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Abstract

We consider the following image processing problems. compute the area and perimeter of the
components of an image, compute the histogram of an image, and histogram modification. Paral-
lel reconfigurable mesh computer algorithms are developed for these problems. The area and
perimeter of the components of an NxN image are computed in O(logN) time by an NxN
RMESH; the histogram of an NxN image is computed by an NxN RMESH in
O(min{VBlog(N/VB), N}) time where B is the number of gray scale values, and histogram
modification isdonein O(\/ﬁ) time by an NxN RMESH.
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1 Introduction

Miller, Prasanna Kumar, Resis and Stout [MILL88abc] have proposed a variant of a mesh con-
nected parallel computer. This variant, called a reconfigurable mesh with buses (RMESH),
employs a reconfigurable bus to connect together all processors. Figure 1 shows a 4x4 RMESH.
By opening some of the switches, the bus may be reconfigured into smaller buses that connect

only a subset of the processors.
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Figure 14x4 RMESH

The important features of an RMESH are [MILL88abc]:

1 An NxM RMESH is a 2-dimensional mesh connected array of processing elements (PES).
Each PE in the RMESH is connected to a broadcast bus which isitself constructed as an
NxM grid. The PEs are connected to the bus at the intersections of the grid. Each processor
has up to four bus switches (Figure 1) that are software controlled and that can be used to

reconfigure the bus into subbuses. The ID of each PE isapair (i,]) wherei isthe row index



and j isthe column index. The ID of the upper left corner PE is (0,0) and that of the lower
right oneis (N-1,M -1).

2 The up to four switches associated with a PE are labeled E (east), W (west), S (south) and
N (north). Notice that the east (west, north, south) switch of a PE is also the west (east,
south, north) switch of the PE (if any) on its right (left, top, bottom). Two PEs can simul-
taneously set (connect, close) or unset (disconnect, open) a particular switch as long as the
settings do not conflict. The broadcast bus can be subdivided into subbuses by opening

(disconnecting) some of the switches.
3 Only one processor can put data onto a given sub bus at any time

4 In unit time, data put on a subbus can be read by every PE connected to it. If a PE is to
broadcast a value in register | to al of the PEs on its subbus, then it uses the command
broadcast(l).

5 To read the content of the broadcast businto a register R the statement R := content(bus) is
used.

6 Row buses are formed if each processor disconnects (opens) its S switch and connects
(closes) its E switch. Column buses are formed by disconnecting the E switches and con-

necting the S switches.

7 Diagonalize a row (column) of elements is a command to move the specific row (column)
elements to the diagonal position of a specified window which contains that row (column).
Thisisillustrated in Figure 2.

In this paper, we develop RMESH algorithms for the following image processing problems:
compute the area and perimeter of the components of an image (Section 3), and histogram com-
putation and modification (Section 4). First in Section 2, we develop RMESH algorithms for
some basic data manipulation problems. These are used, later, in the development of our image

processing algorithms.

2 Basic Data Manipulation Operations

In this section we define several data manipulation algorithms for RMESH multicomputers.
These are used in later sections to develop agorithms for the image processing applications we

consider.
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Figure 2 Diagonalize 4th row or 1st column elements of a 5x5 window

2.1 Window Broadcast

The data to be broadcast is initialy in the A variable of the PEs in the top left wxw submesh.
These PEs have ID (0,0) .. (w-1,w-1). The data is to tile the whole mesh in such a way that
A(i,j) = A(i mod w,j mod w) (A(i,j) denotes register A of the PE with ID (i,j)). The algorithm
for this is given in Figure 3. Its complexity is O(w) and is independent of the size of the
RMESH.

2.2 Prefix Sum

Assume that N2 values Ag,A1,....AN2-1 are initidly distributed in the A variables of an NxN

RMESH such that A(i,}) = Ain+j, 0<1,j, < N. PE(i,]) isto compute a value Sum(i,j) such that
iN+j

am@,j)= > A, 0<i,j<N
k=0

An O (logN) algorithm for thisis given in [MILL88a].

2.3 DataSum
Initially, each PE of the NxN RMESH has an A value. Each PE isto sum up the A values of all

the N? PEs and put the result in its B variable. |.e., following the data sum operation we have :

N-1IN-1
B(i,j)= 5 S AKl), 0<ij<N
k=01=0



procedur e WindowBroadcast(A,w);
{ broadcast the A values in the upper left wxw submesh }

begin
for j ;== 0 tow-1 do{ broadcast column j of the submesh }
begin
diagonalize the A variables in column j of the wxw submesh so that
B(i,i)=A(,]),0<si<w;
set switches to form column buses,
PE(i,i) broadcasts its B value on column busi,0<i < w;
B (k,k mod w) := content (bus), 0<k < N;
set switches to form row buses;
PE (k,k mod w) broadcasts its B value onitsrow bus, 0 < k < N;
A(k,i) := content(bus) fori modw = j, and0<k < N;
end,;
end,;
Figure 3 Window broadcast

This can be done in O (logN) time by first performing a prefix sum [MILL88a] and then having
PE (N-1,N-1) broadcast Sum(N-1,N-1) to the remaining PEs in the RMESH. For this, all

switches can be closed.

2.4  Shift

Each PE has datain its A variable that is to be shifted to the B variable of a processor that is s, s >

0, unitsto the right but on the same row. Following the shift, we have

.oy _ |null j<s
BO.D=1AG,j-s), j=s

A circular shift variant of the above shift requires



B(i,j) = A(, (j—s) mod N)

Let us examine the first variant first. This can be done in O(s) time by dividing the send

and receive processor pairs ((i, j —9), (i,])) into s+1 equivalence classes as below:
classk = {((i,j-s), (i,i))| (i—s) mod (s+1) = k}

The send and receive pairs in each class can be connected by digoint buses and so we can
accomplish the shift of the data in the send processors of each classin O(1) time. In O(s) time
al the classes can be handled. The algorithm is given in Figure 4. The number of broadcasts is
s+1. The procedure is easily extended to handle the case of left shifts. Assume that s< 0

denotes a left shift by s units on the same row. This can also be done with s+ 1 broadcasts.

procedur e Shift (s,A,B)
{ Shift fromA(i,j) toB(i,j+s),s> 0}
begin
All PEsdisconnect their N and S switches;
for k:= 0tosdo{ shift classk}
begin
PE (i,j) disconnects its E switch if (j —s) mod (s+1) = k;
PE (i,j) disconnects its W switch and broadcasts
A(,j)if j mod (s+1) = k;
B(i,j) := content(bus) for every PE (i,j) with (j —s) mod (s+1) = k;
end,;

end;

Figure4 Shiftingby s,s> 0

A circular shift of s can be done in O(s) time by first performing an ordinary shift of sand
then shifting A(i,N-s),...,A(i,N-1) left by N-s. The latter shift can be done by first shifting
A(i,N-s), then A(i,N-s+1),...,and finaly A(i,N—-1). The exact number of broadcasts is 2s+ 1.



Circular shifts of s, s> N/2 can be accomplished more efficiently by performing a shift of
—(N-s) instead. For s < N/2, we aobserve that data from PEs (i, 0), (i, 1), - - - (i,5—1) need to be
sent to PEs (i,s), (i,s+1), - --., (i,2s-1), resepectively. So, by limiting the data movement to
within rows, s pieces of data need to use the bus segment between PE (i,s-1) and (i,s). This
takes O (s) time. If only the data on one row of the NxN RMESH is to be shifted, the shifting can
be done in O (1) time by using each row to shift one of the elements. The circular shift operation
can be extended to shift in 1xW row windows or Wx1 column windows. Let RowCircular Shift
(A,s,W) and ColumnCircular Shift (A,s,W), respectively, be procedures that shift the A values by
s units in windows of size 1xW and Wx1. Let A" and A", respectively, denote the initial and

final values of A. Then, for ColumnCircular Shift we have
A"(i,j) = Af(a,j)

where PEs (i,j) and (q,]) are, respectively, the a =i mod W'th and b = g mod W'th PEs in the
same Wx1 column window and b = (a—s) mod W. The strategy of Figure 4 is easily extended so

that RowCircular Shift and ColumnCircular Shift are done using 2s + 1 broadcasts.

2.5 Consecutive Sum

Assume that an NxN RMESH istiled by 1xM blocks (M divides N) in a natural manner with no
blocks overlapping. So, processor (i,j) isthe j mod M’th processor inits block. Each processor
(i,j) of the RMESH has an array X[0..M-1](i,j) of values. If j mod M = q, then PE (i,j) is to
compute S(i,j) such that

S(i,j) = MZ_1X[q](i, (j div M) OM + 1)
r=0
That is, the g th processor in each block sumsthe g'th X value of the processorsin its block. The
consecutive sum operation is performed by having each PE in a 1xM block initiate a token that
will accumulate the desired sum for the processor to its right and in its block. More specifically,
the token generated by the g'th PE in a block will compute the sum for the (g+1) mod M’th PE in
the block, 0< g < M. The tokens are shifted left circularly within their 1xM block until each
token has visited each PE inits block and arrived at its destination PE. The algorithmisgivenin
Figure 5. The number of broadcasts is 3M —3 as each row circular shift of -1 takes 3 broadcasts.



procedur e ConsecutiveSum (X,S M);
{ Consecutive Sumof X in 1xM blocks }
begin
S(i,j) := X[((j mod M)+1) mod M](i,j), 0<i,j < N;
for k:= 2toM do
begin
{circularly shift Sin 1xM blocks and add terms }
RowCircular Shift (S, M,-1)
S(@,j) = S(,j) + X[((j mod M)+k) mod M](i,j),0<1i,j <N;
end;

end;

Figure 5 Consecutive sumsin 1xM blocks

2.6 Sorting

N? elements, one per processor, can be sorted in O(N) time on an NxN RMESH by simulating
the O (N) sorting algorithm for ordinary mesh computers [NASS79]. That O (N) isoptimal for an
RMESH can be seen by considering the amount of data that might need to cross the boundary
between the left N/2 columns and the right N/2 columns. This is N2/2 in the worst case. The
bandwidth of this boundary is N. Hence O(N) time is needed to accomplish this data transfer.
Miller et a. [MILL88a] present an O (logN) sorting algorithm for the case when N elements are
to be sorted on an RMESH with N? processors. The initial and final configuration has the data in
row O of the NxN RMESH.



2.7 RARAnd RAW

The random access read (RAR) and random access write (RAW) operations are defined in
[NASS81]. Ina RAR each PE has aread address associated with it. Thisisthe address of the PE
whose A variable it wishes to read. In a RAW each PE has a write address which is the address
of the PE to which it wishes to send the value of its A variable. Conflicts may be resolved arbi-
trarily. Miller et a. [MILL88a] have developed RMESH agorithms for RARs and RAWS.
When k data items are to be moved in the RAR or RAW, their algorithm takes O (vVk + logN)
time, k < N2. If the number of source and destination processors in each kxk block of PEs is

0O(k), 1<k < N then their algorithm takes O (logN) time.

3 AreaAnd Perimeter Of Connected Components

Let 1]0.N-1,0.N-1] be a binary image. Two pixels [u,v] and [w,X] are adjacent iff either
|[u-w|=1and |[v—x|=0or |[u-w| =0and |v—x| = 1. The transitive closure of this adja-
cency relation taken over the nonzero pixels of | partitions these nonzero pixels into equivalnece
classes called connected components. In severa applications [DUDA73] it is necessary to know
the area and perimeter of each of these components (the area of a component is the number of
pixelsin it and the perimeter is the number of pixels on the component contour).

The initial configuration for the problems considered in this section is one in which each
pixel is labeled by its component number. Specifically, each entry of | is a record with at least
the two fields: value and comp. 1]i,j].value is a0/1 pixel value and I [i,j].comp gives the com-
ponent to which this pixel belongs. If I]i,j].value = O, then I [i,j].comp = 0. If I[i,j].value = 1,
then I [i,j].comp > 0.

The area and perimeter of each component can be determined efficiently on hypercube and
mesh connected computers by performing a sort. Consider the case of area determination. The
pixels are first sorted by the field comp. Next the first and last pixel in each sequence with the
same comp value isidentified. The distance between these can be obtained by performing a data
concentration [NASS81] of the ID of the processors containing the last pixel in each sequence.
While the same technique can be applied to an RMESH, more efficient algorithms result from a
different technique. On an NxN RMESH, the area and perimeter can be determined in O (logN)

time while it takes O (N) time to sort N2 elements.
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3.1 Area

311 CRCW PRAM Algorithm

It isinstructive to first consider a CRCW PRAM version of our algorithm. We assume, for sim-
plicity, that N is a power of 2. Our agorithm employs the divide-and-conquer approach
[HORO7Y8]. Initidly, we assume that each pixel is independent of the others; then we combine
together blocks of pixels to obtain larger blocks. Two kinds of block combinations are per-
formed. In one, we combine together two horizontally adjacent 2'x2' blocks as in Figure 6(a). In
the other, two vertically adjacent 2'x2'*1 blocks are combined as in Figure 6(b). Notice that
when two horizontally adjacent blocks of size 2'x2' each are combined, we get a single block of
size 2 x2'*1, Further, when two vertically adjacent blocks of size 2'x2' *1 are combined we get a
block of size 2'*1x2'*1, Beginning with 2°x2° blocks, we alternately combine pairs of horizon-
tal adjacent blocks and pairs of vertical adjacent blocks until only one NxN block remains. Con-
sequently only the two kinds of block combinations described above are needed. Figure 7 shows

the combination process for the case of a 4x4 image.

2i 2i 2i +1
2 A B 2 A
2 B
(a) Horizontally adjacent blocks (b) Vertically adjacent blocks

Figure 6 Block Adjacency

With each pixel [i,j] we associate two additional fields: update and area. update is a
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(@) Initia blocks (b) Horizontal combination
ABEF CDGH ABCDEFGH
IJMN | KLOP [ JIKLMNOP

(c) Vertical combination (d) Horizontal combination

A-P

(c) Vertical combination

Figure 7 Block Combination

Boolean field and area is an integer field which will eventually be the number of nonzero pixels

in the component | [i,j ].comp. Initially, we have:
I[i,j]l.area = I[i,j].value, 0<i,j <N

When two blocks are combined, the area fields of the boundary pixels are updated to correspond
to the number of pixels in the new combined block that have the same comp value. Figure 8

gives an example. Figure 8(a) gives the comp values of the pixels. There are only two
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components in the figure. Figures 8 (b) - (f) give the area values. The blocks are asin Figure 7.
In this small example, each pixel is always a boundary pixel. Inlarger examples, thisis not so.
Figure 9 shows the pixels that get updated when two blocks are combined. These are labeled "X".

Following each combination, the following is true:

1 1 1 0 1 1 1 0
1 0 0 2 1 0 0 1
0 0 2 2 0 0 1 1
2 2 2 0 1 1 1 0
(a) comp.values (b) 2°x2° blocks
2 2 1 0 3 3 1 0
1 0 0 1 3 0 0 1
0 0 2 2 0 0 3 3
2 2 1 0 2 2 3 0
(c) 2°x2 blocks (d) 22! blocks
4| 4] 4]0 414410
4 0 0 1 4 0 0 6
0 0 5 5 0 0 6 6
5 5 5 0 6 6 6 0
(b) 2'x2? blocks (b) 2222 blocks

Figure 8 Updating area by block combination

11 If [i,j] isaboundary pixel of one of the two blocks just combined, then | [i,j].areais

the number of pixels in the new block with comp value equal to I [i,j].comp unless
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[i,j].comp = O.

Inthislatter casel[i,j].area = 0.
Consider the case of horizontal combination (Figure 9(a)). Assume that two 2'x2' blocks

are being combined and that for every boundary pixel [i,j] of each block, we have:

I[i,j].area = number of pixels in the block with comp value equal to I[i,j].comp unless
[i,j].comp = O.

If [i,j] is aboundary pixel in block A(B) and I [i,j].comp > 0, then its area value changes
iff there is a pixel on the boundary of block B (A) with the same comp value. This follows from
the definition of a connected component. If no pixel on the boundary of B(A) has comp value
[]i,j].comp, then no pixel in this block can have this comp value. Let [u,v] be a pixel on the
boundary of B(A) such that I [i,j].comp = | [u,v].comp # 0. Then the updated area value for pix-
dsJi,j]and [u,v] isl[i,j].area + I [u,v].area. Pairs[i,j] and [u,v] of matching pixels are found
by dividing the boundary of each block into four lines: 2 horizontal and 2 vertical. Call these
top (x), bottom(x), left (x), right (x), x O { A,B}. Note that the lines are not digoint. For exam-
ple, top (A) and left(A) share one pixel (at the top left corner). All 16 combinations of lines from
A and B ae used to determine matching pairs. Each combination has the form
((Y(A),Z(B)), Y,Z O {top,bottom, left, right}. The code of Figures 10 and 11 describes how area
is updated using a CRCW PRAM that has 2' *1 processors. For this to work correctly, it is neces-
sary that the area values be read by all PEs before any PE attempts to write an area value. The
complexity is O(1). The code for the case of avertical combination is the same. Since this com-
bination has to be done logN times starting with blocks of size 1x1 and ending with a single
block of size NxN, the complexity of the procedure to compute area for boundary pixels is
O(logN).

Once we have combined blocks as described above then it is the case that the area of any

component nis
max{l[i,j].area | I[i,j].comp = n}

To get the condition where |[i,j].area is the area of the component |[i,j].comp, 0<i,j < Nwe
can run the block combination process backwards. The NxN block is decomposed into 2 , each
of these is then decomposed into 2, and so on until we have N2 1x1 blocks. At the start of each
decomposition step, the boundary pixels contain the correct area value. The decomposition

results in the correct area values in the boundary pixels of the decomposed blocks. The process
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X X X X
X X X X

(a) Horizontal combination

Figure 9 Boundary pixels labeled x

X X X X X X X X
X X
A
X X
X X X X X X X X
X X X X X X X X
X X
B
X X
X X X X X X X X

(b) Vertical combination

I[i,j].update := false, 0<i,j <N
for sideA O {top, bottom, left, right} do
for sideB O {top, bottom, left, right } do
CombineLines(sideA,sideB);

Figure 10 Combine blocks A and B

issimilar to that described earlier for block combination and we omit the details.
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procedur e CombineLines (sideA,sideB);
{update area for pixels on boundary lines sideA and sideB of blocks of Aand B }
Let |sideA| and |sideB |, respectively, be the number of pixels
on boundary line sideA of A and boundary line sideB of B;
PE (c,d) examines the c'th pixel, 0< c < |sideA| of sideA of A
and the d'th pixel, 0<d < |sideB | of sideB of B.
Let these pixels, respectively, be[i,j] and [u,v];
if I[i,j].comp = I [u,v].comp
then case
I [i,j].update and not | [u,v].update:
I [u,v].update := true; I [u,v].area := I [i,j].area;
not | [i,j].update and | [u,v].update:
I[i,j].update := true; I[i,j].area := I [u,v].area;
not | [i,j ].update and not | [u,v].update:
I [i,j].update := true; | [u,v].update := true;
I[i,jl.area :=I[i,j].area + | [u,v].area;
I[uv].area:=I]i,j].area;
endcase;

end;

Figure 11 Combining two boundary lines

3.1.2 RMESH Algorithm

The RMESH agorithm works like the CRCW PRAM algorithm. We need to provide only the
details for the code of Figure 11 (i.e., procedure CombineLines). Figure 12 gives the RMESH
code for the case of horizontal combination. An NxN RMESH is assumed and PE (i,j) of the
RMESH represents pixel [i,j], 0<i,j < N. The code for a vertical combination is similar. The

complexity for bothis O (1). So, the complete area determination algorithm takes O (logN) time.
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procedur e CombinelLines(sideA,sideB);
{RMESH version }
diagonalize the update, comp, and area values of sideB of block B and
broadcast on row buses to al PEs on the same row in block A;
the PEs of block A read their row buses and store the values read in
variables updateB, compB, and areaB, respectively;
diagonalize the update, comp, and area values of sideA of block A
and broadcast on column buses to all PEs on the same column in block A;
the PEs of block A read their column buses and store the values read in
variables updateA, compA, and areaA;
{now the PE in position [a,b] of block A has the information from the
a'th pixel of sideA of A and b'th pixel of sideB of B}
Each PE (a,b) of block A does the following:
if compA = compB then
case

updateA and not updateB: updateB := true;areaB := areaA;

not updateA and updateB: updateA ;= true;areaA = areaB;

not updateA and not updateB : updateA := true; updateB := true;

areaA = areaA + areaB; areaB := areaA;
endcase;

{ broadcast back to sideB}
set up row buses in the AB combined block;
every PE (a,b) of block A for which updateB (a,b) istrue
disconnects its W switch and broadcasts areaB;
the diagonal PEs of block B read their buses and if avalueisread, this
is broadcast to the appropriate PE of sideB using the reverse of a diagonalize,
this PE in turn updates its areaB value and sets its update value to true;
{ broadcast to sideA }
thisis similar to that for sideB;

Figure 12 RMESH version of CombineLines
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3.2 Perimeter

This can be done by preprocessing the image so that | [i,j] = 1iff [i,j] isaboundary pixel. This
preprocessing is straightforward and requires each pixel to examine the pixels (if any) on its
north, south, east, and west boundaries. Following the preprocessing, we see that the perimeter
and area of a component are the same. Hence, the O (logN) algorithm of the preceding section
can be used.

4 Histogram

Let 1710..N-1,0..N-1] be an NxN digitized image with I[i,j] being the gray scale value of the
pixel [i,j]. Let B be the range in gray scale values of the N2 pixels. So, 0<I[i,j] < B,
0<i,j < N. The histogram of | isavector H such that

H[a] = [{[i,j]| I[i.j]=a O<i,j <N}|

l.e,, H[a] is the number of pixels that have the gray value a. The histogram of an image has
applications in image enhancement and segmentation.

Severa parale agorithms to compute the histogram have been proposed in the literature.
Siegel et a. [SIEG81] develop an agorithm for a p processor, p < N2, PASM muticomputer
while Yasrebi and Browne [YASR83] do so for the TRAC multicomputer. Grinberg, Nudd, and
Etchells [GRIN84] consider the computation of H on an N2 processor cellular machine called the
3-D machine. The resulting algorithm has time complexity O(N). The histogram, H, is easily
computed in O(N?) time on a serial single processor computer. This is optimal for such a com-
puter as each of the N2 pixels needs to be examined and such a computer can examine only one
pixel at any time. On a parallel computer with N2 processors, H can be computed in the time
needed to sort N? elements. The strategy for this is given in Figure 13. The processors are
indexed 0.N?-1 and the initia configuration has I (iN+j)=1[i,j], 0<i,j < N. The final
configuration has the nonzero entries of H computed in H (b).gray and H (b).value, 0< b < k for
somek <min{N?,B}. If H(a).gray = g, then H[q] = H (a).value.

Following the sort of step 1 the | values form a nondecreasing sequence. Step 2 identifies
the end (tail) and start (head) of each subsequence of | that is comprised solely of equal gray
values. The length of each such sequence is one of the nonzero entries in H. This length is
easily computed from the addresses of the processors containing the head and tail of the subse-
quences. For this, the addresses are concentrated to the left in steps 3 and 4 and the necessary

computation done in step 5. Since on al proposed paralel computer models data concentration
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Step1l Sortthel (i), 0<i < N2.
Following the sort, we have | (i) < 1 (i+1), 0<i < N2-1;
{ assumethat | (-1) = -1 and | (N?) = B}
Step2 if (i = N?-1) or (I (i) < I (i +1)) then [ tail (i) := true;address1(i) := i ]
esetail (i) ;= false;
if i=0)or (1(i)>1(-1) then[head(i) := true;address2(i) :=i ]
else head (i) := false;
0<i < NZ
Step 3 concentrate (I (i),address 1(i)) for tail (i) = true
to the left;
Step 4 concentrate (address2(i)) for head (i) = trueto the left;
Step 5 the processorsi that received tuples in the concentration of steps 4
and 5 do the following :

H(i).gray ;= 1(i); H(i).value := address 1(i)—address 2(i) + 1

Figure 13 Computing H using a sort

takes less time than the sorting of M elements using M processors, the complexity of the algo-
rithm of Figure 13 is determined by the complexity of the sort of step 1. Note also that since the
head of one sequence is adjacent to the tail of the previous one, the concentration of step 4 can be
replaced by a right shift by one of the address1's of the tails. To get address2, we need to add
oneto the just shifted address 1 values.

Tanimoto [TANI84] has developed an algorithm to compute the histogram on a pyramid
machine. The complexity of this algorithm is O(B + logN) on a pyramid with an NxN base.
Bestul and Davis [BEST89] compute the histogran on an N? PE SIMD hypercube in
O(VB + log(N/B)) time. Their algorithm assumes B < N.

In Section 4.1 we show how to compute H on an N? processor RMESH in time less than

that needed to sort N? elements on an NxN RMESH. This algorithm is for the case B < N2. For
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B = N2, the algorithm of Figure 13 may be used to compute H in O(N) time. Recall that N2 ele-
ments can be sorted on an NN RMESH in O(N) time. In Section 4.2 we develop an algorithm
to do histogram modification on an NxN RMESH.

41 ComputingH

We shall develop two algorithms. One requires O(\/g) memory per processor and the other

requires O (1). Thefirst of these uses fewer broadcast steps than does the second.

411 O(VB) Memory Algorithm

First consider the case B = N. Initialy, we have I (i,j) = I[i,j], 0<i,j < N. On termination, the
H values are stored in column 0 of the RMESH. l.e,H(i,0) = H[i], 0<i < N. Our strategy isto
first have each VNxVN (assume for simplicity that N is a perfect square) sub RMESH work
independently and compute H for the VN xVN portion of the image it contains. These VNxVN
sub RMESHS are obtained by a natural VNxVN tiling of the NxN RMESH. The sub RMESHSs
can work independently by simply disconnecting their boundary switches. Figure 14 shows a
16x16 RMESH partitioned into 16 4x4 sub RMESHSs. Processors with the same label are in the
same sub RMESH. Each VNxVN sub RMESH has B = N processors. Each of these is to com-
pute H [a] for exactly one value of a, 0 < a < B. Of course, the H value computed is only for the
image partition contained in the sub RMESH. Processor (i,j) of a VNxVN sub RMESH com-
putes HJi +] \/ﬁ], 0<i,j< WN. Figure 15 shows the H values to be computed by each processor
of a4x4 sub RMESH.

In order to compute the H’s as described, each processor (i,j) of a sub RMESH first com-
putes an array A[O..\/ﬁ—l] of values where A[b](i,]) is the number of pixelsin row i of the sub
RMESH that have gray value equal to jVN+b, 0<b < VN. This can be computed in O(VN)
time by obtaining the contribution of each of the VN columns in the sub RMESH in a different
iteration. On iteration k (see Figure 16), column k of the sub RMESH broadcasts its | values
along row buses that are confined to the sub RMESH. Each processor reads its row bus and
determines if the | value read contributes to its A array. Note that the A array of the (i,j)’th PE of
a sub RMESH accounts for gray values in the range j\/ﬁ through (] +1)\/N—1. If so, the
appropriate A value isto be updated. Let T(i,j) bethe |l value read by the (i,j)’ th processor of the
sub RMESH. To contribute to the A array of this processor, T must be such that
jVN <T(i,j) < (j+1)VN. If thisis so, then A[T(i,j)~j VN] corresponds to the gray value T (i, ).

Once the A arrays have been computed, the H values as given in Figure 15 can be
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8 8 8 8 9 9 9 9/10 (10| 10|10 |11 11|11 | 11

8 8 8 8 9 9 9 9/10 |10 10|10 |11 11|11 | 11

12 |12 |12 | 12 | 13 | 13 | 13 | 13 | 14 | 14 | 14 | 14 | 15 | 15| 15 | 15

12 112 |12 | 12 |13 | 13 | 13 | 13 | 14 | 14 | 14 | 14 | 15 | 15| 15 | 15

12 |12 |12 | 12 |13 | 13 | 13 | 13 | 14 | 14 | 14 | 14 | 15 | 15| 15 | 15

12 112 |12 | 12 |13 | 13 | 13 | 13 | 14 | 14 | 14 | 14 | 15 | 15| 15 | 15

Figure 14 Partitioning a 16x16 RMESH into 4x4 sub RMESHS

computed in O (VN) time by using the consecutive sum operation of Section 2. Following this,
each processor of the NxN RMESH contains in H a partial histogram value. The situation for a
16x16 RMESH is shown in Figure 17. We need to add together all partial values that contribute
to the same histogram value. This is done by first adding along columns. The N processors in
each column contain partia values for exactly VN different hi stogram values. In fact, the column
i H vaues so fa computed contribute towards H[(j mod VN)VN]J....,
H[(j mod VN)VN + VN-1]. For each column j, the H values that contribute to the same histo-
gram value H[a] are added together. Note that (j mod VN)VN <a < (j mod VN)VN+VN and
that the H value in PE (i,j) contributes to H[b] where b = (j mod VN)VN + i mod VN. The



21

H[O] H[4] H[8] H[12]
H[4] H[5] H[9] H[13]
H[2] H[6] H[10] H[14]
H[3] H[7] H[14] H[15]

Figure 15 The H[a] computed by each PE in a 4x4 sub RMESH

additions can be done in \/ﬁlogN time by using the binary tree scheme of Figure 18. The addi-
tion at each node requires VN values to be shifted. This takes O(VN) times. We require that the
VN sums computed for column j be left in the R variables of the processors (i,j) such that
(j mod VN)VN <i < (j mod VN)VN + VN. The scheme of Figure 18 saves the results in the top
N processors of each column. The desired configuration for R can be obtained by doing a win-
dow broadcast down the columns and then zeroing out the R values in the processors that don't
need these values.

To obtain the histogram values we now need to sum the R values on each row. Thisis
easily done in O (logN) time using the data sum operation. The overall complexity of our histo-
gram algorithm for the case N = B istherefore O(\/ﬁlogN).

Next, consider the case B < N. For simplicity, assume that VB divides N. Instead of tiling
the NxN mesh with VN xVN blocks as for the case when B = N, this time use VB xvB blocks and
proceed as for the case B = N. The for loop of Step 3 of Figure 16 is now to be run only for k
equal to 0 through VB-1, and each processor accumulates only VB Avalues. The computation of

A takes O(\/g) time. The consecutive sum operation to get the partia histogram values also
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{ computing Aina VNxVN sub RMESH }
{ i and j are PE indices relative to the sub RMESH }
Step1 Every PE(i,j) initializes itsAarray to O
A[b](i,j):=0,0<b,i,j < VN
Step 2 Set up row buses local to the sub RMESH;
Step3 for k:= 0to VN-1do
begin
all PEson column k broadcast their | values on their row bus,
T(i,]) := content(bus);
if jVN <T(,j) < (j+1)VN {Tisavauefor PE (i,j)}
then A[T(i,j)-j VN1(i,j) := A[T(i,)—j VN](i,j)+1;

end;

Figuire 16 Computing Ain a VN xVN sub RMESH

takes O(VB) time as it is confined to sub columns of size VB. Suming up partial histogram
values along columns takes O (\/Elog(NNg)) time as the height of the summing tree of Figure 18
is O (log(N/VB)) and at each summation node VB values are to be shifted. The results of the
column sum process are left in rows 0 through B -1 of the RMESH. These rows need to perform
a row sum operation. Since each row has N/VB values to be summed, the time needed is
O(logN/VB). The overall complexity becomes O (VBlog(N/VB)).

Next, suppose N < B < NZ2. For simplicity, assume that VB divides N. Use VBxVB tiles as
above. The fina configuration, this time, has the histogram values in the top left VBxVB sub
RMESH (thisis necessary as B > N and the histogram array cannot fit in a single column of the
RMESH, one element per processor). The modifications to the case N < B < N? are straightfor-
ward. The complexity is O(VBlog(N/VB)). When B = N2 , we can use the algorithm of Figure
13 to compute H in O (N) time. So, except when B = N?, we can compute H on an NxN RMESH

in less time than it takes to sort N2 elements on such an RMESH. Notice that when B > N2
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H[O] | H[4] | H[8] H[12] | H[O] | H[4] | H[§] H[12] | H[O] | H[4] | H[8] H[12] | H[O] | H[4] | H[8] H[12]

H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13]

H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14]

H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15]

H[O] | H[4] | H[8] H[12] | H[O] | H[4] | H[8] H[12] | H[O] | H[4] | HI[g] H[12] | H[O] | H[4] | HI[g] H[12]

H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13]

H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14]

H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15]

H[O] | H[4] | H[8] H[12] | H[O] | H[4] | H[g] H[12] | H[O] | H[4] | H[8] H[12] | H[O] | H[4] | H[8] H[12]

H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13]

H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14]

H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15]

H[O] | H[4] | H[8] H[12] | H[O] | H[4] | H[8] H[12] | H[O] | H[4] | HI[8] H[12] | H[O] | H[4] | HI[8] H[12]

H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13] | H[1] | H[5] | H[9] H[13]

H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14] | H[2] | H[6] | H[10] | H[14]

H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15] | H[3] | H[7] | H[11] | H[15]

Figure 17 Partition values for a 16x16 RMESH

only O (1) memory per processor is needed.

412 O(1) Memory Algorithm

We explicity consider only the case B = N. The agorithm differs from that for the O(VB)
memory case only in the way the partial histogram values H are computed. Thistime, we sort the
| values in each VNxVN sub RMESH, determine the head and tail of each sequence of equal |

values, then determine the length of each such sub sequence using two concentrations as in
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Figure 18 Adding blocks of n=4 processors in acolumn

Figure 13. All of this takes O(VN) time on a VNxVN RMESH. Next a random access write
[NASS81] is used to route these H values to the appropriate processors so as to get the
configuration of H values that results from Figure 16 and a consecutive sum. This also takes
O(\/ﬁ) time. A column sum and row sum, as for the case of the O(\/g) memory algorithm, is
needed to compl ete the computation. Since these summing operations take O (\/ﬁlogN) time, the
overal complexity becomes O(\/ﬁlogN). The sort and random access write operations require
many more broadcast steps than used in Figure 16 and in a consecutive sum. Hence the O (1)

memory algorithm is less efficient, in terms of time, than the O (VB) memory algorithm.
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4.2 Histogram M odification

One of the operations commonly performed following the computation of the histogram of an
image is histogram modification. In thisthe original gray values of the pixels are mapped to new
gray vaues according to some function f (OldGrayValue) — NewGrayValue,
0< OldGrayValue < B [LIM84]. This mapping is done in such a way that the new histogram
approximates adesired distribution. Histogram modification is often done to improve the utiliza-
tion of the available range of the gray scale and enhance the contrast of the image. For example,
the histogram of an underexposed photograph is biased towards the darker gray levels.

Histogram modification is done in two steps:
1) Compute f
2) Update the gray values according to f

We consider two cases for the computation of f. In both we limit our discussion to the case
B = N. Our agorithms are easily extended to other values of B. The two cases we consider are:
histogram flattening and histogram modification by a prespecified distribution (e.g., normal distri-
bution).

In histogram flattening (also known as histogram equalization) [PAVL82], the function f is

|
obtained in the following way. Let S[i]=> H[j],0<i < B, l.e,, S[0..N-1] gives the prefix
j=0

sums of the histogram values. f (i) isdefined as:
f@i)= |S[]/N],0<i<N
orf (i)= [(S[i]+ S[i-1])/(2N)] ,0<i <N

Regardless of which definition is used, we can easily compute f on an NxN RMESH in O (logN)
time. Since the algorithm of Section 4.1 leaves H in column 0 of the RMESH, the computation
of finvolves a prefix sum of H values in column O, followed by a possible shift by 1 of the prefix
sum values (in case the second definition of f is used), and then some simple arithmetic. The
prefix sum takes O (logN) time and the shift O (1) time. The function values f are left in column
0 of the RMESH. In the case of histogram modification by a prespecified distribution, f is com-
puted by first obtaining the prefix sums yg, ¥1, ', Yg-1 Of the desired distribution. Let
S0, S1,..» Sg—1 be the prefix sums of the histogram H. For any i,0<i < B, f (i) is defined to be an
integer k such that |y, — s | is minimum over al k. We assume that ties are broken by picking
the smallest k which minimizes |y, — s |. For the computation of f we assume an initial condi-

tion in which the H values are stored, one value per processor, in column 0 of the NxN RMESH
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and the distribution values are stored, one value per processor, in row O of the RMESH. The
algorithm to compute f is given in Figure 19. It is self explanatory and its complexity is
O(logN). The correctness of step 7 follows from the observation that since the y;’s form a mon-
tonic sequence, the d’'s form a bitonic sequence.

Now that we have seen how to compute f, we can consider the updating of the gray values
as prescribed by f. The algorithm for this is given in Figure 20. In step 1 each processor accu-
mulates VN fvalues. Specifically, if PE (i,j) isthe (a,b)’ th processor in its VN xVN sub RMESH,
then U[K](i,]) = f(b\/ﬁ+ k), 0<i,j < N. So, the U arrays in al processors in the same column
of the NxN RMESH are the same. Processors in column j will contain, in their U array, the
values f (1), (j mod VN)VN <1 < (j mod VN) VN + VN. Specifically, we require

ULK](i,j) = f(G mod VN)VN + k), 0<k < VN, 0<i,j < N.

Notice that the range of U values in a processor corresponds to the range of A values com-
puted in Figure 16. The actual updating of the gray values is done in step 2 of Figure 20. The
process is somewhat similar to that used to obtain the A array in Figure 16. The | values are
updated by considering the pixels in each VNxVN sub RMESH in column order. When the pix-
es in column k of the sub RMESHSs are being considered, these pixels broadcast their gray
values along row buses that are local to the sub RMESHS. The processors in each row of a sub
RMESH contain the entire f function in their U arrays, VN values per processor. When a proces-
sor receives a gray value, V(i,j), it determines if this value is included in its range of f values.
The f value range in PE (i,j) is from (j mod VN)VN through (j mod VN)VN + VN-1. If the gray
valueisinitsrange, PE (i,j) determines the new gray value corresponding to this old gray value.
The new gray value is then broadcast back to the PE that originated the old gray value and the
old value isfinally updated by the new one.

The complexity of the algorithm of Figure 20 is readily seen to be O(\/ﬁ).

5 Conclusions

We have developed O(logN) RMESH algorithms to compute the area and perimeter of image
components on an NxN RMESH. For the histogram problem we have developed an NxN
RMESH algorithm that is faster than sorting when the number, B, of gray scale values is less than
N2. The time complexity of this agorithm is O(min{VBlog(N/VB), N}) and it uses O (VB)
memory per processor. Another NxN RMESH algorithm using O (1) memory per processor was

aso developed. This has complexity O(\/ﬁlogN) where N = B. Finaly, we showed how
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Step 1 Prefix sum the distribution values in row 0 of the RMESH.
The prefix sumsare stored iny(0,j), 0<j < N.

Step 2 Prefix sum the histogram values in column 0 of the RMESH.
These sumsare stored ins(i, 0), 0<i < N.

Step 3 Set up column buses and broadcast the y (0,j) values, 0< j < N.
y(i,]) == content(bus), 0<i,j < N; {y(i,]) = y;}

Step 4 Set up row buses and broadcast the s(i, 0) values, 0<i < N.
s(i,j) := content(bus), 0<i,j < N;{s(i,j) = s}

Step5 d(i,j):= | y(i,j)=s(.j)) |, 0=ij<N.

Step 6 Shift the d values left on rows by 1, the shifted values areinthe e
variables, I.e.,e(i,j)=d(i,j+1),0<i<N,0<j<N-1

Step 7 ifd(i,j) < e(i,j) then PE(i,j) disconnects its E switch
and then broadcasts j; 0<i < N, 0<j < N-1;
PE (i,N-1) broadcasts N-1, 0<i < N;

Step 8 f (i, 0) := content(bus);

Figure 19 Computing f according to a given distribution

histogram modification could be done on an NxN RMESH in O(\/ﬁ) time.
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