used to elu
idate several questions[ARSS03, HOR+03, RSS02, RSS03, Str03℄ related to rigidity, topologi
al
onstraints on 
on�guration spa
es of simple 2D me
hanisms and promises [SW℄a 
ombinatorial rigidity approa
h to 3D robot arm kinemati
s, mole
ular modelinget
. 9.0.3. Inequality 
onstraints and navigation 
onstraints. The above mentionedproblem of des
ribing intervals of realizable distan
e values - for under
onstrained
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onstraintgraphs whose edges are given intervals of distan
e values.More generally, how to deal with 
onstraint systems whi
h in
lude �xed types ofpolynomial inequalities? Highly stru
tured polynomial inequalities su
h as orientedmatroid and 
hirality 
onstraints are used as navigation 
onstraints as mentioned inSe
tion 5 and while that se
tion lists adho
 methods of dealing with su
h 
onstraintswhi
h are e�e
tive for limited 2D CAD appli
ations, no formal, provably eÆ
ientmethods are known: these would be ne
essary for more 
omplex 3D situations.9.0.4. Inverse problem and global 
onstraints. We 
onsider the inverse problemof determining a good, minimal set of lo
al 
onstraints to impose in order to in-
lude a desired set of solutions and ex
lude others. The desired set 
ould have beendes
ribed by global 
onstraints. This is a 
ru
ial problem related to the under
on-strained or even well
onstrained solution spa
e navigation problem and is relatedto the overall issue of using 
onstraints to represent geometri
 
omposites.A typi
al route is to �rst de
ide on whi
h global 
onstraints to impose andthen lo
alize them. A 
lassi
al example is symmetry 
onstraints. These are naturalin many physi
al appli
ations as they 
orrespond to minimum energy 
onstraints.These often for
e solution uniqueness and moreover permit the redu
tion to a lo
al
onstraint system. Moreover, symmetry often for
es an otherwise under
onstrainedsystem, with in�nitely many solutions, to be
ome a well-
onstrained system withfew solutions.The �rst 
hallenge is in des
ribing the group of symmetries to impose upon the
omposite and the se
ond is to redu
e it into a system of lo
al 
onstraints. Theseare independently interesting resear
h problems in 
omputational invariant theoryand automated geometry theorem proving, spe
i�
ally 
on
erning ideal membershipand alternative sets of generators.9.0.5. Topologi
al and Assembly 
onstraints. Assembly 
onstraints are of twotypes: one type expli
itly imposes a partial order on the way the 
onstraint systemis solved, i.e., an input design de
omposition along with a priority order imposedupon its nodes whi
h represent subsystems. As pointed out in Se
tion 3, one of themain advantages of the FRONTIER 
onstraint solver is its ability to generate aDR-plan that in
orporates su
h input de
ompositions [SZ04a℄ and priority orders.The other type of assembly 
onstraint only impli
itly imposes su
h an order: it
on
erns interse
tions that must be avoided during the pro
ess of assembly. Theseare e�e
tively topologi
al 
onstraints on paths in the 
on�guration spa
es of thesubassemblies. Together with natural assumptions about starting 
on�gurations,an assembly (partial) order 
an be 
omputed.As mentioned earlier, the primary use of the pseudotriangulations introdu
edin [Str00℄ is to guarantee expansive in�nitesimal motions to deal with topologi
al
onstraints on paths in the 
on�guration spa
e of an 2D under
onstrained system.Generalization to 3D of 
onstru
tions that guarantee expansive motions would behighly desirable. Initial e�orts 
an be found in [SW℄9.0.6. Optimal DR-planning. As pointed out in Se
tion 3, the problem of �nd-ing an optimal DR-plan - i.e., one that minimizes the size of largest subsystem(minimizes the max fan-in of the DR-DAG) - is NP-
omplete. No guaranteed(deterministi
 or randomized) approximation algorithms (or nonapproximabilityresults) are known ex
ept for spe
ial 
ases [LS04℄.9.0.7. Analyzing Updates and EÆ
ient Online operation. Detailed methodshave been presented in Se
tion 8 to the question of eÆ
iently updating the solution
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onstraint system to re
e
t in
remental 
hanges in the input. The methodsuse the FA DR-plan as a 
ru
ial datastru
ture. However none of the methods at-tempt to preserve optimality of the DR-plan. As a result of whi
h, the methods\tolerate" only a limited number of updates: to restore optimality, the DR-planhas to be re-
onstru
ted and its 
lusters resolved from s
rat
h periodi
ally. Moresophisti
ated update methods and (perhaps amortized) analysis is 
alled for.No eÆ
ient online 3D 
onstraint solvers 
urrently exist. They require 2 ingre-dients: eÆ
ient, a

urate, o�ine updates (dis
ussed above); and fast, inexpensivesimplesolvers that obtain an approximate solution of a (highly) under
onstrainedsystem (spe
ial 
ase of a problem dis
ussed below); in parti
ular, they extend anexisting solution to an under
onstrained system when a 
onstraint or geometri
element is added.9.0.8. Repeatability and Persistent Naming. A problem with several of the 
on-straint solvers dis
ussed here is that two di�erent, nonisomorphi
 output DR-plans(and hen
e the solution spa
e navigation pro
ess) 
ould be obtained for the sameinput 
onstraint system during 2 di�erent sessions, simply be
ause the geometri
elements and 
onstraints were input in a di�erent order and 
onsidered by the DR-planner in a di�erent order (or perhaps by a di�erent sequen
e of updates) Repeata-bility is desirable: i.e., to ensure that the DR-planner outputs isomorphi
 DR-plansDR-plan for isomorphi
 
onstraint graphs. Even more desirable would be a sys-temati
 manner in whi
h the user 
ould 
hoose one out of several nonisomorphi
DR-plans. The ability of a DR-planner to handle an input design de
ompositionhelps, sin
e this restri
ts the possible output DR-plans to those that in
orporatethe input design de
omposition, but it is not adequate.One te
hnique to handle this problem is to solve the problem of persistentnaming: i.e., the 
onstraint solver �rst renames or renumbers the verti
es andedges of the input 
onstraint graph typi
ally based on their lo
al neighborhoodinformation. Regardless of the input ordering of the verti
es and edges, the pro
essresults in the same renumbering. Referen
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