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Complexity lower bounds is the study of the intrinsic complexity of computational
problems. Lower bound arguments prove the (in)solvability of a problem in a certain
time/space assuming a certain model of computation for all valid problem instances. In
this work we study a geometric lower bound problem—to find the minimal dimension of
a subspace that intersects a given set of cells (orthants) in R™. This problem underlies
many problems in diverse areas of Computer Science such as Communication Complexity,
Learning Theory, Geometric Embeddings, etc. We start by rephrasing the proof of a long-
standing open problem in Communication Complexity. Rephrasing the problem in terms of
realization subspaces leads us to some interesting properties of these subspaces. We relate
these properties and use them to improve the known result. We also pose some questions
about these subspaces and their relation to some results in functional analysis. Finally, we
identify the various directions to proceed in using this geometric lower bound problem as a

starting point.
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CHAPTER 1
INTRODUCTION

Complexity lower bounds is the area of theoretical Computer Science that studies the
intrinsic complexity of computational problems. In other words, lower bound problems
require us to show that a certain computational problem needs at least a certain amount of
resources assuming a certain model of computation. Lower bound arguments are in general
hard to make because each such argument is a sweeping statement about the (in)solvability
of the problem in a certain time/space for all valid problem instances. For example, there
are a number of well-known sorting methods such as Bubble Sort, Quick Sort etc. but the
argument that no comparison-based sorting method can take less than O(nlogn) time on a
random-access machine is decidedly harder to make.

Lower bound problems arise in various contexts - there are a number of lower bound
questions on circuit size/depth, many such questions on graphs (most of which are known
to be NP complete) and many involving matrices. In particular, several matrix functions
related to rank and its robustness under various transformations of the matrix have been
extensively used in many complexity problems. Matrix related problems lend themselves
to the use of elegant techniques from algebraic-geometry.

This work studies a number of matrix related lower bound problems arising in diverse
areas. Further, it establishes the interconnections between them and uses techniques from
algebraic geometry to explain the results more intuitively and to improve the known results.
The basic geometric problem we seek to answer can be stated simply as: Given a set of
n orthants (an orthant is a generalization of a quadrant in 2D to m dimensions) in R™,
what is the lowest dimensional homogeneous subspace of R™ that intersects these orthants.
Stated in linear algebraic terms, we ask: Given a matriv M € {—1,4+1}"*"™ what is the
lowest rank matriz M’ € R™™ such that sz’gn(Mi’j) = M;; for all i,j. On one hand this

is the common problem underlying many problems in diverse areas of Computer Science,



and on the other hand it allows the use of algebraic-geometric concepts such as Grassmann
manifolds and the topology of L1, Lo and L, balls.

The thesis is organized as follows: We motivate the study of this geometric problem in
Chapter 3 by mentioning its links with lower bound questions in areas such as Communica-
tion Complexity, Threshold Circuit Complexity, Learning Theory etc. We then present the
original longstanding open problem in Communication Complexity and its recent solution
by Jirgen Forster[l] in Chapter 4. Forster defines the problem as that of finding a low-
dimension hyperplane arrangement that represents M and calls it a geometric realization
of M. Forster uses the notion of a ‘nice’ realization - realization that has a non-trivial
property that helps attain good bounds. We rephrase Forster’s result and its proof in more
intuitive terms and provide a justification for it. We also define a few nice properties of our
own, one of which is a relaxation of Forster’s property and the other helps us arrive at a
new result. The study of these nice properties, their relationships, showing their existence
and analysing what they buy us has been the central thread and the major contribution
of this work. We define and relate these properties in Chapters 4 and 5 and show a new
bound on the minimal dimension in Chapter 5. We also give an intuitive explanation of
what our result means and why it is better. We pose a question about the containment
of the Ly ball in Ly ball that stems from one of the ‘nice’ properties and try to answer it
in Chapter 6. Finally, we identify the different directions in which one could delve deeper

using this problem as a starting point in Chapter 7.



CHAPTER 2
MATHEMATICAL PRELIMINARIES

In this chapter we fix some notation for the rest of the thesis, and quote some relevant

results from linear algebra and functional analysis that we will use later.
2.1 Matrices

R™ ™ ig the set of all n x m matrices defined over the reals. In general if F denotes a
field, then F™*" denotes the set of all n X m matrices over F. In this work, we usually talk
about matrices defined over the reals (M € R™*™) or +1 matrices (M € {—1,1}"*™). The
entry in the ¢th row and jth column of M is denoted by M;;. We use i to index the rows
and j to index the columns of the matrix.

The rank of a matrix M is the number of linearly independent rows or columns in M.
The product of two matrices A € R™" and B € R"™*? is the matrix C' = A.B € R"*P
where Cjp = >, AijBjr,i € {1.n},j € {1.m}, k € {1..p}.

The Kronecker product (or tensor product) of two matrices A € R"*"™ and B € RP*?

is defined as:

Al,lB ALQB e Al,nB
AQJB AQQB . AgmB

A®B - ' € R"P*™mq
AmiB ApoB ... Apn.B

such that rank(A Q) B) = rank(A).rank(B).

A square matriz is a m x m matrix. The identity matriz I is a square matrix such
that I;; = 1 if i = j and 0 otherwise. The inverse of a square matrix A is the matrix Al
such that

AA =T



A square matrix A has an inverse iff |A| # 0. A matrix that has an inverse is called
non-singular or invertible. The group of non-singular matrices A € R™*™ is denoted by

GL(m). The trace of a square matrix A € R™*™ is defined as

m

trace(A) = Z Aii
For A € R™*™ if there is a vector x € R™ = 0 such that
Ax = Ax

for some scalar A, then A is called the eigenvalue of A with the corresponding eigenvector

X.

The transpose of a matrix A € R™™™ is a matrix AT € R™*" such that A;; = A;Z In
particular, the transpose of a column vector is a row vector. A matrix A is called orthogonal
if AAT = I. A square matrix A € R™*"™ ig called symmetric if A = AT. A symmetric
matrix is said to be positive semi-definite, denoted by A > 0, if all of its eigenvalues are
non-negative or equivalently, if xTAx > 0 for all x € R™. A symmetric matrix is said to be
positive definite if all of its eigenvalues are positive.

A special kind of matrix that we will encounter often is the Hadamard matrix. Hadamard
matrices H,, € R?"*2" are examples of matrices with pairwise orthogonal rows and pairwise

orthogonal columns. They are defined in the Sylvester form as

H, H,
Hoy=1, Hp41=
H, —H,

2.2 Inner Products and Norms

The inner product of two vectors v,w € R™ is defined as
m
(v,w) = Z VW,
i=1

The vectors v,w are called orthogonal if (v,w) = 0. For a vector x € R™, the vector

norm L, is defined as



for p=1,2,3,.... The most commonly encountered norms are:
1. Ly (or Manhattan) norm: ||x|[y = >, |x;|. It is used, for example, in computing the
Hamming distance between two bit strings.
2. Ly (or Buclidean) norm: ||x||s = />, x2. It is the most common measure of distance
between two points.
3. Lo norm: ||x||eo = max;|x;|.
The vectors v,w are called orthonormal if (v,w) =0 and ||v|]2 = ||w]|]2 = 1.

The operator norm of a matrix A € R™*™ is

For a matrix A € {—1,1}"*"™ it is easy to see that ||A|| = /m if the rows of A are
pairwise orthogonal and ||A|| = \/n if the columns of A are pairwise orthogonal. It follows
that ||H,|| = 2%. Also if rank(4)=1 then ||A|| = v/mn.

It is well known that for any matrix A € R"™*™ ||A||? = ||ATA|| = ||AAT||. For every
symmetric matrix A € R™*™ there is an orthonormal basis di,ds, ..., d, of R™ and there

are scalars A1, Ao, ..., Ay, € R™ (the eigenvalues of A) such that

A:jé&@ﬂ
=1

The signum function sign: R — R, which we encounter often, is defined as

1, x>0,
sign(z) = 0, z=0,
-1, =<0

2.3 Geometric Concepts
R™ is the m-dimensional real space - the set of all m-dimensional vectors defined over
the reals. We use m and k for the dimension of a space. Thus a matrix M € R™*™ can be
treated as a subspace of R™, i.e. a set of n vectors in R”. We use the matrix and subspace
notion interchangeably.
The rank of a matrix M is the same as the dimension of the subspace denoted by

M. A basis of a vector space V is defined as a subset of vectors in V' that are linearly



independent and span V, i.e. every vector in V can be written as a linear combination of
the basis vectors. The number of basis vectors is equal to the dimension of V.

A hyperplane is a generalisation of a normal two-dimensional plane in three-dimensional
space to its (m — 1)-dimensional analogue in m-dimensional space. Each hyperplane sepa-
rates the ambient space into two half-spaces. The terms hyperplane and half-space are used
interchangeably in the literature. A hyperplane (or half-space) is called homogeneous if its
boundary contains the origin.

An orthant is the set of all vectors that have the same signs. For example, in 2D we
have 4 orthants (commonly called quadrants) and in 3D we have 8 orthants (commonly
called octants). In general, there are 2 orthants in m dimensions, each of which can be
uniquely identified by a m-long sign vector.

The (m—1)-dimensional sphere (unit ball in m dimensions) is the set {x € R™: ||x||2 =
1} and is denoted by S™~ L.

In general, L, = d ball in R™ is defined as the set {x € R™: [[x|[, = d}. We also use L}’
to mean the space R under L, norm.

R™ ™ consists of points

An arrangement of Euclidean half-spaces that represents M €
u; € RF for every row i € {1..n} of M and of half-spaces H; C R* for every column
J € {1.m} of M such that u; lies in the half-space H; if and only if sign(M;;)=+1. k is

called the dimension of the arrangment.

A homogeneous half-space H is of the form
H={zcR": (z,v) >0}

for some vector v normal to the boundary of the half-space. Then we define an arrangement
of homogeneous Euclidean half-spaces as:

Definition. An arrangement of homogeneous Fuclidean half-spaces representing a matrix
M € R™"™ with no zero entries is given by the collection of vectors u;,v; € RF for i e
{1.n},j € {1..m} such that sign(M;;) = sign(u;, v;).

Here each vector v; is normal to and uniquely defines the homogeneous half-space Hj.



CHAPTER 3
APPLICATION IN COMPUTER SCIENCE

In this chapter we motivate the study of the geometric problem stated in the introduc-
tion - namely, determining the minimal dimension of the subspace that intersects a given set
of orthants - by stating its applications in diverse areas of Computer Science. This chapter
should also serve to hold the interest of the reader in this work who values a problem by
its usefulness in the real world, and to justify the study of this problem to those who don’t
find its mathematical elegance adequately appealing.

3.1 Communication Complexity

Consider the two-party communication complexity problem - two parties A and B want
to compute f(z,y), where f is a distributed function f : {0,1}" x {0,1}" — {0,1}. Both
have unbounded computational power. A has input string  and B has input string y. A
two-way probabilistic communication protocol is a probabilistic algorithm used by A and
B to compute f by exchanging messages. A and B take turns probabilistically choosing
a message to send to the other party according to the protocol. We say that a protocol
computes the distributed function f : {0,1}" x {0,1}" — {0, 1} with unbounded error if for
all inputs (x,y) € {0,1}" x{0,1}" the correct output is calculated with a probability greater
than % The complexity of a communication protocol is [logo N, where N is the number
of distinct message sequences that can occur in computations that follow the protocol. The
communication complexity C; of a distributed function f : {0,1}" x {0,1}" — {0,1} is the
smallest complexity that a communication protocol for f can have.

To establish the connection between the problem of estimating the minimal dimension
of +1 matrices and the communication complexity problem, we note that a function f :
{0,1}" x {0,1}" — {0,1} induces a matrix M € {—1,1}*"*2" such that M;; = 2f(x,y) — 1
where z and y are the binary representations of integers i and j respectively. Paturi and

Simon [2] showed that the minimal dimension d(f) of the matrix induced by the function



f is related to its communication complexity éf as:

Mog d(f)] < Cy < [log d(f)] +1

Alon, Frankl and R6dl [3] showed that for almost all nxn matrices with 1 entries, the
minimal dimension is at least (n) implying that for most Boolean functions the unbounded
error probabilistic communication complexity is asymptotically as large as it can be (that
is, linear in the length of the input). However, proving even a superlogarithmic lower bound
on the minimal dimension of an explicit matrix remained a difficult open question. Jiirgen
Forster [1] solved this long standing open question by showing a general lower bound on the
minimal dimension of a matrix in terms of its operator norm. As a corollary, he derived a
lower bound of \/n on the minimal dimension of an n x n Hadamard matrix. Later, Forster,
Krause et al [1] generalized Forster’s bound to real matrices (hence, to functions defined
over the reals) with non-zero entries.

One of the motivations behind studying this problem was to replace the dependency
on the operator norm of M by some other property that captures the orthant structure
represented by the rows of M, because intuitively the minimal dimension should depend on
the set of orthants represented by M.

3.2 Threshold Circuit Complexity

A linear threshold gate is a boolean gate that outputs a 1 if the weighted sum of
its inputs is greater than a threshold ¢ and 0 otherwise. Forster, Krause et al [1] proved a
lower bound on the size of depth-2 threshold circuits where the top gate is a linear threshold
gate with unrestricted weights and the bottom level gates are linear threshold gates with
restricted integer weights. The result implies that (loosely speaking) boolean functions with
‘high’ minimal dimension cannot be computed by ‘small’ depth-2 circuits having the above
restrictions. Meera Sitharam (personal communication) observed that the restriction on
the weights of the bottom level gates is not required to prove the result.

3.3 Maximal Margin Classifiers

Computational learning theory is the study of efficient algorithms that improve their

performance based on past experience. A class of problems in learning theory is classfication

problems. The learning algorithm is ‘trained’ on some training data which is a set of data



instances and their classes or labels. After the algorithm is trained, it is then presented
with unlabeled data and is required to label (or classify) it accurately. The most important
test of the usefulness of a learning algorithm is its performance in experiments on real-world
data. Recently there has been a lot of interest in maximal margin classifiers which have
shown excellent empirical performance. Maximal margin classifiers are learning algorithms
that compute the hyperplane that separates a sample with the largest margin and use this
hyperplane to classify new instances. Often the set of instances is mapped to some possibly
high dimension before the hyperplane with the maximal margin is computed. If the norms
of the instances are bounded and a hyperplane with a large margin can be found, then
that gives a bound on the Vapnik-Chervonenkis (VC) dimension of the classfier. The VC-
dimension is a measure of the power of the learning algorithm; a small VC-dimension means
that a class can be learned with a small sample size. Knowing only the VC-dimension and
the training error, it is possible to estimate the error on the future data.

The success of maximal margin classifiers raises the question which concept classes
can be represented by an arrangement of Euclidean half spaces with a large margin. We
say that the matrix M € R™™ ™ with no zero entries can be realized by an arrangement
of homogeneous half spaces with margin v if there are vectors u;,v; € Sk=1 (where k
can be arbitrarily large) such that sign(M;;) = sign(u;, v;) and [(u;,v;)| > 7 for all ¢, .
Interpreting v; as the normal to the boundary of the jth half space, sign(M;;) = sign(u;, v;)
means that the vector u; lies in the halfspace containing v; if and only if M;; is positive.
The requirement |(u;,v;)| > v means that the point u; has distance at least v from the
boundary of the half space.

Forster [1] shows that the lower bound on the minimal dimension d(M) is the inverse
of the upper bound on the maximal margin . Therefore, a tighter lower bound on the
minimal dimension will directly result in a tighter upper bound on the maximal margin.

3.4 Geometric Embeddings

Geometric embeddings lie at the intersection of analysis and geometry and have at-
tracted much attention in recent times due to their algorithmic applications in data mining
and information extraction from massive multidimensional data sets. Specifically, the geo-

metric embeddings that lead to dimensionality reduction (which we will define shortly) are
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the ones of great interest for efficiently solving problems in data mining, protein matching
etc.
A metric space M (also called a metric) is a pair (X, D), where X is a set of points and

D: X xX —[0,00) is a distance function satisfying the following properties for p, q,r € X:

e D(p,q) =0iff p=g¢

e D(p.q) = D(g¢,p)

e D(p,q) + D(g.r) = D(p,7)
Formally, geometric embeddings are mappings f : P4 — Pp such that

e P, is a set of points in the original space (which is usually a metric space and therefore

has a distance function D(-,"))
e Pp is a set of points in the host space (which is usually a normed space L%)

e for any p,q € P4 we have

1/e-D(p,q) <||f(p) = f(@)lls < D(p,q)

for a certain parameter ¢ called distortion.
Any embedding f : A — B can be classified based on the types of spaces A and B. B is
usually a normed space Lg;. A can be any of the following:

1. A is a finite metric M = (X, D) induced by graphs, e.g. obtained by computing
all-pairs shortest paths. The main applications of such embeddings are approxima-
tion algorithms for optimization problems on graphs. Other applications include
proximity-preserving labeling and proving hardness of approximation.

2. A is a subset of Lg. Here the intent is to map the whole normed space into the host
space as opposed to a finite set of points. This is useful in cases when all the points
in the set are not known in advance, e.g. when the points constitute a solution to
an NP-hard problem, or when they are given online by the user. Here we have two
scenarios:

(a) d << d (and most often p = p’): such embeddings result in dimensionality
reduction. The goal of dimensionality reduction is to map a set of points in

a high-dimensional space to a space with low dimension while (approximately)
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preserving important characteristics of the pointset. This leads to a speed up of
algorithms whose running time depends on the dimension.

(b) p # p' (and most often d" >> d): Such embeddings allow us to switch from
“difficult” norms (e.g. L2) to "easier” norms (e.g. Loo).

3. A is a special metric, usually more general than a norm. Examples of such metrics
are the edit metric (defining similarity between strings of characters), Hausdorff met-
ric (defining similarity between sets of points) and Hamming metric (defining the
Hamming distance between a set of points over Fy).

Forster formulated the problem of estimating the minimal dimension k of a matrix M €
R™ ™ ag a problem to realize the matrix by a linear arrangement of homogeneous hyper-
planes in k dimensions. Now treating each row of M as a vector in R, we notice that the
hyperplane arrangement induces a Hamming metric on the set of n vectors (each vector
M;,i € {1..n} corresponds to a point p; € {—1,1}"™ such that p; = (sign(M;,v;) : j €
{1..m}) where v; is the normal to the jth hyperplane).

Thus our original problem can now be cast as a problem of embedding an m-dimensional
Hamming metric induced by the linear hyperplane arrangement into a Hamming metric in
k dimensions induced by the same hyperplane arrangement without any distortion. This

problem has direct applications in protein matching [5].



CHAPTER 4
REALIZATIONS AND REALIZABILITY

In this chapter, we discuss the known results on the problem outlined in the intro-
duction and rephrase some of them in more intuitive terms using techniques that lead to
improved bounds. We start by defining the concept of realization of a matrix M, first in
terms of half-spaces and later redefining it in terms of subspaces that intersect the same set
of orthants as defined by the rows of M.

4.1 Half Space Realization

The longstanding open question on the minimal dimension of matrices was first posed
by Paturi and Simon[2]. Forster [1] who solved the problem by showing a lower bound
on the minimal dimension of M in terms of the operator norm of M defines the problem
as realizing M in terms of a linear arrangement of homogeneous halfspaces. We restate
Forster’s definition of realization:

Definition. A matrix M € R™*" with no zero entries can be realized by a k-dimensional
linear arrangement of homogeneous half spaces if there are vectors w;,v; € RF for i €
{1.n},j € {1..m} such that sign(M;;) = sign(u;, v;).

The vector v; is interpreted as a normal to the boundary of the homogenous half-space and
hence uniquely defines it. The vector u; defines a point that lies in the half space defined
by v; if sign(u;, vj) = +1 and in the opposite half space if sign(u;, v;) = —1.

4.1.1 Known Bounds

The following lower bound on the minimal dimension was proved recently by Forster
[1]:

Theorem 4.1 (Forster[1]) If a matric M € {—1,1}"*™ can be realized by an arrange-

ment of homogeneous half spaces in R*, then

bz Y (4.1)

12
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Proof idea. Forster uses a bridging quantity to prove his result. He shows an upper bound
on the bridging quantity that holds for any realization of the given matrix M. He also shows
a lower bound on the bridging quantity that holds for only the ‘nice’ realizations of M. He
then shows that given any realization, he can iteratively find one that is nice and therefore
satisfies the lower bound on the bridging quantity. While rephrasing Forster’s proof, we
also define a few nice properties of our realizations, namely, the almost-spherical property
which we show to be a relaxation of Forster’s property and the projection-type nice property
which helps us change Forster’s upper bound on the bridging quantity. The study of these
nice properties of realizations, relating them, showing their existence and finding out if they
buy us better results is the central theme of this work.

Proof (by Forster). Assume that there are vectors u;,v; € R¥ such that sign(u;,v;) =
M;;. Forster observed that normalizing u; and v; will not affect the sign of the inner product
(u;,v;). Therefore we may assume that w;,v; € S¥~1. He also observed that for any
nonsingular linear transformation A € GL(k), replacing w;, v; by (AT) 'u;, Av; also does
not affect the sign of the inner product. He then shows that there exists a linear mapping
that transforms a given set of v;’s into a set of “nice” v;’s such that Zj viv;T =TI, ie.

the vectors v; are nicely balanced in this sense. For such nice v;’s it holds that,

m
Sl v =D (v =wT [ D> vivT | u = T (4.2)
i J J

Inequality (4.2) means that for all j, the absolute values of the inner products (u;, v;)
are on the average at least %, i.e. the vectors u; cannot lie arbitrarily close to the homoge-
neous hyperplane with normal v;.

Forster gives a corresponding upper bound in terms of the operator norm ||M]|| of the matrix

on the absolute values of the scalar products (u;,v;) as:

2

oD vyl < mlM? (4.3)
j

i
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From (4.2) and (4.3), it follows that

2

(7)< Sl ) <mianf w4

The lower bound directly follows. |}
4.1.2 Generalized Lower Bound

Forster, Krause, Lokam et al [1] generalized the lower bound result obtained in [I]
to real matrices. This result widened the applicability of Forster’s bound from boolean
functions to functions defined over the reals. Also the generalized result gives accurate
bounds for orthogonal matrices that have a small norm which the previous result fails to
achieve. The generalized lower bound result can be stated as:
Theorem 4.2 Let M € R™™ be a matrix with no zero entries. Then the lowest dimension

k in which M can be realized by a linear arrangement of homogeneous halfspaces is given

by:
k> vmn
M|

mln | M| (4.5)
Proof The proof is along the lines of Forster’s original result. It assumes that there are
vectors u;, v, € R* such that sign(M;;) = sign(u;, v;) for all 7, j. Using Forster’s argument,

it is assumed that a given linear arrangement u;, v; can be normalized such that u;,v; €

SE=1 and
Z LM,
' ViVj Lk

Let min; j |M;j| = M. Then for all j, it holds that

2
uZ,V] > Mnin E uuvj = Mpin-u;7 E V]Vj u;
J

mzn

ZMij <ui7Vj = Mmnin Z
J
or,

Z Mij(ui, vi) > Mpn
J

m
= 4.6
L (16)
[1] also proves the same upper bound on the new bridging quantity. Specifically that

2

ST Mijtuivy) | < oml|M]? (@)
i J
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It is to be noted that the upper bound does not depend upon the minimum entry in M.

From (4.6) and (4.7), we get

2
M2 (%)2 < ZZ: Zj:Mij(UnVﬁ < m||M|] (4.8)

The generalized lower bound result follows. |}
4.2 A New Notion of Realization

R™ ™ in terms of the k-dimensional

We characterize a realization of the matrix M €
subspace of R™ that cuts through the set of orthants defined by the signs of the rows
in M. The motivation behind this new notion of realization is to cast Forster’s result in
more simplified terms as an answer to the questions posed by us in the introduction. Also,
this notion of realization leads us to some interesting properties of subspaces, and to an
improved result.

Definition. A matrix M € R™*" with no zero entries can be realized by a k-dimensional
subspace B if there exist vectors w; = a; B, where a; € R¥, such that sign(w;) = sign(M;)
for all 4.

4.2.1 Constructing B from Forster’s Realization

To establish an equivalence between Forster’s definition of realization and our notion of
realization, we first give a construction to obtain the B matrix and the w;’s from Forster’s
u; and v; vectors.

Lemma 4.3 Given M € R™™™ and u;,v; € SE=1 such that sign(ug, vj) = sign(M;j) for
all ©,7, construct the k x m matrix B such that the v;’s are the columns of B and let
w; = \/k:/—m -w;B. Then the rows of the matrix B form a basis for the k-dimensional
subspace that realizes M .

Proof We note that vectors w; = u; B are actually the vectors u; expressed in the basis B.
In other words, vectors w; are nothing but u; living in the ambient m-dimensional space.
The scaling of w; by a factor of \/k:/—m is needed later in rephrasing Forster’s proof where the
w;’s are required to be unit vectors. Now, the jth co-ordinate of w;, w;(j) = \/k/m(u;, B;).

Since the columns Bj; of the matrix are actually the vectors v; by construction, therefore
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we have that

sign (w;(j)) = sign <\/g(u,-,Bj>> = sign (\/%(W,V])) = sign(M;,)

for all 7, 7. Hence this B satisfies the definition of a subspace realizing the matrix M. |}
In the sequel, we will talk about realizations in terms of vectors w; and the subspace B
rather than vectors u; and v;.

In order to rephrase Forster’s proof of the lower bound result, we first define few
niceness properties of our realization subspace B and show their relationship. This also
leads us to some interesting questions about the topology of LT*, L5* and L7 balls which
we will examine in chapter 6.

4.2.2 Niceness Properties of Realization Subspaces

Property 4.4 A k x m matrix B is said to be “nice” if its rows form an orthogonal basis
with the basis vectors all having Lo norm equal to \/m—/k and its columns all have a Lo
norm at most 1.

Property 4.5 A k-dimensional realization B of M is said to be almost-spherical if the
one-norm of all unit vectors in B is at least \/m—/k‘

Property 4.6 A k-dimensional realization B of M is a nice subspace if the infinity-norm
of all unit vectors in the subspace is at most \/k:/—m

After having defined the niceness properties of B, we show their equivalence.

Property 4.6 is stronger than Almost-spherical Property. We prove this in the
following theorem:

Theorem 4.7 For a subspace B of R™, B has property 4.6 implies B is almost-spherical.
Proof For all vectors w € B, if |[w|[z = 1 and ||w||s < /k/m then w needs to have
at least m/k non-zero elements. Of these, the w’s having minimum one-norm will have
exactly m/k non-zeros. For such w’s the condition |[w||s = 1 is satisfied only when all
Therefore it follows that if |[w||s = 1 and ||W||s < v/k/m then ||w||; > \/m/k. Hence

the non-zeros have the same value which is \/k/m and hence ||w||; = 7.\/k/m

proved. |}
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Property 4.4 = property 4.6. We show the equivalence of the two properties by first
showing that property 4.4 implies property 4.6, and then showing that property 4.6 implies
property 4.4.
Lemma 4.8 For a subspace B of R™, B has property 4.4 = B has property 4.6.
Proof If B has property 4.4, then there exists an orthogonal basis for B with the Ls norm
of all rows equal to \/m and the Ly norm of all columns at most 1. Therefore, for all
unit vectors w € B constructed as linear combinations of the basis vectors (w = aB, where
|lall2 = \/k/m), it holds that w(j) = (a, B;) < ||a||2||B;||2 = /k/m. Therefore all unit-
vectors in B have an infinity norm at most \/k:/—m This implies that the subspace B has
property 4.6. |}
Lemma 4.9 For a subspace B of R™, B has property 4.6 = B has property 4.4.
Proof Consider an orthonormal basis (i.e. a k x m matrix with orthonormal rows) for B.
If all unit-norm vectors in B have an infinity norm at most \/k:/—m, then the same holds
true for the basis vectors as well. Let a € R¥ be a unit vector. Now, the vector aB is a unit
vector in B and hence also has the above property. In other words, (a, B;) < \/k:/—m for
J € {1.m}. Also we have that (a, B;) < ||a||2||Bj||2. Since the property holds true for all
a € R¥| it also holds true for the case when (a, B;) = ||a||2|| B;||2. For such a, it holds that
(a, Bj) = ||a||2||Bj|l2 < /k/m. Since ||al|s = 1, it implies that ||B;||s < \/k/m for all j.
Now if we scale the matrix B by the factor \/m—/k‘ then B becomes a k x m matrix having
orthogonal rows whose Ly norm is \/m—/k: and columns whose Ly norm is at most 1. [ |
Theorem 4.10 For a k-dimensional subspace B of R™, property 4.6 is equivalent to prop-
erty 4.4.
Proof From lemma 4.8 and lemma 4.9, it follows that for a k-dimensional subspace B of
R™ property 4.4 and property 4.6 are equivalent.
Corollary 4.11 For a subspace B of R™, property 4.4 = almost-spherical property.
4.2.3 Rephrasing Forster in Terms of B

We are now ready to rephrase Forster’s proof of the lower bound result in terms of the

B matrix.
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Lemma 4.12 Given an orthogonal basis B for the realization subspace of M € {—1,1}"*™

and vectors w; = \/k/m -w;B,i € {1..n} such that sign(w;) = M;, then

> (wi, My)* = Z lwll§ < kIl (4.9)

i
Proof Forster proved the upper bound on his bridging quantity as
2
n

DDl vpl) < mlM?

i=1 \ j

Since the B matrix has the v;’s as its columns, therefore we have that (w;, v;) = w;(j)/\/k/m.

Substituting this in the above inequality, we get

2
S (wi(7)] < 2

——= | <m|M]|
; zj:\/k:/m

which is equivalent to

n

m

= D [lwil [} < ml[M]P”
i=1

Since sign(w;) = sign(M;), therefore ||w;||1 = (w;, M;). Hence

n

S (wi M) = 3 [wil [} < kllM]?

i=1 i=1
The following lemma corresponds to Forster’s observation about the existence of a “nice”
realization.
Lemma 4.13 Given a kxm matriz B constructed from the v;’s, there exists a non-singular
linear transformation A € GL(k), such that the matrix B = AB cuts through the same set
of orthants and additionally has property 4.4.
Proof Forster proves that given u;,v; € Sk=1 there exists a non-singular linear transfor-

mation A € GL(k) such that if u’; = A~'u; and v/; = Av;, then
sign(u;, v;) = sign(u’;,v';) (4.10)

and

ZV/jV/jT == %Ik (411)
J
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Furthermore, since scaling does not affect the sign of the inner product, therefore u';, v/,
can be normalized so that u';,v/; € Sk~L.

We observe here that since the matrix B has the v;’s as its columns, therefore the
matrix B’ = AB has the v'; as its columns. Also the matrix >, v/;v'] is in fact B'B'T.
Using (4.11), we get

BBT="7
k k

which implies that B’ is an orthogonal matrix with each row having a 2-norm of \/m—/k
and all columns being unit-norm.

To show that B’ realizes M, we construct w’; = u’;B’,i € {1..n}. Then from (4.10), it is
obvious that sign(w’;(j)) = sign(u’;, v/;) = sign(u;, v;) = sign(M;;). |

Remark Forster’s nice realization has property 4.4 and is therefore almost-spherical.
After having established the existence of a “nice” realization subspace of M, we restate
Forster’s left inequality in the following lemma:

Lemma 4.14 Given a “nice” B having property 4.4, construct unit vectors w; = \/k‘/—m

u; B as the linear combination of the rows of B. Then,

m
no < D o lwillf = (wi, M;)? (4.12)

Proof In the previous section we showed that for a realization subspace B, property 4.4
implies B is almost-spherical. This means that for all vectors w € B, ||w]||; = 1 implies

||[w||1 > \/m/k. Now since the vectors w; are unit vectors, therefore

m
||Wi||12\/?

or,

or,
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Theorem 4.15 If a matriz M € {—1,1}"*™ can be realized by a k-dimensional subspace,

then

> Y (4.13)

Proof From (4.9) and (4.12), we get
< 12 < k|| M2 4.14
n < 3wl < k] (1.14)

which gives,

m
2 < 2
n < kM|

or,

mn
k> Y |
M|

4.2.4 Rephrasing the Generalized Lower Bound in Terms of B
The proof of the generalized lower bound in terms of the B matrix is very similar to
the proof of Forster’s original result. The main difference is in the interpretation of the

bridging quantity used in the two results. While both use

n

> (wi, M;)®

i=1
as the bridging quantity, Forster’s original result holds only for M € {—1,4+1}"*™ and
therefore the bridging quantity equals Y, ||w;||7 which is not the case for the generalized
lower bound. So for the generalized proof, we keep the bridging quantity in its original form
and prove the upper bound on it as
> (wi, M;)? < k|[M]?
i
Then we prove the lower bound on the bridging quantity which holds for almost-
spherical realization subspaces. The lower bound is
m .
> (wi, Mi)® > n—(min; 5[ My5])?

i
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The proof for both these results is a direct adaptation of the generalized lower bound
proof in [4] obtained by substituting (u;, v;) = w;/ \/k‘/—m Combining the two inequalities,
we get the generalized lower bound.

4.2.5 Intuitive Justification

The right inequality in (4.14) is true for all realization subspaces of M, whereas the
left inequality is true for only the “nice” subspaces that have property (4.4). Thus both
inequalities simultaneously hold only for the “nice” B’s.

The reason for rephrasing Forster’s inequalities in this manner is that the bridging quantity
in the Forster’s result varied with the dimension k of the realization which appears to be
counter-intuitive. In our formulation, the w;’s are all unit-norm vectors and hence it ensures
that the bridging quantity remains the same irrespective of the realization dimension. We
also introduce k into the right inequality so that the right side quantity now increases with

k instead of being independent of k as it was in Forster’s formulation.



CHAPTER 5
NICE REALIZATIONS

The existence of nice realizations - realizations that have some non-trivial ‘nice’ prop-
erties - helps in obtaining better bounds if their existence can be proven. This technique
was used by Forster to obtain his lower bound result. In this section, we define another
‘nice’ property of our realization and relate it with the ones defined in the previous chapter.
We make a conjecture about the existence of subspaces that have both the ‘nice’ properties
which if proven results in improved bounds.

5.1 New Definition of Niceness
Property 5.1 A k-dimensional realization B of M is nice if for all i, the projection of the
vector defined by row M; on B lies in the same orthant as M.
To motivate the introduction of this new notion of ‘niceness’, we show improved bounds
for Forster’s result and the generalized lower bound result assuming the existence of nice
realizations having property 5.1.
Conjecture There exists a realization B of M, that is almost-spherical and also has prop-
erty 5.1.
5.1.1 Improved Bounds for M € {—1,41}"*™
Lemma 5.2 Given a “nice” realization B of M € {—1,+1}"*" that has property 5.1, let

vectors w; be unit vectors in the direction of M; projected on B. Then,

|[will1 =

where By is the lth row of B.
Proof For B to realize M, there should exist vectors w;,i € {1..n} such that sign(w;) = M;.
Since the subspace B has property (5.1), therefore the projection of M; on B lies in the

same orthant as M;. Hence the choice of w; as being a unit vector in the direction of M;

22



projected on to B is perfectly valid.

The jth co-ordinate of vector w; is

> (M, By). By

wi(j) =
' > (M;, By)?
Now
lIwills = > [wi(j)] = (wy, M;) sz
j
or,
M;, B).By;
willy = 3 2o BBy
] 1 V lMlyBl>
or,

will = (M, B e
|| z||1 \/W Z:(MZ,BI>

Hence proved. |}

Lemma 5.3 For a realization B of M € {—1,+1}"*™ that has property 5.1,

ZHWZHI => > (M, By) <nk:—|—£ ORT(M)

i 1<I<k

where
ORT(M) =2 (M1, M
Jjl,52

for all 31 < 52, such that columns M;; and M;js are non-orthogonal.

Proof
DL 2 (MiB =3 > () Mij.By)?
i 1<I<k i 1<Kk g
=2 2. 2D MyByMy By
i 1<i<k 7 g'
=> "33 MMy Y Bij.By
i g l
=> 3> MMy Y Bij.By
il !
Now,

ZMZ']'.MUI = ZMTji-Mij’ = MTM(]aj/)

23



and
Y BBy =) BTu.By =BTB(jj).
1 l

Therefore the expression reduces to

D> MTM(5.)BTB(j, )
J o J
or

S MBS IND? + 2. ~(Mj1, Mja){ By, Bja)

J

(for all j1 < 52, such that columns Mj; and Mjs are non-orthogonal)
Now, since M € {—1,+1}"*"™, therefore ||M,||2 = V/n.

Also we have that
k
DIBIE =D IIBiI* =&
j =1
and therefore,

{Bj1, Bj2) <

3=

Using these observations, we get

Z Z (M;, B)* énk’+2% Z(Mjl,Mj )

i 1<I<k
(for all j1 < 52, such that columns Mj; and Mj, are non-orthogonal)

or

Y (M, B)? <nk+ EORT(M)
i 1<I<k m

Corollary 5.4 If M € {—1,+1}"*™ has orthogonal columns, then

D lwilla® = (1M5l1a]1Bjl12)* = nk

J
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Remark Therefore when M is a Hadamard matrix of size m, then ||M;||3 = m and the

expression evaluates to mk.
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Theorem 5.5 If a matriz M € {—1,4+1}"*™ can be realized by a k-dimensional subspace
then

k> mn
“Alnt OR’;/?;(M)

Proof This result requires the existence of a realization subspace that is almost-spherical
and also has property 5.1, which we conjectured to be the case.

Since B is almost-spherical, there exist unit vectors w; such that sign(w;) = M, and
Z w2 > n , from lemma 4.14.
Also, in lemma 5.3 we showed that if B has property 5.1, then
= k
> lIwil[} < nk + —.ORT (M)
i=1 m
Therefore, for a realization subspace that is almost-spherical and also has property 5.1, it

holds that

k
n— < Z||WZ||1 < nk+ —.ORT(M)
i=1

This gives,
2 < ORT(M )>
kE — m
This directly gives the stated bound for k. |}

Corollary 5.6 For a Hadamard matrix H, of size 2" x 2", the minimal dimension of a

realization subspace is bounded as

2m.2n
2" +0

5.1.2 Improved Bounds for M € R"*™
Lemma 5.7 Given a “nice” realization B of M € R™ ™ that has property 5.1, let vectors

w; be unit vectors in the direction of M; projected on B. Then,

ZMZ]WZ W27M2> =

where By is the lth row of B.
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Proof In this case too the choice of w; as the unit vectors in the direction of M; projected

onto B is perfectly valid since B has property 5.1.

Again, the jth co-ordinate of vector w; is

S (M, By). By

wi(j) =
>1(M;, By)?
Now
- - Z MwBl Bl_]
<W17MZ> = ZWZ sz Z Mzg
j=1 j=1 \/ MZ7Bl>
or,
M;, B - M;;B;
D
1 Zl(Mi7Bl>
or,
M;, By)
(wi, M;) = Z<—l > (M;, B))?

1V Z <M17Bl 1

Hence proved. |}

Lemma 5.8 For a realization B of M € R™ ™ that has property 5.1,

S (wi, M) ZZ M, By < S22 + 2. 0RT(M)
i=1

J

Proof
S 3 (B 5 S5 Mt
T 1<i<k 1<I<k 1
=2 2. 2D MyByMyBy
i 1<Kk 5§
=> 3> MMy Bij.By
i g !
=> 3> MMy Y Bij. By
Now, o |
ZM,-j.M,-j, = Z MT ;.M = MTM(j, §')
and Z Z

> BBy =Y BT.By = BTB(j,j").
1 l
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Therefore the expression reduces to

D> MTM(j,j)BTB(j, ')
7
or
> (1Ml Bjl|2)* + 2. (M1, Mja)(Bj1, Bja)
J
(for all j1 < 52, such that columns Mj; and Mj are non-orthogonal).

Now it holds that

k
151> = —

and therefore,

(Bj1, Bja) <

3=

This gives,

ST N v, By? <— ZHMH2+ORT( A |

1<iI<k 1

Corollary 5.9 If M € R™™ has orthogonal columns each having norm d, then

Z<Wu i) Z||M||2—d2

%

Theorem 5.10 If a matrix M € R™ "™ can be realized by a k-dimensional subspace, then

men min |M;,|
>3, IM;l[5 + ORT (M) “ig™

where

ORT(M _22 i, M
Jjl,52

for all 31 < 32, such that columns M;; and M;js are non-orthogonal.

Proof From (4.6) and (5.8), we get

mm < Z W27 2 < . Z ||M ||2 + ORT( )

This is also based upon our conjecture that there exists a realization subspace that is almost-
spherical and also has property 5.1 (since the left inequality holds for almost-spherical

subspaces whereas the right inequality holds for realizations having property 5.1.
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This gives,

2
Mmin

/”Lm
k

k
< — | 113 + ORT (0)
J
or,
M?%u'nm2n

>
~ 22 M3+ ORT (M)
The stated bound on k directly follows. |}

k2

Thus we have shown that the existence of nice realizations gives us a new bound on
the minimal dimension.

5.1.3 Why Is This Bound Better?

The norm of the matrix M that appears in the denominator of Forster’s bound is

defined as
|| M x|
||M]| = sup
xerm |[X]|2
Now if x = (1,1,1,...,1) be one of the vectors that causes the supremum to be attained,

then we have

iy VS Ma)? /S I3+ ORT(M)
R o

which is the denominator of our new bound (note that . ||M;]|3 = mn for the case when

[|M][ =

M € {—1,1}"™*™). It therefore follows that our bound is as good as Forster’s when the
all-ones vector is one of the supremizing vectors (such as for Hadamard matrices) and in
all other cases our bound is better because our denominator is lesser than ||M]].
5.2 Nice Properties of Specific Constructions

In this section we show that the constructions given by Forster in his doctoral dissertation|6]
and by Belcher et al in [7] have property 5.1.
5.2.1 Forster’s Construction

Forster [(] gave the construction of a rank 3 matrix M’ that had the same sign pattern

as Hs. He used the construction to give an upper bound of 3121 on the realization dimension.



For the 2" x 2" Hadamard matrix, the matrix M/, constructed as:

11
. 1 -1
My, = M'®5 =
1 5 —1
1 -1 -1

. n
is of rank 32.

5.2.2 Forster’s construction has property 5.1

®3
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To show that Forster’s construction has property 5.1, we will use an orthonormal basis

B for M’ such that the projection of M; on B lies in the same orthant as M;.

Lemma 5.11 The rows of the matriz B given by

/2 1/2 1/2
0 1/vV2 —1/V2

1/2
0

0 1/vV6 1/vV6 —2//6

form an orthonormal basis for M’.

Using this basis, we show by induction that Forster’s construction has property 5.1.

Lemma 5.12 Base Case: For M = Hq2, w; = M;|p lies in same orthant as M;.

Proof Given,

/2 1/2 1/2 1/2

B= 0 1/vV2 -1/V2 0 |:M

0 1/vV/6 1/vV6 —2/v6

Now, w; = M;|p = >_,(M;, Bj).B;. Therefore,

wi = (1 1 1

wy = (0 —2/3 4/3
ws = (0 4/3 —2/3
wy = (0 —2/3 —2/3

It is obvious that w; lies in the same orthant as M;.

—_ = =

—2/3)
—2/3)
4/3)
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Lemma 5.13 Induction Step: If for M¥ = Ho, wi* = Zj<Mik, B;*).B;" lies in the same
orthant as M;*, then for M*' = M* Q@ M, w1 = > (MM BFHY B dies in the
same orthant as MikH.

Proof The ith row of the matrix M**+1, M;*+1 is either M;* @ M; or M;* @ My or so on.
Consider the case when M;*t! = M & M;. Then,

k+1 k+1 k+1 k+1
W; + :Z<MZ + ,Bj + >BJ +
J

or,
w =" (F Q) My, BiF Q) Bi). B (X) By
il
or,
wF T =>"N(MiF, B;M) (M, B)). B (X) By
J l
or,
wF =" (%, B;%).BF () D (M1, B).By
J l
or,

Wit = ® w1

Since tensor product preserves sign patterns, therefore we can say that if w;* has the same
sign as M;* and if wy has the same signs as My, then w;Ftl = wk Q@ wi will have the
same signs as M;Ft1 = NP & M.

Similar argument can made about the cases when M;**1 is either M;* & Ms or M;* & M;
or M;* ® M.

Theorem 5.14 For all n, Forster’s realization of M™ = Hon has property 5.1.

Proof The result follows from the base case (lemma 5.12) and the induction step (lemma

5.13).
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5.2.3 Belcher-Hicks-Sitharam Construction
This construction gives an upper bound of 3/4 x 2P on the realization dimension of

Hap. The M’ that realizes Hy2 is given by:

3 -1 -1 1

and is of rank 3. The Myk+1 is constructed from Moy as follows: The first 2 rows of
Moypt1 are constructed as (Max (i) Mok (7)),1 <4 < 2F. The next 2¥ rows are constructed as

(Myr (i) — Mo (), 2F +1 <4 < 2FF1,

5.2.4 Belcher-Hicks-Sitharam construction has property 5.1
Again to show that this construction has property 5.1, we will use an orthonormal
basis B for M’ such that the projection of M; on B lies in the same orthant as M;.

Lemma 5.15 The rows of the matriz B given by

—V3/6 —V3/6 —v3/6 —/3/2
0 1/vV2 —1/v2 0
-2/v/6  1/V/6  1/V6 0

form an orthonormal basis for M’.
Using this basis, we show by induction that this construction has property 5.1.
Lemma 5.16 Base Case: For M = Hy2, w; = M;|p lies in same orthant as M;.

Proof Given,

—_
—
—_
—

—V3/6 —V3/6 —V3/6 —V/3/2
B= 0 1/vV2 -1/v2 0 |:M=
—2/v/6  1/V/6  1/V6 0

—_
|
—_
—_
|
—_

—_
—_
|
—
|
—_
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Now, w; = M;|p = >_,(M;, Bj).B;. Therefore,

wi = (3/2 3/2 3/2 9/2)
wy = (1/2 —3/2 1/2 -1/2)
wy = (1/2 1/2 -3/2 —1/2)
wy = (3/2 —1/2 —1/2 1/2)

It is obvious that w; lies in the same orthant as M;.
Lemma 5.17 Induction step: If for M* = Hy.,w;* = zj<Mik,Bjk>.Bjk lies in the same

orthant as M;*, then for M*+1 given by

MF MF
Mk _Mk

w;Ftl = Ej(MikH, B;*1).Bk* lies in the same orthant as M;* 1, where B*+1 given by

Bt Bk
Bk Bk

Proof For 1 <i < 2’“,

Wik+l — Z<Mik+17 Bjk+1>.Bjk+1
J
or 42 ]
k+1 _ 2. Z<M2kyBjk>Bjk+1 +0. Z Bjk+1 (d — 3/4 % 2k+1)
; 3
J:§+1

or
d/2

—ZZMZ,B (B;* Bj*) = (w;* w)

Since w;* has the same signs as Mik , therefore the vector (Wik Wik) has the same signs as
(M;F M;F).
For 2F +1 <4 < 2k+1
Wik+1 — Z<Mik+17 Bjk+1>.Bjk+1
J
or
/2
L=o. ZB’“+1+2 Z (M;*, Bj*).Bj**' (d = 3/4 x 281
2+1
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or
/2

wi T =23 (M*, BM).(B* — BY) = (w* —wi¥)
j=1

k

Since w;* has the same signs as Mik , therefore the vector (w;” — wik) has the same signs

as (M;F — M;¥).

Therefore the result follows. [

Theorem 5.18 For all n, Belcher-Hicks-Sitharam construction of M™ = Hon has property
5.1.

Proof The result follows from the base case (lemma 5.16) and the induction step (lemma

5.17).



CHAPTER 6
THE TOPOLOGY OF BALLS

In chapter 4 we defined property (4.5) - which we call the almost-spherical property
- and property (4.6) for realization subspaces of M. These properties naturally lead to
interesting questions about the topology of Ly, Lo and L, balls. To pose and answer those
questions, we first formally restate the almost-spherical property in terms of L and Lo
balls.

6.1 The Generalized Almost-Spherical Property

Here we give a general definition of the almost-spherical property for subspaces of R™

as a generalization of property (4.5).

Property 6.1 A subspace B of R™ is said to be r-spherical for r € R if
Ly =r)NBC(Ly=1)NB

In plain English, the property says that a subspace B is r-spherical if the L = r ball
interesected with B is fully contained in the intersection of the Lo = 1 ball with B.

This statement is a generalized version of property (4.5) since it says that for all
vectors in w € B, [|w||; = r implies ||[w|]2 < 1 or in other words, Vw € B,||w]|ls = 1
implies ||w||; > 7 (which is property (4.5) for r = \/m/k).

The question we ask and seek to answer in this chapter is:

What is the max. k such that there exists a k-dim. subspace B of R™ that is r-spherical
for a given r?

Alternatively, given k, what is the maz. r such that there exists a k-dim. subspace B of R™
that is r-spherical?

Before trying to arrive at a closed-form expression for r in terms of m and k, we prove
bounds on the value of r for specific cases. The goal is to give a range in which the limiting

value of r, say 7, may lie such that for » < ry;, there exists a subspace that is r-spherical

34
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and for r > ry,, there exists no subspace that is r-spherical. Thus for every specific case
that we work out, we prove the following two statements:
1. Lower Bound Statement (implies ri;, > rp):

For » < ry, , there exists a subspace B of dim. k, such that
Vwe B, (|wlli=r)=(lwl2<1)

We prove this statement for some extreme vectors w € B, which are shown to be
sufficient to inspect.
2. Upper Bound Statement (implies 1, < ryp):

For r > ry, for all k-dim. subspaces B of R™,

dw € B, such that (||w||; =) and ||w]]2 > 1

ie. (LT =r)() B is not completely contained in (L5 = 1) B.

After we prove the two statements, we will have narrowed down 7y, for that particular
case to 11y < Tiim < Tub-
We note here that we only need to show 7y, > \/m—/k‘ for rephrasing Forster’s result in
terms of almost-spherical subspaces.

6.2 Observations About The Generalized Almost-spherical Property

In this section, we answer the question posed at the beginning of the chapter for
specific values of m and k to gain insight into the topology of Ly and Lo balls and into the
dependence of r on m and k.
Proposition 1. For r < 1, all subspaces of R™ of any dimension k(< m) are r-spherical.
Proposition 2. For r > \/m, there does not exist any subspace of any dimension k that
is r-spherical.

Proposition 3. For r = y/m, only 1-dimensional subspaces are r-spherical.
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Proposition 4. For k = m — 1, the extremal value of r, 7, = V2.

We showed that for r» < /2, we can construct a B+ = (1,1,1,...,1) such that the (m — 1)-
dim. subspace B is r-spherical, and no other Bt does better. In this case, the number of
extremal points on B is given by 2(75”)

Proposition 5. For k =m — 2, mim > V2.

We again constructed a BT spanned by the vectors (1,1,...,1) and (1,1,...,—1) and
showed that the subspace B is r-spherical for » < /2. Though in this case, we couldn’t
show that no other BT does better. Therefore, we only get a lower bound on ry,. In this
case, the number of extremal points on B is given by 2(m2_ 1).

Proposition 6(Conjecture). For m=4 and k=2, ry;,, = 1 + 1/V/2.

Proof While we can prove the lower bound, i.e. ry,, > 1+1/4/2, we do not have a complete

proof for the upper bound; only a proof outline that we believe will give us ry,, < 1+1/v/2.

e Lower bound: ry, > 1+ 1/v/2.

Consider the following 2-dimensional subspace of R*:

1 0 1/vV2 —1/V2
0 1 1/v/2 1/V2

B =

We first note that the extremal vectors in B (i.e. vectors with L; norm r and Lo
norm as close to 1 as possible) will have as many zeroes as possible, which is k — 1.
One such vector is (1,1)B = (3, 3, %, 0) for r = 1+1/+/2. For such extremal vectors
X € B, it can be shown that for r <1+ 1/v2,(|[x||1 =7) = ([x||2 < 1).

e Upper bound(Conjecture): 4, < 1+ 1/1/2.
While we do not have a complete proof for the upper bound, we strongly believe the
conjecture. We present here a proof outline that we believe can be extended to prove
the conjectured upper bound.

Let a general B be,

BJ‘— Cl C2 C3 C4
di dy ds dy
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This 2 x 4 subspace can be represented as a point on a Grassmann manifold in
(g) -dimensional space. The co-ordinates of the point are given by the (‘21) = 6 deter-

minants: Dqs, D13, D14, Da3, Doy, D34, where Dij is,

d; d

which satisfy the Grassman-Plucker relation,
Dig - D3y + Dig - Doy + D1a - D23 =0 (6.1)

Now, any x € B will be orthogonal to B+. Hence,

X1

Cl C2 C3 C4 X2
—0 (6.2)

dy do dg dy X3

X4

Additionally, x has a 1-norm equal to r,

Z Ix;| =7 (6.3)

and should have a 2-norm less than or equal to 1,

D ox2<1 (6.4)

Since we know that the extremal vectors in B will have k — 1 zeros, we set one of the

x;’s in turn to zero and get 4 inequalities from the 2-norm condition

IN

1
(D12)? + (D13)? + (Das)? T—2(1D12! + |Dis| + | Das|)® (6.5)

1
(D12)* + (D14)? + (D2s)* < r—2(|D12| + [Da] + | Daal)? (6.6)

(D13)* + (D14)? + (D34)?

IN

1
p(!Dlgl + | D14| + | D3a)? (6.7)
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1
(Da3)? + (D24)? + (D34)* < r_2(|D23| + [Day| + | D3a)? (6.8)

Thus, for the six D;;’s to represent a valid 2-dim. r-spherical subspace of R%, they
have to satisfy the 4 inequalities and the Grassmann-Plucker relationship.

Now, without loss of generality, we assume that |Ds4| > |D12|, and so | D3] is at least
fourth highest in the ordering of the 6 determinants.

We claim that the maximum value of r that satisfies all 4 inequalities at the same time
is attained when the D;;’s take values that are as close to each other as permitted by
the GP relation. This maximum value is attained by a particular “extremal” ordering
of the | Dj;|’s.

Assumption: Let us assume the following ordering of D;;’s:
|D13| < [D14] < |Daz| < |Day| < [Dia] < |Dsyl (6.9)

The objective is to show that the maximum value of 7 over all valid D;;’s for which
all four inequalities simultaneously hold is 1 4 1/+/2.

Also, (6.1) can be written as
|D12D34| = [D13D24 + D14 Doag| (6.10)
From (6.9) and (6.10) we note that,
|Dss| > v/2| D13

From (6.7), we observe that over all permissible values of D;;’s, the expression

(|D1s| + | D1a] + | Dsal)?
(D13)? + (D14)? 4 (D34)?

is maximized when |D34| = v/2|D13| and |D14| = |D13] and is equal to 1+ 1/+/2.
Now for this ordering, if the maximum values for r obtained from (6.5), (6.6) and
(6.8) are greater than 1 + 1/v/2 then r < 1+ 1/4/2 is the value that satisfies all four

inequalities. And we know that for the following assignment, all four inequalities
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attain r < 1+ 1/v/2:
|D13| = |D14| = |Da3| = |Das| = |D12|/V2 = |D3a|/V2

Thus, for this ordering (6.7) acts as the “bottleneck” in preventing the upper bound
on 7 to go above 1+ 1//2.
We claim that for each ordering, one can find an inequality analogous to (6.7) that
will act as a bottleneck for that ordering. We further claim that none of the other
orderings can do better than this, in other words all the total orderings corresponding
to the partial order that gives us |Ds4| > /2| D13 are extremal.

Based on our experience working out these cases, we make the following remarks:

1. The exercise here is to pick the inequality /inequalities that give(s) the tighest upper
bound on the value of r.

2. At the extremal value of r, the number of inequalities that turn into equalities is equal
to the number of variables (i.e., the 6 D;;’s in the m=4, k=2 case).

3. We conjecture that regardless of the value of m and k, we only need to look at a fixed
number of orderings to obtain the tightest upper bound on r.

4. For insights into the Forster problem, only a lower bound on 7y, is needed. But
we would have to understand something about the family of constructions/subspaces
that establish this lower bound — i.e, be able to say that atleast one of them can be
made to cut through any set of orthants that an arbitrary subspace of k£ dimensions
can. Note that with our new approach, a construction is just a setting of values for
the D;;.

6.3 Observations on the Figure
After computing the limiting value of r for specific values of m and k£ and observing
its variation with m and k, we make the following observations:

1. r(m+1,k) > r(m, k). The extremal value of 7 increases with m for a constant k.

2. r(m,k) > r(m,k + 1). The extremal value of r decreases with increase in k for
a constant m. This happens because the number of independent columns in B+

decreases and hence it becomes easier to find a “bad” x.
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< < < < 1(m1)=sqrt(m)

Figure 6-1: Dependence of » on m and k
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3. r(my,m —d) > r(m+1,m —d+1). For a constant difference between m and k, the
extremal value of r is monotonically nonincreasing.

We believe that the closed-form expression for r will look like
r(m, k) = v/m —aVk

for some constant a, though we found it hard to prove that this is the case.



CHAPTER 7
CONCLUSION AND FUTURE WORK

We have presented the study of a geometric lower bound question: what is the minimal
dimension of a subspace that intersects a given set of orthants. We start with its ‘avatar’
as a longstanding open problem in communication complexity and its recent solution where
the problem was stated as that of finding a linear arrangement of homogeneous halfspaces
in the lowest dimension. We explain why the treatment of the problem and its result seem
counter intuitive and justify rephrasing it as finding the minimal dimension of a subspace
that intersects a given set of orthants. This rephrasing leads us to some interesting ‘nice’
properties of these realization subspaces that enable us to show better bounds. We also
explain why the new bounds bear out our initial bewilderment over the original result,
namely that the minimal dimension of a realization subspace should be a function of the
set of orthants its realizes and not just some algebraic quantity such as ||M||. The almost-
spherical property of these realization subspaces leads us to some questions in functional
analysis and metric embeddings such as: what is the limiting value r such that the L1 =7
ball is completely contained in the Lo = 1 ball in R™.

We would also like to identify some directions to proceed further on this problem and
also some connections with problems in other areas that could be explored in the future.

1. There are a number of questions about ‘niceness’ of realization subspaces - can we
define other kinds of niceness? Can we show that if there exists a realization, then
there exists a realization that is nice in the newly defined sense? Are different kinds
of ‘niceness’-es equivalent? Do they help us attain tighter bounds? For example,

(a) Does maintaining maximum distance between the columns of B have any signif-
icance as a nice property that helps to attain better results? Or
(b) Does having columns of B split into k& bundles such that each bundle is nearly

orthogonal to every other qualify as a ‘nice’ property of any use?
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2. Suppose the inner products of every pair of (a subset of [) rows of M is bounded

below by some e. What does it say about the norm of M (in terms of [ and €)? Can

we use this separation as the property of M we are interested in instead of the norm?

Or does it turn out to be equivalent to the norm in some sense? Does it give a better

bound than the one we obtained using ORT'(M)?

3. Though we understood the variation of r with m and k for the generalized almost-

spherical property in chapter 6, we were unable to come up with a closed-form ex-

pression. Is it possible to obtain a closed-form expression for r in terms of m and k7

This leads to a number of questions trying to connect our result with some results

from functional analysis and theory of normed spaces. For example,

(a)

It has been shown by V. Milman et al[8] that in the right probability space,
most k-dimensional (k > ca®m, for some universal constant c) subspaces B of

R™ have the property that the L; norm of all unit vectors w in B is bounded as

<\/§+a>m < flwlh < <\/§+aw

Can we show the existence of one k-dimensional subspace that has the above
property and also has one of the ‘nice’ properties we use? Does that improve the
bound?

There is a celebrated theorem by Dvoretzky about embedding of L, normed
spaces into Lo, of which ours is the special case for p = 1. Before we state the
theorem, we define the Banach-Mazur distance between two normed spaces X
and Y to be < ¢, if there is a linear map f : X — Y with distortion(f)< c.
Dvoretzky’s theorem states that

Theorem 7.1 (By Dvoretzky) For every n and e > 0, every n-dimensional
normed space contains a k = Q(e-log n)-dimensional space whose Banach-Mazur
distance from Lo is < 1+ €.

The proof of this theorem is probabilistic in nature. Is it possible to give a
constructive proof of this celebrated theorem?

Is it possible to characterize the family of all k-dimensional subspaces that are

r-spherical?
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4. There are a number of questions about cell(orthant)-equivalence of subspaces and

linear transformations that preserve cell-equivalence. For example,

(a)

When are 2 k-dim. cell complexes (a cell complex is nothing but a set of orthants)
with m hyperplanes combinatorially cell equivalent (i.e. have the same set of
cells)? In other words, when are 2 k-dim. subspaces of m-space combinatorially
cell equivalent?

When are 2 k-dim. cell complexes with m hyperplanes real cell equivalent (i.e.
the normals to the hyperplanes for one should be obtainable from that of the
other by a transformation that preserves angles)?

To answer both the above questions, characterize a complete set of (GL(m) —
linear transformations in m-space) operations that can be performed to a k x m
matrix that will preserve combinatorial (respectively real) cell equivalence. Are
all of these operations contained in GL(r) for some r < m?

Given a cell complex C with m hyperplanes in k-space, how to get a k-dim.
subspace of m space that is combinatorially cell-equivalent or real cell-equivalent

to C?
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