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Abstract. We examine several VLSI architectures and compare these for their suitability for various forms of the
band matrix multiplication problem. The following architectures are considered: chain, broadcast chain, mesh,
broadcast mesh and hexagonally connected. The forms of the matrix multiplication problem that are considered
are: band matrix X vector and band matrix X band matrix. Metrics to measure the utilization of resources
(bandwidth and processors) are also proposed. An important feature of this paper is the inclusion of correctness
proofs. These proofs are provided for selected designs and illustrate how VLSI designs may be proved correct
using traditional mathematical tools.
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1. Introduction :

Several authors have considered VLSI architectures for band matrix multiplication. Kung [7]
has proposed chain and hexagonal processor array architectures for band matrix multiplication.
He spawned considerable further work in the development of VLSI systems for specific
problems. A bibliography of over 150 research papers dealing with this subject appears in [8].
[3,4,12,14] are references that deal specifically with some form of the band matrix multiplica- -
tion problem. -

In this paper, we reconsider the following forms of the band matrix multiplication problem:
band matrix X vector and band matrix X band matrix. The first of these forms finds significant
application in the solution of elliptic partial differential equations by iterative finite difference
or finite element methods [2]. The second form has become a classical problem for systolic
system design. It was the first problem studied for the hexagonal architecture [9].

For each of the above forms of the band matrix multiplication problem, we consider how the
multiplication problem can be solved in VLSI. For this, we consider various VLSI architec-
tures. The major architectures considered are:

(a) Chain: This architecture consists of some number of processing elements (PEs) connected
together as in Fig. 1(a). PEs may directly communicate with neighbouring PEs only. Input /out-
put may be performed through some subset of the PEs.

(b) Broadcast chain: A broadcast line is drawn as a continuous line through all the PEs that
are to receive broadcast data. Figure 1(b) shows a broadcast chain with one broadcast line.
Data put onto the broadcast line is assumed to reach all PEs on the line in one time unit.

(¢) Mesh: A mesh is a two-dimensional arrangement of PEs with nearest neighbor connec-
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tions (see Fig. 1(c)). Input/output can be performed only through some subset of the boundary
PEs.

(d) Broadcast mesh: This is a mesh with broadcast lines added. The broadcast lines may span
rows or columns as in Fig. 1(d).

(e) Hexagonal processor array: This is a two-dimensional PE arrangement in which each PE
has 6 nearest neighbors and connections to each (Fig. 1(e)). Once again, input/output can be
performed only via the PEs at the boundary.

In addition to these six architectures, variations of some are also considered. We make the
assumption that the VLSI system for band matrix multiplication will be connected to the bus of
the host computer as a peripheral (Fig. 2). ;

The design of a VLSI system should take the following into account:

(1) Processors: how many processors are used in the VLSI system? This figure is denoted by
P.

(2) Bus bandwidth: the maximum amount of data to be transmitted between the host and the
VLSI system in any cycle. This figure is denoted by W.

(3) Speed: how much time does the VLSI system need to complete its task? This time may
be decomposed into the times 7. (time for computations) and 7, (time for data transmissions
both within the VLSI system and between the host and the VLSI system). The total time taken
by the VLSI system will range from max{ ., 7} (corresponding to the case of total overlap
between computations and data transmission) to - + 1 (corresponding to the case of no
overlap). In our analysis, we shall measure only the number, 7., of computation steps and the
number, T, of data movement steps. Note that 7. = a7 and 7 = 8T, where a and B are
technology dependent.

One may expect that by using a very high bandwidth B and a large number of processors P,
we can make T and T, quite small. So, 7. and T, are not in themselves very good measures
of the effectiveness with which the resources B and P have been used.

Let O denote the time spent for arithmetic operations (i.e., computation) by a single
processor algorithm. The ratio

R-=P+T./0

measures the effectiveness of processor utilization. We see that R > 1 for every VLSI design
that is based on this single processor algorithm. Three conditions are necessary to guarantee
full utilization of the processors, namely:

(1) all processors are used all the time,
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(2) all computations are useful in contributing to the final result,

(3) no computation is performed more than once.

If during any time cycle that a computation is performed, all the above three conditions are
satisfied, then P * T, will be exactly equal to O and R.=1. In all other cases, we see that
R > 1. As an example, consider the problem of multiplying two n X n matrices X and Y to get
Z. Each element of Z is the sum of n products. We shall count one multiplication and addition
as one arithmetic (or computation) step. Hence, O = n’. (We shall consider VLSI algorithms
based on the classical O(n*) matrix multiplication algorithm only.) If P = n, then T > n?.

Let D denote the total amount of data that needs to be transmitted between the host and
VLSI system for a particular problem. The ratio

Rp=W#Ty/D

measures the effectiveness with which the bandwidth W has been used. Clearly, Ry > 1 for
every VLSI design. As an example, consider the multiplication of two n X n matrices. The host
needs to send 2n? elements to the VLSI system and receive n? elements back. So, D = 3n2.
With a bandwidth of n, T, must be at least 3n. T, will exceed 3r if the bandwidth is not used
to capacity at all times.

In evaluating a VLSI design, we shall be concerned with T, and T}, and also with R and
R. We would like R and Ry, to be close to 1. Finally, we may combine the two efficiency
ratios R and Ry, into the single ratio R = R * R,. A design that makes effective use of the
available bandwidth and processors will have R close to 1.

Huang and Abraham [4] have proposed an efficiency measure that is identical to R when
Tp = T.. They do not, however, decompose their measure into the constituent components R
and R. For the algorithms they study, this decomposition is unnecessary as T = T. More
specifically, their algorithms and those of [7-11] have the property that each cycle of the
algorithm is comprised of some computation and data movement. Some of the algorithms we
study in this paper violate this property. These algorithms contain several cycles of data
preload and output during which no computation is performed. In many technologies these
data movement cycles will be significantly faster than the computation and data move cycles.
So, it is not reasonable to simply add together both types of cycles. However, in the case of
these algorithms too, a good design will have R and Ry, close to 1.

For each of the designs considered in this paper, we compute R., Ry and R. In several
cases, our designs have improved efficiency ratios than all earlier designs using the same model.
In comparing different architectures for the same problem, one must be wary about over
emphasizing the importance of R, R and R. Clearly, using P =1 and W =1, we can get
R.=R,=R=1 and no speedup at all. So, we are really interested in minimizing 7 and T
while keeping R close to 1.

We wish to caution the reader concerning the significance of R. R is only a measure of the
effectiveness with which the resources: bandwidth and processors are used. If our objective is
simply to minimize R, then a single processor design with W =1 does this. This design,
however, gives us no speedup. Our true objective is to get a high throughput while using the
available resources effectively. If we have a VLSI design with a high R value, then this is a clue
to us that the design can probably be improved. So, we may use R to measure how good a job
we have done in exploiting the given architecture. Another point to keep in mind is that our
metric, R, does not include a measure of the complexity of the individual processors and the
interprocessor connections. It appears to be quite difficult to include these in any realistic
manner.

An important feature of this paper is the inclusion of correctness proofs. These proofs are
provided for selected designs and illustrate how VLSI designs may be proved correct. Remain-
ing proofs are easily obtained. We use neither the s-transform notation developed in [5,6,10,15]
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Table 1

Symbols used

Symbol Meaning Symbol Meaning

A input n X n matrix, ¢c=A4b or C = AB T computation time

b input vector, ¢ = Ab Tp data transmission time

B input n X n band matrix, C = AB Rp processor utilization efficiency
¢ product vector, ¢ = Ab ' Ry bandwidth utilization efficiency
C output n X n product matrix, C = AB R Rp* Ry,

D amount of data to be transmitted S min{n, w,+wz—1}

m min{w, wp} w bandwidth of matrix 4 or w, + wy
M max{w,, wg} : W, bandwidth of 4

n A is an n X n matrix wg bandwidth of B

o computation time by a one processor algorithm w input/output bandwidth

p number of processors

nor the formal model developed in [3]. It is our contention that VLSI designs of the type
developed here can be proved correct using traditional mathematical methods.

Table 1 collects together all the symbols used in subsequent sections and provides a brief
description of each.

2. Band matrix X vector multiplication
2.1. The problem

Input: An n X n matrix 4 with bandwidth w (w-< n) and a column vector b.
QOutput: A column vector ¢ such that ¢ = Ab.
Parameters: O ~wn, D~ (w+ 2)n.

2.2. Chain with O(n) bandwidth

The architecture and input structure are shown in Fig. 3. PE i computes ¢;. w; and w, are,
respectively, the number of diagonals below and above the main diagonal. As can be seen, the
a’s are input by diagonals starting with the lowermost one. Algorithm 2.1. (see Fig. 4) describes
the working of the PEs.

Correctness. The correctness of Fig. 3 may be established in the following way. Let a(i, ¢) and
b(i, t) denote the tth a and b values to enter PE i. Then from Fig. 3, we see that a(i,
1)=a;; y 41 and b(i, t)=b;,_, ,, 1, 1<i<n, 1<t<w (the defined a,;’s and b;’s are
extended so that a,;=b,=0 whenever j<O0 or j>n). As ¢ ranges from 1 to w, the w
diagonals of A enter the VLSI system (from lowermost to uppermost). The computed ¢; is
Y 14w, +1-1*b;_, +,_1, Which is readily seen as being correct.

Performance. We see that P=n, W=n+1, To=w, Tpo=w+2, Rp~1, Ryy~1+1/n~1,
R=1+1/n~1(when n is large).

2.3. Chain with O(1) bandwidth

The architecture is similar to that of Fig. 3 except that input and output can be performed
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through the leftmost PE only. The data is input in the order needed by the design of Section
2.2. The row of b’s and the lowermost diagonal of A are entered first. Next, b,_,, ,, and the
next diagonal of A are entered, and so on.

Performance. For this new scheme, p=n, W=1, To=w, Tp=(w+2)n, Rp~1, Ry ~1,
R~1.

2.4. Bidirectional chain with O(w) bandwidth

Kung [7] and Leiserson [12] have proposed the bidirectional chain architecture of Fig. 5. The
performance figures for this design are P=w, W=(w/2+1), To~2n+w, Tp~2n+w,
Rp~2, Ry, ~1and R~ 2. Leiserson [12] points out that pairs of processors can be combined
into 1 as only half the processors are active at any time instance. When this is done, R, and R
become 1.

input the row of b’s from the top;

input the first row of a’s from the top;

ce—axbh;

for i< 2 to n do
input next row of a’s from top;
input a b from the left shifting all other b’s right by one;
cec+ab;

end

output the n ¢’s from the top;

Fig. 4. Algorithm 2.1.
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input row of b’s from above;
for g1 to m do
dec;
c<0;
for k< 1towdo
input row of a’s from top;
input a b from left and shift b’s right;
output and shift d’s right;
c < c+ ab;
end
end
output the last w ¢’s from top;

Fig. 7. Algorithm 2.2.
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It is interesting to note that similar performance can be obtained by a unidirectional chain
with O(w) bandwidth. The system computes ¢ in m=[n/w] cycles. In cycle ¢, PE(i)
computes ¢;,(,_1y,, 1 < ¢ < m. Example input for the case w=4, w, =2, w, =1 is shown in
Fig. 6. Algorithm 2.2 (see Fig. 7) describes how the system works.

Performance. For the unidirectional chain, we have P=w, W=w+2, To=mw~n, Tp=
mw+1l~n+1, Rp~1, Ry ~1,and R~ 1.

2.5. Broadcast chain with O(w) bandwidth

Huang and Abraham [4] have proposed the broadcast chain architecture of Fig. 8. The
number of PEs used is w, the a’s are entered by columns and the b’s broadcast in the order b,

b,, .... Each processor computes ¢ « ¢+ ab and then sends the ¢ value to the left. Clearly,
Table 2
Performance Architecture
Chain Chain Bidirectional Chain Broadcast
with O(n) with O(1) chain with O(w) with O(w) chain with O(w)
bandwidth bandwidth bandwidth bandwidth bandwidth
12] [4]
P n n w/2 w w
w n+1 1 w/2+1 w+2 w+1
T w w 2n+w n n
Tp w+2 (w+2)n 2n+w n+1 n+w
Rp 1 1 1 1 1
Ry, 1 1 1 1 1
R 1 1 1 1 1

O~wn, D~(w+2)n.
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P=w,W=w+1, Tc=n,Tp~n+w, Rp~1, Ry~1+w/n~1, R~1+w/n~1. In light
of our unidirectional chain design of Section 2.4, there is little advantage to having a broadcast
capability for chains for the band matrix X vector problem.

2.6. Summary

The performance of the VLSI architectures for the band matrix X vector product problem
are summarized in Table 2. This appears to be the first time that O(n) and O(1) bandwidth
chain designs have been developed for this problem. Earlier work has been restricted to O(w)
bandwidth chains. In one case, a bidirectional chain was used and, in the other, a broadcast
capability. We have shown that neither of these capabilities is needed. Equally good perfor-
mance is obtainable by a unidirectional chain with O(w) bandwidth.

3. Band matrix multiplication
3.1. The problem

Input: Two n X n band matrices 4 and B. The bandwidth of 4 is w, and that of B is w.

Output: An n X n band matrix C that is the product of 4 and B. The bandwidth of C is at
most w, +wp— 1.

Parameters: m=min{w ,, wg}, M=max{w,, wp}, S=min{n, w,+wy—1}, w=w, +
Wg, O~w wgn, D~2w, +wpg)n.

3.2. Chain with O(w) bandwidth

The product matrix can be computed one column at a time using the architecture of Fig. 3.
Only S processors are needed as there are at most this many non-zero terms in a column.
Computing each column of C requires us to compute the product of an S X w, band matrix
with bandwidth w, and a wy X 1 vector. This is done » times to get all the columns of C.
Performance. We see that P=S, W=w, To=w,n, Tp,=(w,+2)n, Rp~1+w,/wg, Ry~
1+w,/2, R~1+w,/wp)A+w,/2). If w,>wp, the computation may be rearranged so
that Rp~1+wy/w,, Ry~1+wg/2, R~AQ+ wy/w)1+wg/2). So, Te=
mn, In=(m+2)n, Rp~1+m/M~2, Ry~1+m/2, R~Q+m/MY1+m/2)~2+m.

When each PE has 2w , + 2w — 1 words of memory, system performance may be improved
by using the PEs in the following manner. A chain with n PEs is employed. When w, < wy,

forg—1tow, +wy—1do
PE(i) computes the element (if any) in column i of
the gth diagonal of the band of C (Diagonals are
numbered from the top);
if g<w,+wy—1 then
[each PE except the rightmost shifts its row of 4
to the right and the leftmost PE inputs row
n+qg—min{u; +u,, n—1} of the band
of A (if this is > n, then zeros are input)];
end

Fig. 9. Algorithm 3.1.
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PE(i) is used to compute column i of C. When w, > w,, PE(i) computes row i of C. We
describe the process only for the case w, < wg.

The band of B is input in column major order and that of 4 by rows. Following this, PE(i)
contains column i of the band of B and row i —min{u; +u,, n—1} of the band of A. If

_ _ _ — _ _
31 212 b1 P12 000 ¢y ¢19 €3
31 222 323 P21 Pa2 Pp3 00 | o5y Sp3 By g
a3 333 233 23 by, byg by, — 0| e3; e35 c33 c34 €35
340 343 344 245 by Pug Vs 41 42 43 S44 C4s
a a a b b c c c c 00
L__ 53 354 3s5 B 54 Y55 | 5253 s Css
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By bgs Bug By 0
22 P33 Py Pss 5
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byr B3y by3 by, O
11 P22 P33 Pas Pss | 3
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831 842 asy | 5
832 243 sy
0 8y dEpy 85
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i <min{u, +u,, n— 1}, then the 4 elements are zero. u; and u, are, respectively, the upper
bandwidths of 4 and B. Each PE is now ready to compute the uppermost diagonal of C. The
computation of the band of C proceeds as in Algorithm 3.1 (see Fig. 9).

Performance. For this design, we have P=n, W=1, Tc=w, wg, Tp~QRn+m)w, Rp~1,
Ry~1+wy,/(2n)~1and R~ 1.

3.3. Chain with O(n) bandwidth

The n processors are used to compute the w, + wy — 1 diagonals of C in w, + wy — 1 steps.
In the ith phase, the jth processor from the left computes the jth element in the ith diagonal
from the bottom. The position of a diagonal element is determined by extending the band of C
in the natural way so that each diagonal has exactly » elements in it (see Fig. 10). The ith
element in a diagonal is on row i. The appropriate 4 and B data needed for the computation of
the diagonal elements are input into the system for each C element to be computed. As the
processors do not share data, no interconnection between the PEs is needed. So, they might as
well be independent PEs. Let /; and u; be, respectively, the number of diagonals below and
above the main diagonal of 4. Let /, and u, be the corresponding figures for B. An example
input data for the case n=35, [y, =2, u; =1, I,=1, u, =1 is shown in Fig. 10.

Performance. As can be seen, P=n, W=2n, Tc=w,wyg, Tp =2+ i+ [w +wg—2m—
Im+w, +twg—1l=wwp+wy+wz—1, Rp~1, Ry~1+wwgz)/w and R=1+
(W wg)/w.

3.4. Chain with O(1) bandwidth

Two algorithms can be devised from the multiple input chain. The first algorithm works like
the chain with O(w) bandwidth except that all input enters from the leftmost PE and the
results are extracted from the right. For this algorithm, P=S, W=2, To=mn, Tp = ((m +
Dn+1)S, Rp~14+m/M~2, Ryy~1+m and R ~2(1 + m).

The second algorithm works essentially as the » independent PE computation described in
Section 3.3. However, this time the PE to PE interconnection is used. The performance figures
for this design are P=n, W=2, To=w,wg, Tp=n(wwg+w—1), Rp~1, Ry~1+
(wwg)/wand R~1+(w wg)/w.

3.5. Mesh with O(n) bandwidth

The result matrix consists of w, + w, — 1 diagonals. The mesh architecture contains one PE
for each element on these diagonals. Hence, the configuration depends on the precise w , + wy
—1 diagonals of the product matrix C that contain non-zero elements. Figure 11 shows the
architecture for the same case as Fig. 10, i.e. when the bandwidth of C is 6 and there are two
diagonals above and three below the main diagonal. The PE at position (i, j) computes c;;.

The PEs are initially loaded so that they contain multipliable pairs. l.e., PE(i, j) contains
a; and b, ; for some k, or one or both of the 4 and B registers are zero. In addition, the b s in
each column and the a’s in each row repeat with a period M. The configuration for an example
A and B is shown in Fig. 11. S data moves are required to obtain this configuration. Now a
multiplication takes place. This is followed by M — 1 cycles in which the a’s move right, the b’s
down and a multiply-add is performed. Finally, the results are extracted in S units of time.

More specifically, let A(i, j) and B(i, j) be respectively the A and B values in the PE at
position (i, j) (we extend the PE configuration by w, —1 PEs to the left of each row and
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above each column from those pictured in Fig. 11). Let /; and u; be, respectively, the number
of diagonals below and above the main diagonal of 4. Let /, and u, be the corresponding
figures for B. We consider the case w > wy only. The case w, < w is similar. First define the
A and B values to be: (for k=0, 1, 2,...)

Qi ivj+wk—n> je[”_WAk"lla ”_WAk]a
A(i. i) =
@.7) A ivjrwok+)—n> JE [”—WA(k"“ 1) # 1, n—wyk 1)
Bty i i€[n=—w.k—u,, n—wkl],
B(i, j)=1{0, ie(n—wy(k+1)+1,, n—w,k—u,),

Biiiiw,estyon, o i€ (m—wy(k+1), n—w (k+1)+1].

This gives us a preliminary data pattern with period w,. If an index above exceeds n or is
less than 1, the corresponding value is set to 0.
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Now, some of the A’s and B’s defined above need to be changed to zero. In the

computation of c,;, only the terms in the sum Z‘qr‘;“&;i f‘,—‘;j ,t’jl) uy)@iq b,; are needed. Suppose that

a,, and b, are the 4 and B values assigned to the PE at position (i, ). For a;, to be useful, s
must be in the range

min {max{i—/{,j—u,+t}}, max {min{i+u;,j+1,+¢
Uy 0 1 2

O<t<w, <I<wy
=[max{i—1, j—u,}, min{i+u,j+,+w,—1}].
If s is not in this range, then A(i, j) is set to zero. Similarly, for b,; to be‘useful, r must be in

the range:

[ min {max{i~ll+t,j—u2}},0irtlax {min{i+u1+t,j+12}}]
s A

O<t<wy <w
=[max{i—1,j—u,}, min{i+u +w,—1,j+1,}].

If » is not in this range, then we may set B(i, j) to zero. We now have the final data pattern to
be used.

Correctness. We shall show that the data pattern defined above provides each PE with a
multipliable pair initially. From the data pattern definition and the flow of data, it follows that
each PE always contains a multipliable pair and so the correct results are computed.

PE(i, j) is present in the systolic system iff

—(wm+uy)<i—j<h+1, (1)
First consider the case j € [n—w k — [, n—w k] for some k. For this case, we get from (1):
—(uy+uy)+j<i<l+1L,+j
or
—(y+u)+n—wik—-L<isn—wyk+0+1,
or
n—w,(k+1)—u,+1<isn—wyk+10+1,.
This interval for i may be divided into the eight intervals:
1. icn—wyk+1)—u,+1, n—w, (k+1)+1,],
ie(n—wy(k+1)+1, n—w,k—u,),
ie[n—w,k—u,, n—w,k],
ie(n—wyk, n—wk+1,],
ie(n—wik+lL, n—w(k—1)—u,)
ic[n—wk—1)—u,, n—w,(k—1)],
ic(n—wy(k—1), n—w(k=1)+1,],
ic(n—wy k=141, n—wk+1L+1)].

0 3 N L b~ WN

For each of these intervals, we show that PE(i, j) contains a multipliable pair.

Interval 1. Let A(i, j)= a,, be the value assigned to this PE in the initial pattern. From the
definition of the initial pattern and our assumption on j, it follows that s=i+j+ w k& — n.
From the definition of interval 1, we get

selj—wy—u,+1,j—w,+1].
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Since wy>wg=1,+u,+1 (by assumption), j—w_,+/,<j—u, and s is not in the useful
range. Hence A(i, j) was modified to O in the data pattern.
Intervals 2, 5 and 8. In this case, B(i, j) =0 in the initial pattern.
Intervals 3 and 4. Now, A(i, j)=a; ;4w k—n a0d B(, J)=b, ;s x—p -
Intervals 6 and 7. In these intervals, B(i, j)=0b,=b,, ;s k-1)-n, and A(i, j)=
a;i4j+wk—ni0 the initial data pattern. However, r is in the range
[i+n—whk—L+w (k=1)—n,i+n—wyk+w,(k—1)—n]
N P | :
So, B(i, j)1is set to zero in the latter modification of the initial data pattern.
The second and final case to consider is j € [n—w_ (k+1)+1, n—w_k — ;) for some k.
For (i, j) in the band of C, we have
—(uytu))+j<i<l+1+j
or
—(uytuy))+n—wk+1)+1<i<l+L+n—wk—1
or
n—wy(k+1)—u—u,+1<i<n—w k+1,.
This time we consider the seven intervals:

1. ie(n—w(k+1)—u —uy, n—w,(k+2)+1,],

2. ie(n—wy(k+2)+1, n—w,(k+1)—u,),
3. ie[n—w(k+1)—uy,, n—w,(k+1)],

4. ie(n—wy(k+1), n—w,(k+1)+1],

5. ice(n—wy(k+1)+1,, n—wik—u,),

6. ie[n—wyk—u,, n—w,k],

7. ie(n—wik, n—w,k+1,).

For each of these intervals, we show that PE(i, j) contains a multipliable pair.

Interval 1. Since A(i, j)=a;;=a;;\ ., k+1)-n In the initial data pattern, s is in the range
(j—u,—uy, j—w,+1,]. However, as w, >wg, j—w,+1,<j—us. So, A(i, j) was mod-
ified to 0 in the data pattern.

Intervals 2 and 5. B(i, j) =0 in these intervals.

Intervals 3 and 4. Now, A(i, j)=a;; ;1w k+1y-n @04 B(, j)=b;\;ty k+1y—n ;- SO the
PE has a multipliable pair.

Intervals 6 and 7. In these intervals, B(i, j)=b,,=b
1, n— w4k —1I;),r is in the range

i+n—w(k+1)+wk—n,i+tn—whk—0L+wk—n)=(G—-w,, i—1).
4 4 4 1 4

So, B(i, j) is modified to zero.

Since j€[n—w (k+1)+

i+j+wyk—n,j*

Performance. For this scheme, we have P~ Sn, W=2n, Tc=M, T, =2S+M—1, Rp~ M,
Ry ~3and R~ 3M.

3.6. Mesh with O(1) bandwidth

This is very similar to the mesh with O(#n) bandwidth. An interconnect along the lowermost
and uppermost diagonals is added (Fig. 12) to facilitate easy input and output to and from the
system.
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ORDER OF INPUT B ORDER OF INPUT
0 aja, 0 0 0 0 0 1511 . b£1 b, 0 0 0 0 by b 0
Boq Bop Byy 0 0 0 &y 8y, By 0 bgy byy by 0 0 by, byy by
Agy By By W Bgy 845 Baq g 0 O 0 Myq bgg Byy & By By byy
0 0 0 a,aga, a5 0 0 0 0 0 by, b, by, 0 0 0
0 o 0 0 0 0 0 b..b,_. 0 0

0 0o 0 O

853 #54 %55

Fig. 12.

Performance. For this architecture, we have P=mn, W=2, To=M, Tp=2mn+ M —1,
Rp~M, Ry, ~3and R~ 3M.

3.7. Broadcast mesh with O(n) bandwidth

A broadcast mesh architecture suitable for the multiplication of band matrices is shown in
Figs. 13-15. Here, we assume that w, + wy —1 < n and wy < w, (the case when w, <wj is
symmetric). The broadcast capability is used only for matrix B. The b’s are broadcast into the
systolic array by diagonals while the a’s are input as exactly min{n+u,, w,+wy—1}
columns. Row i of the systolic array inputs row i of matrix 4 (i.e. the part of this row in the
band with a suitable shift; the elements enter right to left). Figure 13 shows the the input
pattern for the matrices of Fig. 10. Figure 14 shows the input pattern for two 6 X 6 matrices 4
and B with w, = w,=2. 4 has one diagonal below the main diagonal while B has one above.
Figure 15 shows the input sequence for the case where w, =3, w, =2 and neither have any
diagonals below the main diagonal. The architecture and input pattern for n X n matrices with
bandwidth w, and wj are shown in Fig. 16. Let /;, u;, /, and u, be as in Section 3.5.

The system begins by initializing the 4, B and C registers of all PEs to zero. Then,
min{n —u;, w,} — 1 columns of A4 input are accepted, shifting each to the right one unit. This
is followed by w, cycles of input and shift A’s right, broadcast B’s, multiply and add to C.
Finally, S left shifts suffice to extract the results. The correctness of the systolic scheme
described above follows from the observation that the elements on the uppermost diagonal of C
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12 P23 B3y Pys
by by by b, by
by, By by by, O
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a1 %32 %33 %3 O ——{ 1M [HTH [H]
O 242 23 %y s ‘”_{h{}“[}—[]{]
0 25385 255 0. (D
Fig. 13.
0 by, byy by, bys beg
byy byy byy by bes Dy
0 a, a,, ]
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O sy 255 (-
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Fig. 14.
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by DByp by by, bss b,
0 a;, a, a, ﬂi}[}
0 ay, 8y, ay, }_[}_[]
R ] S W
R -0
0 s o o
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Fig. 15.
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have just one a,, b, ; term, those on the next have 2, and so on. So, it is sufficient to load only
the first min{»n — u,, w,} diagonals of C before the first product is performed. The input
patterns for 4 and B ensure that PE(i, j) computes only the terms in the product of ¢, i

Correctness. To establish the correctness of Fig. 16 (wp <w ), let a(i, j, t), b(i, j, t) and c(i,
J» t) be, respectively, the a, b and ¢ values in PE(i, j) just after the sth multiplication and
addition is performed. It is easy to see that

a(i, J, t)=ai,j+lz—t+l9 b(i, J, t)=bj+lz~l+1,j'

(The defined a,;’s and b,;’s are extended so that a,; = b,; =0 whenever j <0 or j > n.) Now,
the value c;; can be seen to be
wp 4d:]
C(i, j, wg) = Zla(is J, t)xb(i, j, 1) = Zlai,j+12—t+l*bj+[2~1+l,j'
t= =

This is readily seen as being correct.

Performance. The working of the algorithm can be divided into the following two cases:
Dwy,<n—u,wy+wyg—1<n,
Qwy>n—u, wy+wg—1l<gn.
For each case, T, can be shown to be <2(w, + wy—1). Hence, the performance figures are
P~Sn, W=2n, Te=m, Tp<2Aw,4+wp—1), Rp~Smn/(nw wy). If w,+wy—1<n,
Rp~(wy+wpg—1m/(wwp)<2, Ry~2and R4

3.8. Hexagonally connected processor array

The hexagonal connection was originally employed by Kung [7] for the band matrix product
problem. His original design has an R value of 3. This has been improved to 1 by Huang and
Abraham [4]. The design of [4] is shown in Fig. 17 with the input pattern for the matrices of
Fig. 10. The essential difference between this and the design of [7] is that in Kung’s design, the

845 234 323 @

s, b21 by, b 43 54 0

b
a, 22 33 44 55

a
aka 21 —_____ﬂ\\\\\$ 0 byy by3 by, bys
253 49 2 /—

Fig. 17.
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Table 3
Perfor- Architecture
mance  Chain Chain Chain Chain Mesh Mesh Broadcast Hexagonal
with O(w) with O(w) with O(n) with O(1) with O(n) with O(1) mesh with O(w)

bandwidth memory bandwidth bandwidth bandwidth bandwidth with O(n) bandwidth
bandwidth [4]

P S n n n Sn Sn Sn W Wpg
w w 1 " 2n 2 2n 2 2n 2w

Tc mn W, Wpg W Wp wwpg M M © m n+m-—1
Tp (m+2)n  QRn+m)w wwg+w n(wawg+w) 2S4+M 2nS+M 2w n+m
Ry 2 1 1 1 M M 2 1

Ry 1+m/2 1 1+(w,wg)/w 1+(wwg)/w 3 3 2 1

R 2+ m 1 1+(wowg)/w 1+(wwg)/w 3M 3IM 4 1

m=min{w,, wp}, M=max{w,, wg}, S=min{n, w,+wp—1}, w=w, +wy, O~w,wgn, D~2w, +wpg)n.

C’s flow from bottom to top rather than from top to bottom. This difference in the direction of
flow requires a separation in time between successive elements of 4, B and C.

Performance. From Fig. 17, we see that P=w wy, W=2w, To=n+m—1, Tp=n+m,
Ry =Rp~1and R~ 1 (when n> m).

3.9. Summary

The performance of the VLSI architectures for the band matrix multiplication problem is
summarized in Table 3. Despite the complexity of several of our designs, we have been unable
to achieve R values close to 1 except for some instances. It remains to be seen whether an R of
1 can be achieved.

4. Conclusions

This paper has examined VLSI systems for the band matrix product problem. Most of the
commonly proposed VLSI architectures have been considered. In many cases, we have been
able to improve upon earlier work. We have shown that the correctness of even complex VLSI
designs for the band matrix product problem can be established using traditional mathematical
tools. While in some instances, the proof obtained is itself quite intricate, it appears unlikely
that the design or proof could have been obtained any easier (if at all) using the s-transform
method.

Unlike earlier designs, many of our designs use a single PE to compute an individual element
of the product vector ¢ or product matrix C. Consequently, error diagnosis is easier than for
designs in which each ¢ value results from computations in several PEs.
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