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Abstract—We study a spectrum auction problem where each request from new spectrum users has spatial, temporal, and spectral

features. Our goal is to design truthful auction mechanisms that maximize either the overall social efficiency of new users (a.k.a buyers)

or the revenue of the spectrum owner (a.k.a seller). Given that the optimal conflict-free spectrum allocation problem is NP-hard, this

paper proposes a series of near-optimal auction mechanisms based on the following approximation techniques: linear programming

(LP) relaxation, randomized rounding, derandomized rounding, monotone derandomization, and Lavi-Swamy method. Comparing with

the prior art, we make two significant advances: First, our auction mechanisms are not only truthful but also provide theoretically-prov-

able performance guarantee, an important feature that existing work under the same auction model does not have. Second, our auction

mechanisms support both spatial and temporal spectral reuse, which makes the problem more challenging than existing work that

deals with only spatial or temporal reuse. We perform extensive simulations to study the performance of the proposed mechanisms,

and the simulation results corroborate our theoretical analysis.

Index Terms—Spectrum auction, performance guarantee, social efficiency maximization, revenue maximization

Ç

1 INTRODUCTION

THE growing demand for limited spectrum resource
poses a great challenge in spectrum allocation and

usage [3]. One of the most promising methods is spectrum
auction, which gives incentive for a spectrum owner (a.k.a
seller) to sublease spectrum to new users (a.k.a buyers). The
design of spectrum auction mechanisms faces two major
challenges. First, spectrum channels can be reused in spa-
tial, temporal, and spectral domains. We show that allocat-
ing buyer requests in channels optimally and conflict-free is
an NP-hard problem. Second, truthfulness is regarded as
one of the most critical properties, which ensures that it is to
the best interest of each buyer to bid with the true valuation
that it deems for the requested spectrum resource. But
designing a truthful spectrum auction mechanism is non-
trivial when user requests have both spatial and temporal
dimensions. Third, it is highly desirable for a practical spec-
trum auction mechanism to offer performance guarantee,
which guards the seller’s (or buyers’) interest by ensuring

the auction result will be within a reasonable margin from
the optimal result.

The prior art has only partially addressed the above chal-
lenges. There is an active line of research studying auction
with spectrum spatial reuse [9], [11], [13], [17], [28], [29],
[30], [38], [39], [40], [41], but they do not consider the tempo-
ral demands from buyers, where each buyer may only
require a channel within a certain period of time and differ-
ent buyers may have different time periods. While other
work considers spectrum temporal reuse [8], [26], [31], they
ignore spatial reuse by assuming that the conflict graph
amongst buyers’ geometry locations is a completed graph
for each channel. Moreover, most of these auction mecha-
nisms were designed to achieve truthfulness, without
considering performance guarantee. Designing a truthful
auction mechanism with provable performance guarantee
is a harder problem, particularly if we want to support both
spatial and temporal spectrum reuse. Solving this problem
will require new techniques.

The auction model considered in this paper has a single
seller and multiple buyers, with the latter bidding for chan-
nels that the former offers. We define a flexible optimization
objective that can be set to either maximize the overall social
efficiency, i.e., allocating channels to buyers who value spec-
trum resource the most, or maximize the expected revenue,
i.e., allocating channels to buyers who will pay the most.
Both are natural goals for spectrum auction.

Our model is different from double auction [9], [26], [28],
[40], which involves multiple sellers and multiple buyers,
with buyers bidding for resources and sellers bidding for
demands. Research on double auction does not consider the
maximization of revenue (or social efficiency) because it is
not practically viable to maximize the overall revenue with
multiple sellers each seeking its own interest. For example,
although Feng et al. [9] considers spectrum reuse in both
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spatial and temporal domains, its double auction mecha-
nism cannot be applied to our auction model because reve-
nue (or social efficiency) optimality is not defined in double
auction, let alone performance guarantee (which is based on
a certain optimization target). Not surprisingly, the techni-
ques used in their double auction are very different from
ours. Also related is the work on combinatorial auction [8],
[38], [42], where each buyer requests for a specific bundle of
discrete resources, such as specific time blocks at specific
channels [8]. This is different from our model (or the double
auction model) where each buyer request may be allocated
in one of multiple channels (or sellers) that meet the buyer’s
spectrum demand. In another related work [4], Chen and
Zhong propose a spectrum auction framework for multiple
collision domains, using a greedy-like channel allocation
mechanism. However, this work mainly focuses on allocat-
ing spectrum with variable bandwidth to buyers, without
providing a performance guarantee (which is the focus of
our paper).

In this paper, we first design a strategy-proof spectrum
auction framework, using an objective function based on vir-
tual valuation, which can be flexibly turned into either social
efficiency or revenue. With channels being reused spatially
and temporally, we prove that it is an NP-hard problem to
optimally allocate buyer requests in channels in order to
maximize the social efficiency or the expected revenue. We
develop an integer programming formulation for this opti-
mal channel allocation problem, and relax it into a linear
programming (LP) problem, which is solvable in polynomial
time, resulting in a fractional solution for channel allocation.
We then transform this fractional solution into a feasible
integer solution of the original channel allocation problem
by using a randomized rounding procedure that ensures the
feasibility of the solution and good approximation to the
objective function. We prove that the expected total valuation
for the feasible integer solution is at least ð1� 1=eÞ times the
total valuation of the optimal solution. However, the feasible
solution produced by the randomized rounding procedure
might be arbitrarily bad in the worst case. To achieve a per-
formance guarantee, we propose a derandomized rounding
algorithm, called DCA, to produce a feasible solution whose
total valuation is guaranteed to be at least ð1� 1=eÞ times of
the total valuation of the optimal solution.

On the other hand, truthfulness is a critical issue of spec-
trum auction; it guarantees the dominating strategy to bid
the true valuation of the resource for each buyer. To this end,
we propose a truthful auction mechanism called MDCA,
which is built on top of DCA. It has been proved that an auc-
tion mechanism is truthful if its channel allocation algorithm
is bid-monotone and the seller always charges a payment of
the critical value from each winner [23]. Here, a bid-mono-
tone channel allocation algorithm means that, once a buyer
wins by bidding bi, it will always win if it bids b0i > bi. The
critical value is the minimum bid value for a buyer to win the
auction. In this paper, we prove that the channel allocation
mechanism of MDCA is bid-monotone. This implies that
MDCA is a truthful auctionmechanism.

Finally, in order to ensure that the critical values of user
payment can be determined in polynomial time, we design
a channel allocation and payment calculation mechanism,
called CATE, which is another revised version of DCA and

has an approximation factor of ð1� 1=eÞ. We prove that
CATE is truthful in expectation, which means that each
buyer always maximizes its expected profit by revealing its
true valuation. To the best of our knowledge, we are the first
to design truthful spectrum auction mechanisms with per-
formance guarantee with both spatial and temporal spec-
trum reuse.

The rest of the paper is organized as follows. We first
present the spectrum auction model and the problem for-
mulation in Section 2. Then, we develop an integer pro-
gramming formulation for optimal channel allocation in
this section. Our generic spectrum auction framework is
discussed in the last of this section. In Sections 3, 4 and 5,
we propose three spectrum auction mechanisms: DCA,
MDCA, and CATE, respectively. To make our model more
general, we also give a further discussion on how to relax
some assumptions in Section 6. These spectrum auction
mechanisms are evaluated through simulations in Section 7.
We discuss the related literature in Section 8, and conclude
the paper in Section 9.

2 PRELIMINARIES

2.1 Spectrum Auction Model

Auctions in our model are executed periodically. In each
round, the spectrum owner (a.k.a seller) subleases the access
right of m channels in certain fixed areas during time inter-
val ½0; T �,1 and n buyers request the usage of channels in
fixed time intervals and geographical locations/areas. Our
goal is to allocate these buyer requests in the channels, such
that either social efficiency or revenue is maximized. We do
not consider the problem of individual wireless users
equipped with cognitive radio to dynamically acquire
unused spectrum on the fly. The users in our model are
more likely to be organizations or companies who need
spectrum to support certain communication functions
among their clients for a certain period of time. The spec-
trum allocation is performed offline beforehand.

Assume each channel provided by the seller has a set of
conflict-free license areas and the seller only sells the right
of accessing his under-used channels in the license areas.
The license areas of different channels may be different, par-
tially overlapped, or identical. We use S to denote the set of
channels, and define each channel sj 2 S as sj ¼ ðRj;AjÞ,
where Aj is the set of license areas of channel sj, and Rj is
the interference radius of a transmission when a user trans-
mits in channel sj. For example, the license area set of chan-
nel s4 in Fig. 1 is A4 ¼ fArea 3; Area 4; Area 5g.

Let B be the set of buyers, in which each buyer i 2 B has a
request. We define buyer i ¼ ðvi; riÞ, where vi is buyer i’s
true valuation which is not revealed to the seller, and ri is
the request of i. The auction mechanism we studied in this
work is a sealed-bid offline auction. Each buyer only knows
its own bid, and has no idea of others’ bids. Moreover, each
buyer can only submit its bid and request once in each
round of auction. Since spectrum auction is actually a game
between the seller and buyers, each buyer can also change

1. Note that our results apply to a more general model where, for
each channel, the seller only subleases the access right for some time
intervals in ½0; T �.
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its strategy in the following auctions according to the his-
tory auction results. Let R be the set of requests of buyers.
To make our auction model more general, we consider two
buyer request models. The first one is the Point model, in
which each buyer requests for the usage of channel in a par-
ticular geographical location and during a fixed time inter-
val. The second one is the Area model, in which each buyer
requests for the usage of channel in a particular geographi-
cal area and during a fixed time interval. We assume that if
a request is admitted, it can only be served by a unique
channel. Buyers will not use one channel for certain time
duration and then switch to another channel later for the
same request. Moreover, the requested area of a buyer
should be fully covered by the license areas of the allocated
channel. For example, if a requested area is Area 2 or a por-
tion of Area 2 in Fig. 1, this request can only be allocated in
channel s2 or s3.

2 Then, each request ri 2 R can be defined
as ri ¼ ðLi; bi; ai; ti; diÞ, where Li is buyer i’s geographical
location in the Point model or the area where buyer i wants
to access the channel in the Area model, bi is the buyer’s bid-
ding price, and finally ai, di, and ti denote the beginning
time, the ending time, and the duration of channel usage,
respectively. In this paper, we only consider the case of
di � ai ¼ ti, which means that the request from the buyer is
a fixed time interval. We leave the case of di � ai > ti as
future work. The beginning time and the ending time of the
requests from different buyers can be different. The time
lengths of different requests can also be different, either.
Notice that in an auction, the value bi provided by a buyer
may be different from its true valuation vi. When the domi-
nating strategy for each user i is to bid bi ¼ vi, we say the
mechanism is truthful.

We say that two requests ri and rk conflict with each
other if they satisfy the following constrains: (1) the distance
between Li and Lk is smaller than twice of the interference
radius in the Point model, or Li

T
Lk 6¼ ; in the Area model;

and (2) the required time intervals from ri and rk overlap
with each other. We denote the conflict relationship among
the requests by a conflict graph G ¼ ðV; EÞ, where a vertex in
V represents a request in R, and there is an edge ðri; rkÞ 2 E
if requests ri and rk conflict with each other. Note that, for
the same requests ri and rk, different interference radius in
each channels will lead to a different conflict relationship.

We use a matrix Y ¼ ðyi;k;jÞn�n�m to represent the conflict
relationship in graph G, where yi;k;j ¼ 1 if requests ri and rk
conflict with each other in channel j, or yi;k;j ¼ 0 otherwise.
Since the spectrum is a local resource, we need a location
matrix C ¼ ðci;jÞn�m to represent whether Li is in the license
area of channel sj, where ci;j ¼ 1 if Li is in the license
regions of channel sj, or ci;j ¼ 0 otherwise. Therefore, two
requests ri and rk can share channel sj only if yi;k;j ¼ 0, and
ci;j ¼ 1, ck;j ¼ 1.

2.2 Problem Formulation

The objective of our work is to design a truthful (or strat-
egy-proof) auction mechanism where the buyers send their
concealed requests to the seller, who will then determine
which requests are allocated in which channels as well as
the payment from each buyer, such that the social efficiency
or revenue is maximized. A mechanism is composed of two
methods: allocation method and payment computation
method. In a spectrum auction mechanism, the allocation
method will determine which buyer will get which spec-
trum for what time intervals. The payment computation
method will determine how much each buyer will pay for
the allocated spectrum based on the bidding values from
all buyers. A mechanism is said to be truthful or strategy-
proof if a buyer bidding its truth bid will maximize its
profit (i.e., the true valuation vi minus its payment pi)
regardless of the bid of other buyers. If we can find the allo-
cation that maximizes the social efficiency, the payment by
each buyer can be directly computed by the celebrated
VCG mechanism. When considering different bids from
other buyers, a buyer’s profit under his/her own bid will
be a random variable depending on other buyer’s bid dis-
tribution. A mechanism is said to be truthful in expectation if
for every buyer, bidding his/her true value will maximize
the expected profit when considering the bid distributions
of other buyers.

The payment from a buyer must be equal to or lower
than the buyer’s bidding price bi, and it is determined in a
way (explained shortly) that ensures a truthful auction.
Since an auction mechanism is truthful if its channel alloca-
tion algorithm is bid-monotone and the seller always
charges a payment of the critical value from each buyer, we
divide the problem of designing the truthful spectrum auc-
tion mechanism into two parts: the bid-monotone channel
allocation problem and the critical payment calculation
problem, which are defined as follows.

Bid-monotone channel allocation problem. Given a request
set R and a channel set S, the bid-monotone channel alloca-
tion problem is to determine which requests are allocated in
which channels, so that the social efficiency or the revenue
of seller is maximized, and that the channel allocation mech-
anism has the bid-monotone property. We say a channel
allocation mechanism is bid-monotone, if and only if, when
each winner i wins by bidding bi, it will always win by bid-
ding b0i > bi.

Critical payment calculation problem. Given the bid of all
other buyers, the critical value of buyer i is such a bid value:
when i bids no less than this value, it always win; otherwise,
it will lose. To ensure the truthfulness of the auction mecha-
nism, the critical payment calculation problem is to find the
critical values for winners, given the bid of all other buyers.

Fig. 1. The license areas of channels.

2. We will give a further discussion on how to relax these assump-
tions in Section 6.
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Below we define our optimization objective.
Social efficiency maximization. The social efficiency for an

auction M is defined as
P

ri2R bixi, where xi ¼ 1 if buyer i
wins in M; otherwise, xi ¼ 0. Then, the social efficiency
maximization problem is to find a mechanism Mwhich can
maximize the social efficiency.

Revenue maximization. The revenue of an auction is the
total payment from the buyers. An auction that maximizes
the revenue for the seller is known as an optimal auction in
economic theory. Myerson introduces the notion of virtual
valuation fiðbiÞ as

fiðbiÞ ¼ bi � 1� FiðbiÞ
fiðbiÞ ; (1)

where Fi is the probability distribution function for the
true valuation of the spectrum resource requested by

buyer i, and fiðbiÞ ¼ dFiðbiÞ
dbi

is the corresponding probabil-

ity density function [22]. As in [17], we assume that the
exact valuation of the requested resource at the present
time is private information to the buyer, but its distribu-
tion Fi is known to the seller based on the records of
history transactions.3 According to the theory of optimal
auction [22], maximizing the revenue is equivalent
to finding the optimal solution that maximizesP

ri2R fiðbiÞxi, where xi ¼ 1 if buyer i wins in the auction;

otherwise xi ¼ 0.

2.3 Optimal Channel Allocation

For channel allocation, we need to match requests and chan-
nels optimally under their constraints. For each request ri, it
can only be allocated in the time slice between ai and di. For
each channel sj, it can only allocate time slices to the requests
which are entirely in its license area. Moreover, we can only
allocate channels to requests that are conflict-free of each
other. In order to simplify the matching between requests
and channels, we segment the available time of each channel
into many time slices. Recall that the available time of each
channel is [0, T] in each auction period. We use the arrival
time ai and deadline di of each request ri to partition the time
interval [0, T]. As shown in Fig. 2, the arrival times and dead-
lines of requests r1, r2 and r3 divide the time interval [0, T]
into seven time slices. Suppose there are n requests, it is easy
to see that the time interval [0, T] will be divided into no
more than 2nþ 1 time slices. Next, we will formulate the
channel allocation problem.

First, the time slices of channel sj can only be allocated to

the requests within the license area of the channel. Let xl
i;j

be an indicator variable for whether the lth time slice of
channel sj is allocated to request ri. We have the constraint

xli;j � ci;j.

Second, each time slice can only be allocated to requests
that are conflict-free of each other. Thus, we have another

constraint
P

k6¼i x
l
k;jyi;k;j þ xl

i;j � 1.

Third, let tlj be the length of lth time slice in channel sj.
With a little abuse of notation, we use ai to denote the first
time slice that ri wants to use, and di the last time slice that
ri wants to use. If we allocate request ri in channel sj, the
time assigned to request ri from channel sj should be equal
to the required time of request ri. Hence, we havePdi

l¼ai
xli;jt

l
j ¼ tixi;j.

From the analysis above, the allocation problem can be
formulated as an integer programming IP(1) below.

max
X
sj2S

X
ri2R0

fiðbiÞxi;j;

subject toX
sj2S

xi;j � 1; 8ri 2 R0

xl
i;j � ci;j; 8sj 2 S; 8ri 2 R0; 8lX

k 6¼i
xl
k;jyi;k;j þ xl

i;j � 1; 8sj 2 S; 8ri 2 R0; 8l
Xdi
l¼ai

xl
i;jt

l
j ¼ tixi;j; 8sj 2 S; 8ri 2 R0

xi;j 2 f0; 1g; 8sj 2 S; 8ri 2 R0

xl
i;j 2 f0; 1g; 8sj 2 S; 8ri 2 R0; 8l;

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

where xi;j indicates whether channel sj is allocated to
request ri, yi;k;j indicates whether request ri conflicts with
request rk in channel sj, and

P
sj2S

P
ri2R0 fiðbiÞxi;j is called

the total valuation, which is to be maximized.
If we obtain the optimal solution of the integer program-

ming IP(1), we can design a truthful auction mechanism by
applying the well-known Vickrey-Clarke-Groves (VCG)
mechanism. Unfortunately, the optimal channel allocation
problem is NP-hard. Thus, VCG mechanism can be used
only if the optimal allocation can be computed using non-
polynomial time method for the problem with small input
size. Otherwise, we cannot apply the VCG mechanism to
compute the payment in a truthful mechanism based on an
approximation allocation method. In order to tackle the
NP-hardness, we need to design approximation allocation
method, implying that the celebrated VCG mechanisms
cannot be applied here. In the following sections, we will
employ the LP relaxation method to design a series of
polynomial-time channel allocation mechanisms with an
approximation factor of 1� 1=e.

Theorem 1. The optimal channel allocation problem is NP-hard.

Proof. Consider a simple case where there is only one chan-
nel. Given a conflict graph G, we need to allocate requests
in this channel. This simple case of channel allocation is
equivalent to finding maximum weighted independent
sets, which is an NP-hard problem. tu

Fig. 2. An instance of the time interval segmentation.

3. With a truthful auction mechanism, to the best interest of each
buyer i, the bidding price bi is expected to be the true valuation of the
spectrum resource at the time of the request.
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2.4 A Truthful Spectrum Auction Framework

In this section, we propose a general truthful spectrum auc-
tion framework with the goal of maximizing social efficiency
or revenue, as shown in Algorithm 1. In our framework, we
can flexibly choose different optimization targets according
to the practical requirements of auction problems. The
details are described below.

Algorithm 1. Spectrum Auction Framework

Input: the set of channels S, the set of requestsR,

and the monotone allocation and payment

mechanism A;
Output: the channel allocation vectorX, and the

payment vector P;
1: R0 ¼ R;
2: for each ri 2 R do
3: pi ¼ 0;
4: if optimization target is to maximize social

efficiency then
5: fiðbiÞ ¼ bi;
6: else
7: fiðbiÞ ¼ bi � 1�FiðbiÞ

fiðbiÞ ;
8: if fiðbiÞ < hfti then
9: R0 ¼ R0=ri;
10: Run A using the set of virtual valuations ffiðbiÞgri2R0 ;
11: LetX ¼ ðxiÞri2R0 be the channel allocation and

~P ¼ ð~piÞri2R0 be the corresponding payment

returned byA;
12: for each xi ¼ 1 do
13: if target is to maximize social efficiency then
14: pi ¼ ~pi;
15: else
16: pi ¼ f�1

i ð~piÞ;
17: return ðX;PÞ;

At the beginning of every auction period, we choose an
optimization target. If we choose the social efficiency maxi-
mization as our target, we let the virtual valuation
fiðbiÞ ¼ bi. Then, we use the set F ¼ ðfiðbiÞÞri2R0 as input to

the channel allocation and payment calculation mechanism
A. A returns an optimal channel allocation X ¼ ðxiÞri2R0 ,

which maximizes
P

ri2R fiðbiÞxi, where xi ¼ 1 means that

buyer i wins the auction, and xi ¼ 0 means it loses. Mean-
while, A also returns a corresponding payment vector
~P¼ ð~piÞri2R0 , and we charge each buyer pi ¼ ~pi.

If we choose to maximize the revenue of the seller, we
convert the bid of each buyer into its corresponding virtual
valuation by setting fiðbiÞ ¼ bi � 1�FiðbiÞ

fiðbiÞ . Then, we can use
the same allocation mechanismA as in the case of social effi-
ciency to maximize

P
ri2R fiðbiÞxi. To ensure the worst case

profit, the seller may set a virtual reservation price hf, which
is the minimum price for spectrum usage per unit time. We
remove the requests ri whose virtual valuations are smaller

than hfti, and use the remaining requests as input of A,
which returns an allocation vector X and the corresponding

payment vector ~P. Different from the previous optimization

target, the payment vector ~P we obtain in this case contains
virtual payments of the buyers. Therefore, we need to con-
vert the virtual payments back into the actual payments

through pi ¼ f�1
i ð~piÞ.

As we have discussed previously, if mechanism A is a
monotonic allocation and it always charges each winning
buyer its critical value, the proposed auction framework is
truthful. To this end, we give our solution on designing the
bid-monotone channel allocation mechanisms and calculat-
ing the critical value for each winner in the following three
sections.

3 (1-1/e)-APPROXIMATION CHANNEL ALLOCATION

METHODS

The LP relaxation technique can often be used to design a
good approximation algorithm for NP-hard problems. In
this section, we present a randomized method for channel
allocation problem by using LP relaxation technique. We
relax IP(1) to linear programming LP(2) by replacing

xi;j 2 f0; 1g with 0 � xi;j � 1, and by replacing xl
i;j 2 f0; 1g

with 0 � xl
i;j � 1. Then, xi ¼

P
sj2S xi;j. The allocation prob-

lem is reformulated as the following relaxed LP problem:

max
X

sj2S
X

ri2R0 fiðbiÞxi;j;

subject to

X
sj2S

xi;j � 1; 8ri 2 R0

xl
i;j � ci;j; 8sj 2 S; 8ri 2 R0; 8lX

k 6¼i

xlk;jyi;k;j þ xl
i;j � 1; 8sj 2 S; 8ri 2 R0; 8l

Xdi
l¼ai

xli;jt
l
j ¼ tixi;j; 8sj 2 S; 8ri 2 R0

xl
i;j ¼ xl

0
i;j; 8ri 2 R0; 8l; l0 2 ½ai; di�

0 � xi;j � 1; 8sj 2 S; 8ri 2 R0

0 � xl
i;j � 1; 8sj 2 S; 8ri 2 R0; 8l:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

Recall that the number of time slices is no more than
2nþ 1 for each channel, so LP(2) has a polynomial number
of variables and constraints, and can be solved optimally in
polynomial time. Clearly, the solution of this relaxed LP for-
mulation is often not feasible. Then we need to convert the
solution of LP(2) to a feasible solution for IP(1), the channel
allocation problem.

3.1 Randomized Rounding

Let OLP2 be the optimal solution of LP(2). We apply the
standard randomized rounding to obtain a feasible integer
solution fIP1 to IP(1). The rounding procedure is presented
as follows:

� Randomly choose a channel sj, for any request with
xi;j > 0, choose ri for channel sj with probability xi;j,
and if chosen, set xi;j ¼ 1;

� If xi;j ¼ 1, set xk;j ¼ 0 for all requests rk with
yi;k;j ¼ 1;

� If xi;j ¼ 1, set xi;k ¼ 0 for all channels with k 6¼ j.
� Repeat steps 1 to 3 until all requests have been

processed.
Through the randomized rounding procedure above,

the optimal solution of LP(2) is converted into a feasible
solution of IP(1). Let wOLP2

be the total valuation of OLP2,
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and let EðwfIP1
Þ be the expected total valuation of fIP1. We

show by Theorem 2 that EðwfIP1
Þ � ð1� 1=eÞwOLP2

.

Theorem 2. The expected total valuation of the rounded solution
is at least ð1� 1=eÞ times the total valuation of the optimal
solution to LP(2).

Proof. For each request ri, let H ¼ fsj 2 S jxi;j > 0g be the
set of channels sj 2 S with xi;j > 0, and let h ¼ jHj.
Clearly, 0 � h � m. The probability that request ri is not

allocated in any channel by fIP1 is
Qh

j¼1 ð1� xi;jÞ. Let qi
denote the probability that request ri is allocated in one
of the h channels by fIP1. Then, we have qi ¼ 1�Qh

j¼1 ð1� xi;jÞ. It’s obvious that EðwfIP1
Þ ¼ wOLP2

when

h ¼ 0 or 1. Thus, we only consider the case h � 2 in the
following. In this case, qi is minimized when xi;j ¼ xi=h.

Hence, we have qi � 1� ð1� xi=hÞh, and

qi
xi

� 1

xi

�
1� ð1� ðxi=hÞh

�
: (2)

The right side of the inequality is a monotonically
decreasing function of xi, with 0 � xi � 1. Thus, it is min-
imized when xi ¼ 1, and we have

qi
xi

� �1� ð1� 1=hÞh�
� 1� 1

e þ 1
32h2� 1� 1=e:

(3)

For each request ri with qi > 0, its contribution to the
expected total valuation of the rounded solution is
qifiðbiÞ, and its contribution to the total valuation of the
optimal solution of LP(2) is xifiðbiÞ. Hence we have
qifiðbiÞ
xifiðbiÞ � 1� 1

e. Since this inequality holds for any request

ri 2 R0, and EðwfIP1
Þ ¼Pri2R0 qifiðbiÞ, wOLP2

¼Pri2R0

xifiðbiÞ, we must have EðwfIP1
Þ � ð1� 1eÞwOLP2

. tu
We have shown that the expected total valuation of feasi-

ble solution fIP1 to IP(1) obtained by our randomized round-
ing is at least ð1� 1=eÞ times the total valuation of the
optimal solution to LP(2). Obviously, the total valuation of
the optimal solution to LP(2), which is denoted by wOLP2

, is

no less than that of the optimal solution to IP(1), which is
denoted bywOIP1

. Therefore, we have the following theorem.

Theorem 3. The expected total valuation of the rounded solution
is at least ð1� 1=eÞ times the total valuation of the optimal
solution to IP(1).

The random rounding procedure just ensures that the
expected total valuation of fIP1 is at least ð1� 1=eÞ times of
the total valuation of OLP2. Consider a simple case, in which
there are only one channel and two requests. We use r1 and
r2 to denote the two requests. Suppose t1 � t2 and b1 � b2,
the per-unit bid of r1 is smaller than that of r2, and the
requested time slots of r1 and r2 overlap with each other. In
this case, x2 may not equal to zero in the optimal solution of
LP ð2Þ. Thus, our random rounding procedure may allocate
r2 in the channel. Since the bid of r2 can be arbitrarily close
to zero, the feasible solution produced by the random
rounding procedure might be arbitrarily bad.

3.2 Derandomized Rounding

To achieve a performance guarantee in the worst case, we
need to find a feasible solution of IP(1) whose total valua-
tion is always no less than ð1� 1=eÞ times of wOLP2

. In the fol-
lowing, we show that this can be achieved through a
derandomized rounding procedure.

Let EðwfIP1
j ri ! sjÞ be the expected total valuation

when request ri is allocated in channel sj, and EðwfIP1
j ~iÞ be

the expected total valuation when request ri is not allocated
in any channel.

EðwfIP1
Þ ¼

X
rj2S

EðwfIP1
j ri ! sjÞqi;j þ EðwfIP1

j ~iÞq~i; (4)

where qi;j denotes the probability that request ri is allo-
cated in channel sj, and q~i denotes the probability that ri
is not allocated in any channel. Hence, there must exist at
least one conditional expectation in EðwfIP1

j ri ! s1Þ; . . . ;
EðwfIP1

j ri ! smÞ; EðwfIP1
j ~iÞ, which is larger than or equal

to EðwfIP1
Þ.

Next, we show how to compute EðwfIP1
Þ and

EðwfIP1
j ri ! sjÞ, 8sj 2 S. First, we know that

EðwfIP1
Þ ¼

X
ri2R0

fiðbiÞqi; (5)

where qi is the probability that request ri is allocated in one
of the channels, and it can be computed by

qi ¼ 1�
Y
sj2S

ð1� xi;jÞ: (6)

Next, let qri!sj;k be the probability that request rk is allo-
cated in a channel when request ri is allocated in sj. It can
be calculated by

qri!sj;k ¼
1�Qo 6¼j ð1� xk;oÞ; if yi;k;j ¼ 1;
qk; otherwise:

�
(7)

Hence, we can compute EðwfIP1
j ri ! sjÞ as follows:

EðwfIP1
j ri ! sjÞ ¼ fiðbiÞ þ

X
k6¼i

fkðbkÞqri!sj;k: (8)

We now describe the derandomized channel allocation
(DCA) procedure. We sort all requests by their arrival times
ai in ascending order to decide which request should be
allocated in which channel. Let xi ¼

P
j2S xi;j. For any

request with xi ¼ 0, we reject the request. Without loss of
generality, let ri be the first request with xi > 0 in the order.
We examine EðwfIP1

j ri ! sjÞ for all sj 2 S to see if any of

them satisfies EðwfIP1
j ri ! sjÞ � EðwfIP1

Þ.
� If we find one, we allocate request ri in channel sj,

and perform the following operations: (1) set xi;j ¼ 1
and xi ¼ 1, (2) set xi;k ¼ 0 for all channels with k 6¼ j,
and (3) set xk;j ¼ 0 for all requests rk with yi;k;j ¼ 1.

� If we do not find one, EðwfIP1
j ~iÞ � EðwfIP1

Þ must
hold, and we reject request ri.
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After request ri is processed, we have

EðwfIP1
j cond1Þ � EðwfIP1

Þ; (9)

where cond1 is either ri ! sj or ri is rejected, depending on
which of the above two cases has been performed.

We repeat the above process on other requests one after
another to determine whether it is allocated in a channel
and if so, which channel. More specifically, after we process
the next request ri0 after ri using the same process except for
replacing fIP1 with fIP1j cond1, we will have

EðwfIP1
j cond1; cond2Þ � EðwfIP1

j cond1Þ; (10)

where cond2 is either ri0 ! sj0 or ri0 is rejected.
Furthermore, after we process yet the next request ri00

with fIP1j cond1 replaced by fIP1j cond1; cond2, we will have

EðwfIP1
j cond1; cond2; cond3Þ � EðwfIP1

j cond1; cond2Þ;
(11)

where cond3 is either ri00 ! sj00 or ri00 is rejected.
We keep an invariant that the conditional expectation

EðwfIP1
j . . .Þ never deceases. After processing all the

requests, we will have a feasible solution of IP(1), whose
total valuation is larger than or equal to EðwfIP1

Þ, i.e., at least
ð1� 1=eÞwOLP2

, according to the transitive inequalities of (9),

(10), (11), . . .
The pseudo code of the above derandomized channel

allocation algorithm is given in Algorithm 2. Furthermore,
we have the following theorem.

Algorithm 2. DCA: Derandomized Channel Allocation

Input: the set of channels S, and the setR0 (which
are sorted in an ascending order of ai);

Output: the channel allocation vectorX	;
1: Solve LP(2) optimally;
2: for i ¼ 1 to n do
3: if xi > 0 then
4: for j ¼ 1 tom do
5: if EðwfIP1

Þ � EðwfIP1
j ri ! sjÞ then

6: set xi;j ¼ 1, xi ¼ 1;
7: set all xi;k ¼ 0 and xl

i;k ¼ 0 if k 6¼ j;
8: set all xk;j ¼ 0 and xl

k;j ¼ 0 if k 6¼ i
and yi;k;j ¼ 1;

9: modify fIP1 by assigning ri in sj and
updateX	;

10: Break
11: if xi 6¼ 1 then
12: xi ¼ 0;
13: modify fIP1 by rejecting ri and updateX	;
14: returnX	;

Theorem 4. DCA can be executed in polynomial time.

Proof. As mentioned above, LP(2) can be solved in polyno-
mial time. Then, we allocate requests in channels with
time complexity OðnmÞ in DCA with the optimal solu-
tion of LP(2). This finishes the proof. tu
In our spectrum auction model, we assume that one

request can only be allocated in one unique channel.

However, we relax IP(1) to a linear programming LP(2)
by replacing xi;j 2 f0; 1g with 0 � xi;j � 1, and by replac-

ing xl
i;j 2 f0; 1g with 0 � xl

i;j � 1. In LP(2), we only restrict

that the time assigned to a request ri from all the channels
should be no longer than the required time of request ri.
In other words, a request can be served by different chan-
nels in LP(2). We prove that the total valuation of the
solution of DCA is at least ð1� 1=eÞ times of the total val-
uation of the optimal solution of LP(2). Thus, DCA can
also achieve the approximation factor of ð1� 1=eÞ, even if
we release the assumption of one request being allocated
in one unique channel.

4 A TRUTHFUL SPECTRUM AUCTION MECHANISM

Recall that to ensure the truthfulness of our auction mecha-
nism, the allocation algorithm must be bid-monotone. This
means that if request ri wins the auction with bid bi, it
always wins with bid b0i > bi. In Algorithm 2, request ri
wins in the auction only if there exists a channel sj which
satisfies EðwfIP1

j ri ! sjÞ � EðwfIP1
Þ. However, with the

arbitrary selection of a channel that satisfies this condition
and the use of (8), we find that it is hard to judge if
EðwfIP1

j ri ! sjÞ is still larger than EðwfIP1
Þwhen request ri

increases its bid. We cannot prove or disprove the bid-
monotone property of the allocation method DCA. Thus, it
is unknown whether we can design a truthful mechanism
based on this method. In the following, we revise DCA and
show that the revised method does satisfy the bid-mono-
tone property.

The first revision is to find the channel that has the largest
conditional expectation maxsj2SEðwfIP1

j ri ! sjÞ. If we allo-
cate ri in the channelwith themaximal conditional expectation

as long asmaxsj2SEðwfIP1
j ri ! sjÞ � EðwfIP1

j ~iÞ, and do not

allocate ri in any channel otherwise, we can obviously obtain a
feasible solution of IP(1), whose weight is as good as EðwfIP1

Þ,
because either maxsj2SEðwfIP1

j ri ! sjÞ or EðwfIP1
j ~iÞ must

be larger than or equal toEðwfIP1
Þ.

The second revision is an improved definition of

EðwfIP1
j ri ! sjÞ and EðwfIP1

j ~iÞ as follows:

EðwfIP1
j ri ! sjÞ ¼ fiðbiÞ þ Ek6¼iðwf 0

IP1
j ri ! sjÞ; (12)

where Ek 6¼iðwf 0
IP1

j ri ! sjÞ is the expected weight of all
other requests when request ri has been allocated in channel
sj. We can compute it by allocating ri in channel sj first, and
then solve LP(2) optimally with other requests. Because
optimization is performed after allocating ri in sj, (12) pro-
duces an equal or higher expected value that (8) at the cost
of additional computation overhead for solving LP(2).

EðwfIP1
j ~iÞ ¼ ER0=riðwf 0

IP1
Þ; (13)

where ER=riðwf 0
IP1

Þ is the expected weight of all other
requests when request ri does not be allocated in any chan-
nel. We can compute it by solving LP (2) optimally with
requests except ri.

We give the revised version of Algorithm DCA as
follows.

In MDCA, we first sort all of the requests by their arrival
times in ascending order, and then scan all requests one by
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one to decide which request can be allocated in channels.
When request ri is considered, we computeEðwfIP1

j ri ! sjÞ
for all channels sj 2 S that no request conflicting with it
has been allocated in. We allocate ri in channel sk when

EðwfIP1
j ri ! skÞ ¼ maxsj2SEðwfIP1

j ri ! sjÞ � EðwfIP1
j ~iÞ,

and reject it otherwise; note that in order to simplify nota-
tions we do not include the conditions for channel allocation
of requests prior to ri. After the last request was considered
inMDCA, we get a feasible solution of IP(1), whose weight is
as good asEðwfIP1

Þ.

Algorithm 3. MDCA: Monotone Derandomized

Channel Allocation Based on Linear Programming

Input: the set of channels S, and the setR0 (which are

sorted in an ascending order of ai);
Output: the channel assignmentX	 ;
1: Solve LP(2) optimally;
2: for i ¼ 1 to n do
3: for j ¼ 1 tom do
4: if xi;j > 0 then
5: EðwfIP1

j ri ! skÞ ¼ maxsj2SEðwfIP1
j ri ! sjÞ

6: if EðwfIP1
j ri ! skÞ � EðwfIP1

j ~iÞ then
7: set xi;j ¼ 1, xi ¼ 1;
8: set all xi;k ¼ 0 and xl

i;k ¼ 0 if k 6¼ j;
9: set all xk;j ¼ 0 and xl

k;j ¼ 0 if k 6¼ i and
yi;k;j ¼ 1;

10: Break
11: if xi 6¼ 1 then
12: xi ¼ 0;
13: returnX	;

Theorem 5.MDCA (see Algorithm 3) is bid monotone.

Proof. Suppose request ri wins the auction with the bid bi,
and it is allocated with the channel sj. To prove by con-
tradiction, we assume that ri cannot be allocated in any
channel with the bid b0i > bi. There are two possible cases.

Case 1. maxsj2SEðwfIP1
j ri ! sjÞ < EðwfIP1

j ~iÞ when
ri bids some value b0i that is greater than bi. However,
when ri increases its bid, clearly Ek 6¼iðwf 0

IP1
j ri ! sjÞ

and EðwfIP1
j ~iÞ keep invariant, and EðwfIP1

j ri ! sjÞ �
EðwfIP1

j ~iÞ always holds in this case. Thus, our hypoth-

esis does not hold in this case.
Case 2. When ri is considered with bid b0i > bi, the

channel sj has been occupied by a previously processed
request rl, which conflicts with ri. Obviously, rl is
not allocated in sj when ri bids bi. That means

EðwfIP1
j rl ! sjÞ < EðwfIP1

j ~lÞ or the channel sj has been

occupied by other requests which conflict with rl but
conflict-free with ri when rl was considered. In the first

subcase, the contribution of ri in EðwfIP1
j ~lÞ is larger than

the contribution in EðwfIP1
j rl ! sjÞ. Then, the increment

of EðwfIP1
j ~lÞ is lager than that of EðwfIP1

j rl ! sjÞ when

ri increases its bid from bi to b0i. Thus, rl cannot be allo-
cated in sj when ri bids b

0
i > bi. Assume that rk which con-

flicts with rl is allocated in sj when ri bids b
0
i in the second

subcase. However, the contribution of ri in EðwfIP1
j rk !

sjÞ is no less than the contribution inEðwfIP1
j ~kÞ. Thus, the

increment of EðwfIP1
j rk ! sjÞ is lager than that of

EðwfIP1
j ~kÞ when ri increases its bid from bi to b0i. rk will

also be allocated in sj when ri bids b
0
i > bi. In conclusion,

rl cannot be allocated in sj when ri bids b
0
i > bi.

Based on the analysis above, if ri wins the auction
with a bid bi, it always wins with the bid b0i > bi. tu

Theorem 6.MDCA can be executed in polynomial time.

Proof. We have shown that LP(2) can be solved in polyno-
mial time. For each request with xi � 0 in the optimal
solution of LP(2), we solve LP(2) no more than m times
to check if request ri can be allocated in a channel. Hence,
the time complexity of MDCA is OðnmÞ multiplied by
the time complexity of solving LP(2). This completes the
proof. tu

Theorem 7. We can build a truthful spectrum auction mecha-
nism based on MDCA.

Proof. We have proved that MDCA is bid-monotone and it
can be executed within a polynomial time. To build a
truthful auction mechanism, we need to charge each win-
ner its critical value. Fortunately, we can find the critical
value for each winner by using a binary search method.
Thus, we can build a truthful spectrum auction mecha-
nism based on MDCA. tu
We have shown that buyers will truthfully report their

valuations in MDCA. Now, we prove that buyers cannot
benefit from misreporting their requested time slots and
areas either.

Theorem 8. Buyers will report their requested time slots and
areas truthfully in MDCA.

Proof. As the buyers will not report a smaller requested
area or less time slots than what they need, we only
need to consider the case that each buyer may request
a larger area or more time slots than those he needs.
Actually, when a request ri submits a larger area or

more time slots, EðwfIP1
j ~iÞ will keep unchanged and

maxsj2SEðwfIP1
j ri ! sjÞ will decrease. Thus, ri will

still lose by misreporting if he loses by bidding truth-
fully. Note that the payment of each winner is his crit-
ical value. When ri submits a larger area or more time
slots, there will be some additional requests which
overlap with ri. As a result, the critical value of ri
will increase. Thus, ri cannot benefit from misreport-
ing his need. Since each buyer is rational and selfish,
he will submit his request truthfully. This completes
the proof. tu
However, binary search can be slow, depending on the

ratio of the max bid among requests to the step size of bids.
To address this issue, we further design another channel
allocation mechanism that is efficient in determining critical
values and truthful in expectation.

5 A TRUTHFUL IN EXPECTATION SPECTRUM

AUCTION MECHANISM

Although we fail to prove the truthfulness of DCA, we can
reviseDCA to derive a truthful spectrum auctionmechanism
in expectation, called CATE. It is more efficient than MDCA,
and it also has an approximation factor of 1� 1=e.
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The basic idea is depicted as follows. With the optimal
solution of LP(2), X ¼ ðxiÞn, we first employ the technique
proposed by Lavi and Swamy [18] to obtain a set of feasible
solutions of IP(1), L, by allocating requests with xi � 0 in
channels. The size of L can be made polynomial; see the
proof of Theorem 13. Each feasible solution f 2 L has a
probability qðfÞ of being chosen as the final solution. We

will explain how to compute qðfÞ shortly. LetXf ¼ fxfi gri2R
denote the channel allocation vector of a feasible solution

f 2 L. Let xf
i ¼ 1 denote that request ri wins in solution f ,

and xf
i ¼ 0 denote that ri loses. The overall probability for

request ri to win in the final chosen solution is
P

f2L x
f
i qðfÞ.

Let
P

f2L x
f
i qðfÞ ¼ xi

a
. We want to establish a ¼ e

e�1, so that

the expected total valuation of CATE will beP
ri2R0

xi
a
fiðbiÞ ¼ ð1� 1=eÞPri2R0 xifiðbiÞ, which is ð1� 1=eÞ

of the optimal.
For each winner, the payment can be calculated as

follows:

pi ¼ 1

xi

X
j 6¼i

fjðbjÞx0j �
X
j6¼i

fjðbjÞxj

 !
; (14)

where the vector X0 ¼ ðx0jÞn is obtained by computing LP(2)
with bi ¼ 0. We show that this allocation and payment
mechanism results in an auction, which is truthful in
expectation.

Theorem 9. CATE is truthful in expectation.

Proof. Let uiðbiÞ be the profit of request ri when bidding
with bi, vi be the true valuation of request ri. The
expected profit of ri is

E½uiðbiÞ� ¼ xi

a
vi � 1

xi

X
j6¼i

fjðbjÞx0
j �
X
j6¼i

fjðbjÞxj

 !" #

¼ 1

a
vixi þ

X
j 6¼i

fjðbjÞxj �
X
j 6¼i

fjðbjÞx0j
" #

:

(15)

Since
P

j6¼i fðjÞx0
j keeps unchanged when we increase

or decrease the bid of ri, E½uiðbiÞ� is maximized when
bi ¼ vi. That means the expected profit of ri is maximized
when ri bids truthfully. tu

Theorem 10. Buyers will report their requested time slots and
areas truthfully in CATE.

Proof. When buyer i bids a larger area or more time slots
than that he needs,

P
j 6¼i fðjÞx0j will keep unchanged andP

rj2R fjðbjÞxj will never increase. According to Eq. (15),

E½uiðbiÞ� keeps unchanged or decreases when buyer i
misreports his need. Thus, the rational and selfish buyers
will report their requested time slots and areas truthfully
in CATE. tu
The values of qðfÞ can be found by solving by the follow-

ing LP(3):

min
X
f2L

qðfÞ;

subject to X
f2L

xf
i qðfÞ ¼

xi

a
; 8ri 2 R0

X
f2L

qðfÞ � 1

qðfÞ � 0; 8f 2 L:

8>>>><
>>>>:

The dual of LP(3) is LP(4):

max zþ
X
ri2R0

xi

a
wi;

subject to

zþ
X
ri2R0

xfi wi � 1; 8f 2 L

z � 0:

8<
:

We can view w in LP(4) as a valuation. If there exists an
a-approximation algorithm App that proves an integrality
gap of a with the optimal solution of LP(2), it has been
shown in [18] that a separation oracle for LP(4) can be
obtained by using Algorithm App with valuation w, so the
ellipsoid method can be used to solve LP(4) and thus LP(3).
In CATE, we choose the channel allocation algorithm DCA
in the previous section as App. Then, we have a ¼ e

e�1. Since

the probability of any request ri being assigned a channel is
exactly xi

a
, we conclude that the expected total valuation of

the solution of CATE is at least 1� 1=e times the total valua-
tion of the optimal solution to IP(1). More details of CATE
are shown in Algorithm 4.

Algorithm 4. CATE: Truthful in Expectation Channel Alloca-

tion and Payment Calculation Mechanism

Input: the set of channels S, the set of requestsR;
Output: the channel assignment vectorX, payment

vector P;
1: Solve LP(2) optimally, letX	 be the solution;
2: Use ellipsoid algorithm and DCA on LP(4) withX	

to compute the set of solutions fxfgf2L;
3: Solve LP(3) to compute the probability of solutions

fqðfÞgf2L;
4: Choose a solution f in L randomly with the

probability of qðfÞ, let f	 be the chosen solution;
5: LetX ¼ Xf	 , whereXf	 is the channel assignment

vector of solution f	;
6: for i ¼ 1 to n do
7: if xf	

i ¼ 1 then
8: Compute pi by using Eq. (14);
9: else
10: pi ¼ 0;
11: return (X, P);

Theorem 11. CATE can be executed in polynomial time.

Proof. With DCA and the optimal solution of LP(2), we
apply the ellipsoid method on LP(4) to compute a set of
feasible solutions of IP(1). Since the ellipsoid method
takes a polynomial number of steps and DCA is also exe-
cuted in polynomial time, they will return a solution set

HUANG ET AL.: TRUTHFUL AUCTION MECHANISMSWITH PERFORMANCE GUARANTEE IN SECONDARY SPECTRUM MARKETS 1323



L of a polynomial size. Obviously, LP(3) can also be
solved in polynomial time if L has a polynomial size.
This completes the proof. tu

6 FURTHER DISCUSSION

In the previous mentioned spectrum auction model, we
assume that each request can only be allocated in one chan-
nel and the requested area of a buyer should be fully cov-
ered by the license areas of the allocated channel. In this
section, we give a further discussion on how to relax these
assumptions.

6.1 Requests Can Be Allocated in Different
Channels

We first relax the assumption that each request can only be
allocated in one channel. In fact, this relaxed model can be
seen as a special case of LP(2). Moreover, we have the fol-
lowing theorem:

Theorem 12. DCA and MDCA can also achieve the approxima-
tion factor of ð1� 1=eÞ in the relaxed model, where requests
can be allocated in different channels.

Proof. In LP(2), we have a restriction that the time assigned
to a request ri from all channels should be no longer than
the required time of request ri. Besides this, we also
restrict that the time slots assigned to the request ri from
different channels should be different in the relaxed
model. In other words, LP(2) describes a more general
case than the relaxedmodel.We have proved that the total
valuations of DCA andMDCA are at least ð1� 1=eÞ times
of the total valuation of the optimal solution of LP(2).
Thus, DCA and MDCA can also achieve the approxima-
tion factor of ð1� 1=eÞ, even if we relax the assumption of
each request only being allocated in one channel. tu

Algorithm 5. EMDCA: The Extended Version of MDCA

Input: the set of channels S, the set of requestsR;
Output: the channel assignment vectorX;

1: Run algorithmMDCA to allocate requests in
channels;

2: Sort all the losers of MDCA in the descending order
of their bids;

3: for each loser ri in the sorted list do
4: if ri can be allocated in channels then
5: Allocate ri in channels;
6: else
7: Set ri as a loser;
8: returnX

Although DCA and MDCA can be directly used in the
relaxed model and provide a ð1� 1=eÞ performance guaran-
tee, their performance can still be further improved by a sim-
ple modification. The details are shown in Algorithm 5. We
first use MDCA to allocate requests in channels, and then we
sort the losers of MDCA in the descending order of their
bids. After that, we scan all of the sorted requests one by one
to check whether each of them can be allocated in channels
or not. When request ri is considered, we fist compute the
total remaining time of all the channels, and then check
whether there exists enough time to be allocated to ri. If ri

can be allocated to channels, we scan all the channels to find
the time slots which can serve ri; otherwise, wewill drop ri.

Theorem 13. The EMDCA is bid-monotone.

Proof. Since we have proved that MDCA is bid-monotone,
we only need to prove that if request ri loses in MDCA
but wins in EMDCA with bid bi, it will always win in
EMDCA by bidding b0i > bi. Obviously, the sequence of
ri in the loser list of MDCAwill not decrease if ri remains
a loser in MDCA with bid b0i. Moreover, the requests,
which overlap with ri and lose in MDCA when ri bids bi,
will still lose when ri bids b0i > bi. Thus, there are also
enough time slots for ri when he bids b0i > bi if he can
win in EMDCA with bid bi. tu
Since EMDCA is bid-monotone, we can use the binary

search to find the critical value for each winner as its pay-
ment. Then, we get a truthful auction mechanism.

6.2 Each Buyer Has Multiple Requests

Now, we relax the assumption that the requested area of a
buyer should be fully covered by the license areas of the
allocated channel. When a buyer’s requested area overlaps
with the license areas of multiple channels, we allow this
buyer to submit multiple requests in one auction, each of
which is fully covered by the license areas of one allocated
channel. There are two possible model: The first one is that
all the requests of a wining buyer should be fully satisfied.
This case is also known as the combinatorial auction model
[19], [21], and it has been proved that

ffiffiffiffiffi
m

p
is tight for combi-

natorial auction. Thus, we only consider the second case
that a buyer can be satisfied by part of his requests.

Since the demand of a buyer can be partly satisfied, we
view a multi-request buyer as multiple virtual buyers. Each
virtual buyer has one request. Then, we can directly solve
this problem by using the approximation algorithms pro-
posed in previous sections. Moreover, we can prove that the
auction mechanisms design in the previous sections can still
preserve the truthfulness under this model.

Theorem 14. MDCA and CATE can preserve the truthfulness
under the multi-requests model.

Proof. In the multi-requests model, the requests from each
buyer will not conflict with each other under different
non-overlapping license areas of channels. Thus, they
will compete for different channels and will not affect
others’ auction results and payments. In other words,
buyers cannot misreport a portion of his requests to ben-
efit the remaining requests. Since the requests which
belong to the same buyer cannot improve their utilities
through collusion, our auction mechanism design in the
previous sections can still preserve the truthfulness
under this model. tu

7 SIMULATION RESULTS

We conduct extensive simulations to evaluate the perfor-
mance of the proposed auction mechanisms. Below we first
introduce the simulation settings and performance metrics,
and discuss the algorithms under comparison. We then
present the results under various settings.
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7.1 Simulation Settings and Metrics

In the simulations, we assume that there is only one seller,
who subleases the usage of three channels in the spectrum
market. The auction period T is six days. The license area of
each candidate spectrum follows the disk model, and the
radius of each license area is randomly selected from 40 to
70 units of distance (where a unit may be a kilometer or any
other chosen measure). All the buyers are randomly distrib-
uted within a fixed area of 100� 100 square units. Our sim-
ulations use the point model as the buyer request model.
For conciseness, we do not include the other buyer request
model, i.e., the area model, because the two models only dif-
fer in the definition of conflict, and they will lead to the
same performance analysis results. We also assume that all
the buyers’ bid values are uniformly, exponentially or
Gaussian distributed in ð0; 1�, and the time duration ti for
each request ri is randomly generated from one to three
days. All simulation results are the average of 50 runs.

We adopt the widely used performance metrics, includ-
ing social efficiency ratio, revenue ratio, and spectrum utili-
zation ratio. The social efficiency ratio of an algorithm is the
ratio of the social efficiency of this algorithm and that of the
optimal solution. The revenue ratio is the ratio of the total
payments from winners and the optimal social efficiency,
which is actually an upper bound of the revenue. The spec-
trum utilization ratio is the ratio of the combined time allo-
cated to all winners and the total time available by all the
channels for allocation.

7.2 Algorithms under Comparison

In the evaluation, we compare the performance of the pro-
posed algorithms, including DCA, MDCA, and CATE, as
well as the best that the existing auction mechanisms can
achieve. Unlike our algorithms that take both spatial and
temporal reuse into account, the previous spectrum auction
mechanisms only consider either spatial reuse or temporal
reuse separately. (Moreover, they are generally designed
for different scenarios and settings.) Hence, we use an opti-
mal spectrum auction algorithm only with spatial reuse and
an optimal spectrum auction algorithm only with temporal
reuse for comparison under our simulation settings. The
two algorithms are named OPT_S and OPT_T, respectively.

OPT_T is the optimal solution of the channel allocation
problem when the buyers can only share a single channel in
temporal domain, which is given by the following IP(5):

max
X
sj2S

X
ri2R0

fiðbiÞxi;j;

subject to X
sj2S

xi;j � 1; 8ri 2 R0

xl
i;j � ci;j; 8sj 2 S; 8ri 2 R0; 8lX

k 6¼i

xl
k;jy

0
i;k;j þ xl

i;j � 1; 8sj 2 S; 8ri 2 R0; 8l

Xdi
l¼ai

xl
i;jt

l
j ¼ tixi;j; 8sj 2 S; 8ri 2 R0

xi;j 2 f0; 1g; 8sj 2 S; 8ri 2 R0

xl
i;j 2 f0; 1g; 8sj 2 S; 8ri 2 R0; 8l:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

Here, y0i;k;j ¼ 1 if requests i and k can share channel j in
temporal domain, and y0i;k;j ¼ 0 otherwise.

Similarly, OPT_S is the optimal solution of the channel
allocation problem when the buyers can only share a single
channel in spatial domain, which is given by IP(6):

max
X
sj2S

X
ri2R0

fiðbiÞxi;j;

subject to X
sj2S

xi;j � 1; 8ri 2 R0

xl
i;j � ci;j; 8sj 2 S; 8ri 2 R0X

k 6¼i

xk;jy
00
i;k;j þ xi;j � 1; 8sj 2 S; 8ri 2 R0

xi;j 2 f0; 1g; 8sj 2 S; 8ri 2 R0:

8>>>>>><
>>>>>>:

Here, y
00
i;k;j ¼ 1 if requests i and k can share channel j in

spatial domain, and y
00
i;k;j ¼ 0 otherwise.

7.3 Performance Analysis on Social Efficiency

We first evaluate the social efficiency performance of the
proposed algorithms DCA, MDCA and CATE. The inter-
ference radius of each channel is set to be 30. For each type

Fig. 3. Social efficiency under uniform distribution.

Fig. 4. Social efficiency under exponential distribution.

Fig. 5. Social efficiency under Gaussian distribution.
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of bid distribution (i.e., uniform, exponential and Gauss-
ian), we record the social efficiency ratio of the three algo-
rithms, with respect to the number of requests, shown in
Figs. 3, 4, 5. As expected, the social efficiency ratios of
DCA and MDCA are better than that of CATE. This is
because DCA and MDCA always result in a solution
whose value is larger than 1� 1=e times of the optimal
one, while the solution of CATE does not have such a per-
formance guarantee. The simulation results of all three
algorithms are much better than the theoretical bound we
have derived in the previous sections. Even the result of
CATE is larger than 70 percent of the optimal solution.

From Figs. 3, 4, 5, we can also see that the social efficiency
ratio decreases slightly as we increase the number of
requests. When there are only a few requests, most requests
can be allocated in channels without conflict, and in this
case the three algorithms perform almost as well as the opti-
mal auction mechanism. However, as the number of
requests increases, the competition among the requests also
increases and the performance of DCA, MDCA and CATE
decreases gradually.

Next, we compare the social efficiency performance of
the DCA algorithm with OPT_S and OPT_T. In this evalua-
tion, the uniform bid distribution is adopted, and the

interference radius is selected from 12 to 15. Fig. 6 plots the
social efficiency ratio of DCA, OPT_S, and OPT_T, which
shows that the performance of DCA is much better than
OPT_S and OPT_T. It means that not only can DCA increase
the channel utilization, but also it can improve the social
efficiency. Moreover, Fig. 6 shows that the improvement of
DCA over OPT_S and OPT_T widens with more requests.

7.4 Performance Analysis on Revenue

Next we evaluate the revenue performance of the pro-
posed algorithms, including MDCA and CATE. Here, we
ignore the DCA algorithm. This is because we cannot
prove that DCA is bid monotone, and we cannot compute
the critical payment for each winner either. The revenue
ratio results of MDCA and CATE are shown in Figs. 7, 8
and 9. We can see that the revenue ratio of the seller
increases along with the number of requests, when the res-
ervation price stays the same. That is because the payment
of each winner in our auction mechanisms is a critical
value, which becomes larger along with an increasing level
of competition among requests.

Fig. 9. Revenue ratio under gaussian distribution.

Fig. 8. Revenue ratio under exponential distribution.

Fig. 7. Revenue ratio under uniform distribution.

Fig. 6. Social efficiency ratio comparison.

Fig. 10. Spectrum utilization ratio.

Fig. 11. Run time comparison over different mechanisms.
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7.5 Other Performance Analysis

Finally, we study the spectrum utilization efficiencies of
DCA, OPT_S and OPT_T. As shown in Fig. 10, the spectrum
utilization efficiencies of the proposed algorithms are much
better than OPT_S and OPT_T, which allow spectrum reuse
in either spatial or temporal domain. In addition, the spec-
trum utilization ratios of OPT_S and OPT_T become flat
when the number of requests is larger than 70. In compari-
son, the spectrum utilization ratio of DCA keeps increasing
along with the number of requests. This indicates that when
the request number reaches a high level, they can still be sat-
isfied by DCA with the consideration of both spatial and
temporal reuses at the same time.

We also test the computation overhead of our proposed
algorithms. The hardware/software platform is a laptop
with Intel(R) Core(TM) i5 2.4 GHz, 4.0 GB RAM and Windows
7 64-bit. Note that the optimal channel allocation problem
in our model is an NP hard problem. For the purpose of
comparison, we implement the optimal channel allocation
scheme, denoted by OPT; when there are 15 requests, the
running time of OPT is about 2;652 s. The running times of
DCA, MDCA and CATE are shown in Fig. 11. DCA only
needs about 348 s, even when there are 200 requests, which
is much less than OPT. The upper bound of the running
time of MDCA is 2MN times of the running time of DCA,
where M is the number of channels and N is the number of
requests. However, the actual running time of MDCA is
3;132 s, when there are 200 requests, which is much less
than what the upper bound suggests. We have claimed that
CATE is more efficient than MDCA in our theoretical anal-
ysis. This is because CATE is proved to be a polynomial
time algorithm, whereas the running time of MDCA mainly
depends on the ratio of the max bid among requests to the
step size of bids in the process of payment calculation,
which is not theoretically polynomial. In our simulation,
we set all the buyers’ bid values to be distributed in (0, 1],
and set the step size of bids to be 0:000001. As shown in
Fig. 11, the simulation results corroborate our theoretical
analysis. If the ratio of the max bid among requests to the
step size of bids is large enough, CATE will perform much
better than MDCA.

8 LITERATURE REVIEWS

Auction theory, regarded as a subfield of economics and
game theory, serves as an efficient and fair way to distribute
scarce resources among competing users. In recent years,
various auction models have been successfully designed in
the communication and networking field [16], [27], [36],
[37]. For instance, Yang et al. proposed TASC [36], a double
auction scheme for the cooperative communication sce-
nario. A similar work for cooperative communications was
proposed to maximize each user’s profit function with the
knowledge of others’ previous bids [16].

There are also many state-of-the-art auction mechanisms
that have been extensively studied in the scope of spec-
trum allocation [10], [15], [24]. They mainly cope with
the dynamic spectrum access problem from various per-
spectives by using different optimization goals, such as
maximizing the total profit or minimizing the spectrum
interference.

Truthfulness (or strategyproofness) is considered as one
of the most critical factors in the design of auction mecha-
nism. Although a large number of auction mechanisms have
been designed to achieve economical robustness (e.g. [2], [7],
[20], [25]), when these mechanisms are directly applied to
spectrum auctions, they will lose the truthful property, due
to some constraints, such as spatial and temporal reuse of
spectrum. Meanwhile, some well-known auction mecha-
nisms (such as VCG [5], [12], [25]) will also lose truthfulness
when applied to suboptimal algorithms. Therefore, these
auctionmechanisms are not suitable for spectrum auction.

In recent years, some studies investigate the truthful auc-
tion model with spectrum spatial reuse [9], [11], [13], [17],
[28], [29], [30], [38], [39], [40], [41]. They do not consider the
temporal demands from buyers. Truthfulness is first intro-
duced in [39] for spectrum auction, where the spatial reuse
is considered. Maximizing the revenue for auctioneers are
studied in [1] and [17]. A combinatorial auction model for
the heterogeneous channel redistribution is proposed in
[38], achieving both strategy-proofness and approximately
efficient social welfare. Trade-off between fairness and max-
imizing social welfare is investigated in [11] with a truthful
spectrum auction model. Zhou and Zheng [40] first takes
the extended McAfee double auction model into spectrum
allocation to achieve the economic robustness.

On the other hand, spectrum is a local resource. It is
usually traded within its license region through a sec-
ondary market. Thus, District mechanism [28] first takes
the spectrum locality into consideration and proposes an
economically robust double auction method. Feng et al.
[9] proposes a truthful double auction model for hetero-
geneous spectrum trading with the consideration of
spectrum reusability and spectrum locality. As another
line of spectrum reuse, [6], [26], [32], [33], [34], [35] study
the spectrum allocation with an online model. The tem-
poral reuse is adopted in these online-model studies. In
addition, Xu et al. [34] propose SALSA for online spec-
trum admission, which can achieve a constant approxi-
mation compared to the offline VCG auction in both
social efficiency and revenue efficiency. A truthful online
double spectrum auction mechanism TODA is presented
by Wang et al. [26] to achieve economic-robustness.

However, the combination of spectrum locality and tem-
poral reuse has not been considered in these previous stud-
ies. Although Dong et al. [8] tackles spectrum auction by
introducing a combinatorial auction model, which achieves
time-frequency flexibility, they do not consider spatial reuse
and spectrum locality property in their work. In compari-
son, this paper generalizes all of the above challenges in the
auction design.

9 CONCLUSION

In this paper, we have studied the problem of spectrum auc-
tion where channels can be reused both spatially and tem-
porally. We have designed a general truthful spectrum
auction framework which can maximize social efficiency or
revenue. While the optimal channel allocation is NP-hard
under our model, we have developed a series of near-
optimal spectrum auction mechanisms with ð1� 1=eÞ per-
formance guarantee.
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Some interesting questions are left for future research.
First, we plan to relax the request model from fixed time
intervals studied in this paper to a more general one by
allowing the time duration ti to be smaller than the differ-
ence between the beginning time ai and the ending time di
of each request. Second, we plan to further allow each
request to have multiple time intervals. Third, we plan to
design truthful mechanisms with good performance guar-
antee for online auctions, where requests are processed as
they arrive.
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