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Abstract

We develop algorithms to multiply two vectors, a vector and a matrix, and two matrices on
an OTIS-Mesh optoelectronic computer. Two mappings, group row and group submesh [25], of
a matrix onto an OTIS-Mesh are considered and the relative merits of each compared. We show
that our algorithms to multiply a column and row vector use an optimal number of data moves
for both the group row and group submesh mappings; our algorithm to multiply a row vector
and a column vector is optimal for the group row mapping; and our algorithm to multiply a
matrix by a column vector is optimal for the group row mapping.
Keywords: matrix multiplication, OTIS-Mesh, optical interconnect, optoelectronic computer,

optimal algorithm

1 Introduction

It is well known that when communication distances exceed a few millimeters, optical interconnects
provide speed (bandwidth) and power advantages over electronic interconnects [7, 15]. Therefore,
in the construction of very large multiprocessor computers it is prudent to interconnect physically
close processors using electronic interconnect and to use optical interconnect for pairs of processors
that are distant. We shall assume that physically close processors are in the same physical package
(chip, wafer, board) and processors that are not physically close are in different packages. As a
result, electronic interconnects are used for intra package communications while optical interconnect

is used for inter package communication.
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Various combinations of interconnection networks for intra package (i.e., electronic) communi-
cations and inter package (i.e., optical communications) have been proposed. In OTIS computers
[11, 18, 35], optical interconnects are realized via a free space optical interconnect system known
as the optical transpose interconnection system (OTIS). In an OTIS-Mesh parallel computer, we
have N? processors organized as N groups of N processors each [35, 25]. The processors in each
group form a v/N x v/N mesh that employs electronic interconnect. Inter group interconnects are
realized using optics. Let (i,7) denote processor j of group i. In the OTIS interconnect system,
processor (7, ) is connected via optics to processor (j,7) (i.e., processor i of group j). A 16 pro-
cessor OTIS-Mesh computer is shown in Figure 1. The small square boxes denote processors. The
large square boxes enclose groups of processors. The pair ¢, 7 of numbers inside a small square box
gives the group () and processor (j) indices. Groups are laid out as a two-dimensional array and
the groups are numbered in row-major fashion. The pair (a,b) above a group box gives the row
(a) and column (b) in which the group lies. Arrows connect pairs of processors that are connected
by either an electronic (intra group) or optical (inter group) link. For purposes of this paper the
essential differences between electronic and optical links are (a) optical links have much larger
bandwidth than do electronic links; and (b) transfer times including latency are different on optical
and electronic links. In our analysis, we count communication along electronic and optical inter-
connects separately. However, we use the simplifying assumption that any constant amount of data
can be communicated over an optical link during an optical communication step while only a unit
amount of data can be communicated over an electronic link during an electronic communication
step. In this paper, we assume that the processor mesh that represents any group of processors is
a SIMD mesh. Therefore, in any given time step, data can be moved in only one of the four mesh
dimensions: up, down, left, or right. Extensions to MIMD meshes are straightforward and thus
omitted.

Since the value of any architecture lies in our ability to use that architecture to effectively solve
problems that are of interest, much attention has been focussed on the development of algorithms
for OTIS-based computers. Algorithms for OTIS-Mesh computers have been studied by Zane et
al. [35], Sahni and Wang [25, 32, 33, 31], Rajasekeran and Sahni [24], and Osterloh [23]. Algorithms
for OTIS-Hypercubes (in these each group is a hypercube rather than a mesh) have been developed
by Sahni and Wang [26]. Zane et al. [35] have shown that an OTTS-Mesh can simulate a v N x
VN x /N x V/N four-dimensional mesh computer as well as an N? processor OTIS-Hypercube

employing at most 2 electronic and 1 OTIS (i.e., optical communication) move per move of the 4D-
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Figure 1: Example of OTIS-Mesh with 16 processors

mesh or hypercube. Sahni and Wang [25] have developed routing algorithms for the OTIS-Mesh.
Algorithms for fundamental operations such as data sum, concentrate, rank, sort, broadcast, and
shift have been developed by Wang and Sahni [31]. An improved sorting algorithm for the OTIS-
Mesh has been developed by Osterloh [23], and ransomized algorithms for sorting, selection, and
routing on the OTIS-Mesh have been developed by Rajasekeran and Sahni [24]. Wang and Sahni
have proposed OTIS-Mesh algorithms for several image processing problems [33], and an early
version of their work on matrix multiplication algorithms for the OTIS-Mesh appears in [32].

The development of matrix multiplication algorithms has been the focus of much research, and
matrix multiplication algorithms have been developed for a wide variety of parallel and distributed
computers. We cite only some of the more recent developments. Gupta [10] has developed a matrix
multiplication algorithm for the EREW Model; McColl and Tiskin [19] have done this for the BSP
(Bulk Synchronous Parallel) model; Li and Pan [17] consider matrix multiplication on a linear array
with a reconfigurable pipelined bus system; Chen et al.[2] focus on systolic arrays; Kaagstroem and
Raennar [13] consider a mesh; Gupta and Sadayappan [9], Sanches and Song [27], Lee [16], and
Nelson [21] develop matrix multiplication algorithms on a hypercube; Middendorf et al.[20] have

developed a sparse matrix multiplication algorithm for a reconfigurable mesh; Keqin et al.[14] have



an implementation for optical buses; and Oliver [22] has developed a matrix multiplication algorithm
for DNA computer. Gupta and Kumar [8], Wu [34], and van de Geijn and Watts [30] discuss the
scalability of various matrix multiplication algorithms; Tsay and Yuan [29] consider a cylindrical
array and a two-layered mesh array; Choi [3], Chou et al.[5] and Choi et al.[4] have developed matrix
multiplication algorithms for distributed-memory concurrent computers; Johnsson [12] considers
the minimization of communication time for matrix multiplication; and Tasic et al.[28] compare
some parallel matrix multiplication algorithms.

In this paper, we develop algorithms to multiply vectors of size kN and matrices of size kN x kN
on an N? processor OTIS-Mesh. These algorithms are developed for both of the matrix to OTIS-
Mesh mapping schemes considered by Sahni and Wang [25] — group row-major mapping (GRM)
and group submatrix mapping (GSM). We begin, in Section 2, by describing the GRM and GSM
schemes and making observations about the complexity of performing the matrix add and transpose
operations. In Section 3, we develop the algorithms for various versions of vector and matrix
multiplication. In this section, we show also that our algorithms to multiply a column and row
vector use an optimal number of data moves for both the group row and group submesh mappings;
our algorithm to multiply a row vector and a column vector is optimal for the group row mapping;

and our algorithm to multiply a matrix by a column vector is optimal for the group row mapping.

2 Mapping Matrices Onto An OTIS-Mesh

Sahni and Wang [25] have considered two ways — GRM and GSM — to map an N x N matrix onto
an N2 processor OTIS-Mesh. In the group row mapping (GRM), the N processors in each group of
an OTIS-Mesh are ordered in snake-like row-major fashion. Similarly, the two-dimensional layout
of groups is ordered in snake-like row-major fashion. Row ¢ of the matrix is mapped onto the
processors in group ¢ of the OTIS-Mesh, one element per processor. Figure 2(a) shows the GRM
mapping of a 4 x 4 matrix onto the processors of a 16 processor OTIS-Mesh. The pair 4, j in each
processor square is the row and column index of the matrix element mapped to that processor.

In the group submatrix mapping (GSM), each group of the OTIS-Mesh represents a vV N x VN
submatrix of the N x N matrix. The processors in a group are indexed by the row and column
indexes that determine a group’s position in the two-dimensional layout of the N groups. Thus the
four-dimensional index (g, gy, Pz, Py) refers to the processor in position (pg,py) of group (gz,gy)-
Matrix element (i, j) is mapped to processor (if, jf,im,jm) Where iy = |i/V/N|, im = i mod VN,
jr = Li/VN], and j,, = j mod v/N. Figure 2(b) shows the GSM mapping of a 4 x 4 matrix onto
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Figure 2: Mapping a 4 X 4 matrix onto a 16 processor OTIS-Mesh: (a) GRM; (b) GSM

a 16 processor OTIS-Mesh.

The GRM and GSM mappings of a row or column vector are obtained from the corresponding
mapping of an NV X N matrix by extracting the sub-mapping corresponding to row zero or column
zero of the matrix. The GRM and GSM mappings of a kN x kN matrix are obtained by partitioning
the kN x kN matrix into N X N blocks of size k x k each. The N x N block matrix is then mapped
onto the N? processor OTIS-Mesh, one block per processor, using the standard GRM and GSM
schemes described above. 1 x kN and kKN x 1 vectors are mapped by using the sub-mapping
corresponding to row zero or column zero of the kN x kN matrix mapping.

It is easy to see that regardless of which mapping is used, matrix as well as vector addition and
subtraction requires no interprocessor communication. Two kN X kN matrices can be added or
subtracted in O(k?) time and two vectors of size kN can be added or subtracted in O(k) time.

Algorithms for the matrix transpose operation were developed in [25]. A kN x kN matrix
can be transposed using a single OTIS move and no electronic moves when the GRM mapping is
used. When the GSM mapping is used, the transpose requires 8k%(v/N — 1) electronic and 2 OTIS
moves. In either case, O(k?) intraprocessor moves are needed to transpose the k x k block stored

in a processor.



Step 1: Perform an OTIS move on B.
Step 2: Broadcast the A and B data in each group to all processors of the group.
Step 3: Perform an OTIS move on B.

Step 4: Each processor multiplies its A and B data.

Figure 3: GRM Column x Row Multiplication

3 Multiplication Algorithm

3.1 Column Vector x Row Vector

3.1.1 GRM

First consider the GRM mapping. When an N x 1 column vector A and a 1 X N row vector B are
multiplied, the result is an N x N matrix. This is to be stored in the OTIS-Mesh using the GRM
mapping.

Initially, the element A; in row ¢ of A is in the Oth processor of group i (i.e., processor (i,0))
and the jth element B; of B is in processor (0,j). Following the multiplication, the (4, j) element
A;B;j of the product matrix is to be in processor (7,7). The four step algorithm given in Figure 3
performs the multiplication.

Following Step 1, B, is in processor (4,0), 0 < j < N; and following the broadcast of Step
2, processor (i,*) has A; (* denotes all permissible indexes; in this case indexes are in the range
[0, N)) and processor (j,*) has B;. After the OTIS move of Step 3, processor (i, j) has A; and B;.
Consequently, following the multiplication of Step 4, processor (7,j) has the (7, j)th entry of the
result matrix. Therefore, the algorithm correctly multiplies the vectors A and B.

For the complexity analysis, we see that 2 OTIS moves are made in Steps 1 and 3 together.
Step 2 can be done using 2v/N electronic moves by first sending A and B data initially in processor
0 of a group down column zero of that group. Since only one piece of data can be moved at a time
along an electronic link, this column broadcast of the A and B data can be done in v/ N moves if
we pipeline the data movement down column zero (i.e., the B data trails the A data by one column
processor). Next the A and B data in each processor of column 0 are broadcast along rows using
a similar pipelining. This requires another /N electronic moves. The complexity of our GRM

column X row algorithm is therefore 24/ N electronic and 2 OTIS moves.

Theorem 1 Our column X row algorithm is an optimal algorithm.



Proof To see this, first note that all the B values are initially in group 0, and all need to get to
group 1 (say) either in the form of A;B; or simply B;. The only way data can move from one group
to another is via an OTIS move, and a single OTIS move can only move a constant number of the
Bj’s accumulated into a single processor of group 0 into a single processor of group 1. Therefore,
at least 2 OTIS moves are needed.

Also, 2v/N electronic moves are necessary. To see this, observe that By is initially in processor
(0,0) and its influence must be seen at all processors (x,0) because the (*,0) element of the result
is A« By, which is to be left in processor (*,0). OTIS moves can only transpose group and local
processor indexes. To affect a change from (0,0) to (,0), 2v/N — 2 electronic moves (vV'N — 1
rightward row moves and v'/N — 1 downward column moves) are essential. Further, Ag is initially
in (0,0) and all values in (0, *) depend on Ag. Therefore at least N — 1 rightward row moves and
v/N — 1 downward column moves are needed to communicate the A value directly or indirectly to
(0, ). Since only unit data can flow along an electronic link in a single move, we cannot overlap all
of the rightward row moves needed for Ay and By. Therefore, at least v/N rightward moves must
be made. Similarly at least /N downward moves must be made. O

The algorithm of Figure 3 also can be used when A is a kN x 1 vector and B a 1 x kN vector.
Now, in Steps 1 and 3, blocks of k values are moved from a single processor via an OTIS move. In
Step 2, blocks of size k are to be broadcast. The strategy is the same as for the case kK = 1; however,
now we must pipeline the 2k A and B values in a processor for the column and row broadcast steps.
This pipelining takes 2v/N + 4k — 4 electronic moves. Steps 1 and 3 still take 2 OTIS moves as
we can move k element blocks using a single OTIS move. In Step 4, each processor performs k2

multiplications to generate a k x k block of the product matrix.
3.1.2 GSM

For A an N x 1 vector and B a 1 x N vector, we start with A; in processor (if,0,im,,0) and B;
in (0,5¢,0,7m) and are to leave the product term C;j; = A;B; in (if, jf, im,jm). The algorithm of
Figure 4 does this.

Step 1 moves B; from (0,j¢,0,jm) to (0,5f,*,jm) and Step 2 moves A; from (if,0,im,0) to
(if,0,im, ). Following Step 3, B; is in (%, jm,0,77) and A; is in (i, *,is,0). Step 4 now moves B;
from (%, jim,0,755) to (%, jm,*,js) and Step 5 moves A; from (i, *,%7,0) to (im,*,%y,*). Following
Step 6, processor (if,jf,im,jm) has A; and B;. Therefore, Step 7 correctly computes the product

element Cij = Azbj



Step 1: Processors that have a B value broadcast this B value to all processors in the same column
of the group.

Step 2: Processors that have an A value broadcast this A value to all processors in the same row
of the group.

Step 3: Perform an OTIS move on the A and B values in a processor.
Step 4: Same as Step 1.
Step 5: Same as Step 2.
Step 6: Same as Step 3.

Step 7: Each processor multiplies its A and B values to produce an element of the product matrix.

Figure 4: GSM Column x Row multiply algorithm

The number of data moves is 4(v/N —1) electronic and 2 OTIS moves. The algorithm of Figure 4
is optimal because the A initially in (0,0,0,0) affects the final value in (v/N —1,0,v/N —1,0). This
requires 2(v/N — 1) electronic column moves. Further, the By initially in (0,0,0,0) affects the final
value in (0, N —1,0,v/N —1). This requires 2(v/N — 1) electronic row moves. Additionally, v N
A values initially in group (0,0) affect the final values in group (0,1). This requires at least 2 OTIS
moves (assume that N > 2).

The algorithm of Figure 4 can also be used when k£ > 1. Now, the broadcasts and each OTIS
move involves 2 blocks of k elements each. The broadcasts are done by pipelining the transfer of
the k elements in a block and each OTIS move simply does a block transfer of the k elements. The
total number of data move steps becomes 4v/N + 4k — 8 electronic and 2 OTIS. Step 7 produces a

k x k block of the result matrix using k2 multiplication steps.

3.2 Row Vector x Column Vector

3.2.1 GRM

For a 1 x N row vector A and an N x 1 column vector B, we begin with A; in (0,7) and B; in
(i,0). The result YN ! A;B; is to be left in (0,0). In the algorithm of Figure 5, B; is moved from
(,0) to (0,7) in Step 1. The sum Zf\;)l A;B; is computed in Step 3 by first moving the products
of Step 2 upward to row 0 and adding terms in the row zero processors. Then the partial sums are
moved leftward along row zero and the result computed in (0,0). The algorithm requires 1 OTIS

and 2(v/N — 1) electronic moves. It is obvious that the algorithm is optimal.



Step 1: Perform an OTIS move on B values.
Step 2: Each processor of group 0 multiplies its A and B values.

Step 3: Sum the products of Step 2 by columns and finally along row zero, leaving the result in
(0,0).

Figure 5: GRM Row x Column Multiply

Step 1: Groups with A values move their A values from row 0 to column 0 using the data paths
of Figure 7.

Step 2: Perform an OTIS move on all data.

Step 3: Shift the A values leftward along row 0 of a group and the B values upward along column
0 and compute the sum of products in the (0,0) processor of each group that has A and B
values.

Step 4: Perform an OTIS move on the product sums computed in Step 3.

Step 5: Shift the product sums upward along column 0 of group 0, summing these sums in pro-
cessor (0,0).

Figure 6: GSM Row x Column Multiply

When the vectors are of size 1 x kN and kN X 1, respectively, Step 2 multiplies a 1 x k block
of A with a k£ x 1 block of B. This takes O(k) time. We assume that the cost of O(k) arithmetics
is considerably less than the cost of an electronic move and, therefore, make no attempt to utilize
processors from other groups to reduce the time spent on arithmetic operations. The data moves

required by the algorithm of Figure 5 still are 2(v/N — 1) electronic and 1 OTIS.
3.2.2 GSM

When multiplying a 1 X N vector and an N x 1 vector using the GSM mapping, the algorithm of
Figure 6 can be used.

The algorithm of Figure 6 begins with A; in (0,if,0,4%,,) and B; in (if,0,4:,,0). In Step 1, 4;
is moved to (0,if,%m,,0) by performing V/N —1 downward moves and VN — 1 leftward moves as in
Figure 7. Following Step 2, A; is in (i, 0,0,47) and B; is in (i, 0,47,0). In Step 3, (im,0,0,0) sums
up VN of the terms that contribute to the result. In Step 4, these sums are moved to (0,0, %,,,0)
and are added together in Step 5. Steps 1 and 3 take 2(v/N — 1) electronic moves each and Step 5
takes VN — 1 electronic moves. The total number of data moves is therefore 5(v/N — 1) electronic
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Figure 7: Data Paths Used in Step 1 of Figure 6

and 2 OTIS moves.

A straightforward generalization of the algorithm of Figure 6 to the case when we care multi-
plying a 1 X kN row with a kN X 1 column results in excessive complexity when k£ > 1. This is so
because the pipelining of Step 3 takes 2k(v/N — 1) electronic moves. When k > 1, the number of
data moves is reduced by using the algorithm of Figure 8.

The algorithm of Figure 8 begins with the ith block of A in (0,if,0,4%,,) and the ith block of B
in (if,0,4m,0). In Step 1, the ith block of A is moved to (0,if,%y,0). And following Step 2, the
ith block of A is in (i, 0,0,7) while the ith block of B is in (i, 0,77,0). Step 3 moves the ith
block of A from (iy,,0,0,if) to (im,0,i7,0). Now (ir,,0,if,0) contains block i of A and B. These
blocks are multiplied in Step 4 to produce a single number in (%,,,0,%¢,0). In Step 5, the numbers
computed in group (%,,,0) are summed in processor (i,,,0,0,0). The OTIS move of Step 6 moves
the resultant sums to (0,0, %,,,0). These resultant sums are added together in Step 7.

The number of data moves performed by the algorithm of Figure 8 is 6/ N + 4k — 10 electronic
and 2 OTIS.

3.3 Row Vector x Matrix
3.3.1 GRM

We are to multiply a 1 x N row vector A and an N x N matrix B. The result is a 1 x N vector C
such that C; = 377! A;Bji. Initially, 4; is in (0,i) and By; is in (i,5) and the result is to be left
so that C; is in (0,7). The multiplication algorithm is given in Figure 9.

In Step 1, A; is moved from (0,i) to (i,0). Following Step 2, processor (j,i) has A; and

10



Step 1: Groups with A values move their A value blocks from row 0 to column 0 using pipelining
and the data paths of Figure 7.

Step 2: Perform an OTIS move on all data blocks.
Step 3: Same as Step 1.

Step 4: Processors with an A and a B block multiply their blocks (these are the column 0 proces-
sors of each column 0 group).

Step 5: The column 0 processors, in each column 0 group, shift their Step 4 results upward along
column 0. The results are added together by the (0,0) processor in each group.

Step 6: Perform an OTIS move on the sums computed by the (0,0) processors in Step 5.

Step 7: In group (0,0), the column 0 processors shift the values received in Step 6 upward to the
(0,0) processor of the group. The (0,0) processor adds these values together.

Figure 8: GSM Row x Column Multiply for £ > 1

Step 1: Perform an OTIS move on A values.

Step 2: Processor 0 of each group broadcasts its A value to the remaining processors in its group.
Step 3: All processors multiply their A and B values.

Step 4: Perform an OTIS move on the products computed in Step 3.

Step 5: Processor 0 of each group sums the products from all processors in the same group.

Step 6: Perform an OTIS move on the sums computed in Step 5.

Figure 9: GRM Row Vector x Matrix Multiply

11



Step 1: In each group move the A values from row 0 to column 0 using the data paths of Figure 7.

Step 2: The column 0 processors broadcast their A values to all processors in the same group and
on the same row.

Step 3: Perform an OTIS move on all A and B values.
Step 4: Same as Step 1.

Step 5: Same as Step 2.

Step 6: All processors multiply their A and B values.

Step 7: The processor in row 0 of each group sum the products of Step 6 that are in the same
column.

Step 8: Perform an OTIS move on the sums of Step 7.

Step 9: The processors in row 0 of group (0, *) sum the values received in Step 8 that are in the
same column.

Figure 10: GSM Row Vector x Matrix Multiply

Bj;. Processor (j,1) computes A;Bj; in Step 3 and in Step 4, A;Bj; is moved to processor (i, j).
Processor (7,0) computes C; = Z;-V:_Ol A;Bj; in Step 5. In Step 6, C; is moved from (4,0) to (0,1).
The complexity of the algorithm is 4(v/N — 1) electronic and 3 OTIS moves.

When A isa 1 x kN vector and B a kN x kN matrix, a block of k& A values are moved in Step
1 of Figure 9; the broadcast of the A block in Step 2 is done in 2(v/N + k — 2) electronic moves
by pipelining the broadcast of the k values; the multiplication of Step 3 is between a 1 x k vector
and a k x k matrix; and the OTIS move of Step 4 moves 1 X k blocks. To do the sum of Step 5, we
first sum along rows. This is done in /N + k — 2 electronic moves by pipelining the k sums to be
computed. Next the partial sums in column 0 are summed; again using pipelining. Step 5 takes
2(V/'N + k — 2) steps. Adding in the OTIS move of Step 6, the total number of moves becomes
4v/N + 4k — 8 electronic and 3 OTIS.

3.3.2 GSM

Our GSM algorithm to multiply a 1 x N row vector A and an N x N matrix B is given in Figure 10.
Note that the algorithm begins with A; in (0,7¢,0,jm) and Bj; in (jf, %1, fm,im)-

Step 1 moves A; from (0, jf, 0, jm) to (0,77, jm,0) and following Step 2, A; isin (0, 57, jm, *). Fol-
lowing Step 3, A; is in (jim,, *,0,57) and Bj; is in (jm, im, jf,if). After Step 5, A; is in (jm, *, 77, *)-

12



Step 1: Processor 0 of each group broadcasts its B value to all processors in its group.
Step 2: Perform an OTIS move on B values.
Step 3: All processors multiply their A and B values.

Step 4: Processor 0 of each group sums the products computed in Step 3 by all processors in its
group.

Figure 11: GRM Matrix x Column Vector Multiply

Therefore, in Step 6, processor (jy,im,jf,tf) computes A;Bj;. In Step 7, processor (jm,im,0,%f)
computes Zjaj mod vN=jn A;Bj;, which is then sent to (0,%f, jm,im) in Step 8. Finally in Step 9
(0,%¢,0,%y,) computes C; = E;-V:_Ol A;Bj;.

Steps 1 and 4 take 2(v/N — 1) electronic moves each; Steps 2, 5, 7, and 9 take v/ N — 1 electronic
moves each; and Steps 3 and 8 take 1 OTIS move each. The total number of moves is 8(v/ N — 1)
electronic and 2 OTIS.

When A is a 1 x kN vector and B a kN x kN matrix, Steps 1 and 4 can be done with
2(\/N + k — 2) electronic moves each by transmitting the £ values in each processor in a pipelined
fashion; Steps 2 and 5 take v/N + k — 2 (again using pipelining) electronic moves; Steps 7 and 9 can
be done in /N + k — 2 moves each using the pipelined summing scheme used in Step 5 of Figure 9.
The total number of moves is 8(v/N + k — 2) electronic and 2 OTIS.

3.4 Matrix x Column Vector
3.4.1 GRM

We start with an N x N matrix A and an N X 1 column vector B and compute the N X 1 column
vector C such that C; = 31! A;;B;. Initially, Ay is in (i,) and Bj is in (j,0). On termination,
C; is to be in (4,0). Our algorithm to perform the multiplication is given in Figure 11.

Following Step 1, B; is in (j,*) and following Step 2 it is in (*,5). In Step 3, (4,j) computes
A;;Bj and in Step 4, (4,0) computes C; = E;V:Bl A;jBj. The number of data moves is 4(v/N — 1)
electronic (Steps 1 and 4 each require 2(v/N — 1) electronic moves) and 1 OTIS.

Theorem 2 The GRM matriz X column vector multiplication algorithm of Figure 11 is optimal.

Proof Since the value of Cy depends on all Ag; values, information about all these A values must

get to (0,0) either directly or indirectly. For this to happen, at least v N —1 leftward row moves and

13



Step 1: In each group move the B values from column 0 to row 0 using the data paths of Figure 7
in the reverse direction.

Step 2: The row 0 processors of each group broadcast their B values to all processors in the same
group and on the same column.

Step 3: Perform an OTIS moves on all A and B values.
Step 4: Same as Step 1.

Step 5: Same as Step 2.

Step 6: All processors multiply their A and B values.

Step 7: The processor in column 0 of each group sum the products of Step 6 that are in the same
TOW.

Step 8: Perform an OTIS move on the sums of Step 7.

Step 9: The processors in column 0 of group (*,0) sum the values received in Step 8 that are in
the same row.

Figure 12: GSM Matrix x Column Vector Multiply

VN -1 upward column moves must be made. Let the snake-like row-major index of the bottom
right processor of a group be ¢. Since C; = > A,4;Bj, information originally in (0,0) (i.e., By) must
get to (g,0) directly or indirectly. This requires a minimum of v/N — 1 rightward row moves and
VN — 1 downward column moves plus one OTIS move. The row and column moves required for
the computation of Cy and Cy are in opposite directions and cannot be overlapped in the SIMD
model. Therefore, at least 4(v/N — 1) electronic and 1 OTIS moves are needed. O

When A is a kN x kN matrix and B a kN X 1 vector, we use the algorithm of Figure 11 and
pipelining as used for the case when A is a 1 X kN vector and B a kN x kN matrix. The number

of moves is 4(v/N + k — 2) electronic and 1 OTIS.

3.4.2 GSM

The GSM matrix X vector multiplication algorithm is very similar to the GSM vector X matrix al-
gorithm of Figure 10. The steps are given in Figure 12. Note that we start with A;; in (if,7¢, im, Jm)
and B; in (if,0,im,0).

In Step 1, B; is moved from (57,0, jm,0) to (j7,0,0, j). Following Step 2, B; is in (5,0, *, jm)-
The OTIS move of Step 3 moves B; to (%, jm,jf,0) and A;; to (im,jm,if5,57)- Steps 4 and 5
first move B; to (%,7m,0,jr) and then to (%, jm,*,jr). Following Step 5, (im,jm,%f,jf) has Asj
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Step 1: Perform an OTIS move on B.
Step 2: Each processor of each group accumulates all A and B values in its group.
Step 3: Move the accumulated B values along the OTIS connection.

Step 4: Each processor computes the inner product of the A and B values it has.
Figure 13: O(N) Memory GRM Matrix x Matrix Multiply

and Bj. In Step 6, (im,jm,if,jf) computes A;;Bj. In Step 7, processor (im,jm,if,0) computes
stj mod vN=jn A;jBj, which is then sent to (if, 0,4, jm) in Step 8. Finally, in Step 9 (i, 0, i, 0)
computes Ej-v: o} AijBj. The total number of data moves is 8(v/N — 1) electronic and 2 OTTS.

In the case when A is a kN x kN matrix and B a kN x 1 vector, we use the algorithm of
Figure 12 and pipelining as used for the case when A is a 1 x kN vector and B a kN x kN matrix.
The number of moves is 8(v/N + k — 2) electronic and 2 OTTS.

3.5 Matrix x Matrix
3.5.1 O(N) Memory/Processor Algorithms

When each processor has O(N) memory, it is possible to accumulate an entire column (or row) into
each processor. This leads to simplified algorithms. Consider the case when we are to multiply two
N x N matrices A and B.

3.5.1.1 GRM

The GRM algorithm is given in Figure 13.

We begin with A;; and B;; in (4, j). Following Step 1, (7,j) has A;; and Bj;. After Step 2, (4, )
has row i of A and column i of B. Following Step 3, (4,j) has row i of A and column j of B. In
Step 4, (4,7) computes Cj; = E,]CV;OI A By

Step 2 can be done in two stages. In the first stage, the B values are accumulated; and
in the second stage the A values are accumulated. To accumulate the B values, each processor
first accumulates all values from its row. This takes /N — 1 rightward and v N — 1 leftward
moves. Next, the accumulated blocks of /N values are accumulated along columns by making
VN -1 upward and VN — 1 downward moves of blocks of size v/N. The total stage 1 moves are
2v/N(vVN —1) +2(vVN — 1) = 2(N —1). Stage 2 is done similarly. Step 3 takes N/K OTIS moves
where K is the maximum number of B values that can be moved in unit time over an optical link

(for simplicity, we assume that K divides N). The total number of moves needed by the algorithm
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Step 1: Perform an OTIS move on A and B values.

Step 2: Each processor accumulates all vV N A values in the same row and group as well as all
v N B values in the same column and group.

Step 3: Move the accumulated A and B values along the OTIS connection.

Step 4: Each processor accumulates all N A values in the same row and group as well as all N B
values in the same row and group.

Step 5: Each processor computes the inner product of the A and B values it has.

Figure 14: O(N) Memory GSM Matrix x Matrix Multiply

of Figure 13 is 4(N — 1) electronic and N/K + 1 OTIS. Each processor needs memory for N A
values and N B values. The memory requirements can be reduced to N 4+ /N by delaying stage
2 of Step 2 to after Step 3 and coupling Step 4 with the columnwise movement of the v/N size
packets of A during stage 2.

The algorithm of Figure 13 is easily generalized to the case when A and B are kN x kN matrices.
Operations previously performed on matrix elements are now performed on & X k blocks of elements.
The data movement counts are 1 OTIS in Step 1, 4k%(N — 1) electronic in Step 2, and k2N/K
OTIS in Step 3. The total is 4k?(N — 1) electronic and k2N/K + 1 OTIS.
3.5.1.2 GSM
Our GSM algorithm to multiply two N X N matrices is given in Figure 14.

Following Step 1, A;; and B;j are in (i, jm,%f,jf). Following Step 2, (im,jm,%r,*) has the
VN A values Ajq such that g, = jm and (im,jm, *,jr) has the V/N B values B,; such that
Tm = im. These VN blocks of A and B values are then moved to (if, %, 0my Jm) and (%, 57, im, Jm),
respectively. Following Step 4, (if,*,%m,*) has row i of A and (*,jf,*,jm) has column j of B.
Therefore, (if,5f,%m,jm) has row i of A and column j of B. The inner product computation of
Step 5 leaves Cij = S0t A Brj in (if, 3¢, %m, m)-

Step 1 takes 1 OTIS move. Step 2 takes 2(v/N — 1) electronic row moves to accumulate the A
values and 2(v/N — 1) electronic column moves to accumulate the B values. Step 3 takes 2v/N/K
OTIS moves. In Step 4, each electronic move moves v/N data. Since a total of 4(v/N — 1) moves
are made, the total cost is 4v/N(v/N — 1) unit electronic moves. Hence the total number of moves
is 4(N — 1) electronic and 2v/N/K + 1 OTIS.

The algorithm is easily extended to the case when A and B are kN x kN matrices. The number
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Step 1: [Align Matrix Elements] Move 4; (1) mod ¥ @0d B(j1i) mod n,; t0 mesh processor (i, j).
Step 2: [Initialize C;;] Processor (i, 7) initializes its C' value to the product of its A and B values.

Step 3: [Compute and Add Remaining Terms]

Repeat N — 1 times:

{ Shift A values left circularly by 1;
Shift B values up circularly by 1;
C=C+AxB;}

Figure 15: Cannon’s Matrix Multiplication Algorithm

of moves is 4k%(N — 1) electronic and 2k>v/N/K +1 OTIS.

3.5.2 O(1) Memory/Processor Algorithms

Our O(1) memory algorithm is based on Cannon’s algorithm [1] to multiply two N x N matrices
on an N x N mesh connected computer. Cannon’s algorithm was also used by Dekel, Nassimi, and
Sahni [6] in their development of hypercube algorithms for the matrix multiplication. Cannon’s
algorithm is given in Figure 15.

3.5.2.1 GRM

We simulate Cannon’s algorithm on the OTIS-Mesh. While obtaining the alignment of Step 1, we
also obtain the reverse of each aligned row of A and each aligned column of B. The process for B is
similar to that used for A except that we must precede and follow the algorithm for A by an OTIS
move (the preceding OTIS move gets all B elements in the same column into the same group and
the following OTIS move gets the columns to the proper processors). We describe the alignment
of rows of A only (Figure 16).

Steps 1 and 2 each take v/N — 1 electronic moves. Following Step 2, a processor can have up to
four A values — 2 belonging to the aligned ordering of Step 1 of Cannon’s algorithm, and 2 belonging
to the reverse of this ordering. Each row contains a total of 2¢/N values with each processor in the
row having 0, 1, 2, 3, or 4 values. These values can be moved to the proper processors on the same
row by making O(V/N) leftward and rightward data moves. To align B takes O(v/N) electronic
and 2 OTIS moves. Therefore, making O(v/N) electronic and 2 OTIS moves, we can obtain the
Step 1 alignment of Cannon’s algorithm as well as the reverse of this alignment.

The circular shift of A in Step 3 of Cannon’s algorithm can be implemented as a forward shift
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Step 1: In each group, move A values upward along columns. As data moves through a processor,
the processor saves a copy in case it is needed in the row the processor is in.

Step 2: Same as Step 1 except that A values are moved downward.

Step 3: In each row of each group, form the forward ordering. In this ordering, mesh processor
(4,7) gets Aj (j44) mod N-

Step 4: In each row of each group, form the reverse ordering. In this ordering, the A values
accumulated in each row, in Step 3, are reversed.

Figure 16: Moving A Values as per Step 1 of Cannon’s Algorithm

along the snake of the reverse alignment and a backward shift along the snake of the aligned data.
So each circular shift takes 4 electronic moves.

To do the circular shift on B, we retain a copy of the aligned and reversed B in each group prior
to the second OTIS move done in Step 1. For each circular shift, we make 4 electronic moves in
each group on the copy of B and then do an OTIS move to get the shifted B values to the desired
processors. The total moves required by Step 3 is (N — 1) x (8 electronic and 1 OTIS ) = (N —1)
electronic and N — 1 OTIS. Therefore, the GRM simulation of Cannon’s algorithm can be done
using 8N + O(v/N) electronic and N + 1 OTIS moves.

The simulation just described works even when A and B are kN x kN matrices. Now, each
element that is moved is a k x k block. Therefore an electronic block move takes k? electronic move
steps. The number of moves becomes 8k2N + O(k*v/N) electronic and N + 1 OTIS.
3.5.2.2 GSM
To multiply two N x N matrices we use a two level simulation of Cannon’s algorithm. At the top
level, we view each N x N matrix as a VN x v/N matrix in which each element is a VN x VN
submatrix. Let A and B be the N x N matrices to be multiplied and let BA and BB be the
corresponding VN x v/N matrices in which each element is a VN x v/N block or submatrix of A
and B, respectively. Initially, BA;; and BB;; are in group (i, j) of the OTIS-Mesh. Let C = Ax B
and let BC be the corresponding VN x /N matrix of blocks of size VN x /N each. Since
BC;j = Z,\c/:ﬁofl BA;, x BBy, we can use Cannon’s algorithm to compute BC'. The products of
Steps 2 and 3 now are products of submatrices or blocks of size VN x v/N, each block is in an
OTIS group which is a VN x /N mesh. These submatrix products can in turn be done using
Cannon’s algorithm (this is the second level application of Cannon’s algorithm).

To implement the two level scheme, we use the algorithm of Figure 17.
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Step 1: [Align A data within each group/block] Reorder A values in each row of each group so that
the A value originally in (*, *,4, (i + j) mod v/N) is now in (x,*, 4, ). Call this the forward A
ordering. Also create the reverse of this row ordering in each group. Call this the backward
ordering.

Step 2: [Align B data within each group/block] Reorder B values in each column of each group
so that the B value originally in (%, %, (i + j) mod v/N, 5) is now in (%, *,4, 7). Also create the
backward column ordering for the Bs.

Step 3: [Align the A blocks] Rearrange the blocks of A values obtained in Step 1 so that the block
originally in group (i, (i + j) mod v/N) (i.e., in processors (i, (i +j) mod /N, *, %)) is now in
the group of (i,7). Also create the corresponding backward row ordering for the A blocks.

Step 4: [Align the B blocks] Rearrange the blocks of B values obtained in Step 2 so that the block
originally in group ((i + 7) mod /N, j) is now in group (i, 7). Also create the corresponding
backward column ordering for the B blocks.

Step 5: [Initialize block BC”] BCZ'J' = BAij X BB,‘j.

Step 6: [Compute and add remaining terms]
Repeat VN — 1 times:
{ Shift A blocks left circularly by 1 group;

Shift B blocks up circularly by 1 group;

Figure 17: GSM Matrix x Matrix Multiply
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Steps 1 and 2 do the data alignment necessary to perform Steps 2 and 3 of Cannon’s algorithm
to multiply two blocks/submatrices of size vVN x VN each. The forward and backward ordering
of the A values can be obtained by making v N — 1 leftward and v/N — 1 rightward moves of A
values. Similarly the forward and backward ordering of B values can be done using 2(v/N — 1)
column moves. Following Step 2, each processor has 2 A values (one from the forward ordering and
the other from the backward ordering) and 2 B values.

In Steps 3 and 4 the VN x /N blocks of submatrices of A and B are aligned. For this, an OTIS
move is made on the A and B values, followed by 2(v/N — 1) electronic row moves and 2(v'N — 1)
electronic column moves, and finally an OTIS move. For the final OTIS move, we leave a copy of
the As and Bs in the originating processors also. Now each processor has 8 A and 8 B values.

Step 5 is done using Steps 2 and 3 of Cannon’s algorithm at a cost of 4(v/N — 1) electronic
moves. In Step 6, the A and B blocks are shifted by using the copies saved during the second OTIS
moves of Steps 3 and 4 followed by an OTIS move. This shifting of A and B blocks takes 2 row
electronic moves (both forward and backward A blocks are to be shifted in the opposite direction)
plus 2 column electronic moves for B blocks and 1 OTIS move. The block matrix multiply is done
using steps 2 and 3 of Cannon’s algorithm at a cost of 4(\/N — 1) electronic and v'N —1 OTIS
moves. The total number of moves made by the GSM algorithm is 4N 4+ O(v/N) electronic and
VN OTIS.

The algorithm of Figure 17 is easily extended to the case when A and B are kN x kN matrices.
The essential difference is that each element of a v/N x v/N block is now itself a k x k block.
So, each electronic data move becomes k? unit moves. The number of data moves is therefore

4k?N + O(k*/N) electronic and v/N OTIS.

4 Conclusion

We have developed OTIS-Mesh algorithms for several variants of the matrix multiplication prob-
lem. For each variant, we have considered both the group row mapping and the group submatrix
mapping. Our results are summarized in Table 1. As can be seen, the GSM mapping is superior for
the case of matrix X matrix multiplication. However, for all other variants the GRM is superior.

As noted in [25], GRM is also superior for the matrix transpose operation.
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Embedding Scheme GRM GSM
Operation Electronic OTIS Electronic OTIS
Column x Row 2V N 2 4(\/N -1) 2
Row x Column 2(vV/N —1) 1 5(vVN —1) 2
Row x Matrix 4(vV/N —1) 3 8(VN —1) 2
Matrix x Column 4(v/N —1) 1 8(v/N —1) 2
Matrix x Matrix (O(N)) 4(N —1) N/K +1 4(N —1) 2V N/K +1
Matrix x Matrix (O(1)) | 8N +O(VN) | N+1 |4N +O(VN) VN

Table 1: Comparison between GRM and GSM schemes
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