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Abstract.

- The Fourier spectrum and its norms are given as explicit arithmetic
expressions and evaluated, for Boolean functions computed by classes
of constant depth, read-once circuits consisting of an arbitrary set of
symmetric gates. Previous results of this nature estimate the spectral
Ly norm of functions computed by certain types of decision trees [20]
[7], and in some cases, give randomized procedures that evaluate the
spectrum by clever rounding [20]. One corollary of our results provides
a large class of ACY functions whose spectral L; norm is exponential,
thus generalizing the single example of such a function given in [9]. This
shows that almost every read-once AC? function does not belong in the
class PLy of functions with polynomially bounded spectral norms.

- Implications of our results and technique are discussed, for estimating
the spectral norms of any function in a constant depth circuit class,
using the coding theoretic concept of weight distributions. Evaluating
the spectral norms for any such function reduces to estimating certain
non-trivial weight distributions of simple, linear codes.
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1. Introduction

Complexity bounds for classes of constant depth circuits consisting of specific
sets of gates have been the subject of extensive study. The gates are often cho-
sen to be a particular set of symmetric Boolean functions that form a complete
basis. For example the set {A,V, =} yielding AC? is studied in ([13], [30], [36],
[17], [23], [12], survey [8]); the sets {A,mod,}, {V,—, mod,}, {V,—,mod,}, for
p prime, ¢ composite are studied in ([2], [31], [33]), [4]. In some cases, the
chosen gates are non-symmetric and less constrained, for example, threshold
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gates, the most powerful of which is sign(p(x)), for a sparse multilinear real

polynomial p ([18], [1], [37], [6], [38], [9], [15], [29], [34], [21], [22], [?], [3]).

Spectral analysis is one of the techniques employed recently to study some
of these classes, and sometimes Boolean functions in general. The Fourier
spectrum of a Boolean function f is so named since it is obtained by viewing f as
a function from the group 727 to the field of complex numbers. However, there
are several natural transformations - one of which is the Hadamard transform -
of a Boolean function that result in the Fourier spectrum. Another example: if
a Boolean function f is viewed as a function from {1, —1}" — {0, 1}, the Fourier
coefficients of f are exactly coefficients of the unique multilinear polynomial
f over R™ that represents f, i.e, interpolates the values of f on its domain.
This versatility of the Fourier spectrum of the Boolean function enables its
wide applicability, and furthermore, transports some of the classical spectral
analytic techniques to the study of Boolean function complexity.

A A A

Estimating spectral norms of a Boolean function f (L.(f), L1(f), L2(f),
etc.) is essential for answering the basic questions of approximability and non-
approximability of Boolean functions. Therefore such estimations have pre-
dictably found several applications. For example, the L, and the inverse of the
L., norm of f respectively provide upper and lower bounds on the number of
terms in a polynomial whose sign represents f, and is used to determine the
threshold complexity of f [9]. Estimations of the size of the support of f has
also found applications. This corresponds to the degree and sparsity of the
multilinear polynomial f that interpolates f on {1, —1}". The sparsity of the
function that approximates f with respect to the L; or L norms is related
to the time complexity of learning f as shown in and [20], [23], and [32]. In
addition, the multiparty communication complexity of Boolean functions can
also be bounded via their spectral L; norm [16]. (See [9] for a brief survey of
some of these applications). Although some of these spectral analytic studies
have concerned relatively general Boolean functions [19], [20], [7], [27], [28],
[12], [4], many others have been specific to Boolean functions computed either
by (constant depth) circuits consisting of very specific sets of (symmetric) gates
(23], [5], [3], or by depth 1 or depth 2 circuits consisting of a less constrained
set of gates, [6], [9], [34] [?]

We consider Boolean functions computed by constant depth circuits con-
sisting of arbitrary sets of symmetric gates. However, we restrict ourselves
primarily to functions computed by read-once circuits, and give explicit arith-
metic expressions that evaluate to the spectral coefficients of such functions,
and thereby also to their norms. In addition, we directly evaluate the spec-
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tral L; norm, without evaluating the individual spectral coefficients. Previous
results of this nature give upper bounds on the spectral L; norm of functions
computed by certain types of decision trees [20] [7], and in some cases, give ran-
domized procedures that evaluate the spectrum by clever rounding [20]. One
corollary of our results provides a large class of read-once AC° functions whose
spectral L; norm is exponential, thus generalizing the single example of such a
function given in [9]. We show that almost every read-once AC? function is not
contained in the class PL; of functions with polynomially bounded spectral L,
norms. This shows the limitations of methods that bound complexity in terms
of the spectral L; norm, such as the method in [20] which establishes that the
(randomized) complexity of learning Boolean functions is polynomial in their
spectral L; norms.

While functions computed by read-once circuits are simple and easy to deal
with in a certain sense, any non-read-once Boolean functions f of n variables -
computed by any constant depth, polynomial size circuit of a set of symmetric
gates - can be expressed in terms of read-once functions f, of m < poly(n) vari-
ables, in the same class, using projections. It therefore follows that a Fourier
coefficient of f can be expressed as a sum of our explicitly evaluated Fourier
coefficients of f, over a translate of a simple, linear subspace of IF;'. This
observation, the properties of f,. that follow from our evaluation, and an appli-
cation of the coding theory concept of weight distributions, altogether imply a
new method for the estimation of the spectral norms of f. The usefulness of
this method is yet to be investigated and depends on whether for simple, linear
codes, the weight distribution with respect to certain non-trivial weights can
be estimated with reasonable accuracy.

Our technique for evaluating spectral norms is based on the simple idea that
for a function f computed by any read-once circuit C' the Fourier coefficient
f("c) can be expressed in terms of the expected values of the functions computed
by the maximal subcircuits of C' (marked A below) whose inputs do not include
any of the bits z; that equal ‘1’ (marked () in the figure below).
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For the case of homogeneous circuits with symmetric gates, this idea yields
a technique for the explicit expression of f(x) in terms of d natural parameters,
which we call the type parameters of =, where d is the depth of the homoge-
neous, read-once circuit computing f. By the same idea, Ll(f) can also be
expressed recursively using the expected values of the functions computed by
the subircuits of C', thereby permitting the evaluation of Ll(f) by evaluating
at most as many Fourier coefficients of f as the number of subcircuits of C'.

The paper is organized as follows. Section 2 clarifies notational conventions,
and provides some basic background. Section 3 defines the type parameters,
and gives explicit arithmetic expressions, in terms of the type parameters, for
evaluating the spectra and their L; norm, for functions computed by homoge-
neous read-once circuits with arbitrary sets of symmetric gates. The specific
example of read-once AC? functions is worked through, their spectral L; norm
is evaluated, and shown to be exponentially large. Section 4 gives a method
for the estimation of the spectral norms of arbitrary functions computed by
constant depth circuits of symmetric gates, by observing some properties of

type parameters, and applying the concept of weight distributions.

2. Background and conventions

Unless otherwise specified, all n-tuples are elements of either R™ or the finite
vector space IFy. The number of non-zero entries in z is denoted |z|, the n-tuple
(a,...,a) is denoted (a"), and for any n, the n-tuple of all zeroes is denoted
0. When z € I}, « is identified with the set of co-ordinates 1 < : < n where
x; = 1. Thus, given vectors x and y, we will refer to the vectors Uy, Ny, z\ vy,
z (for the bitwise complement of z), and expressions such as ¢ € z (meaning
x; = 1). The inner product < x,y > for x,y € IFy is ‘1’ if the parity of |z N y|
is odd.

Boolean functions of n variables map from IF5 to {0,1} or {1, —1} to facil-
itate the use of the Fourier transform (see [10]) for functions from the group
775 to the field of complex numbers. The Fourier transform of f is denoted f
and is given by )

) =12 3 Fu)()=,

u€lFy

thereby f(x) can be written as Y f(u)(—l)@’w. The domains of Boolean
u€lF}

functions f and their transforms f are always considered to be IF;. All other
functions of n variables are multilinear polynomials that map from R" to R.
For a Boolean function f, f will be used to denote the unique multilinear
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polynomial over R™ that interpolates f at {0,1}" or at {l,—1}", depending
on what the real domain of f, denoted Rdomain(f), and the range of f are
chosen to be. In other words, a real representation of IF] is chosen, either with
0 and 1 (in IF5) mapping to the real values 0 and 1 or to 1 and —1 respectively.
While a Boolean function f and its Fourier transform are independent of this
choice of Rdomain(f), the polynomial f does depend on this choice.

Note that when Rdomain(f) = {1,—1}", and range(f) = {1, —1} then for
xe{l,—1}", f(z) = f(x) = Z]:F f(y) [1 #;. In other words, the coefficient of

yelFy €Y

[T «; in the multilinear polynomial f over R™ that represents f on the R domain
i€y
{1, —1}" is nothing but the y** Fourier coefficient of f. Notice that given f that

represents f on the Rdomain {0,1}", the Fourier coeflicients of f can thus be
14x;

1—x;

obtained by applying the change of variable x; — 5™, and z; = (1—z;) — 5=,
to f; and finding the coefficients of the resulting polynomial in standard power
form. Finally, for y € IF} we denote the y'" partial derivative of order |y| over

R”™, i.e, [T Dg,, by D,. Finally, the norms used are the following: Li(f) =4.s
€Y

2 (@) La(f) =aes X f*(2); and Loo(f) =des mazzewy |f(2)].
zelFy z€F}

The following are basic properties of the Fourier spectra of Boolean func-
tions.

Fact 2.1. For functions f and g over IFy the following hold.
(i) Parseval’s identity:

(1/2)La(f) = (1/2) 3 fPa) = 3 (@) =aes La(f):

z€Fy zelFy

Notice that if range(f) = {0,1}, then
Li(f) =aer D 1f(2)l= D2 f(x) =aes La(f).

z€Fy zeF}

Thus, for Boolean f, bounds on the L, norm off provide bounds on
the L norm of f, and furthermore, the Ly norm off provides an upper
bound on the L, norm of f, since |f(1:)| < 1 for all x. In addition, the
Ly norm off provides a lower bound on the size of the support of f,
and an upper bound on the sparsity of the polynomial approximating f
when Rdomain = {1,—1}". Moreover, the L; norm off gives a lower
bound on the L., norm of f These facts are crucial in the development
of several of the learning algorithms [23], [20], [12], [7], [32], and also used

in some of the results about threshold circuits, for example [6], [9].
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(ii) The value of the transform at 0 is the expected value of the function:

F0) = (1/2") 3 f(u)

(iii) If range(f) = {0,1}, then f(_)) (1/2“)|support( )|,_)and if range(f) =
{1,-1}, and Rdomain(f) = {1,—1}", then f(0) = f(0).

(iv) If range(f) = {0,1}, range(g) = {1,—1}, and f = (1 — ¢)/2, then

£(0) = (1/2) (1 - 4(0)),

and

Vaful >0 fu) = —(1/2) j(u).

The following fact gives a simple property of the multilinear polynomial that
represents a Boolean function.

Fact 2.2. Let f be a Boolean function of n variables.

(i) For any y € IF, and y # 6, the multilinear polynomial f over R" can be
expressed as follows:

fl@) = file\y) + fu(z \ ) [] @i,

€Y

where f, and fy are unique multilinear po]ynonna]q over R, Moreover,

fy =D f, where D, denotes the y'* partial derivative (see the first
paragraph of this sectmn)

(ii) If Rdomain(f) = {0,1}", then f(y) = (1/zlyl)

17—yl

()

and if Rdomain(f) = {1,—1}", then f( ) = £,(0).

PROOF.  The proof of (i) is straightforward using basic properties of multi-
linear polynomials. (Note that fz = f). For (ii), if Rdomain(f) = {1,—-1}",
then by the definition of f, f(y) is simply the coefficient of [] z; in the stan-

i€y
dard power form of f, which is clearly fy(ﬁ) If Rdomain(f) = {0,1}", then
f(y) is given by the coefficient of [] z; in the standard power form of f, af-
i€y
ter the change of variables: z; — =% and (1 — z;) — £% which is clearly

(1/2M) f,(2* 7). o 2 .
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3. Spectral norms for functions computed by read once
circuits.

The main result of this section, Theorem 3.5, gives explicit expressions for the
spectral values and their L; norm for functions f computed by (resp. express-
ible as) constant depth, homogeneous, read-once circuits (resp. formulae) of
an arbitrary pair of symmetric gates. These expressions are given in terms of
d natural parameters, called the type parameters, of the argument to f. We
begin by setting up the machinery to state and prove the main theorem. The
first theorem we prove is a direct application of Fact 2.2 to functions computed
by any read-once circuit C' consisting of possibly nonsymmetric gates. The
theorem gives recursive expressions for the spectrum of f and its L; norm, in
terms of the spectra of the functions computed by the subcircuits of C.

THEOREM 3.1. Let f be a Boolean function computable by a read-once circuit.
Without loss of generality, let f be defined as

f(@) = g(h(1(x)), ., he(k(2))),

where the tuples of arguments, i(x) to the h;’s form a partition of the arguments
. k
to f, ie,i(x)Nj(x) =0 when i # j, and U ¢(1") = (1™). The functions g and
i=1
h; are computed by read-once Boolean circuits over IF¥ and IF'QZ(IH)|
For any y € ]Fg, let g be expressed as in Fact 2.2, as follows:

9(z)=g,(z\v) + 3,(z\ ) [ 2-

1€Y

respectively.

Furthermore, for any w € I}, let y,, € IF5 be the characteristic vector of the

set {i :i(w) # 0}. Then
(i)

and
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PRrROOF. By applying the chain rule and noticing that the h;’s are repre-
sentable by multilinear polynomials /; with disjoint sets of variables, it follows

that
wf H ( h Dng)

1€Yw

Now, if Rdomain(f) ={0,1}", it follows from Fact 2.2 that

n—|w| n—|w|
fw) = /205 )= (1/2")Duf(s )

and substituting the above expression for D, f, we get

. . L1 1EAMI=l(w)l
fw) = (TLO2NDhty )

1€Yw

Lam) _ ™)

G (a5 )bl ) )

and applying Fact 2.2 again to the iLi’S, the above quantity

= I (h(i(w))) Gy (R (D),

1€Yw

A

@)\ va).

On the other hand, if Rdomain(f) = {1, —1}", it follows from Fact 2.2 that

A

f(w) = 1,(0) = Do f(0),

and substituting the above expression for D, f, we get

Fw) = (I Digwyh(0)) gy (B (0, B(0) \ )
and just as in the earlier case, applying Fact 2.2 to the hi’s, the above quantity

= (1 b)) Gy (s (0. e 0)) \ ).

1€Yw

becomes

To show (ii), we observe

= 3 gy ((ha(0), - he(©@) \ )l (| T RaCiCw))] )

wE]Fg 1EYw
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which can be written as

> 13y ((ha(0), - k(@) \ )1 > ITT haliCw))] )

yE]Fé€ {w:i(w)'r‘ff 1€y
+= icy}

But
{w:i(w)#0 1€y
= i€y}

can be rewritten as
II > lh(i(w))
€Y {i(w):wEFg
& i(w)#0}
from which the result follows since
So | hi(i(w)) | = La(h) — ha(0).
{i(w):'wG]F;l

& i(w)#0}

a

Next we give a uniform definition of symmetric Boolean functions.

DEFINITION 3.2. For u C {0,1,...,k} the symmetric Boolean function s, is
defined as s,(x) = 1 if and only if |z| € u. When Rdomain(s,) = {0,1}* and

range(s,) = {0, 1}, for example, it is clear that

su(2) =3 2 (i) (T10 =)

i€u yeFk  jey i¢y
ly|=1

The following is a direct application of Fact 2.2 to symmetric Boolean functions:
for any y € IFS, with |y| = j, the multilinear polynomial 3, can be expressed

as
Su() = sy,;(x \ y) +5ui(x \ y) [T
i€y
where s, . and 3, ; are unique multilinear polynomials over RF.

Next, we formally define the class of homogeneous, read-once circuits of pairs
of symmetric gates.
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DEFINITION 3.3. The class RO[k,d,u,v] is the class of Boolean functions f
over Ing computable by homogeneous read-once circuits of depth d and uni-
form fan-in k, consisting of alternating levels of s, and s, gates of k variables.
The arguments to f are the k¢ inputs to the circuit, which may be individu-
ally negated. For convenience, we will often assume that these are the only
negations that appear in the circuit, and that when d is even, the topmost gate
computes s, and when d is odd, the topmost gate computes s,.

Next we formally define the type parameters and other quantities that are used
in the statement of the main theorem.

DEFINITION 3.4. (i) Forx € Ing, represented either as {0,1}*" or as
{1, —1}kd, the parameters tiery;(z) € {0,.. .,k}kd_i, for 0 <1 < d, are
defined recursively. Let tiery; ;(x) denote the j'* entry of the vector
tiery:(z).

o lierpo () =4ef 1 < ;=1
L] tZ'GT‘hH_Lj(ZL‘) =def |{(J — 1)]€ S ) S Jk : tZ'eT’kml(fC) 7& 0}|

For example, for + = (0,1,1,0,1,0,1,1), tierso(z) = x, tiery (x) =
(1,1,1,2), tieryo(x) = (2,2), and tiery s(z) = (2).

(ii) For z € Ing, the parameters type, ;(v) € {0,..., k&Y for 0 <1 < d
are defined as follows.

o typey;;(x) =aes  [{l: tierrii(z) = j};
i.e, the j entry in the vector typey ;(x) is the number of entries in

k k

tiery;(x) that equal j. Notice that )_ jtypey .y, ;(x) = 3 typey; ;(x);
.:1 b 9, .:1 19,

. i i

J

k k .
> tierg(x) = ‘21 typey;_y ;(x); and '21 typep () = 1ifx #0
i= i=

=1
and 0 otherwise. Furthermore, type, o,(x) = |¢| and for 2 < j <k,

typekp’j = 0.
For example, for v = (0,1,1,0,1,0,1,1), type, o(x) = (5,0), type,,(z) =
(3,1), typeyo(x) = (0,2), and type, 5(x) = (0,1).
(iii) The following quantities, depending on k,d € IN and u,v C {0,...,k},

are also used extensively in the next theorem. We will omit the subscripts
u and v on these quantities when the context is clear.
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o for2 <:<d, and 0 < j <k, the quantities T} ; ; € R are defined
as follows.
Tyiv1,j =def Suv(Tk,z,O)
when @ is odd, and when 1 is even, u is replaced by v. Recall the

definition (3.2) of the symmetric Boolean functions s, and s, and
the related multilinear polynomials 3, ; and 3, ; over R¥77.

o The definition of T}, ; depends on whether the Rdomain of s, and

s, is viewed as {0,1}* or as {1, —1}*. In the latter case, Ty 1 ; =gcs

b4 N . —0N- : — z 1k=iy, _
50,j(0); Thoo = 0; and in the former, Ty1; =dcs 30;(5 )i Tkopo =

1/2.

We have now set up all the machinery required to state and and prove the main
theorem.

THEOREM 3.5. Let f be computed by an RO|k, d, u,v] circuit, and let u € ]ng
be the characteristic vector of those arguments to f that are negated inputs to
the circuit.

(i) If Rdomain(f) is {0,1}*", then if x # 0,

fla) = (=1 (1/2) 'Z'HHTéZ?f’“”

=1 7=1

if Rdomain(f) is {1, —1}kd, then if x # 1,

fe) = (-0 T 7,

=1 j7=1

and in both cases, f(ﬁ) = Tk a0. Recall from the Definition 3.4 that the
quantities Ty ; ; depend on the choice of s,, s,, and Rdomain(f).

(ii) Ll(f) = L4, where Lo =1 and in general,
k ] L
Lii =aes > (Liic1 — Thiz10) [ Thyijl (J)
7=0

PrROOF.  The proofs are by induction on d. For (i), the induction basis is

straightforward: when d = 1, then f is computed by a single s, gate, thus,

from Fact 2.2, "
fle) = ()02 ) (3.)
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If z € IF]QC and z = 6, then f(ﬁ) = Suo( ), which is defined in 3.4 as Ty 1.

From the general definition of T} ; in 3.4, and since, when d =1, z € IFQ, and
x # 0, then there is exactly one j, namely |z|, where type, ; ;(x) is non-zero, it

follows that - |

~ 1 - 1 € 1]

Sopel(y ) =T ey = H T
Substituting the above in (3.1) completes the proof of the induction basis.
For the induction step, we apply Theorem 3.1 with ¢ = s,, and hy,..., hy €
ROlk,d — 1, u,v], with |Z(1kd)|, (the size of the set of arguments to h;) being
k%1 for all 1 <1 < k. This yields

A

Fw) =TI () Gy (b1 (D), ., he(0) \ ).

l€Yw

Assuming the induction hypothesis that the theorem holds for the functions
hi,...,hi € RO[k,d — 1,u,v], the above equation becomes

d—1 k
flw) = s (eats) TT0 2D (TTIT 7). 32)
EYw =1 j=1

Now, by definition of the type parameters, it follows that

H Ttypek” leypek”( )7 (33)

i,J
l€Yw

and

II (_1)|l(w)ﬂu|(1/2|l(w)l) = (_1)|7~mu|(1/2|7~u|)7 (3.4)

l€yw
for every 1 <¢<d—1and 1 <j < k. Furthermore, by the definition of 7}, ;,
we get 5y |y, | (T,i;'_yffé) = Th.d,|y.|» and since w € Ing, w # 0, by the definition of
the type parameters, there is exactly one j, namely j = |y,,|, where type, ; ;(w)
is non-zero, it follows that

~ k—|yw type J ‘
Su,lyw| (Tk d |y1 O) H Tky;]k d (35)
Now substituting (3.3),(3.4),and (3.5) in (3.2), it follows that when w # 0,

Flw) = (=1)lenel(q /211y HHT“”%J

=1 7=1
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Furthermore, when w = 0, it follows that y,, = 0 as well, and thus (3.2) reduces

to f(ﬁ) = 5,0 (Tlf,d—l,o) = Tka0. This proves (i).

We show (ii) again by induction on d. The induction basis, for d = 0 is
direct. For the induction step, we apply Theorem 3.1 again with ¢ = s, and
hi,y...,hi € RO[k,d — 1,u,v], to get

Li(f) = 3 ( TI (Zalhi) = 0a(©) )| Sugut ((Ra (D), ., k(D)) \ 9) |-

ye]F‘§ iEy

Assuming the induction hypothesis that the theorem holds for the functions
hi,...,hi € RO[k,d — 1,u,v], the above equation becomes

Li(f) = > (Lk,d—l _Tk,d—l,o) g ENN (T:’;ﬂo) |

yeF:

= Z (Lhd_l—Tk,d—l,O)'yl Ty )|

yeF:

The summands of the last quantity depend only on |y| allowing it to be rewrit-
ten as:

k ,
Z (]) (Lhd_l - Tk,d—l,O)] | T%.a.5],

J=1

thus proving (ii). O

REMARK 3.6. The above proof extends to read-once circuits of arbitrary struc-
ture, constructed from arbitrary, but fixed sets of symmetric gates.

We apply Definition 3.4 and Theorem 3.5 to obtain explicit expressions for
the Fourier coefficients and their L; norm for the special case of homogeneous,
read-once AC? functions, f. In this case, we will show that the values f(r)
do not depend on the vector-valued parameters type, ;(x) but rather on the d
scalars: 3; type,,; ;(x) for 1 <@ < d. Noticing that V = s(1 4}, and A = sy,
we study the class ROk, d,u = {1,...,k},v = {k}]. Again, we assume that
the topmost gate is an V (A) gate if the depth is even (odd).

COROLLARY 3.7. Let f be computed by an RO[k,d,u = {1,...,k}, v = {k}]
circuit and let p be the vector of its negated inputs. Let Rdomain(f) = {0, 1}kd,
and range(f) = {0,1}. Then
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(i) f(ﬁ) = T}.40, which, for the chosen u and v, becomes:
Tk,2i+1,0 = (Tk,m',o)k, and Tk,m’,o =1- (1 - Tk,Zi—l,O)k§ Tk,l,o = 1/2k;

and Tk7070 = 1/2
. k
(ii) If & # 0, and b; =g4e5 ]21 typey; ;(x) for 0 <1 < d, then

| ( )|_ 1/2b1k ( H '7 kbl+1 b)(lf[l 1—Tk kb¢+1—bi)’

=1 =
i even i odd

and
d d—1
n [znul+ ) bi [znpl+ > b
sign(f(x)) = (—1) =t ifdis even and (—1) =1 if d is odd.

(iii) Ly(f) = Lyq where
Lo =des 1y Lpy =aes 1y Lyi =gey (Lpia)F if i is odd and
=aes (1 = 2T4i_10+ Lii1)" if i is even.
PrOOF. We first define the quantities T} ; ; as in Definition 3.4, for the special
case where u = {1,...,k} and v = {k}. Noticing that

k

éu(;v)zl—H(l—:L‘)ands HZEZ,

=1

it is not hard to see that Definition 3.4, for T} ;0, 0 <: < d matches that given
in statement (i) of the corollary. Thus (i) is straightforward, from Theorem
3.5. For general 1 < j <k, Definition 3.4 gives

ak—7 k—7
Traj =daes 1/27775 Thaivr,; = (Trpio)™ 7,

and ‘ ‘
Trai; =des (=11 = Thgic10)*7.

Now, applying Theorem 3.5, and substituting the new, specific expressions for
T]m"j, we get

d—1

r i typer i+1,
fla) = (=2l TT T] 185" L

=0 j=1
ve

i even
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k
H (1= Tyio)* j)typek,i+1,](1')(_1)(]‘+1)typek,i+1,](73)). (3.6)

Assembling the exponents of the two products over j in (3.6), noticing - by
k k

definition of the type parameters - that Y- j typerit1(x) = 3 typer;(x);
J=1 J=1

and by the definition of the symbols b;, (3.6) reduces to

d—1

F(a) = (=101 21) (D)1 (T (L)1)

=1
i even

d—1
(1 (= T s, @)
i odd

Now, noticing that Ty 00 = 1/2, and, by definition of the type parameters, that
by = Zle typego;(x) = |z|, (3.7) gives the values of |f(z)| and sign(f(z))

required to prove (ii).
To prove (iii), we apply Theorem 3.5(ii), with the new definitions of 7} ;; and
the fact that Lyo = 1, to get Ly; = Efzo(l — l)jlk_‘7 (f) = 1. In general, if ¢

2/ 2
. ks
is odd, then Ty, ; = Ty ;71 o, thus

k
. L
Lii=> (Lpi-1 — Tk,i—l,o)]|(Tk,i—1,0)k_]|(j) = (Lpi1)5
7=0
and if ¢ is even, then
Li; = (Lgic1 — Triz10) (=11 — Triz10)" (J)
7=0

= (1 —2T%; 10+ Lri1)",

thus proving (iii). O
We illustrate the above corollary with an example.

ExampLE 3.8. Consider f € ROk = 2,d = 3,{1,...,k},{k}], with yu, the
vector of negated indices is (0,1,1,1,1,1,0,1). If  =(1,0,1,0,0,0,0,0), then
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2
defining b; =45 JEI typey; (), we get by = 2, by = 2, by = 1, by = 1, and
| N p| = 1. In addition, it is clear that

1
T27170 = 2—2, T27270 = 1 — (1 — 2)2, and T2’370 = (1 — (1 — 2—2)2)2
In general,
i times
INTE kR
Tk,i,0:(1—(1—(1—...(1—(5) ) )EEYE
Thus
¢ bl+bg+|l‘,ﬂﬂ| 1 1 bok—by 1 kN\bsk—bs
flz) = (=1 Zr L= 27) 1=0=5))
1 1
= (D )
Furthermore, it is clear that
Lox= 1 Loy = 2(1— 20 and Ly(f) = Ly = 2'(1 — )
21 = 1 L2 = (—2—2), and Ly(f) = Loz = (—2—2)

It follows from the recursive expression for Lj;; and the fact that that the
spectral L; norm of functions in RO[k,d, {1,...,k},{k}]is roughly exponential
in k%, since the quantities T} ;o are inverse exponentials in k. This generalizes

the result in [9], and shows that RO[k,d,{1,...,k},{k}] C AC°\ PL,.

4. General constant depth circuits with symmetric
gates.

The main results of this section, Theorem 4.3, and Proposition 4.5 respectively
give the weight distribution of Ing with respect to the type, ; parameters for
1 <1 < d and show that the spectrum and its norms for arbitrary, non-read-
once functions computed by constant depth circuits with symmetric gates can
be estimated by determining the weight distributions of simple subspaces with
respect to the type parameters.

The following basic fact expresses the spectrum of a non-read-once function
in terms of the spectra of read-once functions. This fact is used to prove
Proposition 4.5 from Theorem 4.3.
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Fact 4.1. Let a Boolean function f over I} be computed by a depth d circuit
of size M, with the symmetric gates s, and s,. Then there is a function f,,
computed by an ROl[k,d,u,v] circuit, for k no larger than a polynomial in M
(but possibly exponential in d), such that

(i ]
f(f) = fr(z:fczbz)v

where b; € Ing are fixed, mutually disjoint vectors;

(ii) ) )
fle) =" £(y),

yGSz

where S, is a translate (coset) of a linear subspace of Ing:
S, ={y € Ing <y,bp>=1Vi:a; =1, and <y,b >=0, otherwise}

(recall <> is the inner product over ]ng: < z,y > has been referred to
earlier in our discussion as the parity of the number |z Ny|); and

(iii) for any subspace T' C ¥y,
Y fle)= > Fy),
zeT yEST
where St is the linear subspace defined as |J 5.
zeT

PrROOF. (i) is straightforward. We show (ii), and (iii) follows directly from
(ii). Since

A 1 n
flz) = on Z(—l)w’x)fr(z u;b;),
U =1
expressing f,. in terms of its Fourier coefficients, f(x) becomes
1 .
S DI S SRR
2n ueFY kd
2 ye]F2
1 .
- _1){w®) 1Y (@,b1)s(9,00))) .
= 5 X (N[ X (et ()
u 2 yE]F§

1 R
= ¥ 2_n< 3 (_1)(%1?)(_1)(m((y,ln>7---(yvbn))>f7ﬂ(y))_

yEFéd UEFS
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Noticing that the inner sum is 0 whenever @ # ({y,b1),...{y, b)), i.e, whenever
y € Sz, and that it equals f,(y) otherwise, we get

fla)y="3% Ffw.

yESx
O

Before we state the main theorem of the section, we formally define weights
and weight distributions.

DEFINITION 4.2. For x € IF}, a set of weights or parameters of z, pi(z), ...
pa(x), where p; typically take vector values in IN% for some l; < n, must satisfy

(i) the sets p(aq, ..., aq) defined as
{z € F} @ pi(x) = a1,...,pa(z) = aa}
for distinct (ay,...,aq) form a partition of IFy, and
(ii) |p(ai,...,aq)| depends only on ay, ..., a,.

The weight distribution of a subset S C IF} with respect to the weights
pi is given by specifying the quantities |p(as,...,aq) N S|/|S| for all relevant
ary...,044.

THEOREM 4.3. Let a; € {0,...,k%"}* for 1 <1i < d, and let the set py 4(as,
.., aq) be defined as:
{z € ]ng totypeq(2) = ar,. .. typeg o(x) = aq}.

In other words, the sets pg4(a,...,aq) define a partition of Ing. Denoting the

3" entry of a; as a; ;, observe that by the definition of the type parameters,

k k
pralal, ... aq) =0, if for some 1 <i<d, Y. jaiy1; # Y aij. Otherwise,
= =

(j) |Pk,d(a1, - ,ad)| =

(ii) If f is computed by a RO|k,d,u,v] circuit, for some u,v C {0,...,k},
. g . . .

with the vector p € I, representing the negated inputs, and if z,y

both belong in the same set pgq(ai,...,aq), then |f(z)| = |f(y)|; and

A

sign(f(y)) # sign(f(x)) exactly when |¢ 1| # ly 0 ul.
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PrOOF. For (i), we consider a k-ary tree of depth d, such that each z € ]ng
marks a unique set of |x| leaves. Now pgq(a1,...,aq) is the set of all a’s such

k
that at level ¢ of the tree there are ) a;; “marked nodes” whose descendants
J=1

have at least one marked leaf. Furthermore, for any 1 < 5 < k, there are q;;
nodes that have exactly 7 “marked children.” Therefore, assuming that the a; ;

k k
nodes, with j marked leaves, at level ¢, are indistinguishable, ( 3~ a; ;)! / I a; ;!
j=1 j=1
is simply the number of distinct permutations of marked nodes at the i*" level.

k aiyj . . .
Furthermore, [] (f) " is the number of ways of choosing the marked children
J=1
of the marked nodes at the i"* level. It is not hard to see that the product
of these two quantities with ¢ ranging from 1 to d gives the size of the set
prdlai, ..., aq) thus showing (i). The proof of (ii) is a direct consequence of
Theorem 3.5, and the definition of the sets piq(a1,...,aq). O

Notice that the above theorem, and Fact 4.1(iii) directly enable us to estimate
the sum of the Fourier transform of functions f in any constant depth circuit
class over certain subspaces 1T'. This applies to those subspaces 1" for which the
distribution of the corresponding subspace Sy C ]ng (from Fact 4.1(iii)) with

respect to the type parameters is close to that of ]ng itself. In particular, if the

distribution of St is identical to Ing, then the required sum of Fourier coeffi-
cients is exactly |ST|/2kd or zero, depending on the value of the corresponding
read-once function f, at 0.

The following corollary applies specifically to read once AC® functions.

COROLLARY 4.4. Let a; € {0,...,k%}*, for 0 < i < d — 1, and let the set
okdla,...,aq) be defined as:

k k
d
{z € IFIQC : Z typeroi(z) = [z] = ao, ..., Z typeg a1 ;(z) = ag-1}.
7=1 7=1
Then
(i)

d
|O-k,d(a07 RS ad—1)| = H fk,j(CLO; A ,ad_1)7
j=1
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where for all 1 < j < d,

buslanocsaan) =g Y- (V) (1)
!

;1

k
Eralao, ... ad-1) =dey ( )
a

d—1

(ii) If f is computed by a RO[k,d,{1,..., k},{k}] circuit, with the vector
[IAS Ing representing the negated inputs, and if x,y both belong in
the same set oy q(ay,...,aq), then |f(z)] = |f(y)|; and sign(f(z)) and

A

sign(f(x)) differ exactly when |z (O p| # |y N .

PrROOF. The proof of (i) could be derived from Theorem 4.3 (i), however, a
direct proof is easier. As in Theorem 4.3 (i), if z € Ing marks the leaves of
a k-ary tree of depth d, then oy 4(as,...,aq) is the set of all 2’s that have a;
marked nodes at the ' level, i.e, nodes whose descendants include at least one
marked leaf. Now the proof of (i) follows from observing that for 1 < j < d,
kj(ag, ..., aq-1) is the number of ways in which a;_; distinct children at the
j — 1! level can be chosen from a; distinct nodes at the ;¥ level, each of which
contains k distinct children; and & 4(aq,...,aq4-1) is the number of ways in
which ay_; children can be chosen from a single root node with & children. The
proof of (ii) is straightforward from the definition of the sets o4 4. O

The next proposition points out that it would be useful to develop a technique
to determine the weight distribution of simple subspaces of IF5" with respect
to the type parameters.

PROPOSITION 4.5. For a Boolean function f over IFy computed by a depth d
circuit with symmetric gates s, and s,, let f. be the corresponding function
computed by an RO[k,d, u,v| circuit, as in Fact 4.1, and furthermore let S, be
the translate such that ) )

fe)= > ),

yESz

and for any subspace T' C Iy, let St be the subspace |J S,. Then the weight
z€T

distributions of each S, and St with respect to the weights type, (), ...

?

A A

typey 4(2), and|z N p| determine the quantities: f(x) for any = € y; Li(f);
and Y f(r) In particular, if f € ACP[d], then these quantities are deter-
z€T

mined by obtaining the distribution of S, and St with respect to the d weights
> typey; ;(x) for 1 <4 < d.
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PrROOF.  The proof follows directly from Fact 4.1, Definition 4.2, Theorem
3.5, Corollary 3.7 and Theorem 4.3(ii). O

Coding theory provides some tools - called the MacWilliams identities [25] -
for determining weight distributions with respect to various weights. However,
these weights usually satisfy properties that it is not clear if the type, ;(x) pa-
rameters satisfy. For instance, a “valid” parameter p for which a MacWilliams
identity exists usually satisfies the property of linearity: there must exist
“valid” parameters p; and py of vectors over IF5! and IF5? respectively, such
that if @ € IFy is expressed as the direct sum of two vectors z; € IF3* and
x9 € IF7?) where nq 4+ ny = n, ie, & = x1xq, then p(x) = p1(x1) + p2(x2). The
parameter |z N |, however, does have a MacWilliams identity for any fixed
vector p.
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