PSEUDORANDOM GENERATORS
AND LEARNING ALGORITHMS
FOR AC"Y

MEERA SITHARAM

Abstract. - For any AC? function f of n bits, there is a polynomial
p such that any p(logn)-wise decomposable distribution “fools” f. In
other words, f cannot distinguish between the pseudorandom strings in
the distribution and truly random strings. The polynomial p depends
only on the size and depth of the circuit computing f.

This subsumes and extends the class of distributions that were previ-
ously known to fool AC? functions, and partially answers an open ques-
tion posed by Linial and Nisan in 1990, as to whether every polylog-wise
independent distribution fools AC" functions.

- Each polylog-wise decomposable distribution serves as a fixed training
set of examples for learning (approximately interpolating) all AC® func-
tions computed by circuits of some fixed depth and size. Furthermore,
small, natural distributions (training sets) exist that yield deterministic
learning algorithms that run in time O(2POWYI08 n) for ACY functions,
where the degree of the polylog depends on the size and depth of the
circuit to be learnt.

This improves on the randomized algorithms with the same time
complexity given, for example, by Linial, Mansour and Nisan in 1989,
where the examples for the training set are picked randomly from specific
distributions.
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1. Introduction

Basic questions about the class AC? have remained open despite its apparent
simplicity and extensive study (e.g. [8], [L7], [21], [9], [12], [4], survey [3]). In
particular, the following natural extension of Hastad’s result [9] has not been
settled. Consider the set of n bit strings = that satisfy a single parity equation
(z,¢) = 0(1), where (,) is the inner product over I and ¢ is a constant vector
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of polylog n non-zero bits. This set is exactly the support of a single parity
function involving the polylog n non-zero bits in ¢; and, by increasing the degree
of the polylog, this set fools, i.e, provides good pseudorandom strings, for AC°
circuits of each depth and size. However, the following natural question remains
open.

* Consider the product or and of several parity functions that involve inde-
pendent vectors all of whose linear combinations have Hamming weight
at least polylog n. Here independence is with respect to IF';. The support
of this product is the set of n bit strings that satisfy several independent
parity equations of polylog n bits. Does every such product fool AC? cir-
cuits of some fixed depth and size? And viceversa: for each AC° function
f, does such a product (with a sufficiently high polylog degree) fool f?

A more general version of question % has also appeared in the literature [13]
phrased as: do polylog-wise independent distributions fool AC® functions?
(These distributions include sets that are not linear subspaces of IF}).

The two formulations of the question are related by [15] which exhibits a
class of parity products whose supports provide linear, polylog-wise indepen-
dent distributions for fooling AC" circuits of each fixed depth and size. Here,
a distribution is linear if it is closed under sums in IF;. The linearity and small
size of the distribution given by [15] make it possible to simulate bounded er-

ror probabilistic AC® circuits in DT[ME[O(ZPOlleg ™)]. A positive answer
to x improves on this by allowing any small, linear, polylog-wise independent
distribution to be used as a pseudorandom generator for such a deterministic
simulation.

In this paper, we partially answer *: we show that for any AC° function f
of n bits, there is a polynomial p such that any p(logn)-wise decomposable
distribution fools f, and p depends only on the size and depth of the circuit
computing f.

A formal definition of polylog-wise decomposability is given in Section 3.
To explain intuitively, we first note that a linear, polylog-wise independent
distribution is not only the support of an and of parities involving independent
vectors ¢y, ..., ¢,k as described in %, but also is a subspace of Iy of dimension
k that is orthogonal to those vectors. This is because every vector z in the
distribution satisfies (z,¢;1) =0,...,(x,¢,—x) = 0. Consider any coset D + a of
a polylog-wise independent distribution D. (This coset, by definition, contains
all vectors 4+ a for « € D). The coset D + a can thus be characterized as
containing k+1 independent vectors that are non-orthogonal to exactly (a fixed)
half of ¢, ..., c,_g. In other words, since any linear combination of ¢1,...,¢,_x
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is of size at least polylog n, the coset D + a contains k£ 4 1 independent vectors
that force every non-orthogonal vector to have size at least polylog n; but
k could be larger than polylog n. A polylog-wise decomposable distribution,
however, stipulates the existence of some polylog n vectors in D + a such that
every vector that is not orthogonal to them has size at least polylog n.

In particular, polylog-wise decomposable distributions turn out to be polylog-
wise independent. Furthermore, all distributions that are known to fool AC°
functions, including that given in [15], are properly included in the class of
polylog-wise decomposable distributions.

The connection between the learnability of AC® functions, and their spec-
tral norms was shown in the innovative paper [12], which gives a randomized
algorithm for learning (approximately interpolating) AC® functions in time
O(onlylog "), where, again, the degree of the polylog depends only on the
size and depth of the circuit to be learnt. The examples for the training set
in this algorithm are chosen randomly from the uniform distribution. Since
then, other randomized algorithms have appeared for learning AC® functions
with examples picked randomly from other distributions [7], and for learning
functions computed by certain types of decision trees [11], [1]. The analyses of
all of these learning algorithms estimate appropriate spectral norms (in some
cases, the spectrum is itself defined in the sense of distributions), and then
rely on applying Chernoff bounds to the difference between the norms of the
function f to be learnt, and the function defined only by the randomly sampled
values of f.

We show a connection between pseudorandom generators for AC? functions,
and uniform training sets for deterministically learning AC° functions. In par-
ticular, using basic properties of spectra of Boolean functions, Shannon’s sam-
pling theorem [18], and specific properties of AC? spectral norms given in [12],
we show that every polylog-wise decomposable distribution not only serves as a
source of pseudorandom strings for AC° functions as discussed earlier, but also
as a uniform training set of examples, or a deterministic set of sample points,
for all AC® functions computed by circuits of some fixed depth and size. Such
distributions, when sufficiently small, provide deterministic algorithms that
learn AC? functions in time O(onlylog "), where the degree of the polylog
depends only on the size and depth of the AC? circuit to be learnt. Since small
polylog-wise decomposable distributions exist, such algorithms exist as well.

The paper is organized as follows. Section 2 clarifies notational conventions
and provides some basic background. Section 3 defines polylog-wise decompos-
able distributions, relates them to polylog-wise independent distributions, and
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shows that polylog-wise decomposable distributions fool AC® functions. Sec-
tion 4 concludes by showing the relationship between pseudorandom generators
and deterministic learning algorithms for AC* functions.

2. Background and conventions

Unless otherwise specified, all n-tuples are elements of the finite vector space
IF} with the inner product (,). The number of non-zero entries in x is denoted
||, the n-tuple (a,...,a) is denoted (a™), the complement of a bit a is denoted
a, and the tuple (1*) + « (the bit-wise complement of = ) is denoted z. Two
vectors « and y are said to be disjoint if there are no coordinates (indices)
where both x and y are 1; and log is log,.

All functions map from IF] to €, the field of complex numbers, and Boolean
functions are viewed as complex functions that happen to be {0,1}-valued to
facilitate use of the Fourier transform. See [5] for a simple and entertaining
introduction to Fourier transforms of functions over 7ZZ; and other finite groups.
The 2" characters (—1)¢* for « € ZZ% form an orthonormal basis for the space
of functions from IF to €, so that any function f can be written as a linear com-
bination of these characters: f(y) = Exe]pg(—l)@’x)%- The coefficients a, € €

define a function f, which is called the Fourier transform of f; i.e, f(r) =def Q.
The function f can be obtained as f(r) =1/2" Eye]pg(—l)<z’y>f(y). The inverse
Fourier transform of a function ¢ is denoted ¢Y(y) =ges ExeF;(—l)w’I)g(J:).
Thus, (f)v = f.

The support of a function f, denoted by the uppercase F\ is that subset
of I} over which f is non-zero. The support of f is denoted F. For any set
B = {b',...,0°} of independent, non-zero vectors in I}, the set O(B) is the
coset of all odd combinations (sum of an odd number) of vectors in B, and the
set £(B) is the subspace of all even combinations (sum of an even number) of
vectors in B.

Fact 2.1. For functions f and g the following hold.
(i) Parseval’s identity holds:

/2" Y fw)? = 3 f(w)?

(ii) The convolution identity holds:

—~

Fo(w) = (f 0 §)(w) =ar Y fw)g(u — w);
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and

e

(1/2)(f o 9)(u) = (f§)(w).

(iii) The value of the transform at (0™) is the expected value of the function:

FO07) = (1/2%) 3 f(w).

mﬁHfﬁBm%mgwamW:(UTNFLmdﬂW):;fW)

(v) If range(f) ={0,1}, range(g) = {—1,+1}, and f = (g +1)/2, then

A

F07") =172 (4(0") + 1),

and

Vu: ul >0 f(u)=1/2 §(u).
(vi) If f is Boolean, then

F' is a subspace of I}
— f is constant on its support and
F' is a subspace of IFy
= |F||F|=2"

The last statement is equivalent to saying that the dimension of F and
the dimension of I total n.

ProoOF.  We give a short proof of (iv). The reader is referred to [5] for
the remainder. We show the forward direction of the double implication. The
reverse direction is symmetric. /' being a subspace of IF'y of dimension k, is
equivalent to saying that there are n — k independent vectors b',..., 0" % in
IF} such that each y € F satisfies (y,b") = 0 for 1 <i < n — k. (It follows that
for every = € span{b',... 0" *} and for every y € F, {y,z) = 0; and for every
z & span{b',... 0" %}, (y,z) = 0 for exactly half the y’s in F'). Thus for every
x € span{bt,... b"7F},

fla)=1/2" 3 fly) (=)@ =1/2" 3 fly) =1/2"";

yekz yeFT

and for every for every z ¢ span{b',... 0" %}, f(x) = 0. Thus f is constant
(i.e, 1/2"7%) on its support, F' = span{b',...,b" "} and since F' has dimension
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n — k, while F' was assumed to have dimension &, the last consequence follows.
O

Finally, by circuits we mean rooted dags whose vertices are of unbounded fan-
in A and V gates, to which the input bits may be fed in negated at the leaves.
The following are known spectral properties of Boolean functions computed by
circuits.

THEOREM 2.2. Suppose that a Boolean function f of n variables can be com-
puted by a circuit of size M and depth d. Then

_5(1/d+3)

(i) (12) ¥ flo) < M2

vilv|>e

(ii) ([9], rephrased)

| Y fle)= Yo fla)l=1f(1")]

.rE]F" .TEFW‘
|z| even |z| odd
< M2~

This easily implies that the parity function of n bits cannot be computed
by AC? circuits (of constant depth and size polynomial in n).

3. Decomposable distributions

The main result of this section, Theorem 3.8, shows that if f is computed by
an AC? circuit of some fixed size and depth, and if S C IF} is a polylog-wise
decomposable distribution, then the sum

|S|Zf > 3 )

z€eS IEF"

has a small upper bound. This shows that S fools f. The next two lemmas are
required for the proof of the theorem, and extend Hastad’s result (Theorem
2.2 (ii)) to bound general alternating sums involving functions computed by
constant depth circuits.

LEMMA 3.1. Let f over Iy be computed by a circuit of depth d and size M.
Let B = {b',...,b°} be a set of independent and mutually disjoint vectors.
Then for any y € IFy,

Zfr+y S flety)| < M2

z€€(B z€O(B)
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PROOF. Let g be the function of e variables obtained from f as follows.

9(x) =aes f(3_0) = fQ_ i)
20 i=1

In other words, restrict f to only those variables that appear as non-zero bits in

some vector of B, by setting all the other variables to 0. Further, identify any

two variables of f to be equal if both are non-zero in the same vector from B.

Observe that when y = (0"), the quantity on the left hand side of the lemma

is simply '
S OE S|

z€F] z€FS

lz| even lz| odd
and by Hastad’s result, this quantity is bounded by MZZ_el/d, since the vectors
bt,...,b° are disjoint, and hence ¢, too, is computed by a circuit of depth
d and size M. For arbitrary, fixed y € IFy, notice that the shifted function
fy(x) =aes f(x + y) is also computed by a circuit of depth d and size M. Now
the above argument applies when f is replaced by f,, thus proving the lemma.
O

Notice that in the above proof, we assume that ¢ is computable by a sufficiently
small constant depth circuit, since the vectors b',. .., b¢ are disjoint, and more
specifically, because at most one of these vectors has a ‘1’ at any given coor-
dinate position. In addition, a consequence of the disjointness of the vectors
b', ... b is that any vector x that is not orthogonal to all of these vectors (i.e,
(z,bY) = 1,...,{(x,b°) = 1) must have size at least e. As explained briefly in
the introduction, this motivates the definition of polylog-wise decomposable
distributions in the next section. The above lemma can be extended to the
case when the vectors b!,. .., b° are only almost disjoint.

DEFINITION 3.2. A set of vectors b',...,0F in IF? are almost disjoint if at
most logn of them have a ‘1’ at any coordinate position. More precisely, for
any j: 1 <3 <n, at most logn ofb},...,bf equal ‘1’

LEMMA 3.3. Let f over I'y be computed by a circuit of depth d and size M.
Let B ={b',...,b°} be a set of independent and almost disjoint vectors. Then
for any y € Iy,

2l Y faty) - Y fety)

z€€(B) z€O(B)

< (M + nr‘))2_e

1/d+2
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The proof is identical to that of Lemma 3.1, except that the function ¢ of e
variables, obtained from f as

$> =def f( Z 62)7

z; 720

can now be computed by a circuit of size M + n? and depth d + 2, since the
sum 3y, 4o b' can be computed by n circuits of depth 2 and size n.

LEMMA 3.4. Let f over Iy be computed by a circuit of depth d and size M.
Let B = {b',...,b"} be a set of independent vectors, such that O(B) contains

at least e independent, almost disjoint vectors. Then

| Y @)= Y fa)] < (M a2

1‘65 (B) z€O(B)

PrROOF. Since B can be replaced by any independent basis that preserves
E(B) and O(B), without loss of generality we assume that B’ = {b',..., b} is
a set of almost disjoint vectors in B. It can be seen that

Y. fla)= > fla)

z€€(B) z€0(B)

> (X fatn - X flaty) -
yeE(B\B')  z€&(B') 2€0(B')

> ( o fle+y)— D>, flz+y) )
yeO(B\B') ze€(B') z€0(B')

From Lemma 3.3, for any y € I},

| D flaty)— Y fla+y)l

zEE(B’) zeO(B’)

< (M + n?)27e/ "ok,

and since |E(B\ B')UO(B\ B')| = |span(B \ B')| = 287, the lemma follows.
O

Before we state the main theorem, we formally define and relate e-wise inde-
pendent and e-wise decomposable distributions.

DEFINITION 3.5. A subspace U of I} has minimum distance e if it satisfies:
for all x;y € U,|x — y| > e. Subspaces S for which S has minimum distance
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at least e + 1 are called e-wise independent distributions. Recall from
Fact 2.1(vi) that S is the support of the Fourier transform of the characteristic
function of S, and is hence a subspace. In fact, S is the orthogonal subspace
to S and is sometimes denoted S*.

It follows directly from the facts in Section 2 that if § has minimum distance
e then the elements of S satisfy independent parities each of which has size at
least e, i.e, S is the support of a product of parity functions as described in
question x of Section 1. Another equivalent way of defining e-wise independent
subspaces is as follows. Any subspace S of IFy of dimension k can be expressed
as S = {y:y = zG,x € F5} where G is a k x n “generator” matrix of 0's and
1’s, whose rows form a basis of S. The subspace S is e-wise independent if every
e columns of any such G are independent. In other words, every e coordinate
positions of a random vector in S supply e independent random bits.

A subspace S of dimension k is (m, ¢)-decomposable if there are subspaces
St1,...,Sm_y with bases By, ..., B,,_i such that

(i) S C Sy C...C Spm_i, where S = E(By) and, in general, S; = £(B;1),
for 1 <1 < m—k. In other words, B;y1 = {a}U(B;+a), for some a & S;.

11) For 1 § 7 S m—k O Bz contains at least e independent, almost disjoint
’ p ’ ]
vectors.

We refer to S,,_j as the (m,e)-residue of S, and if S is (n, e)-decomposable,
we refer to it as e-wise decomposable. Notice that S; has dimension k + 1.

REMARK 3.6. The distribution given in [15] is a special case of a polylog-wise
decomposable distribution. Furthermore, it is not hard to construct small,
polylog-wise decomposable distributions that do not satisfy the requirements

of [15].

Fact 3.7. Every e-wise decomposable subspace of I is at least (e/logn—1)-
wise independent.

ProOOF. Let S be an e-wise decomposable subspace of I of dimension k,
and let S = £(By) C S1 = span(By) = E(B2) C ... C S, = IF] be its

decomposition. Noticing that
S=E(B) ={y: Yz € &(By) (z,y) =0}

{y: Ve e O(By) (z,y) =1}
U{y: Ve € span(By) (z,y) = 0},
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and that
fy: Vo€ span(By) () = 0} = & = €(By),

we obtain
S=EB)={y: Vo e OBy) (x,y) =1} UE(B,).

Successively expanding F:'(Bg), é'(Bg), o ,é'(Bn_k) we obtain

U Yz e O(B) (x,y) =1} U S,y

Since for each ¢, O(B;) contains at least e independent and almost disjoint
vectors, it follows that any y that satisfies: Va € O(B;) (x,y) = 1 must have
an odd (non-empty) intersection with each of these e vectors, and hence |y
must be at least ¢/log n, since each non-zero bit of y “covers” at most logn
of the e almost disjoint vectors. Further, since S,_; = I}, it follows that
Sy = {(0™)}, and hence for every non-zero y € S, ly| > ¢/logn. Thus, from
Definition 3.5, S is at least (e/logn — 1)-wise independent. O

THEOREM 3.8. Let f over Iy be computed by a circuit of size M, and depth
d, and let S be an (m,e)-decomposable subspace of dimension k and residue

Sp_r. Then

2SI ¥ S

€S a:ESm k
< (M + nz)(m — k)2

In particular, if S is e-wise decomposable, then S,_, = Iy, and hence

Zf Zf )| < (M +n?)(n — k)27

a:ES IEF"

PrOOF. Let S = &(B1) C 51 = span(B1) = E(By) C ... C Sp—k be the
decomposition of S. Starting with
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and using the fact that £(B;) = £(B;—1) UO(B;_1) to write each £(B;) in terms
of £(By) and O(B;)’s for 1 < j <, we obtain the equivalent quantity

2[;( xesz;%f om a:e; e )]
oo 5 o5 E o

m—k
which, since J O(B;)UE(B1) = Sp—k,

=1

g X S - o X ) - o Y f()

l‘eg Bl) IEE Bl) IESm_k\E(BJ)

5 X @) 5 X S (3.1)

1’65 (B1) TESm—k

Since O(B;) has at least e independent, almost disjoint vectors it follows by
Lemma 3.4 that for each 1 <: <m — k,

zkﬂ X f@) - X f@)] S (MAntr

z€E(By) z€0(B;)

and hence the LHS of Equation (3.1) is bounded by (M + n?)(m — k)2_61/d+2.
The RHS is similarly bounded, thereby proving the theorem. O

REMARK 3.9. If the definition of “almost disjoint” vectors is generalized to
allow log' n vectors to have 1’s in the same coordinate position, then the RHS
of Lemma 3.3 becomes O((M + n?)2- 81/(d+2l)). This is because the parity of
log' n bits can be computed by an AC® circuit of size O(n*) and depth 21; and
the RHS of the Theorem 3.8 then becomes O((M + nQZ)niZ_el/(dHl)).

4. Pseudorandom generators and learning algorithms.

The following theorem follows directly from Theorem 3.8 and shows that polylog-
wise decomposable subspaces provide pseudorandom generators for AC° func-
tions.
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THEOREM 4.1. Every (3logn +log M)®-wise decomposable subspace S of ¥}
has the following property. For every [ over IF} computed by a circuit of size

M, depth d,
1
5]

3| =

> I -5 ¥ Sl <
z€S zelFy

In particular, any ((3+1) log n)%-wise decomposable subspace S of I} serves as
a source of good pseudorandom strings that are indistinguishable from random
strings from IF} by any f € AC°[d] that is computed by a circuit of size O(n').
Le, the fraction of S on which f evaluates to a ‘1’ is close (within 1/n) to the
fraction of Iy on which f evaluates to a ‘1.” Thus the subspace S yields a
deterministic O(|S|)-time simulation of any bounded error probabilistic circuit

of depth d and size O(n').

Next we show that polylog-wise decomposable subspaces provide not only good
pseudorandom generators, but also deterministic O(IZpOlleg ")-time learning
algorithms for AC® functions, of size and depth depending on the degree of
the polylog. Below is a formal definition of a “good” learning algorithm with
a uniform training set for a class of functions.

DEFINITION 4.2. A good, deterministic learning algorithm A with a uni-
form training set S for a class C of functions over IV} is defined as follows.
In the learning phase, A queries some function, f € C, |S| times, to obtain the
set {f(x):x € S}. In the second phase, on input y € I}, the Boolean output
A(y) of the algorithm satisfies:

=Y 1A - fw)] <

yeF?

3| =

The next theorem follows from the results of [12], (Section 4), some of the basic
properties of Fourier transforms given in Fact 2.1, and Shannon’s sampling
theorem [18].

THEOREM 4.3. Let S be a subspace of V) with the property that for any
function f in some class C, the following hold:

3 (Efetn) - fw)f <w

and

> )<

|=|>e’
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for some fixed functions €', u and v of n that are independent of f, then there
is a deterministic learning algorithm A that uses S as a uniform training set,
runs in time max (|S],O(n®")) and satisfies

o X 1AW) — f)] Suto

yeF7

for all f € C.

PrOOF. Let s be the characteristic function of S. In the learning phase, the
algorithm A computes fs(x) for |z| < €', and defines the function f; as:

Fi(@) =aes (27/18)) Fs(x) for |2 < ¢,

and 0 otherwise. Note that f; need not be Boolean. In the second phase,
on input y € IF}, the algorithm “Booleanizes” f; and outputs A(y) =45 0 if
sign(fi(y) — 1/2) is negative, and 1 if positive. Clearly, this algorithm runs
deterministically in time max (|S|,O(n®')). We prove that that

2 Y (A —1w) = ¥ (h) - fw)’

yeky yeFy

<u+w.

It would then follow directly from the above that 1/2" ¥ |A(y)—f(y)| < u+v,
yeFy
thus completing the proof of the theorem.

First, observe from the definition of f; that (fl(y) - f(y))2 can be split
yEFD
into two parts:
A A 2 A
> (fity) = fw) and > Py,
yeFY y€EFY
lyl<e’ ly|>e’

where the latter part is clearly bounded by v by the assumption of the theorem.

It remains to show that the former part is bounded by u. By the definition of
f1, the former part is simply

> (@ /IshFs) - fw)”
Iylﬁg’
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By applying the convolution identity, and the fact that S is a subspace, and
therefore by Fact 2.1, §(z) = |S|/2" for all € 5, and $(z) = 0 otherwise, we
obtain

Fsw) = (fo3)w) =3 fly +2)i(z) =

(I51/2) 3 fly + ).
Thus , ,
> (h) - fw) = X (X fe+o) - o),
IyISEQ’ fyfig’ ves

and the latter quantity is bounded above by u by the assumptions of the the-
orem. [

The next theorem shows that any polylog-wise decomposable subspace provides
a uniform training set for learning AC° functions.

THEOREM 4.4. If S is (3logn + log M)(@+9) wise decomposable subspace of
IS, then S is a uniform training set for a good deterministic learning algorithm
that runs for O(|S|) steps and learns any function f computed by a circuit of
size M and depth d. Here, a function evaluation is assumed to take one step.
In particular, any ((3 +1)log n)(d+6)2—wise decomposable subspace is a uniform
training set for learning any AC°[d] function computed by a circuit of size

O(n').

ProoF.  We show that if S is e-wise decomposable, has dimension k, and
¢/ <e/logn then

> (E e+~ fw)

1/d 1

< (2(M +n*)(n — k)2_(6_6’) Vn® =ges u, (4.1)

Further, by [12] (Theorem 2.2 (i))

Z f2($) S M261/d+3 =def V.

|=|>e’
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The proof is then complete on applying Theorem 4.3, and checking that when
e is set to the values given in the statement of the theorem, and €’ is corre-
spondingly set to (3logn + log M)@®) (or ((3 + 1) logn)¥*S, if M = n')) then
v+ v < 1/n. To show (4.1) it is sufficient to establish that for each y : |y| < ¢,

Y flaty) = flo) < 2AM ) — k27T

1'65'

(4.2)

For the special case |y| = 0, it follows directly from Fact 2.1 that:
1

Y f) - 0) = X5 X ).

zes res zcky

and since S is e-wise decomposable, by Theorem 3.7, the above quantity is at
most
1/d+2

(M 4 ) — k)2
thereby showing (4.2) for the special case y = (0™).

When y # (0"), there are two possible ways of tackling the quantity 3°__g f(x—l—

y) — f(y) The first is to analyze the shifted function f( + y) and the second
is to analyze the shifted subspace (coset) S+y.

The first method is my interpretation of a comment by an anonymous ref-
eree, and depends on additional properties of AC® functions. Defining fy(r)
as the shifted function f(;v + y), the quantity >° ¢ f(r +y)— f(y) becomes
Y fy(x) — fy(()”). As mentioned in the previous paragraph, this quantity is
bounded by

(M' +n*)(n — k)2_61/dl+2,
where M’ and d' are the size and depth of the circuit computing f,. Now
fy(r) is directly seen to be f(ac)(—l)(g”’y), and (—1)@¥ is just (a simple linear
transformation of) the parity function involving the non-zero bits in y. Thus a
careful choice of |y| i.e, ¢’ and additional properties of AC® circuits (see Remark
3.9) together ensure that M’ and d’ are small enough to establish the required
bound. In particular, M’ is seen to be O(M + 2¢" and d' is max{d,2°'} + 1.

The second method, namely analyzing the coset S+ y, depends only on the
e-wise decomposability of S and not on additional properties of AC? circuits.
We describe this method below. We show that when |y| < e’ <e/logn,

Sy =aes (SU(y+9)" = 5N {z: (2,y) =0}

is (n — 1, e — |y|)-decomposable, with residue exactly {(0"),y}".
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Let

be the decomposition of S. This yields an equivalent decomposition:
Spk €Sy C...C 8y CS.

Since |y| < ¢’ < e/logn, and since S is e-wise decomposable and by Fact
3.7, e/ log n-wise independent, it follows that S does not contain y, and clearly
none of the S;’s contain y. Denoting S; , =4es (S Uy + S, ))¥, we construct the
(n—1,e—|y|)-decomposition of S, as (recall that S, has dlmension k—1, and
hence such a decomposition has n — k terms besides S, ):

Sy C SL?/ C...C Sn—k,y = {(On)7y}v

It remains only to show that for the bases B, , of the S, , that satisfy £(B;41,) =
span(B; ), it holds that O(B;,) contains at least e —|y| almost disjoint vectors.
Without loss of generality assume that each of the B;’s in the decomposition of
S is a standard basis, i.e, if the vectors in B; are the rows of a (k+1¢) x n matrix
G, then G is of the form [l4ik4iA], where [y pqi is the identity matrix with
k+1 rows and columns, and A is an arbitrary (k+17) x n — (k +¢) matrix of 0’s
and 1’s. Furthermore, it can also be assumed that the e almost disjoint vectors
of O(B;) in fact belong in B;. Clearly, the B;’s can be identically modified
and reduced by one vector to give corresponding bases B;, of S;, that satisty
E(Biy1,y) = span(B;,). Furthermore, since y is the only additional vector that
is orthogonal to B;, but not to B;, it follows that B;, contains all but |y|
vectors from B; (the independent even combinations of these |y| vectors of B;
form the remaining |y| — 1 vectors of B;,). Now since B; contains at least
e almost disjoint vectors, it follows that B;, contains at least e — |y| almost
disjoint vectors, thus showing that S, is (n — 1,e — |y|)-decomposable with
residue {(0"),y}". Therefore, by Theorem 3.8,

o 2 fle) = >, f@)

Syl Je3, 27 e toman

)1/d+2

< M(n — k)27 (4.3)

Now
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1‘65'
1 1
= (5= flz) — 5— flz
(|Sy|zesy @y we{(07).w}¥ o
(=Y fe) - T f@)
|S|xES 2n zE]F;

Now (4.3) and the e-wise decomposability of S bound the above two terms,
thus proving (4.2), and thereby the theorem. O

OPEN QUESTION 4.5. There is no known example of a polylog-wise indepen-
dent distribution that is not polylog-wise decomposable. Furthermore, using
Remark 3.9 and the definition of decomposable distributions, it is sufficient to
prove (or disprove) the following in order to find such an example (or completely
settle Question ).

There is a linear, log® n-wise independent distribution S C IFy, for some
[ > n such that for all vectors a ¢ S and all sets of log®'n independent vectors
in S+ a, there is some coordinate position at which strictly greater than log' n
of these vectors have a ‘1.’
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