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ABSTRACT. We develop a tractable model
for elucidating the assembly pathways by
which an icosahedral viral shell forms from
60 identical constituent protein monomers.
This poorly understood process a remark-
able example of macromolecular
self-assembly occuring in nature and pos-
sesses many features that are desirable while
engineering self-assembly at the nanoscale.

The model uses static geometric con-
straints to represent the driving (weak) forces
that cause a viral shell to assemble and hold
it together. The goal is to answer focused
questions about the structural properties of
a successful assembly pathway. Pathways
and their properties are carefully defined
and computed using computational algebra
and geometry, specifically by crucial modi-
fications to state of the art methods for geo-
metric constraint decomposition. The model
is analyzable and refinable and avoids ex-
pensive dynamics. It has a provably tractable
and accurate computational simulation and
that its predictions are roughly consistent
with known information about viral shell
assembly.

Overall the paper’s new contributions
are: (a) elucidation of a new model of virus
assembly illustrating a strong, direct, mu-
tually beneficial interplay between the con-
cepts underlying macromolecular assembly
and a wide variety of established as well
as novel concepts from combinatorial and
computational algebra, geometry and alge-
braic complexity; and (b) crucial modifica-
tions to existing geometric constraint de-
composition methods to obtain a tractable
and accurate simulation of the model.

Organization of Paper

–Introduction and Motivation
–Geometric Constraints Background
–The Virus Assembly Model: Pathways and Effort
–A Tractable and Accurate Simulation
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1. Introduction and Motivation

Icosahedral viral shell assembly is an outstanding
example of nanoscale, macromolecular self-assembly
occuring in nature [30]. Mostly identicalcoat protein
monomers assemble with high rate of efficacy into a
closed icosahedralcapsidor shell; onset and termina-
tion are spontaneous, and assembly is robust, rapid and
economical. All of these requirements are both desir-
able and difficult to achieve when engineering macro-
molecular self-assembly. See Figures 1.

However the viral assembly process - just like
any other spontaneous macromolecular assembly pro-
cess such as molecular crystal formation - is poorly un-
derstood. Answering focused questions about viral as-
sembly pathways can help both to encourage macro-
molecular assemblies for engineering, biosensor and
gene therapy applications, but and also discourage as-
sembly for arresting the spread of viral infection.

This paper addresses the relevance of computa-
tional algebra and geometry to develop static, analyz-
able, refinable models and fast, accurate computational
simulations for answering focused questions about virus
assembly pathways. The paper also discusses the rele-
vance of random walks on markov chains for randomly
sampling algebraic structures. Specifically, we use the
following. First, we use state of the art methods for
decomposition of geometric constraint system [36, 38,
39, 37] [33, 47, 51, 72, 62, 64, 68, 71, 67, 70], as
well as solving and estimating number of solutions.
These leverage both combinatorial approaches related
to rigidity theory [31], as well as standard algebraic
techniques for sparse elimination and solving [15, 24,
40, 73]. Second, we use random walks [4, 5, 12, 26,
50, 57, 29] to obtain statistically good samples for enu-
merating and counting specific structures that have an
algebraic interpretation as decompositions of the un-
derlying geometric constraint systems, and are combi-
natorially related to rigidity matroids [65, 63].

Existence of purely algebraic methods of estimat-
ing such statistics [56] is likely and would be useful
to find. Furthermore, although they are not used in
this paper, the problem provides direct scope (see [66]
for techniques and concepts (standard and novel) from
other areas of combinatorial and computational alge-
braic geometry, both standard and novel. For exam-
ple, [66] sketches the direct relevance of methods for
robot arm non-colliding path planning, including the
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FIGURE 1. Basic Viral Structure.

roadmapping of configuration spaces of mechanisms;
[14, 7, 61, 74, 75, 76, 2] determining ideal membership,
determining or imposing symmetries and invariants for
specific classes of ideals obtained from geometric con-
straints; and algebraically representing the solutions of
specific global polynomial constraints as the equilibria
of local game-theoretic mechanisms [63, 60].

1.1. Virus Preliminaries. The viral shell is im-
portant in that it packages viral “life” i.e, the genomic
nucleic acid, which could be single stranded DNA (ss-
DNA), double-stranded DNA, or RNA. However, in many
cases, viral shell assembly occurs with no interference
from the enclosed genetic material: empty shells, or
shells packaging incomplete genomic material form with
equal facility [1], a fact that simplifies the modeling.
A symmetric shell [21] is a consequence of its con-
sisting of (almost) identical monomers. The predomi-
nant structure of viral shells is icosahedral since the ex-
act five-fold, three-fold and two-fold point-group sym-
metry of the icosahedron permits thequasi-equivalent
symmetry [16] required to construct structures with a
large number of monomers (see Figures 1 , 12, 11,
9). The number of monomers for each vertex of each
triangle of the (20-triangle) icosahedron is refered to
as the (typically small) ‘T’ number: a T=1 virus shell
has 60 identical monomers, a T=7 virus shell has 420
monomers etc. Our focus here is mainly on ssDNA
T=1 viruses. See Figures 1 11, 9.

Virus assembly involves [80] highly specific
monomer -monomer (protein -protein), - and possibly
protein -genomic materialinteractions, all of which are
governed by geometry or by weak forces that can be
treated geometrically [17] (see Figure 2). More specif-
ically, the final viral structure can be viewed formally
as the solution to a system of geometric constraints that
translate to algebraic equations and inequalities.

1.2. State of the Art. While there is a well de-
veloped structure theory ofcompleteviral shells [21,
16], verified by X-ray crystallography and other ex-
perimental data, theprocessesof viral shell assembly

FIGURE 2. Dimer, trimer and
pentamer interactions and close-
up of atomic interaction

are poorly understood. From an experimental point of
view, this lack of understanding is due to the extreme
speed of the assembly so that wet-lab snapshots of in-
termediate sub-assemblies are generally unsuccessful.

From a modeling point of view, this lack of un-
derstanding is due to the fact that existing computa-
tional models [8, 9, 10, 80, 79, 78, 58, 41, 59, 48]
generally involve dynamics of (simplified versions) of
virus assembly (further description of these approaches
and comparison with our approach can be found in [66]
Dynamics are currently used even when the assembly
models only seek to elucidate the structure ofpath-
ways, See Section 4. See Figures 13, 14. See Sec-
tion 4 for definition. By carefully defining the prob-
ability space, we obtain the probabilities of pathway
trees/dagsthat are known to result in successful assem-
blies using a purely static model based on geometric
constraints.

Models whose output parameters are defined only
as the end result of a dynamical process are compu-
tationally costly, often requiring oversimplifications to
ensure tractability. In addition, such models are also
not easily tunable or refinable since their input-to-output
function is generally not analyzable and therefore do
not provide a satisfactory conceptual explanation of the
phenomenon being modeled.

2. Contributions and their Significance

Contribution 1: (Section 4) We describe a mathemat-
ical model of viral shell assembly whoseinput param-
etersare: information extracted from (a) the geomet-
ric structure of the coat protein monomer that forms
the viral shell, including all relevant (rigid) conforma-
tions; (b) the geometric and weak-force interactions -
between pairs of monomers - that drive assembly (see
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Figure 2); and (c) (optional) the neighborhood struc-
ture of the complete viral shell. The latter is crucial
for a focused model thatonly deals withthosepath-
ways that are knownapriori to lead to a complete viral
shell. However, the model can be generalized to the
case where (c) is not part of the input and unsuccessful
assemblies are included.

The output information sought from the model:
first, the probability of a specific successful assembly
pathway that incorporates a specific subassembly and
leads to the complete viral shell and has bounded to-
tal effort; in short, a probability distribution over suc-
cessful, bounded effort assembly pathways that incor-
porate certain substructures; this has a straightforward
generalization ([66]) to a distribution over all possible
assembly pathways (not necessarily successful) within
an effort bound. The model satisfies the following re-
quirements.
(i) (Section 4) The description of the model - i.e. the
input-to-output function - is static, i.e. does not rely on
dynamics of the assembly process. This is essential for
forward analyzabilty.
(ii) The assumptions of the model are mathematically
and biochemically justifiable. These justifications and
rigorous comparisons of the model with existing mod-
els of viral shell assembly are given in [66].
(iii) (Section 5) We show that the model is computa-
tionally tractable, i.e.we develop an new, efficient al-
gorithm for computing (a provably good approximation
of) the pathway probability distribution. The required
algorithms are crucial modificiations of state-of-the art
geometric constraint decomposition algorithms. This
is essential for backward analyzability which is needed
for two reasons: first, for iteratively refining the model
so that its output matches known biochemical infor-
mation or experimental results; and second, for engi-
neering a desired output, for example engineering the
monomer structure to prevent/encourage certain sub-
assemblies, inorder to force certain pathways to be-
come more likely than others, or to prevent successful
assembly.
(iv) Preliminary simulation results (not given here, see
[66]) show that, in principle, the model’s predictions
are qualitatively consistent with known studies of viruses.
More conclusive biochemical validation using 3 care-
fully chosen, ssDNA T=1 viruses is in process [66].

Contribution 2: Overall, the paper provides an indi-
cation of the direct, mutually beneficial interplay be-
tween (a) the concepts underlying macromolecular as-
sembly and (b) established as well as novel concepts
from combinatorial and computational algebraic geom-
etry and algebraic complexity. Several promising open
problems are indicated in [66].

3. Geometric constraint solving background

Geometric constraint systems arise in a wide vari-
ety of applications including robotics, mechanical com-
puter aided design, and teaching geometry For recent
reviews of the extensive literature on geometric con-
straint solving see, e.g, [36, 44, 27, 64]. More rel-
evantly, geometric constraints are used in molecular
conformational structure determination and representa-
tion [22], [25], [18]. Most of the geometric constraint
solvers so far deal with 2D constraint systems, although
some of the newer approaches including [34, 35, 38,
39] [37, 13, 52] [33, 47, 51, 72, 62, 71], extend to 3D
constraint systems.

A geometric constraint systemconsists of a finite
set of geometric objects and a finite set of constraints
between them. The constraints can usually be written
as algebraic equations and inequalities whose variables
are the coordinates of the participating geometric ob-
jects. For example, a distance constraint ofd between
two points(x1, y1) and (x2, y2) in 2D is written as
(x2 − x1)2 + (y2 − y1)2 = d2

A solution or realizationof a geometric constraint
system is the real algebraic variety or (set of) real zero(es)
of the corresponding algebraic system. In other words,
the solution is a class of valid real instantiations of (the
position, orientation and any other parameters of) the
geometric elements such that all constraints are sat-
isfied. Here, it is understood that such a solution is
in a particular geometry, for example the Euclidean
plane, the sphere, or Euclidean 3 dimensional space. A
constraint system can be classified asoverconstrained,
well-constrained, orunderconstrained. Well-constrained
systems have a finite, albeit potentially very large num-
ber of rigid solutions; their solution space is a zero-
dimensional variety. Underconstrained systems have
infinitely many solutions; their solution space is not
zero-dimensional: it is called aconformational or con-
figuration spaceA roadmapof this conformational set
(space) – capturing connectivity and representing con-
formational regions of topologically distinct classes of
configurations – is usually part of the realization. Over-
constrained systems do not have a solution unless they
areconsistently overconstrained. Well or overconstrained
systems are calledrigid systems.

The question of “to what extent can geometric con-
straint problems be approached combinatorially?” is
important. Since a significant proportion of the results
of this paper rely on combinatorial approaches, we dis-
cuss these and their limitations here.

3.1. Constraint Graphs and Degrees of Free-
dom. A geometric constraint graphG = (V, E, w)

corresponding to geometric constraint problem is a
weighted graph withn vertices (representing geomet-
ric objects)V andm edges (representing constraints)
E; w(v) is the weight of vertexv and w(e) is the
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FIGURE 3. Input 3D constraint
system, output decomposition
or DR plan (using FRONTIER
[72])

weight of edgee, corresponding to the number ofde-
grees of freedom (dofs)available to an object repre-
sented byv and number of degrees of freedom removed
by a constraint represented bye respectively.

For example Figure 3 shows a 3D constraint sys-
tem and corresponding graph and Figure 4 shows a 2D
constraint graph. All of these examples involve only
points and distances: see [62, 64] for a variety of ex-
amples including other objects and constraints.

Note that the constraint graph could be ahyper-
graph, each hyperedge involving any number of ver-
tices. A subgraphA ⊆ G that satisfies
(3.1)

X

e∈A

w(e) + D ≥
X

v∈A

w(v)

is calleddense, whereD is a dimension-dependent con-
stant, to be described below. The functiond(A) =
P

e∈A w(e)−
P

v∈A w(v) is calleddensityof a graph
A.

The constantD is typically
`d+1

2

´

whered is the di-
mension. The constantD captures the degrees of free-
dom of a rigid body ind dimensions. For planar con-
texts and Euclidean geometry, we expectD = 3 and
for spatial contextsD = 6, in general. If we expect the
rigid body to be fixed with respect to a global coordi-
nate system, thenD = 0.

Next we give some purely combinatorial properties of
constraint graphs based on density. These will be later
shown to be related to properties of the corresponding
constraint systems.

A dense graph with density strictly greater than
−D is calledoverconstrained. A graph that is dense
and all of whose subgraphs (including itself) have den-
sity at most−D is calledwellconstrained.A graphG

is calledwell-overconstrainedif it satisfies the follow-
ing: G is dense,G has atleast one overconstrained sub-
graph, and has the property that on replacing all over-
constrained subgraphs by wellconstrained subgraphs,
G remains dense. A graph that is wellconstrained or
well-overconstrained is said to be acluster. A dense
graph isminimal if it has no dense proper subgraph.
Note that all minimal dense subgraphs are clusters but
the converse is not the case. A graph that is not a clus-
ter is said to beunderconstrained. If a dense graph
is not minimal, it could in fact be an underconstrained
graph: the density of the graph could be the result of
embedding a subgraph of density greater than−D.

To discuss how the graph theoretic properties based on
degree of freedom (dof) analysisdescribed above re-
late to corresponding properties of the corresponding
constraintsystem, we need to introduce the notion of
genericityof e.g, [20]. Informally, constraint system is
generically rigid if it rigid for most of choices of co-
efficients of system. Formally, a property is said to
hold generically for polynomialsf1, . . . , fn if there
is a nonzero polynomialP in the coefficients of the
fi such that this property holds for allf1, . . . , fn for
whichP does not vanish.

Thus the constraint systemE is generically rigid
if there is a nonzero polynomialP in the coefficients of
the equations ofE - or the parameters of the constraint
system - such thatE is solvable whenP does not van-
ish. For example, ifE consists of distance constraints,
the parameters are the distances. Even ifE has no overt
parameters, i.e, ifE is made up of constraints such as
incidences or tangencies or perpendicularity or paral-
lelism, E in fact has hidden parameters capturing the
extent of incidence, tangency, etc., which we consider
to be the parameters ofE.

According to Laman’s theorem [45] in 2D, if all
geometric objects are points and all constraints are dis-
tance constraints between these points then any mini-
mal dense cluster represents a generically rigid system.
However, in 3D or in 2D with other constraints such
as angle constraints, a generically rigid system always
gives a cluster, but the converse is not always the case.
In fact, there are well-constrained clusters whose cor-
responding systems are not generically rigid and are in
fact generically not rigid.

Another standard example, in 4 dimensions the
graphK7,6 representing distances is minimal dense,
and hence a cluster, but it does not represent a generi-
cally rigid system.

In fact, there is no known, tractable characteri-
zation of generic rigidity of systems for 3 or higher
dimensions, based purely properties of the constraint
graph [31].

NOTE: Having noted these problems, we will never-
theless rely heavily on combinatorial dof analysis of
constraint graphs - carefully augmented by some checks
and corrections for algebraic dependences such as the
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“bananas” and “hinge” problems [31], given in [71],
to determine generic rigidity constraint systems; hence
from now on we will use the termsrigid systemand
clusterinterchangeably.

3.2. The need for decomposition: DR-plans and
their properties. Now we describe a structure called
the DR-plan which is crucial for our viral assembly
pathway model. These structures are natural decom-
positions of geometric constraint systems and one of
their many motivations (see [36, 38, 39, 47, 33, 62, 64])
is that the overwhelming cost of solving a geometric
constraint system is the size of the largest subsystem
that is solved using a direct algebraic/numeric solver.
This size dictates the practical utility of the overall con-
straint solver, since the time complexity of the con-
straint solver is at leastexponentialin the size of the
largest such subsystem.

The DR-planner is a graph algorithm that out-
puts adecomposition-recombination plan (DR-plan)of
the constraintgraph. In the process of combinatori-
ally constructing the DR-plan in a bottom up manner,
at stagei, it locates a wellconstrained subgraph or clus-
ter Si in the current constraint graphGi, and uses an
abstractsimplificationof Si to to create a transformed
constraint graphGi+1. The solution to any subsys-
tem in the DR-plan can be (recursively)recombined
by solving other small subsystems. Such a recombina-
tion is straightforward, provided all the subsystems are
generically rigid (have only finitely many solutions).

Formally, a DR-plan of a constraint graphG is
a directed acyclic graph (DAG) whose nodes represent
clusters inG, and edges represent containment. The
leaves or sinks of the DAG are all the vertices (primi-
tive clusters) ofG. The roots or sources are a complete
set of maximal clusters ofG. See Figures 3 and 4.
There could be many DR-plans forG. An optimalDR-
plan is one that minimizes the maximum fan-in. The
sizeof a cluster in a DR-plan is its fan-in (it represents
the size of the corresponding subsystem, once its chil-
dren are solved).

The DR-plan additionally incorporates another par-
tial order called thesolving priority order, which is
consistent with the DR-plan’s DAG order, but is more
refined. This is particularly useful in 3D for correcting
inaccurate dof analyses [71]. The intent is that clus-
ters that appear later in the order need to be solved af-
ter the clusters that appear earlier. In fact, the nodes
in such a DR-plan may not be independent clusters
that appear in the original constraint graph or constraint
system. They become wellconstrained clusters only in
the transformed constraint system (resp. graph) after
earlier clusters in the solving order are already solved
(resp. simplified).

A few other properties of DR-plans are of inter-
est. We would like thewidth i.e, numberof clusters in
the DR-plan to be small, preferably linear in the size of
G: this reflects the complexity of the planning process
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FIGURE 4. 2D constraint graph
G1 and DR-plan; all vertices
have weight 2 and edges weight
1

and affects the complexity of the solving process that is
based on the DR-plan. Since non-minimal dense sub-
graphs could be misclassified as clusters, and for other
reasons such as correcting misclassifications due to al-
gebraic overconstraints, correcting combinatorial over-
constraints, ease of solving and for updating the con-
straint system, [47, 33, 62, 71, 68], it is desirable for
DR-plans to at least have thecluster minimalityprop-
erty: i.e., for any node in the DR-plan, no proper sub-
set of its children induces a cluster. Another desirable
property is that the DR-planincorporate an input par-
tial decomposition. I.e., given an input DAGP whose
nodes are subgraphs ofG and whose edges represent
containment, a DR-plan of every node inP should be
embedded in the output DR-plan forG.

All properties defined above for DR-plans trans-
fer as performance measures of theDR-plannersor DR-
planning algorithms. It is shown in [47], that the prob-
lem of finding the optimal DR-plan of a constraint graph
is NP-hard, and approximability results are shown only
in special cases. Nonapproximability results are not
known. However, most DR-planners make adhoc choices
during computation (say the order in which vertices are
considered) and we can ask of how well (close to op-
timal) thebestcomputation path of such a DR-planner
would perform (on the worst case input). We call this
thebest-choice approximation factorof the DR-planner.

4. The Virus Assembly Model

The main idea is to use a geometric constraint
formulation of the driving forces that assemble a viral
shell and hold it together. The virus assembly model
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FIGURE 5. Example monomer
primitives and constraints.
Balls (points) - atomic markers;
Green line segments - variable
length bonds; Arrows - torsion
angles between green line
segments (primary structure)
Red - distances representing
fixed length bonds (primary
structure), Arcs – angles (pri-
mary structure), Dotted lines –
distances (weak force) (using
FRONTIER [72])

will leverage the fact that forces can be treated as geo-
metric constraints using so-calledtensegrity frameworks
[23], [6], [19], with local geometric constraints enforc-
ing stability, or global (algebraic) constraints minimiz-
ing potential energy. This is used to give a formal,
static definition of a viral assembly pathway (i.e, a par-
tial order of subassemblies), as a certain type of DR-
plan of the underlying constraint system. We then give
an effort rating for each pathway indicating the diffi-
culty of subassembly formation along the pathway.

The input parameters of the viral assembly model
are viewed as a geometric constraint system which is
then represented as a geometric constraint graph based
on degrees of freedom as described in Section 3. More
specific definitions below.

The original architects of the currently accepted
so-calledquasi-equivalencetheory of viral structure and
viral shell self-assembly, Caspar and Klug, [16], by
their own admission,derived their inspiration from tenseg-
rity structures. However, barring this inspirational con-
nection, a precise formulation of viral structure and as-
sembly in terms of tensegrity has not been investigated
or exploited.

4.1. Formal definition of the Model Input. A
viral geometric constraint systemis specified in 4 parts.

c

f b

a

e

d

FIGURE 6. Pentamer interface constraints

It is based on the assumption that the viral shell is icosa-
hedral and made up of 60 identical protein molecules
as in Figure 1. Hence both themonomer structure con-
straints and theinterface constraints((1) and (2) be-
low) are specified just for a single reference monomer.
(1) Themonomer structure constraint system(see Fig-
ure 5): the primitive objects in this system are points
representing essentialatomic markersand line segments
representing essentialbondson the backbone and side
chains of the protein monomer. The constraints in this
system are of three distinct types.
(a) Theprimary stuctureconstraints consisting of dis-
tance, angle, torsion angle intervals between the points
and line segments; these represent bond lengths, bond
angles and torsion angles involving the corresponding
atomic markers and bonds. These constraints typically
form a polygonal chain with side chains.
(b) Themonomer weak forceconstraints consisting of
distance intervals and tensegrity forces between the points;
these represent hydrogen bonds and other weak forces
between atomic markers. This is also called themonomer
contact map.
(c) Required relative orientation constraints on subsets
of 4 points, expressed as polynomial (determinantal)
inequalities: these represent allowed chiralities of the
corresponding atomic markers and are used pick out
the allowed (rigid) conformations of the monomer. These
constraints can be replaced in some cases by extra dis-
tance constraints between the relevant points (atomic
markers).

(2) Theinterface constraint system(see Figures 5, 6, 7,
8): This consists of 3 constraint systems called A-P(A),
A-T(A) and A-D(A), involving 4 monomers A, P(A),
T(A) and D(A). Each constraint system is between the
reference monomer A and one of its reference neigh-
bors P(A), T(A) or D(A), across a pentamer, trimer
or dimer interface respectively. The monomer A par-
ticipates in two more symmetric pentamer and trimer
interfaces P−1(A)-A and T−1(A)-A, with monomers
P−1(A) and T−1(A), but these need not be specified
as they can be inferred from the constraint systems A-
P(A), A-T(A), where P−1(A) (resp. T−1(A)) takes
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FIGURE 7. Dimer interface constraints

the place of A, and A takes the place of P(A) (resp.
T(A)). Each constraint system consists of distance in-
tervals or tensegrity forces. Each of these constraints
involves one point in A and one point in P(A), D(A)
or T(A), depending on the interface. These represent
the weak forces or interactions between the monomers
that drive assembly. These are also called theinter-
face contact maps.(3) The neighborhood structure
(see Figures 9:) A regular, directed graph with labeled
vertices representing the monomers and edges repre-
senting the icosahedral adjacency structure imposed by
the interfaces. The labels are typically of the formNx,
whereN is the label of one of the icosahedral triangu-
lar faces andx is one of the icosahedral vertices.Nx
is the monomer closest to vertexx and faceN . As
described above, each vertex A has 3 outgoing edges
A-P(A), A-T(A) and A-D(A), representing its forward
pentamer, forward trimer and dimer interfaces and 2 in-
coming edges P−1(A)-A and T−1(A)-A, representing
its backward pentamer and backward trimer interfaces
(the backward dimer is generally irrelevant and is omit-
ted).

As in the case of the monomer chirality constraints,
these constraints can be replaced in some cases by extra
distance constraints between the relevant points (atomic
markers). These constraints represent external restric-
tions on the conformations of the complete viral shell
that are not captured by the input (1c) restrictions on
monomer conformations. See [66] for the method by
which these constraints are chosen.

4.2. Formal definition of Pathways and Effort
ratings. A pathwayP for a viral constraint graphG is
a DR-plan forG (see Section 3 and Figures 4 3) that
additionally satisfies 3 properties.
(i) No pair of clusters in the pathway intersect on a non-
trivial cluster (for DR-plans, this invariant is slightly
weaker – see below) unless one is contained in the other;
(ii) No cluster is formed entirely by overlap constraints
between the children (i.e., only the overlap constraints
between the children should be inadequate to form the
parent cluster).

c
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d

FIGURE 8. Trimer interface constraints
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FIGURE 9. Icosahedral neigh-
borhood graph - the 3rd input
parameter

Instead of the cluster-minimality property of DR-plans,

pathways should satisfy the following:
(iii) Every cluster in the pathway has theoverlap-minimality
property defined below.

Note that properties (i) and (ii) are inconsistent with the
cluster-minimality property of DR-plans. Some (usu-
ally stronger) form of cluster-minimality check has to
be performed by the DR-planner before subgraphs can
be correctly classified as clusters: however, due to Prop-
erties (i) and (ii) above, those clusters may have to be
enlarged, before they are put into the pathway. See
Section 5 for a description of this process. Intuitively,
Properties (i) and (ii) assert that when two clusters over-
lap on a primitive object, then they are linked by that
object. I.e., a biophysically valid decomposition cannot
in general make “copies” of the variables correspond-
ing object, treat them independently in separate clusters
and then equate them as an overlap constraint, unless
this overlap constraint is does not force the participat-
ing clusters to form a cluster. This is crucial in giving
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into non-monomer clusters

a biophysically valid measure ofeffort required form
clusters defined below.

DEFINITION 4.1. A clusterC with children
C1, . . . , Cm is overlap-minimalif for any clusterC′

formed by a proper subset of child clustersC1, . . . , Ck ,
1 < k < m, it holds that:C′ along with the remaining
child clustersCk+1, . . . , Cm form the clusterC using
overlap constraints alone. See Figure 17.

Notice that the Property (i) above guarantees the
the width (see Section 3) of a pathway and in fact the
total number of clusters in a pathway is roughly linear
in the number of vertices in the viral constraint graph.

Assumption 1: Overlap-minimal clusters of a viral con-
straint graphG have a constantsize or fan-in(see Sec-
tion 3), i.e., number of children, which is independent
of the number of vertices ofG. This is based on ob-
servations of a large number of known viral structures.
See [66] for detailed biochemical justifications of this
and other model assumptions.

Notice that clusters could be constructed from parts
of monomers. I.e., clusters are not necessarilysub-
assemblies, i.e., consisting of whole monomers. This
provides our pathways a sophistication that appears to
be essential for making good predictions. See Figure
10.

Each clusterC does have a subassembly denoted
sub(C) loosely associated with it, namely, that sub-
assembly consisting of that set of monomers that the
cluster overlaps.

A clusterC represents a (λ)-stablesubassembly
sub(C) only if a suficiently large fraction (≥ λ) of the
points or atomic markers in sub(C) are actually present
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FIGURE 11. Vertex numbers:
trimers of pentamers
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FIGURE 12. Facenumbers:
pentamer of trimers

in C. A subassembly isstabilizable if a sufficiently
large portion of it is a cluster. While a subassembly
may be stabilizable, it may not be stable at a particular
point in a pathway, i.e., when the corresponding clus-
ter in the pathway does not encompass a large enough
portion of the subassembly. Furthermore, by our defi-
nition of pathways, even a minimal stable subassembly
(i.e., no subassembly contained in it is stable) may have
several pathways toits formation.

Thus each pathwayP embeds a unique coarser
sub-pathway consisting of those clusters that represent
stable subassemblies. We call this sub-pathway the em-
beddedstable subassembly pathwayin P . Figures 11,
and 13 show a stable subassembly pathway based on
2 stable subassemblies: pentamers and trimers of pen-
tamers. Figures 12, and 14 show a stable subassembly
pathway based on 2 stable subassemblies: trimers and
pentamers of trimers.
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Note that a pathway could have single root or
many roots or sources depending on whether the com-
plete viral constraint system is (or forces the shell to
be) rigid.

Assumption 2: The constraints in a viral constraint
graphG are sufficient to enforce a stable entire assem-
bly or viral shell; i.e., the pathways forG will contain
one giant root or source clusterC whose associated
subassembly sub(C) is the entire assembly. In other
words,C contains the bulk (at leastλ fraction) of the
entire assembly or shell. The other sources of the path-
way represent other smaller rigid components that ap-
pear within flexible sidechains and surface decorations
of the shell.a (See [66] for justification of biochemical
assumptions)

Note that Assumption 2 implies that for any path-
wayP of a viral constraint graphG, the embedded sta-
ble subassembly pathway has a single root.

We have just definedlabeledpathways (i.e., where
the leaves or geometric primitives are labeled). But we
will be primarily interested in the probabilities associ-
ated with unlabeled pathways orpathway isomorphism
classesfor a viral constraint graphG. These are de-
fined in the obvious manner as equivalence classes of
the equivalence relationperm between pathways, in-
duced by the automorphisms ofG (i.e, those permuta-
tions of the vertices ofG that preserve the geometric
object types that the vertices represent; and addition-
ally preserve the edges, including the geometric con-
straint types associated with the edges) More specifi-
cally, for two pathwaysP andQ of G are related by
perm(P, Q) if P can be obtained fromQ by applying
some permutation - from the automorphism group of
G - to the leaves or sinks, i.e., the primitive geometric
objects ofP .

Each pathway is assigned aneffort rating, which will
be formally based on (and inversely related to) the in-
herent algebraic complexity of the subsystems that ap-
pear in the pathway or alternately, the difficulty of for-
mation of the clusters. We would like this to be a com-
plexity measure satisfying several requirements. (i) It
should be somewhat independent of the properties spe-
cific to known algorithms for solving the subsystems,
or other arbitrary variables, for example elimination or-
der (the complexity measure should, for example, as-
sume the best order) (ii) Furthermore, we would like
the value of this measure to be polynomial time com-
putable, given a subsystem. (iii) On the other hand, as
explained in [66] it would be desirable to have an al-
gorithm for solving the subsystem whose running time
provides a reasonably close upper bound on the value
of this measure atleast for a large, well-defined class
of subsystems. (iv) Finally, as mentioned earlier in the
context of overlap-minimality, the measure should have
a biophysical justification, for example, it should be re-
lated to the energy barriers that are overcome in physi-
cally forming the cluster (solving the subsystem) or the
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FIGURE13. Pathways based on
pentameric stable subassem-
blies

geometric or topological precision of the motions of the
child clusters that are necessary to form the cluster.

These considerations and the fact that viral geo-
metric constraint systems are typically sparse, moti-
vate us to use a refined version of the familiar BKK
bound [11] as an appropriate measure. This bounds the
number of solutions of a polynomial system, is usu-
ally superior to the Bezout bound for sparse systems,
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is computed as theirmixed volumeand is by now used
as a standard tool in sparse polynomial resultant com-
putation, elimination and root finding algorithms, both
symbolic and semi-numeric [15], [24], [40], [73]. Al-
though we are interested only in (isolated) real solu-
tions, we find the BKK bound better for our purposes
although it bounds the number of complex roots rather
than the the Khovanskii fewnomial [43] bounds which
actually estimate real roots. First some standard defini-
tions.

TheNewton polytopeNew(P ) of a k-variate polyno-
mial P in variablesx1, . . . , xk of total degreed, de-
noted asP (x) =

P

α
aαxα (whereα = α1, . . . , αk ,

P

i αi ≤ d andxα denotesxα1

1
. . . x

αk

k ) is the con-
vex hull of the pointsα ∈ Z

k for which the coefficient
aα is nonzero. Themixed volumeof a setS of polyno-
mial equationsP = 0 in k variables is defined as an al-
ternating sum of the volumes of the Minkowski sums of
subsets the Newton polytopesNew(P ): MV (S) =
P

Q⊆S
(−1)|Q|MSP∈Q(New(P )) whereMS denotes

the Minkowski sum. TheBKK (Bernstein-Kuchirenko-
Khovanskii) bound [11] says that the number of solu-
tions to a systemS of k polynomials ink variables is
bounded byMV (S) (this is an equality if the poly-
nomials are generic, i.e., if their coefficients are alge-
braically independent).

Mixed volume computations are done using so-called
mixed subdivisionsof the underlying polytopes. Using
these, algorithms that are polynomial in the degree and
number of terms, and only singly exponential in the
number of variables [15] are known for computing the
resultant and solutions of sparse systems. Moreover,
mixed subdivisions give rise to a class of numeric algo-
rithms calledpolyhedral homotopyalgorithms [40, 73]
that find all roots, and which run for time roughly pro-
portional to the mixed volume. Together with the fact
that clusters in pathways (see definition above), are not
underconstrained, i.e., they suit the BKK bound, and
have only finitely many solutions, and the fact that they
are overlap-minimal, along with Assumption 1 stating
that overlap-minimal clusters of viral geometric con-
straint systems have constant size, our above Require-
ments (i), (ii) and (iii) are therefore met by the mixed
volume and the BKK bound. For a discussion of how
well the measure addresses Requirement (iv), see [66].

We now describe the effort rating of a pathway based
on the BKK bound. The crucial measure is the ef-
fort rating of a cluster in a pathway and it incorpo-
rates three intuitive ideas. (a) Primary structure con-
straints are - in a physical sense - “solved” constraints,
i.e, the underlying monomers and subassemblies inher-
ently satisfy them; hence the effort in forming a clus-
ter is based on the other unsolved (weak force) con-
straints both between its child clusters. (b) Overcon-
strained clusters offer different ways of resolution and
the best choice is assumed in the computation of ef-
fort. (c) Although the clusters in pathways are overlap-
minimal, they could be furtheralgebraically reduced
in well-defined ways that are biophysically justifiable:
for example, as mentioned earlier under the context
of overlap-minimality, the decomposition cannot indis-
criminately “make copies” of the variables correspond-
ing to overlapped objects.

One such method of algebraic reduction is shown
in Figure 15 [69]. On Left: solving by first fixing 6
dofs (degrees of freedom) of 1 cluster resolving 2 of
the overlaps; and then solving the algebraically reduced
system consisting of 1 overlap (3 constraints) and 3
distance constraints simultaneously for all 3 rotational
dofs for each of the other two clusters –6 constraints, 6
variables. On Right: first solving one algebraically re-
duced system of a triangle of distances, one from each
cluster, between the overlapped points, fixing the 6 dofs
of this new triangular cluster and resolving the 3 over-
laps (this fixes all but 1 rotational dof for each of the
3 original triangular cluster); then solving the second
algebraically reduced cluster 3 distance constraints si-
multaneously for 1 rotational dof per original triangular
cluster –only 3 constraints and 3 variables.

DEFINITION 4.2. LetS be an overlap-minimal,
algebraically-reduced cluster (subsystem) of a viral con-
straint system, and letS contain a setQ of primary



MODELING VIRUS SELF-ASSEMBLY PATHWAYS USING COMPUTATIONAL ALGEBRA AND GEOMETRY 11�
f


e


d


c


b
a


f

e


d


c


b

a
���a


b
c
 d
bc


d
ac
 d
ab


��
FIGURE 15. Example of al-
gebraic reduction: Octahedron
split into 3 triangle clusters
joined by 3 overlap points and
3 distance constraints – see de-
scription in text.

structure constraints. LetS1, . . . , Sk. be the child clus-
ters (subsystems) ofS; hencek is the size or fan-in of
S. S could be overconstrained, but any of its wellcon-
strained overlap-minimal subsystems must involve all
of S1, . . . , Sk, due to overlap-minimality. Theeffort
rating of S is denotedEf(S) and defined below. Here
the minimum runs over all well-constrained overlap-
minimal subsystemsS′ of S. Ef(S) = w12w2k

+ min
S′⊆S

w3(
Q

i
Sol(Si))/Sol(S′) +w4Sol(S′), where

Sol(S′) = MV (S′)−MV (S′∩Q), andw1, . . . w4

are the viral model’s tunable parameters.

Here the first summand inEf(S) is simply the conjec-
tured (and observed) time complexity of solving a clus-
terS of size or fan-ink, i.e., a sparse systemS in O(k)
variables. The second summand represents the ratio of
the size of the search space to the size of the solution
space, and the second summand roughly represents the
size of the solution space or the effort in listing all the
solutions ofS′ assuming that the equations inS′ ∩ Q
(primary structure constraints) are already solved. This
intuitively justifies the presence of both summands in
the definition ofEf(S).

4.3. The Pathway Probability Space.Our prob-
ability space is the set of all labeled pathways of a com-
plete viral constraint graph. By definition of effort, and
the isomorphism classes of pathways, isomorphic path-
ways have the same effort. For any fixed effort value,
we assume a uniform probability distribution over all
labeled pathways of that effort.

Assumption 3: An underlying natural assumption is
an additional inverse relationship between a pathway’s
probability and its effort (see [66] for biochemical jus-
tifications of modeling assumptions). While this as-
sumption intuitively motivates the results of this paper,
they are not formally based on this assumption. For
fixed effort bounds, we are generally interested in the

probability of an unlabeled pathway or a pathway iso-
morphism class, which is proportional to the size of the
isomorphism class. This type of probability and effort
computation is sufficient to answer our focused ques-
tions about pathways. For a more detailed argument,
see [66].

4.4. A Restricted Model. While the formal def-
inition of pathways and effort ratings given above are
well-posed for the general viral constraint systems given
above, the definitions are meaningful only for restricted
viral constraint systems that include no inequalities and
involve tensegrity forces in highly limited ways. In-
order to include these, we need a suitable generaliza-
tion of clusters (and hence pathways) to include under-
constrained systems. See [66]. More importantly, the
tractable and accurate computational simulation of the
model given in Section 5 applies only to the restricted
viral constraint systems.

5. Tractable and Accurate Computational
Simulation of the Model

It is not viable to give a combinatorial enumera-
tion of pathways of viral constraint graphs – even those
that satisfy the restrictions of Section 4.4 – using gen-
erating functions or in any manner give a closed form
analysis of the probability distribution over pathways
of bounded total effort. Also, despite the overall icosa-
hedral symmetry, the number of possible pathway iso-
morphism classes is prohibitively large, and hence an
exhaustive enumeration and over the pathways is not
tractable.

We use the following approach. We
(1) use the fact that pathways for viral constraint graphs
satisfying the restrictions of Section 4.4 are a modified
DR-plan (see Section 3);
(2) modify and randomize an existing DR-planner called
theFrontier vertexalgorithm (FA) that runs in time cu-
bic in the number of vertices of the input constraint
graph, so that it generates a random valid pathway that
contains a given subassembly or sub-pathway, and com-
putes the pathway’s rating efficiently;
(3) use the fact that viral constraint systems inherit the
icosahedral symmetries :
(4) use the fact that DR-plans have a correspondence
with distinct bases of the underlying rigidity matroid
(see [77], [32], [31]);
(5) and the fact that matroid bases form a markov chain
on which random walks converge in polynomial time
to stationary distributions that permit random sampling
and approximate counting [4, 5, 12, 26, 57, 50, 29, 65]
and
(6) use (3), (4) and (5) to argue that the algorithm in
(2) generates a representative sample of pathways that
approximates their true probability distribution well.

5.1. Generating Random Pathways using the
Frontier Vertex (FA) DR-Planner. DR-planners based
on geometric constraint graphs have been proposed since
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the early 90’s for restricted classes of graphs that are
decomposable simply by detecting certain patterns such
as triangles (“triangle decomposable”) [28, 53, 54, 52]
[46, 49]; and based on Maximum Matching [55, 3, 46,
44], and rigidity matroids (for 2D points and distances)
[77, 32]. However, prior to [38], the DR-planning prob-
lem and appropriate (and strongly competing) desir-
able properties for DR-planners were not formally de-
fined or motivated. That paper also gives a table com-
paring 3 main types of DR-planners, with respect to
these performance measures including those in Section
3. These performance measures were optimized by the
Frontier vertex DR-plans and the corresponding DR-
planner (FA DR-planner) described very briefly below
[39, 37, 47, 51, 33, 72, 71, 62, 64].

The challenge met by the FA DR-planner (along with
subsequent modifications) is that it provably meets sev-
eral competing requirements. See Section 3 for defini-
tions.
(a) It deals with key problems of constraint dependen-
cies and rotational symmetries and hence rectifies mis-
classification of clusters for a large class of 2D con-
straint graphs containing angle and incidence constraints
as well as 3D constraint graphs.
(b) For wellconstrained graphs it outputs a DR-plan
with a single root representing the entire graph as a
cluster: for underconstrained graphs - it outputs a com-
plete set of maximal clusters as sources of the DR-plan.
(c) It controls the width of the DR-plan to ensure a
polynomial time algorithm.
(d) It ensures the cluster-minimality of clusters in the
DR-plan.
(e) It outputs DR-plans consistent with input partial de-
compositions.

The FA algorithm builds the DR-plan bottom up
by successively locating clusters and simplifying them
to create a transformed comstraint graph, called the
flow graphor cluster graph. The graph transformation
performed by the FA cluster simplification is described
formally in [39, 37] that provide the vocabulary for
proving the properties of FA that follow directly from
this simplification. However, other properties of FA re-
quire details of the actual DR-planner that ensures them
[47, 51, 33, 72, 62, 64, 71].

Note. A detailed pseudocode of the FA DR-planner
can be found in [62]. Properties (a) and (e) above are
proven in [71], [70] and Properties (b), (c), (d) are proven
in [47].

5.2. Crucial Modifications for obtaining Ran-
dom Pathways. The randomization procedure is
straightforward and yet performs well in providing a
representative sample of pathways (see discussion on
simulation accuracy in Section 5.2.1). The exact ran-
domization cannot be formally described without refer-
ing in detail to the FA pseudocode in [47] and [62].
However, it is conceptually simple and easy to describe
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FIGURE 16. Maintaining linear
width of DR-plan: see text

intuitively: everywhere that the FA DR-planner per-
forms operations on vertices, edges or clusters inlex-
icographicorder orqueueorder, this is replaced by a
randomorder.

Recall from Section 4, that the additional require-
ments that a pathway has to meet 3 properties beyond
the DR-plan properties.

Property (i) is ensured by modifying the FA DR-planner
as follows.

FA achieves a linear bound on DR-plan width by
maintaining the following invariant of the cluster or
flow graph:every pair of clusters in the flow graph (top
level of the DR-plan) at any stage intersect on at most
a rotationally symmetric subgraph. FA does this by
performing 2 operations after a new potential cluster-
minimal cluster is isolated by the cluster-minimality
routine (see [47, 62, 71]). Note that this routine is re-
quired even though we do not require cluster-minimality
for pathways. It is required to ensure that the found
cluster has not been misclassified due to combinatorial
and algebraic overconstraints, i.e., to ensure Property
(a) of the FA DR-planner (see [47, 62, 71]).

The first operation is anenlargementof the found
cluster. In general, a new found clusterN is enlarged
by any clusterD1 currently in the flow graph (top level
of the DR-plan), if their nonempty intersection isnot a
rotationally symmetric or trivial subgraph. In this case,
N does not enter the top level of the DR-plan Only
N ∪ D1 enters the DR-plan, as a parent of bothD1

and the other children ofN . It is easy to see that the
sizesof the subsystems corresponding to bothN ∪D1

andN are the same, sinceD1 would already be solved.
For the example in Figure 16, when the DR-plan

finds the clusterC2 afterC1, the DR-planner will find
thatC1 can be enlarged byC2 The DR-planner forms
a new clusterC4 based onC1 andC2 and putsC4 into
the top level of the DR-plan, instead ofC2.

The second operation is to iterativelycombineN∪
D1 with any clustersD2, D3, . . . based on a nonempty
overlap that is not rotationally symmetric or trivial. In
this case,N ∪D1∪D2, N ∪D1∪D2∪D3 etc. enter
the DR-plan as a staircase, or chain, but only the single
clusterN ∪D1 ∪D2 ∪D3 ∪ . . . .. enters the top level
of the DR-plan.

Ofcourse, both of these processes are distinct from
the original flow distribution process thatlocatesclus-
ters.
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FIGURE 17. Ensuring Property
(ii): C5 and C4 are directly
made children ofC, destroying
C3; the operation is performed
recursively onC4 andC5

Now, in order to ensure that the DR-plan has the Prop-
erty (i) of pathways mentioned above, the enlargement
process subsumes the combining process. The cluster
N is iteratively enlarged by the clustersDi so that only
N ∪ D1 ∪ D2 . . . enters both the DR-plan as a com-
mon parent ofN and theDi ’s; and it enters the cluster
graph, after removing allDi.

Property (ii) is ensured by checking each newly
found clusterN to see if it can be formed entirely by
overlap constraints between the children. This requires
a careful dof count using inclusion-exclusion. If over-
lap constraints are sufficient to form the clusterN , then
the last found child clusterC of N is removed from the
DR-plan and its children are directly made children of
N (leaving out any children that are trivial clusters in
the intersection ofC and one of the other original chil-
dren ofN ). See Figure 17.

To ensure Property (iii) or overlap-minimality of
clusters, they are treated as follows after the combining
step has found the clusterC that can no longer be com-
bined with any of the clusters in the flow graph, i.e.,
top level clusters of the current DR-plan. Recall that
overlap-minimality ofC with children C1, . . . , Cm

requires that for any clusterC′ formed by a proper
subset of child clustersC1, . . . , Ck , it holds that:C′

along with the other child clustersCk+1, . . . , Cm form
the clusterC using overlap constraints alone. IfC does
not satisfy overlap-minimality, then it is decomposed
into a sub-DR-plan consisting of overlap-minimal clus-
ters. This is done by a recursive methodOverlapmin

Cluster Graph

Bipartite Graph

Overlap Graph
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FIGURE 18. Ensuring Overlap
minimality – finding minimum
vertex separator on bipartite
graph obtained from the overlap
graph of the original cluster
graph

similar to the cluster-minimality routine of [47], [62].
This method takes as arguments the subgraphS of the
cluster graph, (S does not have to be a cluster) and
the setS = {C1, . . . , Cm}) of the overlap-minimal
clusters that constitute it (we identify the set of clus-
ters with the subgraph of the cluster graph induced by
them). The base case is whenS consists of only 2 clus-
ters C1 and C2. In this case, ifC1 and C2 have a
nontrivial overlap, thenS is returned, since it is itself
overlap-minimal. If not,C1 andC2 are returned as the
maximal overlap-minimal clusters withinS. The re-
cursion is acheived by first locating a proper subgraph
S′ of S that overlaps the remaining set of clusters in
S \ S′ only on a trivial subgraph. This is done by
running a minimum vertex separator (or cut) algorithm
such as [42] on thebipartite graph obtained from the
standardoverlap hypergraphof the clusters inS. In
the hypergraph, clusters are vertices and each overlap
vertex is an edge; in the bipartite graph, one side con-
sists of vertices representing vertices of the hypergraph
and the other consists of vertices representing edges of
the hypergraph. See Figure 18

If no such subset is located, thenC is overlap
minimal. If such a subsetS′ is located, thenOver-
lapmin calls itself twice. The first call is with argu-
ments: the subgraph induced byS′ and the set of clus-
ters{C1, . . . , Ck} within S′. The method generates a
sub-DR-plan ofS′ whose leaves are the clusters
C1, . . . , Ck and in which each intermediate cluster is
overlap-minimal. IfS′ is itself a cluster, then it is the
single root or source of this sub-DR-plan. If not, a
complete setT of maximalclusters withinS′ appear
as the sources. The second call is with arguments:S
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and the union of the setT and the remaining clusters
{Ck+1 . . . , Cm} in S \ S′.

It can be formally proven that the above modi-
fications ensure the additional Properties (i), (ii) and
(iii) of pathways and do not affect the Properties (a),
(b), (c), (e) guaranteed by the FA DR-planner ([47]
and [71, 70, 62]). In particular, the Property (e) can be
leveraged by adding a particular (labeled) subassembly
or even a particular (labeled) sub-pathway as an input
partial decomposition, so that the output pathway will
contain them. Moreover, the pathway’s effort can be
computed in time directly proportional to the number
of nodes in the pathway, since by the assumption on
viral constraint graphs in Section 4, the number of chil-
dren of a overlap-minimal cluster of a viral constraint
graph is bounded by a constant and hence the effort
rating of such a cluster can be computed in constant
time, independent of the size of the viral constraint
graph (number of atomic markers). Finally, since the
FA-DR-planner’s property I.e., we obtain the follow-
ing theorem.

THEOREM5.1. On an input viral constraint graph
G and a labeled subassembly or sub-pathwayP the
FA-DR-planner - as modified above - outputs a valid
assembly pathwayA for G that containsP , as well as
A’s effort rating, within time cubic in the number of
vertices (or essential atomic markers) ofG.

NoteThe FA DR-planner is implemented in the (open-
source, available from GNU) FRONTIER geometric
constraint software [72], [62], [64] developed at the
University of Florida. The new algorithms described
here are straightforward to incorporate. Together this
provides a hands-on efficient computational simulation
and visualization tool for viral pathway simulation. See
Figures 5, 19, 20, 3.

5.2.1. Proving Accuracy of Simulation.The above
theorem proves the efficiency or tractability of the sim-
ulation. However, it is still necessary to show that the
randomization procedure mentioned above outputs a
truly random pathway; i.e., it outputs a representative
sample of pathways (under a given effort bound) that
accurately reflects the probability distribution over all
successful assembly pathways (under the same effort
bound) predicted by the formal model in Section 4. For
example, it is necessary to show that bounded effort
pathways obtained overm trials of the simulation ac-
curately (with error decreasing, say, proportionally to
m1/k for somek) represent the probability distribu-
tion over the entire set of successful, bounded effort
pathways. I.e., we need to prove the following type of
theorem.

Definition. Let M be a multiset of successful path-
ways of effort at mostb that contain a particular (la-
beled) subassembly or subpathwayP for some viral
constraint graphG. Let 0 < ǫ < 1 be a desired ac-
curacy. LetmT be the number of pathways inM that
are in the same isomorphism classT . Let pT be the

probability that ab-effort pathway ofG that contains
P belongs to the isomorphism classT . We say that
M is anǫ-representativesample (ofb-effort pathways
for G containingP ) if for every pathway isomorphism
classT , |mT /|M | − pT | ≤ ǫ. ♣ (end of definition).

THEOREM 5.2. There is a fixedk such that for
any 0 < ǫ < 1 the following holds. LetM be any
set ofb-effort pathways containing a (labeled) subpath-
way P output over independent runs by the the ran-
domized, modified FA-DR-planner (described above)
on an input viral constraint graphG. ThenM is an
ǫ-representative sample providedM ≥ (1/ǫ)k . This
holds for effort boundsb that include a reasonably large
number of pathways and for subpathwaysP of con-
stant bounded size which includes the case whenP is
a single subassembly.

In the general case of viral constraint graphG
of Section 4.4, this theorem is still a conjecture. See
[66]. However, the observed accuracy of the sample
obtained by the above randomization is supported by
the fact that the theorem has been proven in [65] for
a special class of of viral constraint graphG in which
each pathway corresponds to a distinct, well-defined
basis class of the rigidity matroid that is obtained from
G (see [77], [32], [31]). The proof further leverages (1)
the icosahedral symmetry of the constraint system, and
(2) the fact that distinct matroid bases form a markov
chain on which random walks converge rapidly (in time
polynomial in the size of the original graph and in1/ǫ)
to stationary distributions that provideǫ-representative
samples. Various results of this type are shown in [26],
[29], [50] for so-called balanced matroids. The proof
requires the extension of these results to (1) a class of
rigidity matroids; (2) where each element in the markov
chain is a pathway, i.e, a distinct well-defined basis
class of the underlying rigidity matroid, as opposed to
a distinct basis. Finally, the proof shows that the simple
randomization of the FA-DR-planner described above
corresponds in a natural manner to a random walk on
the above markov chain.

Simulation results using the FRONTIER geometric con-
straint solver [72], [62] and preliminary validation of
the model are given in [66]. See Figures 19, 20.
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