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ABSTRACT. We develop a tractable model
for elucidating the assembly pathways by
which an icosahedral viral shell forms from
60 identical constituent protein monomers.
This poorly understood process a remark-
able example of macromolecular
self-assembly occuring in nature and pos-
sesses many features that are desirable while
engineering self-assembly at the nanoscale.

The model uses static geometric con-
straints to represent the driving (weak) forces
that cause a viral shell to assemble and hold
it together. The goal is to answer focused
questions about the structural properties of
a successful assembly pathway. Pathways
and their properties are carefully defined
and computed using computational algebra
and geometry, specifically by crucial modi-
fications to state of the art methods for geo-
metric constraint decomposition. The model
is analyzable and refinable and avoids ex-
pensive dynamics. It has a provably tractable
and accurate computational simulation and
that its predictions are roughly consistent
with known information about viral shell
assembly.

Overall the paper's new contributions
are: (a) elucidation of a new model of virus
assembly illustrating a strong, direct, mu-
tually beneficial interplay between the con-
cepts underlying macromolecular assembly
and a wide variety of established as well
as novel concepts from combinatorial and
computational algebra, geometry and alge-
braic complexity; and (b) crucial modifica-
tions to existing geometric constraint de-
composition methods to obtain a tractable
and accurate simulation of the model.

Organization of Paper

Icosahedral viral shell assembly is an outstanding
example of nanoscale, macromolecular self-assembly
occuring in nature30]. Mostly identical coat protein
monomers assemble with high rate of efficacy into a
closed icosahedralapsidor shelt onset and termina-
tion are spontaneous, and assembly is robust, rapid and
economical. All of these requirements are both desir-
able and difficult to achieve when engineering macro-
molecular self-assembly. See Figures 1.

However the viral assembly process - just like
any other spontaneous macromolecular assembly pro-
cess such as molecular crystal formation - is poorly un-
derstood. Answering focused questions about viral as-
sembly pathways can help both to encourage macro-
molecular assemblies for engineering, biosensor and
gene therapy applications, but and also discourage as-
sembly for arresting the spread of viral infection.

This paper addresses the relevance of computa-
tional algebra and geometry to develop static, analyz-
able, refinable models and fast, accurate computational
simulations for answering focused questions about virus
assembly pathways. The paper also discusses the rele-
vance of random walks on markov chains for randomly
sampling algebraic structures. Specifically, we use the
following. First, we use state of the art methods for
decomposition of geometric constraint syste36,[38,

39, 37 [33, 47, 51, 72, 62, 64, 68, 71, 67,]/&s
well as solving and estimating number of solutions.
These leverage both combinatorial approaches related
to rigidity theory B1], as well as standard algebraic
techniques for sparse elimination and solviig,[24,

40, 73. Second, we use random walké, [5, 12, 26,

50, 57, 29to obtain statistically good samples for enu-
merating and counting specific structures that have an
algebraic interpretation as decompositions of the un-
derlying geometric constraint systems, and are combi-
natorially related to rigidity matroids6p, 63.

Existence of purely algebraic methods of estimat-
ing such statisticsgg] is likely and would be useful
to find. Furthermore, although they are not used in

—Introduction and Motivation

—Geometric Constraints Background

—The Virus Assembly Model: Pathways and Effort
—A Tractable and Accurate Simulation

this paper, the problem provides direct scope (§€¢ [

for techniques and concepts (standard and novel) from
other areas of combinatorial and computational alge-
braic geometry, both standard and novel. For exam-
ple, [66] sketches the direct relevance of methods for

) robot arm non-colliding path planning, including the
supported in part by NSF-EIA 0218435.
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FIGURE 1. Basic Viral Structure.

roadmapping of configuration spaces of mechanisms;
[14,7,61, 74,75, 76,)2letermining ideal membership,

determining or imposing symmetries and invariants for
specific classes of ideals obtained from geometric con-
straints; and algebraically representing the solutions of

specific global polynomial constraints as the equilibria . .
of local game-theoretic mechanisngS[ 6q are poorly understood. From an experimental point of
view, this lack of understanding is due to the extreme

1.1. Virus Preliminaries. The viral shell is im- speed of the assembly so that wet-lab snapshots of in-
portant in that it packages viral “life” i.e, the genomictermediate sub-assemblies are generally unsuccessful.
nucleic acid, which could be single stranded D&+ From a modeling point of view, this lack of un-
DNA), double-stranded DNA, or RNA. However, in mafigrstanding is due to the fact that existing computa-
cases, viral shell assembly occurs with no interferend®nal models 8, 9, 10, 80, 79, 78, 58, 41, 59, 48
from the enclosed genetic material: empty shells, @enerally involve dynamics of (simplified versions) of
shells packaging incomplete genomic material form wittius assembly (further description of these approaches
equal facility [1], a fact that simplifies the modeling. and comparison with our approach can be foun@tj [

A symmetric shell 21] is a consequence of its con-Dynamics are currently used even when the assembly
sisting of (almost) identical monomers. The predomimodels only seek to elucidate the structurepaih-
nant structure of viral shells is icosahedral since the e¢ays See Section 4. See Figures 13, 14. See Sec-
act five-fold, three-fold and two-fold point-group sym-tion 4 for definition. By carefully defining the prob-
metry of the icosahedron permits theasi-equivalent ability space, we obtain the probabilities of pathway
symmetry [L6] required to construct structures with atrees/dagshat are known to result in successful assem-
large number of monomers (see Figures 1 , 12, 1@liesusing a purely static model based on geometric
9). The number of monomers for each vertex of eacgPnstraints.

triangle of the (20-triangle) icosahedron is refered to ~ Models whose output parameters are defined only
as the (typically small)T" number: a T=1 virus shell as the end result of a dynamical process are compu-
has 60 identical monomers, a T=7 virus shell has 42gtionally costly, often requiring oversimplifications to
monomers etc. Our focus here is mainly on ssDNA&Nsure tractability. In addition, such models are also
T=1 viruses. See Figures 1 11, 9. not easily tunable or refinable since their input-to-output

Virus assembly involves3[)] highly specific function is generally not analyzable and therefore do
monomer -monomer (protein -protein), - and possiblfiot provide a satisfactory conceptual explanation of the
protein -genomic materiahteractions all of which are Phenomenon being modeled.
governed by geometry or by weak forces that can be
treated geometricallyl[/] (see Figure 2). More specif- 2. Contributions and their Significance
ically, the final viral structure can be viewed formally
as the solution to a system of geometric constraints th&ontribution 1: (Section 4) We describe a mathemat-

translate to algebraic equations and inequalities.  ical model of viral shell assembly whoseput param-
etersare: information extracted from (a) the geomet-

1.2. State of the Art. While there is a well de- ric structure of the coat protein monomer that forms
veloped structure theory afompleteviral shells R1, the viral shell, including all relevant (rigid) conforma-
16], verified by X-ray crystallography and other ex-tions; (b) the geometric and weak-force interactions -
perimental data, thprocessesf viral shell assembly between pairs of monomers - that drive assembly (see

FIGURE 2. Dimer, trimer and
pentamer interactions and close-
up of atomic interaction
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Figure 2); and (c) (optional) the neighborhood struc- 3. Geometric constraint solving background

ture of the complete viral shell. The latter is crucial

for a f?]cused iinodel thamly Idezls Wlththoslepath- | Geometric constraint systems arise in a wide vari-
ways that are knowapriorito lead to a complete viral ety of applications including robotics, mechanical com-

shell. ;lowever‘, the modelf c;ln‘be genzrahzed to t&fer aided design, and teaching geometry For recent
case where (c) is not part of the input and unsuccess iews of the extensive literature on geometric con-

assemblies are included. straint solving see, e.g36, 44, 27, 61 More rel-

The output information sought from the mOdeI:evantly, geometric constraints are used in molecular

first, the probgblllty of a specific s_qccessful assemblé(onformational structure determination and representa-
pathway that |ncorp0rat_es a specific subassembly a{?gn [22], [25], [18]. Most of the geometric constraint
leads to the complete viral shell and has bounded QIvers so far deal with 2D constraint systems, although

tal effort; in short, a probability distribution over SUC- <me of the newer approaches includirg,[35, 38

cessful, bounded effort assembly pathways that incqgg] [37, 13, 5233, 47, 51, 72, 62, lextend to 3D
porate certain substructures; this has a straightforwa&;nstra'int s’ystems’ T

generatl)llzatlonh @6)) to a dlstrlbutlonl aver all p?slsml_e . A geometric constraint systeoonsists of a finite
assembly pathways (not necessarily successful) wit t of geometric objects and a finite set of constraints

an effort bound. The model satisfies the following repqyyeen them. The constraints can usually be written

quirements. as algebraic equations and inequalities whose variables

.(I) (Section 4) The d.escrl.ptlon ,Of Fhe model - L.e. thl?‘slre the coordinates of the participating geometric ob-
input-to-output function - is static, i.e. does not rely on

q - tth bi his ol ects. For example, a distance constraint!dfetween
ynamics of the assembly process. This is essential g1 | points (1, y1) and (2, y2) in 2D is written as
forward analyzabilty. 2 2 "9
(ii) The assumptions of the model are mathematicall(gc2 — 2 (2 )" = d

p Y A solution or realizatiorof a geometric constraint

a,nd blochem|cal!y lustifiable. These J,USt'f"?at,'onS amgystem is the real algebraic variety or (set of) real zejo(es
rigorous comparisons of the quel V,V'th existing mOd()f the corresponding algebraic system. In other words,
els of V|ra_l shell assembly are given i6q]. . the solution is a class of valid real instantiations of (the
(iii) (Section 5) We show that the model is Computz%OSition, orientation and any other parameters of) the

tlon_al’llly tfractable, |:e.we develc;);lj an njw, efflm_ent ,al'geometric elements such that all constraints are sat-
gorithm for computing (a provably goo approximationggie Here, it is understood that such a solution is

of) the pathway probability distribution. The requiredin a particular geometry, for example the Euclidean

algorithms are crucial modificiations of state-of-the artplane the sphere, or Euclidean 3 dimensional space. A
geometri_c constraint decompositio_r_1 algo_rithmthis constraint system can be classifiedoagrconstrainegd
Is essential for backward analyzability which is neede ell-constrainedorunderconstrainedWell-constrained

for t\r/;/o reasons. first, forr1 |terek1t|vely rgflnl:g ﬁ_‘e T‘o?e ystems have a finite, albeit potentially very large num-
so that its output matches known biochemical in OrE)er of rigid solutions; their solution space is a zero-

mation or experimental results; and second, for eN%imensional variety. Underconstrained systems have

neering a desired output, for (te/xample engineering trﬁ"?ﬁnitely many solutions; their solution space is not
monomer structure to prevent/encourage certain SI“@éro-dimensional: it is called @nformational or con-

assemblles,l_;(ncl)rdir to f;)]rce certain pathways to bfﬁ' uration spaceA roadmapof this conformational set
come more likely than others, or to prevent success pace) — capturing connectivity and representing con-

a}ssemk}ly._ imulati | ) h formational regions of topologically distinct classes of
() Prilmlnﬁry simu gthnl restj] ts (n(:jt ?’lven dgre_, Segonfigurations —is usually part of the realization. Over-
[66)) show that, in principle, the model’s pre ICtlonsconstrained systems do not have a solution unless they

are qualitatively consistent with known studies of vi rusﬁﬁconsistently overconstrainetiVell or overconstrained
More conclusive biochemical validation using 3 care;

; o systems are calledgid systems.
fully chosen, ssDNA T=1 viruses is in proce&s].
The question of “to what extent can geometric con-
straint problems be approached combinatorially?” is
important. Since a significant proportion of the results
of this paper rely on combinatorial approaches, we dis-
cuss these and their limitations here.

Contribution 2: Overall, the paper provides an indi-

cation of the direct, mutually beneficial interplay be- 3.1. Constraint Graphs and Degrees of Free-
tween (@) the concepts underlying macromolecular adem. A geometric constraint graptd = (V, E, w)
sembly and (b) established as well as novel conceptsrresponding to geometric constraint problem is a
from combinatorial and computational algebraic geonweighted graph wit vertices (representing geomet-
etry and algebraic complexity. Several promising operic objects)V andm edges (representing constraints)
problems are indicated if6)]. E; w(v) is the weight of vertexo and w(e) is the
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is calledwell-overconstrainedf it satisfies the follow-

ing: G is dense(= has atleast one overconstrained sub-
graph, and has the property that on replacing all over-
. constrained subgraphs by wellconstrained subgraphs,
3 il G remains dense. A graph that is wellconstrained or
; well-overconstrained is said to bechuster A dense
graph isminimal if it has no dense proper subgraph.
Note that all minimal dense subgraphs are clusters but
the converse is not the case. A graph that is not a clus-
ter is said to beunderconstrained If a dense graph

is not minimal, it could in fact be an underconstrained
graph: the density of the graph could be the result of
embedding a subgraph of density greater thdn.
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To discuss how the graph theoretic properties based on
degree of freedom (dof) analysiescribed above re-
late to corresponding properties of the corresponding
constraintsystem we need to introduce the notion of
genericityof e.g, R0]. Informally, constraint system is
generically rigid if it rigid for most of choices of co-
efficients of system. Formally, a property is said to
hold generically for polynomials f1, . .., fy if there

is a nonzero polynomiaP in the coefficients of the

weight of edgee, corresponding to the number dé- ¢, sych that this property holds for aft, ..., fn for
grees of freedom (dofsjvailable to an object repre- \hich P does not vanish.

sented by and number of degrees of freedom removed  Thys the constraint systef is generically rigid

by a constraint represented byespectively. if there is a nonzero polynomid? in the coefficients of
For example Figure 3 shows a 3D constraint syshe equations of - or the parameters of the constraint
tem and corresponding graph and Figure 4 shows a ZQstem - such thak is solvable wherP does not van-
constraint graph. All of these examples involve onlysy, For example, i consists of distance constraints,
points and distances: se2| 64 for a variety of ex- the parameters are the distances. Evéflifas no overt
amples including other objects and constraints. parameters, i.e, ifZ is made up of constraints such as
Note that the constraint graph could béyper- jncidences or tangencies or perpendicularity or paral-
graph each hyperedge involving any number of Veriglism, £ in fact has hidden parameters capturing the
tices. Asubgrapbl C G that satisfies extent of incidence, tangency, etc., which we consider

FIGURE 3. Input 3D constraint
system, output decomposition
or DR plan (using FRONTIER

[72))

(3.1) to be the parameters @.
Z w(e) + D > Z w(v) According to Laman’s theorend§] in 2D, if all
e€A vEA geometric objects are points and all constraints are dis-

) ) . ) tance constraints between these points then any mini-
is calleddensewhereD is a dimension-dependent cony, 5| gense cluster represents a generically rigid system.
stant, to be described below. The functié) = However, in 3D or in 2D with other constraints such
2eeaw(€) = 2,ca w(v)is calleddensityofagraph aq angle constraints, a generically rigid system always
A gives a cluster, but the converse is not always the case.
The constantD is typically (d;rl) whered is the di- In fact, there are well-constrained clusters whose cor-
mension. The constar? captures the degrees of freefesponding systems are not generically rigid and are in
dom of a rigid body ind dimensions. For planar con- fact generically not rigid.
texts and Euclidean geometry’ we expat: 3 and Another standard eXampIe, in 4 dimensions the
for spatial contextd) = 6, in general. If we expect the 9raph K7 ,¢ representing distances is minimal dense,
rigid body to be fixed with respect to a global coordiand hence a cluster, but it does not represent a generi-
nate system, the = 0. cally rigid system.

) ) ) ) In fact, there is no known, tractable characteri-
Next we give some purely combinatorial properties of54i0n of generic rigidity of systems for 3 or higher

constraint graphs based on density. These will be latgfmensions, based purely properties of the constraint
shown to be related to properties of the correspondlrg}aph B1].

constraint systems.

A dense graph with density strictly greater tharlNOTE: Having noted these problems, we will never-
—D is calledoverconstrained A graph that is dense theless rely heavily on combinatorial dof analysis of
and all of whose subgraphs (including itself) have dergonstraint graphs - carefully augmented by some checks
sity at most—D is calledwellconstrained A graphG  and corrections for algebraic dependences such as the
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“bananas” and “hinge” problems{], given in [71],
to determine generic rigidity constraint systems; hence
from now on we will use the termdgid systemand
clusterinterchangeably.

3.2. The need for decomposition: DR-plans and
their properties. Now we describe a structure called
the DR-plan which is crucial for our viral assembly
pathway model. These structures are natural decom-
positions of geometric constraint systems and one of
their many motivations (se&6, 38, 39, 47, 33, 62, G
is that the overwhelming cost of solving a geometric ”'"'"'5@;5(5@1)')”"""”'
constraint system is the size of the largest subsystem 21
that is solved using a direct algebraic/numeric solver.

This size dictates the practical utility of the overall con- 5 ’
straint solver, since the time complexity of the con- 5
straint solver is at leastxponentialin the size of the s &
largest such subsystem. A /\
1 22 231314 161517'18' 19011

The DR-planner is a graph algorithm that out-
puts adecomposition-recombination plan (DR-plaf)
the constraintgraph In the process of combinatori- G1 and DR-plan; all vertices
ally constructing the DR-plan in a bottom up manner, have weight 2 and edges weight
at stage, it locates a wellconstrained subgraph or clus- 1
ter .S; in the current constraint grapfi;, and uses an
abstractsimplificationof S; to to create a transformed

constraint graptG';41. The solution to any subsys- 5nq affects the complexity of the solving process that is
tem in the DR-plan can be (recursivelggcombined pased on the DR-plan. Since non-minimal dense sub-
by solving other small subsystems. Such a recombingzanhs could be misclassified as clusters, and for other
tion is straightforward, provided all the subsystems aigasons such as correcting misclassifications due to al-
generically rigid (have only finitely many solutions). - geprajc overconstraints, correcting combinatorial over-
Formally, a DR-plan of a constraint gragh is  constraints, ease of solving and for updating the con-
adirected acyclic graph (DAG) whose nodes represegfaint system,47, 33, 62, 71, 6B it is desirable for
clusters inG, and edges represent containment. ThﬁR-pIans to at least have tiotuster minimalityprop-
leaves or sinks of the DAG are all the vertices (primi-erty: i.e., for any node in the DR-plan, no proper sub-
tive clusters) of+. The roots or sources are a complet@e of its children induces a cluster. Another desirable
set of maximal clusters of:. See Figures 3 and 4. 5 operty is that the DR-plaimcorporate an input par-
There could be many DR-plans f6f. An optimalDR- {5 decomposition .e., given an input DAGP whose
plan is one that minimizes the maximum fan-in. Theqqes are subgraphs 6f and whose edges represent
sizeof a cluster in a DR-plan is its fan-in (it representgontainment, a DR-plan of every node fhshould be
the size of the corresponding subsystem, once its chilimpedded in the output DR-plan f6t.
dren are solved). All properties defined above for DR-plans trans-
The DR-plan additionally incorporates another pgg; 45 performance measures of Bf-plannersr DR-
tial qrder ca!led thesolving priority order whigh is planning algorithms. It is shown ir], that the prob-
consistent with the DR-plan’s DAG order, but is Morgem of finding the optimal DR-plan of a constraint graph
_refined. This is particularly useful_in 3D _for correctingjg NP-hard, and approximability results are shown only
inaccurate dof analyse§ . The intent is that clus- i special cases. Nonapproximability results are not
ters that appear later in the order need to be solved gfiown, However, most DR-planners make adhoc choices
ter the clusters that appear earlier. In fact, the nod@gying computation (say the order in which vertices are
in such a DR-plan may not be independent clustetg,nsidered) and we can ask of how well (close to op-
that appear in the original constraint graph or constraiﬂ}nan the bestcomputation path of such a DR-planner
system. They become wellconstrained clusters only {fo1d perform (on the worst case input). We call this

the transformed constraint system (resp. graph) aftgfepest-choice approximation factof the DR-planner.
earlier clusters in the solving order are already solved

(resp. simplified).

A few other properties of DR-plans are of inter-
est. We would like thevidth i.e, numberof clusters in The main idea is to use a geometric constraint
the DR-plan to be small, preferably linear in the size diormulation of the driving forces that assemble a viral
G: this reflects the complexity of the planning processhell and hold it together. The virus assembly model

FIGURE 4. 2D constraint graph

4. The Virus Assembly Model
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Itis based on the assumption that the viral shell is icosa-
hedral and made up of 60 identical protein molecules
as in Figure 1. Hence both timeonomer structure con-
straints and theinterface constraintg(1) and (2) be-
low) are specified just for a single reference monomer.
(1) Themonomer structure constraint systésee Fig-
ure 5): the primitive objects in this system are points
representing essentialomic markersnd line segments
representing essentibbndson the backbone and side
chains of the protein monomer. The constraints in this
system are of three distinct types.
(a) Theprimary stuctureconstraints consisting of dis-
tance, angle, torsion angle intervals between the points
and line segments; these represent bond lengths, bond
angles and torsion angles involving the corresponding
atomic markers and bonds. These constraints typically
will leverage the fact that forces can be treated as gef®rm a polygonal chain with side chains.
metric constraints using so-callezhsegrity frameworks (b) Themonomer weak forceonstraints consisting of
[23], [6], [19], with local geometric constraints enforc-distance intervals and tensegrity forces between thegoint
ing stability, or global (algebraic) constraints minimizthese represent hydrogen bonds and other weak forces
ing potential energy. This is used to give a formalpetween atomic markers. This is also calledrtt@nomer
static definition of a viral assembly pathway (i.e, a pacontact map
tial order of subassemblies), as a certain type of DR€) Required relative orientation constraints on subsets
plan of the underlying constraint system. We then givef 4 points, expressed as polynomial (determinantal)
an effort rating for each pathway indicating the diffiinequalities: these represent allowed chiralities of the
culty of subassembly formation along the pathway. corresponding atomic markers and are used pick out
The input parameters of the viral assembly modéhe allowed (rigid) conformations of the monomer. These
are viewed as a geometric constraint system which gonstraints can be replaced in some cases by extra dis-
then represented as a geometric constraint graph bagaiace constraints between the relevant points (atomic
on degrees of freedom as described in Section 3. Momarkers).

specific definitions below. (2) Theinterface constraint systefsee Figures 5, 6, 7,
The original architects of the currently accepte®): This consists of 3 constraint systems called A-P(A),
so-calledquasi-equivalenceheory of viral structure and A-T(A) and A-D(A), involving 4 monomers A, P(A),
viral shell self-assembly, Caspar and Klug6], by T(A) and D(A). Each constraint system is between the
their own admissionglerived their inspiration from tensegference monomer A and one of its reference neigh-
rity structures However, barring this inspirational con-bors P(A), T(A) or D(A), across a pentamer, trimer
nection, a precise formulation of viral structure and assr dimer interface respectively. The monomer A par-
sembly in terms of tensegrity has not been investigateigipates in two more symmetric pentamer and trimer
or exploited. interfaces P '1(A)-A and T~1(A)-A, with monomers
P~1(A) and T-1(A), but these need not be specified
4.1. Formal definition of the Model Input. A as they can be inferred from the constraint systems A-
viral geometric constraint systeimspecified in 4 parts. P(A), A-T(A), where P-1(A) (resp. T 1(A)) takes

FIGURE 5. Example monomer
primitves and  constraints.
Balls (points) - atomic markers;
Green line segments - variable
length bonds; Arrows - torsion
angles between green line
segments (primary structure)
Red - distances representing
fixed length bonds (primary
structure), Arcs — angles (pri-
mary structure), Dotted lines —
distances (weak force) (using
FRONTIER [72])



MODELING VIRUS SELF-ASSEMBLY PATHWAYS USING COMPUTATIONA ALGEBRA AND GEOMETRY 7

FIGURE 7. Dimer interface constraints FIGURE 8. Trimer interface constraints

the place of A, and A takes the place of P(A) (resp.
T(A)). Each constraint system consists of distance in-
tervals or tensegrity forces. Each of these constraints
involves one point in A and one point in P(A), D(A)

or T(A), depending on the interface. These represelﬁ‘
the weak forces or interactions between the monomers
that drive assembly. These are also calledititer-

face contact maps.(3) The neighborhood structure
(see Figures 9:) A regular, directed graph with labeled
vertices representing the monomers and edges repre-
senting the icosahedral adjacency structure imposed by
the interfaces. The labels are typically of the fa,
whereN is the label of one of the icosahedral triangu-
lar faces and: is one of the icosahedral verticed/z

is the monomer closest to vertaxand faceN. As
described above, each vertex A has 3 outgoing edges

A-P(A), A-T(A) and A-D(A), representing its forward FIGURE 9. Icosahedral neigh-
pentamer, forward trimer and dimer interfaces and 2 in- borhood graph - the 3rd input
coming edges P!(A)-A and T~ 1(A)-A, representing parameter

its backward pentamer and backward trimer interfaces
(the backward dimer is generally irrelevant and is omit-

ted). Instead of the cluster-minimality property of DR-plans,
Asin the_case ofthe monomer chirality constramts{,ﬂhways should satisfy the following:
these constraints can be replaced in some cases by extr, . T
. . . j&l Every cluster in the pathway has tbheerlap-minimality
distance constraints between the relevant points (atomi )
markers). These constraints represent external restrPcr-o perty defined below.
tions on the conformations of the complete viral shelNote that properties (i) and (ii) are inconsistent with the
that are not captured by the input (1c) restrictions ofluster-minimality property of DR-plans. Some (usu-
monomer conformations. Seé€] for the method by ally stronger) form of cluster-minimality check has to
which these constraints are chosen. be performed by the DR-planner before subgraphs can
be correctly classified as clusters: however, due to Prop-
4.2. Formal definition of Pathways and Effort erties (i) and (ii) above, those clusters may have to be
ratings. A pathwayP for a viral constraint graplir is  enlarged, before they are put into the pathway. See
a DR-plan forG (see Section 3 and Figures 4 3) thaBection 5 for a description of this process. Intuitively,
additionally satisfies 3 properties. Properties (i) and (ii) assert that when two clusters over-
(i) No pair of clusters in the pathway intersect on a norlap on a primitive object, then they are linked by that
trivial cluster (for DR-plans, this invariant is slightly object. l.e., a biophysically valid decomposition cannot
weaker — see below) unless one is contained in the othirrgeneral make “copies” of the variables correspond-
(i) No cluster is formed entirely by overlap constraintsng object, treat them independently in separate clusters
between the children (i.e., only the overlap constrainsnd then equate them as an overlap constraint, unless
between the children should be inadequate to form tlileis overlap constraint is does not force the participat-
parent cluster). ing clusters to form a cluster. This is crucial in giving
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FIGURE 11. Vertex numbers:
trimers of pentamers

la 2a3ad4a 5a I WIIIVV VI

FIGURE 10. Clusters that over-
lap parts of monomers; decom-
position of stable pentamer a
into non-monomer clusters

a biophysically valid measure @fffort required form
clusters defined below.

DEFINITION 4.1. A clusterC with children
C1, ..., Chn is overlap-minimalif for any clusterC’
formed by a proper subset of child clustérs, . . . , Cy,
1 < k < m, itholds that:C’ along with the remaining
child clustersCy, 1, . . . , Cr, form the clusteC' using
overlap constraints alone. See Figure 17.

Notice that the Property (i) above guarantees the
the width (see Section 3) of a pathway and in fact the FIGure  12. Facenumbers:
total number of clusters in a pathway is roughly linear pentamer of trimers
in the number of vertices in the viral constraint graph.

Assumption 1 Overlap-minimal clusters of a viral con-
straint graphGG have a constargtize or fan-in(see Sec-
tion 3), i.e., number of children, which is independenin C. A subassembly istabilizableif a sufficiently
of the number of vertices aff. This is based on ob- large portion of it is a cluster. While a subassembly
servations of a large number of known viral structuresnay be stabilizable, it may not be stable at a particular
See p6] for detailed biochemical justifications of this point in a pathway, i.e., when the corresponding clus-
and other model assumptions. ter in the pathway does not encompass a large enough
Notice that clusters could be constructed from pgotartion of the subassembly. Furthermore, by our defi-
of monomers. l.e., clusters are not necessailp- nition of pathways, even a minimal stable subassembly
assembliesi.e., consisting of whole monomers. This(i.e., no subassembly contained in it is stable) may have
provides our pathways a sophistication that appears several pathways tis formation.
be essential for making good predictions. See Figure Thus each pathway’ embeds a unique coarser
10. sub-pathway consisting of those clusters that represent
Each clusteC does have a subassembly denotestable subassemblies. We call this sub-pathway the em-
sub(C) loosely associated with it, namely, that subbeddedstable subassembly pathway P. Figures 11,
assembly consisting of that set of monomers that thend 13 show a stable subassembly pathway based on
cluster overlaps. 2 stable subassemblies: pentamers and trimers of pen-
A cluster C represents aX)-stablesubassembly tamers. Figures 12, and 14 show a stable subassembly
sub(C) only if a suficiently large fractionX \) of the pathway based on 2 stable subassemblies: trimers and
points or atomic markers in sgf') are actually present pentamers of trimers.
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Note that a pathway could have single root or
many roots or sources depending on whether the com-
plete viral constraint system is (or forces the shell to
be) rigid.

Assumption 2: The constraints in a viral constraint
graphG are sufficient to enforce a stable entire assem-
bly or viral shell; i.e., the pathways fa@r will contain
one giant root or source clustéf whose associated
subassembly sifly’) is the entire assembly. In other
words, C' contains the bulk (at least fraction) of the

entire assembly or shell. The other sources of the path- acd
way represent other smaller rigid components that ap- 8> /§ 4
pear within flexible sidechains and surface decorations | \\\Q - \\§§
of the shell.a (Seegp] for justification of biochemical NN~ I AN
assumptions) la 2a 3a4a 5a la 2a 3a4a 5a ’
Note that Assumption 2 implies that for any path-
way P of a viral constraint graply, the embedded sta-
ble subassembly pathway has a single root.
We have just defineldbeledpathways (i.e., where
th‘e Ieave_s or gegmetric primitives are Iat_)t_el_ed). But we 2p ¢ dj h efg i1k
thudbe'fr:lm?”g/ :n:jerestthed in theﬂr\)roba_bilitles aﬁ_sou- /\\A a A An A AR AAA
ated with unlabeled pathways pathway isomorphism —_
classesfor a viral constraint grapld;. These are de- \§ X —
fined in the obvious manner as equivalence classes o{ 5 ; : \5
the equivalence relatioperm between pathways, in- a ca.a“fa oa
duced by the automorphisms &f(i.e, those permuta-
tions of the vertices oty that preserve the geometric
object types that the vertices represent; and addition-
ally preserve the edges, including the geometric con- : y
straint types associated with the edges) More specifi- @ B € edh fg i Ik
cally, for two pathwaysP and @ of G are related by 4 A\_’i_A A\A,ﬁ el
perm(P, Q) if P can be obtained fror by applying /\\Q ~. — —
some permutation - from the automorphism group of / NN
G - to the leaves or sinks, i.e., the primitive geometric la 2a 3a 4a 5a

objects of P.

Each pathway is assigned affort rating which will

be formally based on (and inversely related to) the in-
herent algebraic complexity of the subsystems that ap-
pear in the pathway or alternately, the difficulty of for-
mation of the clusters. We would like this to be a com- PN
plexity measure satisfying several requirements. (i) It A
should be somewhat independent of the properties spe- N L
. . . la 2a 3a 4a 5alg 2g 3g 49 59 la 2a 3a 4a 5alg 29 3g 49 5g
cific to known algorithms for solving the subsystems, )
or other arbitrary variables, for example elimination or-

der (the complexity measure should, for example, as- FIGURE13. Pathways based on
sume the best order) (i) Furthermore, we would like pentameric  stable subassem-
the value of this measure to be polynomial time com- blies

putable, given a subsystem. (iii) On the other hand, as

explained in §6] it would be desirable to have an al-

gorithm for solving the subsystem whose running timgeometric or topological precision of the motions of the

provides a reasonably close upper bound on the valakild clusters that are necessary to form the cluster.

of this measure atleast for a large, well-defined class These considerations and the fact that viral geo-
of subsystems. (iv) Finally, as mentioned earlier in thmetric constraint systems are typically sparse, moti-
context of overlap-minimality, the measure should haveate us to use a refined version of the familiar BKK

a biophysical justification, for example, it should be rebound [L1] as an appropriate measure. This bounds the
lated to the energy barriers that are overcome in physiumber of solutions of a polynomial system, is usu-
cally forming the cluster (solving the subsystem) or thelly superior to the Bezout bound for sparse systems,
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FIGURE 14. Pathways based on

Mixed volume computations are done using so-called
mixed subdivisionsf the underlying polytopes. Using
these, algorithms that are polynomial in the degree and
number of terms, and only singly exponential in the
number of variables1] are known for computing the
resultant and solutions of sparse systems. Moreover,
mixed subdivisions give rise to a class of numeric algo-
rithms calledpolyhedral homotopwglgorithms #0, 73

that find all roots, and which run for time roughly pro-
portional to the mixed volume. Together with the fact
that clusters in pathways (see definition above), are not
underconstrained, i.e., they suit the BKK bound, and
have only finitely many solutions, and the fact that they
are overlap-minimal, along with Assumption 1 stating
that overlap-minimal clusters of viral geometric con-
straint systems have constant size, our above Require-
ments (i), (i) and (iii) are therefore met by the mixed
volume and the BKK bound. For a discussion of how
well the measure addresses Requirement (iv), 8ge [

We now describe the effort rating of a pathway based
on the BKK bound. The crucial measure is the ef-
fort rating of a cluster in a pathway and it incorpo-
rates three intuitive ideas. (&) Primary structure con-
straints are - in a physical sense - “solved” constraints,
i.e, the underlying monomers and subassemblies inher-
ently satisfy them; hence the effort in forming a clus-

ter is based on the other unsolved (weak force) con-
straints both between its child clusters. (b) Overcon-
strained clusters offer different ways of resolution and

is computed as themixed volumend is by now used the best choice is assumed in the computation of ef-
as a standard tool in sparse polynomial resultant corf@'t: (€) Although the clusters in pathways are overlap-
putation, elimination and root finding algorithms, botHminimal, they could be furthealgebraically reduced
symbolic and semi-numerid§], [24], [40], [73]. Al- I well-defined ways that are biophysically justifiable:
though we are interested only in (isolated) real solfor €xample, as mentioned earlier under the context
tions, we find the BKK bound better for our purposeé)f_O\{erIap-mlnlmallty, Fhe decompo;ltlon cannot indis-
although it bounds the number of complex roots rath&fiminately “make copies” of the variables correspond-
than the the Khovanskii fewnomiad] bounds which g to overlapped objects.

actually estimate real roots. First some standard defini-  One such method of algebraic reduction is shown
tions. in Figure 15 B9]. On Left: solving by first fixing 6

dofs (degrees of freedom) of 1 cluster resolving 2 of
TheNewton polytopeVew(P) of ak-variate polyno-  the gverlaps; and then solving the algebraically reduced
mial P in variableszy, ...,z of total degreel, de-  system consisting of 1 overlap (3 constraints) and 3
noted asP(z) = >  aaz™ (Wherea = oa,..., ok, distance constraints simultaneously for all 3 rotational
S <d andmg denotesz$? . .. m:k) is the con- dofs for each of_ the o_ther two_ clustersﬁeonstrgints, 6
vex hull of the points € Z* for which the coefficient variables On Right: f_lrst solvmg one algebraically re-
ae is nonzero. Thenixed volumef a setS of polyno- duced system of a triangle of distances, one from each

mial equationsP = 0 in k variables is defined as an aI_cluster, between the overlapped points, fixing the 6 dofs

ternating sum of the volumes of the Minkowski sums o?f this new triangular cluster _and resolving the 3 over-
laps (this fixes all but 1 rotational dof for each of the

subsets the Newton polytopééew(P): MV (S) = N . )
polytopeéeu (1) () 3 original triangular cluster); then solving the second

—nlelpm New(P))whereM S denotes
Q%S( ) Speq(New(P)) S algebraically reduced cluster 3 distance constraints si-

the Minkowski sum. Thé8KK (Bernstein-Kuchirenko- multaneously for 1 rotational dof per original triangular
Khovanskii) bound 11] says that the number of solu- cluster —only 3 constraints and 3 variables

tions to a systensd' of k polynomials ink variables is

bounded byM V' (S) (this is an equality if the poly- DEFINITION 4.2. LetS be an overlap-minimal,
nomials are generic, i.e., if their coefficients are algealgebraically-reduced cluster (subsystem) of a viral con-
braically independent). straint system, and le$ contain a set) of primary

trimeric stable subassemblies
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probability of an unlabeled pathway or a pathway iso-
morphism class, which is proportional to the size of the
isomorphism class. This type of probability and effort
computation is sufficient to answer our focused ques-
tions about pathways. For a more detailed argument,

see p6].

4.4. ARestricted Model. While the formal def-
inition of pathways and effort ratings given above are
well-posed for the general viral constraint systems given
c d b above, the definitions are meaningful only for restricted
viral constraint systems that include no inequalities and
involve tensegrity forces in highly limited ways. In-

FIGURE 15. Example of al- order to include these, we need a suitable generaliza-
gebraic reduction: Octahedron tion of clusters (and hence pathways) to include under-
split into 3 triangle clusters constrained systems. Se@f]. More importantly, the
joined by 3 overlap points and tractable and accurate computational simulation of the
3 distance constraints — see de- model given in Section 5 applies only to the restricted
scription in text. viral constraint systems.

5. Tractable and Accurate Computational
structure constraints. L&, . . ., S. be the child clus- Simulation of the Model
ters (subsystems) df; hencek is the size or fan-in of . . . . .
. . It is not viable to give a combinatorial enumera-

S. S could be overconstrained, but any of its wellcon-. . .

: o . ﬁon of pathways of viral constraint graphs — even those
strained overlap-minimal subsystems must involve atL t satisfy th tricti f Section 4.4 :
of S1,..., Sk, due to overlap-minimality. Theffort al satis € restrictions of Section 4.4 = using gen

rating of S is denotede £(5) and defined below. Here erating functions or in any manner give a closed form

the minimum runs over all well-constrained overlap-a nalysis of the probability distribution over pathways

el subsystoms”of 5. /(9 — wy2vst 9 bowded ol o dspts e ovral s

i Sol(S;))/Sol (S’ Sol(S"), where . " -
+ s{]'ﬂgi@ w3(1:[ ol(S:))/Sol(S") +waSol(S) morphism classes is prohibitively large, and hence an
Sol(S') = MV (S")—MV(S'NQ),andws,...ws exhaustive enumeration and over the pathways is not
are the viral model’s tunable parameters. tractable.

) ) o ) We use the following approach. We

Here the first summan_d iBf(S)is s!mply the CONJEC- (1) use the fact that pathways for viral constraint graphs
tured (and observed) time complexity of solving a clussatisfying the restrictions of Section 4.4 are a modified
ter S of size or fan-ink, i.e., a sparse systefin O (k) DR-plan (see Section 3);
varlaples. The second summand repr_esents the ratlp(g)‘ modify and randomize an existing DR-planner called
the size of the search space to the size of the solutigh Frontier vertexalgorithm (FA) that runs in time cu-
space, and the second summand roughly represents §i€in the number of vertices of the input constraint
size Qf the solution space or the effort in listing all th%raph, so that it generates a random valid pathway that
solutions ofS’ assuming that the equations$i N Q  contains a given subassembly or sub-pathway, and com-
(primary structure constraints) are already solved. Thb%tes the pathway’s rating efficiently;
intuitively justifies the presence of both summands i) yse the fact that viral constraint systems inherit the
the definition of £ (S5). icosahedral symmetries :

4.3. The Pathway Probability Space.Our prob- (4) use the fact that DR-plans have a correspondence
ability space is the set of all labeled pathways of acon’f‘-’ith distinct bases of the underlying rigidity matroid
plete viral constraint graph. By definition of effort, ano(See r7, (32, [(310); . .
the isomorphism classes of pathways, isomorphic patf?) @nd the fact that matroid bases form a markov chain
ways have the same effort. For any fixed effort valué" Wh_'Ch rand_om_ ngks converge |_n polynomial tlme
we assume a uniform probability distribution over alf0 stationary distributions that permit random sampling
labeled pathways of that effort. and approximate counting[5, 12, 26, 57, 50, 29, 5

. . . .. and
Assumption 3: An underlying natural assumption '5(6) use (3), (4) and (5) to argue that the algorithm in

an addi_tional inyerse relationship bem een a pathway ) generates a representative sample of pathways that
probability and its effort (seef] for biochemical jus- approximates their true probability distribution well.

tifications of modeling assumptions). While this as-
sumption intuitively motivates the results of this paper, 5.1. Generating Random Pathways using the

they are not formally based on this assumption. Fdtrontier Vertex (FA) DR-Planner. DR-planners based
fixed effort bounds, we are generally interested in then geometric constraint graphs have been proposed since
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the early 90’s for restricted classes of graphs that are d h 2
decomposable simply by detecting certain patterns such 4 ) o ca
as triangles (“triangle decomposable2g], 53, 54, 5p {
[46, 49; and based on Maximum Matching4, 3, 46, % \ c o c
44], and rigidity matroids (for 2D points and distances) '

a b ¢ d e f g h i

[77,33. However, prior to B8], the DR-planning prob-
lem and appropriate (and strongly competing) desir-
able properties for DR-planners were not formally de- FIGURE 16. Maintaining linear
fined or motivated. That paper also gives a table com- width of DR-plan: see text
paring 3 main types of DR-planners, with respect to
these performance measures including those in Section
3. These performance measures were optimized by tinuitively: everywhere that the FA DR-planner per-
Frontier vertex DR-plans and the corresponding DRerms operations on vertices, edges or cluster@xa
planner (FA DR-planner) described very briefly belowicographicorder orqueueorder, this is replaced by a
[39,37,47,51, 33,72,71, 62,4 randomorder.

Recall from Section 4, that the additional require-
The challenge met by the FA DR-planner (along witfnents that a pathway has to meet 3 properties beyond
subsequent modifications) is that it provably meets sefhe DR-plan properties.

e_ral competing requirements. See Section 3 for defirp':rrope,—ty (i) is ensured by modifying the FA DR-planner
tions. as follows.
(a) It deals with key problems of constraint dependen-  Ea achieves a linear bound on DR-plan width by
cies and rotational symmetries and hence rectifies mﬁ’faintaining the following invariant of the cluster or
classification of clusters for a large class of 2D congy, graph:every pair of clusters in the flow graph (top
straint graphs containing angle and incidence constraigis/ of the DR-plan) at any stage intersect on at most
as well as 3D constraint graphs. a rotationally symmetric subgraphFA does this by
(b) For wellconstrained graphs it outputs a DR-plaRerforming 2 operations after a new potential cluster-
with a single root representing the entire graph as @inimal cluster is isolated by the cluster-minimality
cluster: for underconstrained graphs - it outputs a corfytine (see47, 62, 71). Note that this routine is re-
plete set of maximal clusters as sources of the DR-plagired even though we do not require cluster-minimality
(c) It controls the width of the DR-plan to ensure ggr pathways. It is required to ensure that the found
polynomial time algorithm. cluster has not been misclassified due to combinatorial
(d) It ensures the cluster-minimality of clusters in thgynq algebraic overconstraints, i.e., to ensure Property
DR-plan. (a) of the FA DR-planner (sed7, 62, 71).
(e) It outputs DR-plans consistent with input partial de- The first operation is aenlargemenof the found
compositions. cluster. In general, a new found clustiTis enlarged
The FA algorithm builds the DR-plan bottom uppy any clustem; currently in the flow graph (top level
by successively locating clusters and simplifying thergs the DR-plan), if their nonempty intersectionrista
to create a transformed comstraint graph, called thgationally symmetric or trivial subgraph. In this case,
flow graphor cluster graph The graph transformation p; qoes not enter the top level of the DR-plan Only
performed by the FA cluster simplification is describedy D enters the DR-plan, as a parent of bdih
formally in [39, 37 that provide the vocabulary for ang the other children ai. It is easy to see that the
proving the properties of FA that follow directly from gjzagf the subsystems corresponding to bathu Dy
this simplification. However, other properties of FA reznq N are the same, sind®; would already be solved.
quire details of the actual DR-planner that ensures them oy the example in Figure 16, when the DR-plan
[47,51,33,72,62,64, 71 finds the cluste’; after C, the DR-planner will find
Note. A detailed pseudocode of the FA DR-plannethatC; can be enlarged bg'> The DR-planner forms
can be found in§2]. Properties (a) and (e) above area new clusteCy based orC; andC2 and putsC into
proven in [71], [70] and Properties (b), (c), (d) are provethe top level of the DR-plan, instead 6%.
in [47]. The second operation is to iterativelgmbineN U
D1 with any clusterdDs, Ds, . . . based on a nonempty
5.2. Crucial Modifications for obtaining Ran-  overlap that is not rotationally symmetric or trivial. In
dom Pathways. The randomization procedure is this case)NU D1 U D2, NU D U Dy U D3 etc. enter
straightforward and yet performs well in providing a&he DR-plan as a staircase, or chain, but only the single
representative sample of pathways (see discussion dosterN U D1 U D2 U D3 U. .. .. enters the top level
simulation accuracy in Section 5.2.1). The exact rarof the DR-plan.
domization cannot be formally described without refer- Ofcourse, both of these processes are distinct from
ing in detail to the FA pseudocode idq and [62]. the original flow distribution process thitcatesclus-
However, it is conceptually simple and easy to descrilers.
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Cluster Graph Overlap Graph
C1 V12
c2 V13
C3 V23
N N . . V123
% /\ Bipartite Graph
cl c2 c3 ~ c4clc2cs FIGURE 18. Ensuring Overlap
minimality — finding minimum
vertex separator on bipartite
P c4 5 graph obtained from the overlap
. graph of the original cluster
FIGURE 17. Ensuring Property graph

(i) Cs and C4 are directly
made children of”, destroying
Cj3; the operation is performed

recursively onC'y andCs similar to the cluster-minimality routine o#f], [62].
This method takes as arguments the subgiéypli the
cluster graph, § does not have to be a cluster) and
Now, in order to ensure that the DR-plan has the Proghe setS = {C1,...,Cmn}) of the overlap-minimal
erty (i) of pathways mentioned above, the enlargementusters that constitute it (we identify the set of clus-
process subsumes the combining process. The clusters with the subgraph of the cluster graph induced by
N is iteratively enlarged by the clustef; so thatonly them). The base case is wh&mtonsists of only 2 clus-
N U D; U Ds...enters both the DR-plan as a comters C; and C>. In this case, ifC; and C> have a
mon parent ofV and theD;’s; and it enters the cluster nontrivial overlap, thers is returned, since it is itself
graph, after removing alD;. overlap-minimal. If notCy andC5 are returned as the
Property (ii) is ensured by checking each newlynaximal overlap-minimal clusters withi§. The re-
found clusterN to see if it can be formed entirely by cursion is acheived by first locating a proper subgraph
overlap constraints between the children. This require® of S that overlaps the remaining set of clusters in
a careful dof count using inclusion-exclusion. If overS \ S’ only on a trivial subgraph. This is done by
lap constraints are sufficient to form the clusérthen running a minimum vertex separator (or cut) algorithm
the last found child clustet’ of V is removed from the such as 42] on the bipartite graph obtained from the
DR-plan and its children are directly made children ostandardoverlap hypergraphof the clusters inS. In
N (leaving out any children that are trivial clusters irthe hypergraph, clusters are vertices and each overlap
the intersection of”' and one of the other original chil- vertex is an edge; in the bipartite graph, one side con-
dren of N). See Figure 17. sists of vertices representing vertices of the hypergraph
To ensure Property (iii) or overlap-minimality of and the other consists of vertices representing edges of
clusters, they are treated as follows after the combinirtbe hypergraph. See Figure 18
step has found the clustér that can no longer be com- If no such subset is located, th&mn is overlap
bined with any of the clusters in the flow graph, i.e.minimal. If such a subse$’ is located, therDver-
top level clusters of the current DR-plan. Recall thafpmin calls itself twice. The first call is with argu-
overlap-minimality of C' with children C1,...,C,, ments: the subgraph induced BY and the set of clus-
requires that for any clustef’ formed by a proper ters{C1,...,Cx} within S’. The method generates a
subset of child cluster€’y, ..., Cy, it holds that:C’  sub-DR-plan ofS’ whose leaves are the clusters
along with the other child cluste(sy, 1, ..., Cr, form  Cy, ..., Cy and in which each intermediate cluster is
the clustelC using overlap constraints alone.(dfdoes overlap-minimal. IfS’ is itself a cluster, then it is the
not satisfy overlap-minimality, then it is decomposedingle root or source of this sub-DR-plan. If not, a
into a sub-DR-plan consisting of overlap-minimal cluseomplete sefl” of maximalclusters withinS’ appear
ters. This is done by a recursive methOderlapmin as the sources. The second call is with argumeits:
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and the union of the séf and the remaining clusters probability that ab-effort pathway ofG that contains
{Ckt1...,Cm}inS\ 5" P belongs to the isomorphism clags We say that
It can be formally proven that the above modi-M is ane-representativesample (ofb-effort pathways
fications ensure the additional Properties (i), (i) antbr G containingP) if for every pathway isomorphism
(iii) of pathways and do not affect the Properties (axlassT, |mz/|M| — pr| < e. & (end of definition).
(b), (c), (e) guaranteed by the FA DR-planned7[ . )
and [71, 70, 62). In particular, the Property (e) ca7nq be THEOREMS5.2. There is a fixedc such that for

leveraged by adding a particular (labeled) subassemtﬁny0 < e < lthe foIIowmg .hOIdS‘ LetM be any
or even a particular (labeled) sub-pathway as an inpa tof-effort pathways containing a (labeled) subpath-
ay P output over independent runs by the the ran-

part|a! decomposition, so that the OUtp,Ut pathway WIdomized, modified FA-DR-planner (described above)
contain them. Moreover, the pathway’s effort can be

computed in time directly proportional to the numbef" 21 input viral constraint grapitz. ThenMis an

of nodes in the pathway, since by the assumption (inrepresentatlve sample pr.owdeM = (1/€)". This
. . . ) .holds for effort bounds that include a reasonably large
viral constraint graphs in Section 4, the number of chil-

dren of a overlap-minimal cluster of a viral constrain' umber of pathways and for subpathwakysof con-

graph is bounded by a constant and hence the effc?l%a.m bounded size which includes the case whea

rating of such a cluster can be computed in constaﬁtsmgle subassembly.
time, independent of the size of the viral constraint  In the general case of viral constraint gragh
graph (number of atomic markers). Finally, since thef Section 4.4, this theorem is still a conjecture. See
FA-DR-planner’s property l.e., we obtain the follow-[66]. However, the observed accuracy of the sample
ing theorem. obtained by the above randomization is supported by
the fact that the theorem has been proven6if for
a special class of of viral constraint graghin which
ach pathway corresponds to a distinct, well-defined
asis class of the rigidity matroid that is obtained from
G (see[r7], [32], [31]). The proof further leverages (1)
the icosahedral symmetry of the constraint system, and
(2) the fact that distinct matroid bases form a markov
Note The FA DR-planner is implemented in the (openchain on which random walks converge rapidly (in time
source, available from GNU) FRONTIER geometrigdolynomial in the size of the original graph andlifie)
constraint software7]2], [62], [64] developed at the to stationary distributions that providerepresentative
University of Florida. The new algorithms describeds@mples. Various results of this type are showr2#],[
here are straightforward to incorporate. Together th[29], [50] for so-called balanced matroids. The proof
provides a hands-on efficient computational simulatiofgquires the extension of these results to (1) a class of
and visualization tool for viral pathway simulation. Sedigidity matroids; (2) where each element in the markov
Figures 5, 19, 20, 3. chain is a pathway, i.e, a distinct well-defined basis
5.2.1. Proving Accuracy of SimulationThe above class of the underlying rigidity matroid, as opposed to
theorem proves the efficiency or tractability of the sima distinct basis. Finally, the proof shows that the simple
ulation. However, it is still necessary to show that théandomization of the FA-DR-planner described above
randomization procedure mentioned above outputsC'responds in a natural manner to a random walk on
truly random pathway; i.e., it outputs a representativéie above markov chain.
sample of pathways (under a given effort bound) that. . . .
accurately reflects the probability distribution over alPimulation results using the FRONTIER geometric con-
successful assembly pathways (under the same effofgaint solver YZ], [6_2] and prellmmary validation of
bound) predicted by the formal model in Section 4. Fdfe model are given irb]. See Figures 19, 20.
example, it is necessary to show that bounded effort
pathways obtained over trials of the simulation ac-
curstely (sith eror decreasing, say, proportoraly 10 b P St Geomaton of e panoipats
pty particlesProteins 16:155-171, 1993.

tion over the entire set of successful, bounded efforf2] Oswin Aichholzer, Gunter Rote, Bettina Speckmann, aledria

. Streinu. The zigzag path of a pseudo-triangulatiorPioc. 8th In-
pathways. l.e., we need to prove the followmg type of ternational Workshop on Algorithms and Data Structures DA,
theorem. Ottawa, Canadapages 377-388, 2003.

. . [3] S. Ait-Aoudia, R. Jegou, and D. Michelucci. Reductiorcohstraint
Definition. Let M be a multiset of successful path- "~ systems. Ircompugraphicspages 83-92, 1993.
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