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mutiprocessor are considered. These are evaluated experimentally. A comparison with using
Dijkstra's single source al desitination algorithm on each processor is also done.
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Abstract

Two plausible ways to implement Floyd's all pairs shortest paths
agorithm on a hypercube mutiprocessor are considered. These
are evaluated experimentally. A comparison with using
Dijkstra s single source al desitination algorithm on each pro-
cessor is also done.

1 Introduction

Shortest path problems are amongst the most fundamental
problems encountered in the study of transportation and com-
munication networks. An annotated bibliography and taxonomy
of related problems and uniprocessor algorithms appearsin [4].
The single source all destinations and the all pairs shortest path
problem are, perhaps, the most common forms of the shortest
path problem. Ineach, the input is a directed graph
G=(V,E),M=n, [E=e. Alength L(i,j), isassociated with each
edge inthe graph. Inthe single source problem oneisrequired
to find a shortest path from a single vertex i to each of the
remaining n—1 vertices V-{i}. Intheall pairs problem oneis
required to find a shortest path between each pair (i, j), i#j of ver-
tices. Clearly, the al pairs problem may be solved by n applica-
tions of the solution to the single source problem. However, the
fastest uniprocessor algorithms for the all pairs problem do not
work in thisway.

There have been many theoretical studies and devel op-
ments of parallel agorithms for these two versions of the shor-
test path problem. Asin the case of uniprocessor algorithms,
these studies have often explicitly dealt with the problem of
determining only the length of the shortest paths. A minor
modification to these algorithms makes it possible to construct
the actual shortest paths. [11] and [2] devel og) O(log?n) algo-
rithmsfor the al pairs problem. Both use I—cr:g_n Processors.
While the algorithm of Savage [11] uses the concurrent read and
concurrent write (CRCW) shared memory model, Dekel, Nas-
simi, and Sahni [2] assume a hypercube or perfect shuffle com-
puter with each processor having its own local memory. Paige
and Kruskal [9] have paralelized the Dijkstra and Ford single
source algorithm under both CRCW, and EREW (exclusive read
and exclusive write) models. For the CRCW model, for exam-
ple, they obtain an O(n) implemntation of both algorithms when
O(n) processors are avaliable. Frieze and Ruldolph [5] have
developed an O(loglogn) expected parallel time n? processor
agorithm for random graphs using the CRCW model.

Chen [1] and Lakhani [8] have developed distributed ver-
sions of the Ford-Moore-Bellman all pairs algorithm. The algo-
rithm developed by Chen runsin O(n?d) time and use n proces-
sors (d is the degree of the graph). The CRCW model is
assumed. Lakhani’sagorithm runsin O(n(n + log,d)) time and
uses a pipelined systolic n processor computer.

While there have been many theoretical studies of shortest
path algorithms, very little experimental work on this problem
has been conducted. This has been largely due to the nonavaila-
bility of parallel multiprocessors. [3] and [10] are two notable
exceptions. Both report on experiences with parallel shortest



path algorithms on the Denel cor HEP (heterogeneous element
processor). Thisisashared memory MIMD multiprocessor
computer. For the single source problem, the Pape D’ Esopo ver-
sion of Moore s algorithm was used and for the all pairs prob-
lem, Floyd's algorithm was used.

In this paper, we consider paralel solutions to the all pairs
problem only. Aswith other studies, our development considers
finding only the length of the shortest paths. We are interested
in solving the all pairs problems on an MIMD hypercube in
which each processor has local memory. Specifically, our exper-
imentation is done on an NCUBE/7 hypercube. A block
diagram of this computer isshowninFig 1.1
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Figure 1.1 Block diagram of the NCUBE hypercube

A detailed description of the architecture of the NCUBE
hypercube appearsin [6]. Thisisan MIMD computer. Each
hypercube processor is a custom 32 bit, 2 MIPS, 500,000
FLOPS processor. The local memory for each hypercube pro-
cessor iseither 128 K or 512 K bytes. In the configuration avali-
able to us, each processor has 128 K bytes of local memory. The
high level language support currently includes FORTRAN and
C. Both have been extended to alow for communication
between the host and the hypercube and among the hypercube
processors.

When designing a parallel algorithm for a shared memory
machine such as the HEP, one focus on the creation of multiple
processes that avoid memory access coflicts. Inthe case of a
computer such as the hypercube the focus is on partitioning the
data so as to reduce the time spent in inter processor communi-
cation. We consider two methods of partitioning the data for the
al pairs problem. These are called: by stripes and by rectangles.
These two methods are evaluated experimentally and are also
compared with the alternative of running a single source sequen-
tial algorithm on each of the hypercube processors.



2 Floyd’'sAll Pairs Algorithm

Floyd's all pairs algorithm (see[3] for e.g.) isgivenin Fig
2.1. HereL[i,j] isinitialy the length of the directed edge from
<i,j> (if present); itiszero if i =j; and « otherwise. Upon termi-
nation, L[i,j] isthe length of a shortest path fromitoj. The
correctness of thisalgorithm is easily established for graphs that
contains no negative cycle. On each iteration of the outermost
for loop anew version of the matrix iscomputed. Let L9 bethe
version completed whenk = g,i <q<n. Let L betheinitia ver-
sionof L. It may be verified ([7] that the results are unaffected if
we replace the fourth line by

L[ij]:=min{ LK T LHILKD + LM kG D)

for k=1tondo
for i:=1tondo
for j;:=1tondo
L[i,j] := min{ L[i,j], L[i,K] + L[kj]}

Figure2.1 Floyd'sall pairs shortest path algorithm

This observation isimportant when developing a parallel
version of the algorithm for a multiprocessor with local memory.

3 Parallel All Pairs Algorithm

In the parallel version of Floyd's algorithm, the L matrix is
partitioned and each partition assigned to one of the hypercube
processors. For each value of k, (cf. Fig 2.1) each processor
computes the L (or L) values for its partition of L. For this, it
needs the corresponding segments of the row L¥[i,k] and the
column L¥1[k,j]. Hence on a multiprocessor with local memory
the parallel version of Floyd's algorithm takes the form given in
Fig3.1

3.1 Data Partitioning and Assignment to Processor s

We consider two ways to partition L: stripes and rectan-
gles. Figure 3.2 shows how L may be partitioned into stripes and
rectangles. Inthe case of partitioning into stripes, each partition

consists of — conti guous columns of L(p is the number of pro-

cessor in the hypercube; we asssumenisdivisible by p). Figure
3.2 corresponds to the case of p = 16. The number within a
stripe is the processor to which the stripe is assigned. The
arrows from stripe 0 identify the stripe assigned to the hypercube
neighbors of stripe/processor 0 (note that processors 1 (0001), 2
(0010), 4 (0100), and 8 (1000) are the four hypercube neighbors
of processor 0 (0000)).

When stripes partitioning is used, each processor always
has the segment of L*"*[k,* ] it needs for the computation of L¥ .
Hence step 3 of Figure 3.1 is null and may be eliminated. How-
ever, exactly one processor will contain the entire column
L*1[* k] needed to compute L* . This column may be



Host:
Stepl : Send each processor the L values for its
partition.
Step2 Wait until al final L segments are

received from the processors.

Multipr ocessor nodes

Stepl : Receive initial L values. Repeat step 2
through step 5 fork:=1ton

Step2 If this processor has a segment of
L*1[* k] then transmit it to all processors
that need it

Step3 : If this processor has a segment of
L*[k,* ] then transmit it to all processors
that need it

Stepd Wait until the needed sements of
L*1[* k] and L*?%[k*] have been
received

Step5 : Compute  LJi,j] = min

{L*0,) 1, LY,k ]+ L% 2k, j 13 for al i,
in this processor partition;
{end of repeat}

Step6 : Transmit final L partition to host

Figure 3.1 Multiprocessor Floyd's algorithm

transmitted to the remaining processors in log,p transmission
steps using the standard binary tree transmission scheme for
hypercubes (for example, assume processor 0 (0000) has column
kinitially. It first transmits this column to its neighbor proces-
sor, processor 8 (1000). Next processors 0 and 8 transmit the
column to their neighbor along the second most significant
address hit (i.e. processor 4 (0110) and processor 12 (1100) .
Next the four processors 0, 4, 8, and 12 transmit the column to
their neighbors along the third most significant bit (i.e. to proces-
sors 2 (0010), 6 (0110), 10 (1010), and 14 (1110). For p=16, the
final transmission isto neighbors along the fourth significant bit
which isalso the least significant bit.). Since "writes' on the
NCUBE are nonblocking, processor 0 can begin its transmission
to processor 4 before processor 8 has received the transmission.
Our implementation incorporates this feature.

Thetimeto transfer a packet of data between two hyper-
cube neighborsisgiven by :

Tpo + NT

where T, is aconstant that denotes the time required to open the
channel between the two processors; nis the packet length; and
T, isthe timeto transfer a unit packet. When partitioning into



Figure 3.2 Partitioning into stripes and processor mapping

stripes is done, the time spent on inter processors data transfer is
T,5pes = N(Tpo+NTp)logyp

In practice, the time may be slightly larger as a processor may
still be computing its L¥™* values from a previous iteration when
the column for the next iteration isreceived. Thiswill introduce
adelay.

When partitioning into rectangles, each partition isa

n rectangle where p = 29 (recall that the number of

oldr2 e |'d/2'|
processors in a hypercube is alway apower of 2). Whendis
even the rectangles are actually sguares. Figure 3.3 showsthe
partitioning and processor assignment for the case p = 2* = 16,
while Figure 3.4 shows these for the case p = 22 = 8. Once
again, the arrows emanating from processor O points to this
processor’'s hypercube neighbors.

Both step 3 and step 4 of Figure 3.1 are required when par-

titioning into rectangles is done (except for the case p = 1 when
neither step is needed and p = 2 when we just get two stripes).

The column packets bei ng transmitted are ——— o d B units long and

the row packets are ——- unitslong. All the column packets

[dlz]
can be transmitted in [d/2] transmission steps using the tree
scheme outlined earlier. The row packets can be transmitted in
an additional |d/2] transmittals. The NCUBE architecture
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Figure 3.3. Partitioning into rectangles and processor mapping

supports the simultaneous transmittal of row and column packets
aong different channels. Using this capability we may overlap
steps 3 and 4 of Figure 3.1 n

For the case whend is g

rectangle — ~wa
To559¢ =

T,84P=> T iff n (4

>From this, we

>T

for all n( unless T,, = 0in which case the two are equal; again
recall thisistrueonly ifa=2. Ifp<4thenp=1o0orp= 2. Inthe
former case, both Tp’sare zero asthere isno inter processor
data transmission. Inthe latter case, d isodd and the formula



Figure 3.4. Rectangle partition and Data Transfermations for 8
processors

does not apply ( aso, when p=2 the rectangle and stripes parti-
tions are the same).

Our analysis shows that Ty will generaly be less for the
rectangles method. Thisisexpected even whenp=4asa is
expected to be smaller than 2. The comparison between the two
Tp'sis significant because the host to hypercube and hypercube
to host data transfer times are the same for both partitioning
methods. Further, the time spent by each processor in comput-
ing the L values for its partition is the same for all processors.

4 Using A Single Source Algorithm
The inter processor data transfer time may be reduced to
zero by using a single source algorithm on each of the p proces-

sors of the hypercube. In this case, each processor is assigned %

of the graph vertices. The single source agorithmis run once
using each of these as a source vertex . |.e. each vertex essen-

tially computes % rows of the final L matrix. If the single source

, , . Ta .
algorithm on a uniprocessor ranin < TA time (where T, isthe

uniprocessor run time for the all pairs algorithm) then this stra-
tegy would outperform both the strategies outlined in the previ-
ous section. However, as pointed out earlier, the single source

: . Ta ..
agorithm requires more than TA time. However, because the

multiprocessor implementation of Floyd's all pairs algorithm
requires interprocessor data transfer, we expect that for p suit-
ably large, using a single source algorithm as mentioned above
will result in afaster computation of the shortest paths



In practice, the size of the local memory will limit the use
of this method. When the all pairs algorithm is used, eacle pro-

cessor need be able to store only its data partition (i.e., n

entries of L). However, when the single source strategy IS used,
each processor needs to store the entire initial array L.

5 Experimental Results

When evaluating the effectiveness of a multiprocessor
algorithm, two measures: speedup and efficiency are often used.
The speedup, S, isdefined to be:

S= time taken by best sequential algorithm using one processor

time taken by multiprocessor algorithm
The efficiency is:

In reporting our experimental results, we use the time
taken by Floyd's uniprocessor algorithm running on one proces-
sor of the hypercube as the numerator in theratio for S.

The algorithms descibed earlier (stripes, rectangles, single
source) were programed in FORTRAN and run on the NCUBE/7
hypercube. For the single source algorithm, we used that pro-
posed by Dijkstra. For each value of n, randomly generated L
matrices were used. The average of the time for these was used
to compute S ( and hence E). The measured run time isthe time
elapsed from the initiation of step 1 of the host program (Figure
3.1) to the completion of step 2. It is assumed that the L matrix
isinitially in the host processor memory and that the hypercube
processors are aready loaded with their programs. Figure5.1is
aplot of Svs. n for different values of p. The solid line denotes S
for the rectangle method and the dotted line represents this for
the stripes method. As can be seen, regardless of which method
is used, the speedup increases as the number of processors
increases (provided nis suitably large). Further, for any fixed p,
the speedup increases as n increases and then finally saturates.
The important conclusion from this isthat the overhead of inter-
processor communication does not overshadow the benefits of
having many processors.

Figure5.2 isaplot of the efficiency E. Asis evident, very
good efficiencies are obtained. When p=2 an efficiency slightly
in excess of 0.9 is obtainable ( for largen). We were unable to
compute the saturation E and Sfor large p’s as the local memory
of 128 K per processor is insufficient to solve large instances on
asingle hypercube processor. Figure 5.3, however plots run
time for large values of n. thisis in conformance with our
analysis which predicted that for n sufficiently large, the rectan-
gle method will outperform the stripes method.

Figures 5.4 and 5.5, respectively, plot speedup and
efficiency obtained by the single source method. The speedup
and efficiency obtained by this method are inferior to those
obtained by the stripes and rectangle methods when p<16. How-
ever, this situation is reversed when p>32 and n=70 and p=64
and n=64. However, because of the memory requirement of the
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single source scheme, its application islimited to cases where L
fitsinto the local memory of each processor.

6 Conclusions

Based on our experiments, we conclude that Floyd's all
pairs algorithm works better on a hypercube when the rectangle
method is used rather than when the stripes method is used. For
small values of n, the two methods are very competitive. When
pislarge (say 32 or 64), the single source method is the better
way to compute the shortest paths, provided enough memory is
avaliable in each processor to accomodate L.
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