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Abstract

Image registration is a very important problem in
computer vision with applications to several fields e.g.,
medical imaging, computer graphics etc. Estimating
the registration between two image data sets is for-
mulated as a motion estimation problem. We use an
optical flow motion model that allows for both global as
well as local motion between the data sets. In this hier-
archical motion model, we represent the flow field with
a B-spline basis which implicitly incorporates smooth-
ness constraints on the field. In computing the motion,
we minimize the expectation of the squared differences
(SD) energy function numerically via a modified New-
ton iteration scheme. The main idea in the modified
Newton method is that we precompute the Hessian of
the energy function at the optimum without explicitly
knowing the optimum. This idea is used for both global
and local motion estimation in the hierarchical motion
model. We present examples of motion estimation on
public domain synthetic data sequences, real medical
image data and compare the performance of our algo-
rithm with competing ones.

1 Introduction

Image registration is a very common and impor-
tant problem in diverse fields such as medical imaging,
computer vision, art, entertainment etc. The prob-
lem of registering two images, be they 2D or 3D, is
equivalent to estimating the motion between them.
There are numerous motion estimation algorithms in
the computer vision literature [1, 3, 8, 10, 12] that
could potentially be applied to the problem of regis-
tration of volume images specifically, MR brain scans
which is the topic of focus in this paper. We draw
upon this large body of literature of motion estima-
tion techniques for problem formulation but develop
a new numerical algorithm for robustly and efficiently
computing the motion parameters. Among the mo-
tion estimation schemes, the most general of them all

is the optical flow formulation. We therefore treat
the problem of registering two images as equivalent to
computing the flow between the data sets. There are
numerous techniques for computing the optical flow
from a pair of images [3, 8, 10, 12]. We chose the
motion model introduced in Anandan et. al., [4] be-
cause of its ability to cope with global as well as local
motions between the data sets. Thus, in this image
framework, registration between two image data sets
can be modeled either by a global or a local motion.
In the former case, the assumption is that the entire
image undergoes the same transformation while in the
later case, the two data sets can differ by complex mo-
tions/transformations that are nonparametric.

A large body of literature exists on registration
methods for medical image data. Most of these need
to detect features/surface/contours in the images and
hence the accuracy of registration is dictated by the
accuracy of the feature detector. Also, additional com-
putational time is needed in detecting these features
prior to application of the actual registration scheme.
In this paper, we propose a registration method that is
reliable and fast and is applicable directly to the raw
data.

Some approaches in the recent past have used
the direct approach i.e., determining the registration
transformation directly from the image data. One
such approach is based on the concept of maximiz-
ing mutual information reported in Wells [6]. Mutual
information between the model and the image that are
to be registered is maximized using a stochastic analog
of the gradient descent method. Reported registration
experiments are quite impressive for the case of rigid
motion. This formulation dealt with globally param-
eterized motion. There was no provision for handling
local (non-parametric) and multiple motions.

In our approach, we use the motion model — pre-
sented in [12] — to compute the registration. This
model consists of globally parameterized motion flow



models at one end of the “spectrum”and a local mo-
tion flow model at the other end. The global mo-
tion model is defined by associating a single global
motion model with each patch of a recursively subdi-
vided input image. The flow field corresponding to
the displacement at each pixel/voxel is represented
by a B-spline basis. Using this spline based repre-
sentation of the flow field (u;,v;) in the popular sum
of squared differences error term i.e., Essq(us,v;) =
SoilL (@i +ui, yi +vi) — I (24, 9:)]?, the unknown flow
field may be estimated at each pixel/voxel via numer-
ical iterative minimization of Ezq. I> and I; denote
the target and initial reference images respectively. In
the local flow model, the flow field is not parameter-
ized.

In this paper, our main contributions are: (a) A
new formulation of the global/local flow field compu-
tation model based on the idea of precomputing the
Hessian at the optimum prior to knowing the opti-
mum, (b) Development of a new and robust numeri-
cal solution technique based on precomputation of the
Hessian matrix in a modified Newton iteration wherein
the computation of the Hessian and gradients use a
spline-basis representation of the (u,v) field. (c) A
novel application namely, a 3D flow-based MRI data
registration.

The rest of the paper is organized as follows,
in section 2, we describe the global/local flow
field motion model briefly. Section 3 contains
the new formulation of the flow field model de-
scribing the use of precomputed Hessian and the
numerical algorithm used for computing the mo-
tion/registration. In section 4, we present several
examples of implementation results on standard syn-
thetic data available on the computer vision home-
page (http://www.cs.cmu.edu/¢il/vision.html). We
also present results of estimated motion on synthe-
sized motion applied to real brain MRI data as well
as results of registering two 3D MR brain scans of the
same individual. Section 5 contains the conclusions.

2 local/global Motion Model

Optical flow computation has been a very active
area of research in the field of computer vision for the
last fifteen plus years. This model of motion compu-
tation is very general especially when set in a hierar-
chical framework. In this framework, at one extreme,
each pixel/voxel is assumed to undergo an indepen-
dent displacement. This is considered as a local mo-
tion model. At the other extreme, we have global mo-
tion wherein the flow field model is expressed paramet-
rically by a small set of parameters e.g., rigid motion,
affine motion etc.

A general formulation of the image registration can
be posed as follows: Given a pair of images (possi-
bly from a sequence) I; and I, we assume that Iy
was formed by locally displacing the reference im-
age I as given by L(z + u,y + v) = I1(z,y) The
problem is to recover the displacement field (u,v)
for which the maximum likelihood solution is ob-
tained by minimizing the error given by Essq(us,v;) =
Yil(wi fugyi+vi) — I (x,-,yi)Z. This formula is
popularly known as the sum of squared differences
formula. In this paper, we use a slightly different
error measure from the one described above. Given
two gray level images I (z,y) and Iy(z,y), where I
is the model, I, is the target, to compute an esti-
mate T = (11,01, ..., %Un, V)T of the true flow field
T = (u1,V1, .y Un,v,) T, the motion is modeled by:

In(X3,T) = I (z; + iz, yi + ;) 1)

and the expectation E of the squared difference Eyq is

chosen to be the error criterion J{Es4(T)}:
H{Ea(T)} = B(In(X:, T) — L(X))*. (2)

We represent the displacement fields u(z,y) and
v(z,y) by B-splines with a small number of control
points 4y and 0y, as in Szeliski [12]. The displacement
at a pixel location 4 is given by

w@ny) = D dgwik = Y axBi(wi, i)
P P

o(@i,yi) = Y Owik = Y 0xBi(ziyi)  (3)
P P

where the By (z;,y;) are the basis functions with finite
support. In our implementation, we have used bilinear
bases and assumed that the spline control grid is a
sub-sampled version of the image pixel grid.

In the following, we describe the 2D /3D global flow
models of motion in the above framework. We will
then discuss the numerical optimization of the error
term to determine the motion parameters in each of
the motion models discussed.

2.1 2D Global Flow

When a global motion model is used to model the
motion between I; and I, it is possible to parameter-
ize the flow by a small set of parameters describing the
motion for e.g., rigid, affine, quadratic and other types
of transformations. The affine flow model is defined
in the following manner,

e = le R e



where, the parameters T = (to,...,t5)7 are called
global motion parameters. To compute an estimate
of the global motion, we first define the spline control
vertices dj= (uj,v;)” in terms of the global motion

parameters:
s 2 y; 1 0 0 0 _ Z;
=10 004 g 1)ty
= T;T-X;. (5)

and then define the flow at each pixel by interpolation
using our spline representation. The error criterion
J{E;s4(T)} becomes:

J{Esd(T)} =

E{(L(X; + wa (T;T — X;)) — L(X3))*}

Extending from 2D affine flow to 3D affine flow is
quite straightforward. There are twelve motion pa-
rameters collected into a vector T = (%, ...,t11)?, and
the control points in terms of the motion parameters
are defined as:d; = T; T — X;.

3 Numerical Solution

We now describe a novel adaptation of an elegant
numerical method by Burkardt and Diehl [7] which
is a modification of the standard Newton method for
solving a system of nonlinear equations. The modifi-
cation involves precomputation of the Hessian matrix
at the optimum without starting the iterative mini-
mization process. Our adaptation of this idea to the
framework of optical flow computation with spline-
based flow field representations is new and involves
nontrivial derivations of the gradient vectors and Hes-
sian matrices.

We present the modified Newton method based on
the work of [7] to minimize the error term J{E;q(T)}.
In the following, we will essentially adopt the notation
from [7] to derive the modified Newton iteration and
develop new notation as necessary. The primary struc-
ture of the algorithm is given in the following iteration
formula

Th+t = Pk _ YT = T = T)g(T*).  (6)

Where, H is the Hessian matrix and g is the gradient
vector. Unlike in a typical Newton iteration, in the
above equation, the Hessian is always computed at the
optimum T = T* = T instead of the iteration point
T*. So, one of the key problems is, how to calculate
the Hessian at the optimum prior to beginning the
iteration i.e., without actually knowing the optimum.

Let the vector X denote the coordinates in any
image and h : X — X' a transformation from X
to another set of coordinates X', characterized by
a set of parameters collected into a vector T i.e.,
X' =h(X,T). The parameter vector T can represent
any of rigid, affine, shearing, projective etc. transfor-
mations. Normally the Hessian at the optimum will
explicitly depend on the optimum motion vector and
hence can not be computed directly. However, a clever
technique was introduced in [7], involving a moving
coordinate system {X*} and an intermediate motion
vector T to develop the formulas for precomputing
the Hessian. This intermediate motion vector gives
the relationship between {X*} of iteration step k and
{X*+1} of iteration step k + 1:

X* = nx,T" (7)
XM= (X8 THY) = h(W(X,TF), T
h(X,T*H) ®)

The Hessian at the optimum is given by:
0=

) E{ (6h(X, T))T611 (xX) (azl (X)>T6‘h(X, T)}

oT 0X 0X oT

(9)

Whereas, the gradient vector with respect to T is

given by:
T
Tk+1:0)

(10)

oo ((%0) (5) (o)

where e = I, (X, T*) — I,(X).
Thus the modified Newton algorithm consists of the
following iteration:

Th = —F1G(T") (1)
and the estimate at step k+1 is given by:
TR = f(T, TH) (12)

Where, f is a function that depends on the type of mo-
tion model used. One of the advantages of the modi-
fied Newton method is an increase in the size of the re-
gion of convergence. Note that normally, the Newton
method requires that the initial guess for starting the
iteration be reasonably close to the optimum. How-
ever, in all our experiments — described subsequently —

T=



with the modified Newton scheme described here, we
always used the zero vector as the initial guess for the
motion vector to start the iterations. For more details
on the convergence behavior of this method, we refer
the reader to [7].

In the following sections, we describe a reliable way
of pre-computing the Hessian matrix and the gradient
vector at the optimum for the local motion model and
refer the reader to [5] for further details.

3.1 H & g for 2D Local Flow

Let Xj, (j =1,2,...,n) be the control points. Then
the flow vector T is (i, 01, ..., U, ﬁn)T. Actually, local
flow is equivalent to pure translation at each pixel and
hence, the Hessian at the optimum is only related to
the derivatives with respect to the original coordinates
and does not depend on the flow vector. Therefore,
it can be calculated without introducing T' as shown
below.

0 0 7]

0
L = — — Wy, — —
et O (wlam’wlay’ w"@x’wnay)

(13)

The Hessian at the optimum is then given by:

Hy = Hyj = 2B{0: (X)L (X)) (14)

Whereas the gradient vector is,

§(T*) = 2E {(Im — L)NTM-T GIS;X) } (15)

Where, the matrices M and N are given by

k+1
N = ("”(_)
aTk+

Fr+1=0
_ w 0 ... w, O
- [ 0 wi ... 0 w, ] (17)

respectively. We can now substitute equations 14 and
15 into equation 11 yielding 7%*+! which upon substi-
tution into equation 12 results in 7%t!. Hence, the
numerical iterative formula 12 used in computing the
local motion becomes:

THY =Tk — A=15(TF) (18)

The size of H is determined by how many control
points are used in representing the flow field (u,v). For

3D problems, H is (3n x 3n) where n is the number
of control points. For such large problems, numeri-
cal iterative solvers are quite attractive and we use
a preconditioned conjugate gradient (PCQG) algorithm
[10, 12] to solve the linear system H '§(T*). The
specific preconditioning we use in our implementation
of the local flow is a simple diagonal Hessian precon-
ditioning. More sophisticated Preconditioners can be
used in place of this simple preconditioner [10].

4 TImplementation Results

We tested our algorithm with the various types of
motions discussed in earlier sections. Our test data
consisted of publicly available synthetic/real image se-
quences used by most in the optical flow community.
In addition, we also present applications of our algo-
rithm in registration of medical image data. The med-
ical data are a slice of an MR brain scan for the 2D
case and the entire scan for the 3D case. To measure
the accuracy of the registration, we used the relative
error between the optimum motion vector and com-
puted motion vector defined using the vector 2-norm.
Let the optimum motion vector be denoted by T,p,
and the computed motion vector be 7', then the error
||T_T0pt||2

([ Top:l,
in our motion experiments — on medical images — to

quantify the accuracy of the registration. This mea-
sure is more meaningful than the average angle error
between computed and true flow vectors used in Bar-
ron et al., [3]. In addition, it can be used for global as
well as local flow models of motion. For non-medical
data, we used standard synthetic data made publicly
available by Barron et. al [3]. When testing with non-
medical data, to facilitate comparison with competing
methods, we used the error measure proposed in [3].

is defined as error = . This measure is used

4.1 Experiments on Non-medical Data

In this subsection we compare — using the angle
error measure in [3] — the performance of our algo-
rithm with competing optical flow estimators in liter-
ature [2, 4, 9, 10, 12]. The comparison was done on
methods that have reported 100% flow density esti-
mates. In the comparison, we have included some of
the robust statistics based schemes that have reported
results on flow estimates for the chosen images. We
perform the comparison via experiments on standard
2D image data made available on the web by Barron
et al. [3]. The following tables summarize our results
of (100%) flow field computation on the translating
tree, diverging tree and the Yosemite image sequences.
The tables depict the average/mean and standard de-
viation (S.D.) of the error in computed flow. In all the
examples, as is evident, our scheme outperforms the



Technique Translating Diverging Toia Mation Error from
Tree Tree T SZ [12] | Burk. [7] | Ours
mean | S.D. mean [ S.D. (1.1,0.0,0.0,0.0,1.1,0.0) | 1.02% 0.60% | 0.68%
B&A [4] | 0.481° | 0.481° | 3.484° | 3.891° (1.5,0.0,0.0,0.0,1.5,0.0) | 3.11% | 1954% | 1.16%
Sim [11] || 0.365° | 0.233° | 3.621° | 3.075° (2.5,0.0,0.0,0.0,2.5,0.0) | diverge | 1.45% | 1.34%
Szeliski [12] || 0.35° | 0.34° | 0.78° % | 0.47° (0.8,0.0,0.0,0.0,0.8,0.0) | 26.32% | 0.75% | 0.88%
Lai [10] 0.30° | 0.27° | 1.32° | 1.04° (0.6,0.0,0.0,0.0,0.6,0.0) | diverge | diverge | 4.25%
[ Ours ] 020° | 0.10° [ 0.77° | 0.35° | (1.13,-041,2,041,1.13,4) | 069% | 0.25% | 0.27%
(1.50,-0.39,2,0.39,1.454) | 1.11% | 16.58% | 0.54%

Table 1: 2D Local motion tests on translating & di-
verging tree images. The double star indicates a time
sampling rate of four.

| Technique | mean | S.D. |

B&A [4] [ 4.46° [ 4.21°
A&S[2] | 3.17° | 6.46°
Szeliski [12] || 2.45° | 3.05°
Ju [9 2.16° | 2.00°
Lai [10] 1.97° | 1.38°

| Ours ] 1.83° | 1.85° |

Table 2: 2D Local motion test on the Yosemite se-
quence.

competing methods.

The above errors were computed for two consecu-
tive image frames and 100% flow density. Results for
this Yosemite image sequence were obtained by com-
puting the flow on a cropped image consisting of the
lower 176 rows of image.

4.2 Experiments on Medical 2D /3D Data

The first experiment involved testing for the global
2D affine motion model. An arbitrary slice of a 3D
MR brain scan was selected and a known affine mo-
tion was applied to it in order to generate the second
data set. These two images were used in testing the
affine motion model. The table 3 summarizes the true
and computed motion for different affine motions. The
computed motion results are shown for three differ-
ent methods namely, the Lavenberg-Marquardt (LM)
method used in Szeliski and Coughlan [12] for mini-
mization of the SSD error and the modified Newton
method of Burkhardt [7] for minimizing the expecta-
tion of the squared difference error and our method.
This experimental study involved comparing the per-
formance of our algorithm with the performance of our
implementation of the published algorithms in Szeliski

Table 3: Comparison of computed motion using the
LM, Burkhardt’s and our method for the affine motion
model

et al., [12] and Burkhardt [7]. Our implementation
of the algorithm in [12] was able to reproduce their
published results of estimated motion for public do-
main image data thereby lending credence to our im-
plementation. The motion used in the testing included
large expansive and contractive scaling as well as ro-
tation and translations. Although Burkhardt’s algo-
rithm depicts better accuracy in some of the tests, we
observe that it lacks consistent performance in accu-
racy. When an algorithm yielded over 100% relative
error between the optimal motion vector and the com-
puted motion vector after reaching a maximum itera-
tion count, it was deemed to have diverged. Note that
our method is quite reliable compared to the other two
methods and is able handle large scaling fairly accu-
rately. Our algorithm takes 13.0 seconds of CPU time
on an Ultrasparc-1 to achieve the registration for the
affine motion shown in the last row of the table 3. The
number of control points and the number of patches
used in our algorithm for this experiment are 25 and
16 respectively.

Finally, we applied our algorithm in 3D to reg-
ister two MR brain scans of the same individual.
These two data sets were of size (256,256,122) and
(256,256, 124), respectively. We applied our algorithm
to the raw 3D data, computed the motion using 125
control points in the (u,v,w) representation,and then
applied the inverse of the computed transformation to
the second data set. For visualization purposes, we
extracted the heads from the first and transformed
second data sets and superimposed them as shown in
the figure 1. The registration shown involves an appli-
cation of the computed global affine flow followed by
a refinement with local affine flow and appears to be
visually quite accurate. The evident misregistration
could be attributed to the error in the head extrac-



(2) (b)

Figure 1: Experimental results for 3D real data, (a)
superposed images before registration (b) after regis-
tration.

tion process. Our global flow computation algorithm
takes 10 mins. CPU time — on a SUN Enterprise (us-
ing only one 250Mhz processor) to register two MR
brain scans of size (256, 256,122) each.

5 Conclusion

In this paper, we presented a new image registration
algorithm that is reliable and efficient. The algorithm
is well suited for registering data from the same modal-
ity but is not applicable in its current form for data
from disparate modalities. The algorithm has several
strengths namely, it can be applied directly to raw im-
age data, it is very stable, can cope with large motions
including scaling and is computationally efficient. The
algorithm has the capability to handle global as well
as local motions and proceeds to first globally register
the data sets and then refines the registration locally
if necessary. The effectiveness of the registration was
measured quantitatively and the percentage error in
registration achieved by using our algorithm was com-
pared with competing methods. Flow estimates ob-
tained using our algorithm on several public domain
synthetic (2D) image sequences was compared with
competing methods and found to be more accurate.
Promising registration performance was also demon-
strated on 3D volumetric image data specifically, MR
brain scans. Our future efforts will be focussed on
developing computationally efficient methods for reg-
istering data sets from disparate sensors e.g., MR and
PET etc.
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