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Multicut and Sparesest-Cut problem
Lecturer: Dr. My T. Thai Scribe: Dung T. Nguyen

1 Unique Games Conjecture

1.1 The unique game

Recall the two-prover one round proof system which can be seen as a game
between two provers and a verifier. There are two sets of all possible ” questions”
V and W that the verifier can ask the first and second prover respectively.

The strategy of the first prover is a map Ly : V — N where N is a set of all
possible answers of the first prover. Given a question u, the first prover returns
the answer Ly (u) to the verifier. Similarly, the stratefy of the second prover is
amap Ly : W — M where M is the set of its possible answers.

The decision of verifier is a map:
F:VxNxWxM— {TRUE,FALSE}

The game between the verifier and provers is described as follow. The verifier
picks a pair of question (v,w), v € V, w € W with a certain probability dis-
tribution on the set of all pairs. It asks question v to the first prover, question
w to the second one. Two provers return answers Ly (v), Ly (w) respectively.
The verifier accepts iff :

I'v, Ly (v), w, Ly (w)) = TRUE

The value of game is defined as the maximum, over all possible prover strategies,
of acceptance probability of the verifier.

Consider the game such that the answer of the second prover uniquely deter-
mines the answer of the first prover. It means that for every question pair (v, w)
asked by the verifier and every answer b € M of the second prover, there is a
unique answer a € N that makes the verifier accept. Thus, we can associate a
function II,,, : M — N to the question pair (v, w) such that the verifier accepts
iff:

Hvu) (LW (w)) = LV (’U)
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Figure 1: Map functions from the answer of the second prover to the answer
of the first prover

The game is called unique if M = N and every function II,, is a bijection.
Following is an example of unique game. [1]:

e The verifier sends a random bit to each prover
e Each prover responds with a bit (so k=2 here)

e The verifier accepts iff the XOR of the answers is equal to the AND of the
questions

The unique game can be represented on biparttitle graph G(V, W, E) where
V ={g,d,....,qt} and W = {¢?,43,...,¢2} are sets of questions for the first
and second prover respectively. Set of answer is {1,2,...,d} where d is the size
of answer sets. Each edge (¢;,q7) € E has weight w;; with the total weight
is 1 and a associated bijection II;; : [d] — [d] which maps every answer for
the question qi1 to a distinct answer for question qu. Given an assignment
A= {A}|p € [2], A} € [d]} of answers to questions, the edge (g;,q7) is sastified
if A3 = TI;;(Aj). The goal is to find an assignment that maximizes the total
weight of sastified edges.

Note 1.1. If the number of questions of two provers are different, add dummy
questions that are never asked.

1.2 Unique Games Conjecture

Unique Games Conjecture [2]. For every fixed 7,d > 0 there exists d =
d(n,0) such that it is NP-hard to determine whether a unique 2-prover game
with answer set size d has value at least 1 — 1 or at most §.

Fact 1.1. For all 6 > 0, Gap-Unique Game, 5 is not NP-hard for any d.

Remark 1.1. Feige et al [3] proved that for every § > 0, there is some constant

0 <n <1 such that Gap-Unique Game, 5, is NP-hard.

Remark 1.2. Charikar et al [4] gave an approximation algorithm for unique
game. Given any unique game (G, the algorithm outputs a value 7 s.t.:

1—-0((nlogd)z) < OPT(G) <1—1n

This establishs a lower bound value of d if the Unique Games Conjecture is true.
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Definition 1.1. A unique 2-prover game is called regular if the total weight of
question edges incident at any single vertex is the same.

Lemma 1.1. The Unique Games Conjecture implies that for every n,§ > 0,
there exists d = d(n,d) such that it is NP-hard to decide if a regular unique
2-prover game with n vertices and d answers for each vertex has value at least
1 —n or at most 4.

Proof. Roadmap:

e Eliminate all small weight edges i.e. the weight is less than a threshold.
e Round the weights of edges to multiple of a common divisor value.

e Add new vertices, new edges and devide the weight of each edge to new
edges such that the total weight of every vertex is the same, the common
divisor value.

Given a unique game G, denote Wp,qy = maze{we}. Let r = max{l/n, 1}. First
we remove all edges of weight less than (1/2n2r)wmaz, then add an equal value
to all left edges such that the total weight of all edges is 1. There is at most n?
edges, thus the optimal value is reduced or increased at most (1/2r)wypq,- In
addition, w4, is less than optimal value. Therefore:

e If the OPT(G) > 1 —n then OPT(G') >1—-n—1/2r > 1—3n/2
e If the OPT(G) < § then OPT(G') < §(1 +1/2r) < 36/2

where G’ is the obtained graph after removing light weight edges.

Next, let t = (1/2r)wpin. Round down the weight of every edge to the nearest
multiple of ¢ then increase the weight of some different edges to ensure that
the total weight is still 1. This makes the weight of every edge increased or
decreased at most 1/2r fraction of its value. This leads to the following result:

e If the OPT(G’) > 1—3n/2 then OPT(G") >1—-3n/2—1/2r >1—2p
o If the OPT(G') < 35/2 then OPT(G") < 38/2(1 +1/2r) < 96 /4

where G is the obtained graph after rounding the weight of edges.
Now:
e For each vertice ¢!, create W (p,i)/t vertices ¢¥'(1),...,q" (W (p,i)), where
W (p,i) is the total weight of all edges incident to ¢’

e For each edge (¢}, ¢3), form edges (q; (), ¢} (y)) with weight wq; (t/W (1,4))(t/W (2, 7))
for all possible z, y.

e The bijection on the edge (g} (), qu (y)) is set to be the same as the original
bijection b;; on the edge (g}, q?)
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In the obtained graph is G’”, every vertex has total weight of incident edges is
t.

Completeness. If OPT(G") > 1 — 27, we assign to ¢} (z) the answer of the

question ¢ to achieve a solution with the value is at least OPT(G"”). Thus
OPT(G") > OPT(G") > 1 — 2.

Soundness. Consider a optimal solution for G’”. Assign ¢¥ the answer for
¢ (zmaz) where ¢! (z,ax) is the vertex in set of vertices ¢! (z) that has the
maximum total weight of incident sastified edges. Because all ¢¥(x) have the
same constrain, thus the total weight of incident sastified edges of ¢7 is at least
the total weight of all sastified edges that incident to any ¢”(x). Therefore,
OPT(G") > OPT(G"). It OPT(G") < 96/4 then OPT(G"") < 96/4

In conclusion, we reduce Gap Unige Game, _, 5 to Gap Regular Unique Game,_o, o5/4-
The proof is completed.

2 Hardness of bicriteria approximation for MUL-
TICUT

Multicut problem. Given an undirected graph G = (V, F) with k pairs
{si,t;}%_,, called demand pairs.The goal is to find a minimum size subset of
edges M C E whose removal disconnects all the demand pairs.

Definition 2.1. A d-dimensional hypercube(for short, a d — cube) is the graph
G = (Vg, Ec) with the vertex set Vo = {0,1}¢ and an edge (u,v) € E¢ iff
u,v € {0,1}% and differ in exactly one dimension.

Definition 2.2. A dimension-a cut is set of edges whose two ends differ in a'”

dimension i.e. {((uy,us,...,uq), (v1, V2, ..., vq))|; = v;, Vi # a and ug # Vo }-

Definition 2.3. Two vertices u, v are called antipodal pair if they differ in all
cordinate i.e. v; # u;, Vi = 1,d. Denote an antipodal pair as (u,a).

Definition 2.4. An algorithm is called an («, 3)-bicriteria approzimation for
Multicut if, for every input instance, the algorithm outputs a cutset M that
disconnects at least « fraction of the demand pairs and has cost at most
times of the cost of optimum cut.

Theorem 2.1. Suppose that for n = n(n), § = §(n), and d = d(n, §) < O(logn),
it is NP-hard to determine whether a unique 2-prover game with |V| = 2n
vertices and answer set size d has value at least 1 — 1 or at most . Then there
exist constants cj,co > 0 such that it is NP-hard to approximate Multicut,
Sparsest-Cut to within factor L(n) = clmin{ﬁ, log m}

2.1 Reduction from regular unique 2-prover game to Mul-
ticut

Given a regular unique 2-prover game instance Gg = (Vg, Wg, Eq) with n =

Vol = |[Wg| and the corresponding edge weights w;; and bijections II,; : [d] —
[d], we construct a Multicut instance G = (V, E) as follows:
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Figure 3: Cross edges

e For each vertex ¢ € Vo U W, construct a d-dimensional hypercube C?.
Edges inside the hypercube have weight of 1 and called hypercube edges.

e For each question edge (g}, qu-), connect the vertex u € C} to the vertex
v =11};(u) € C7 where I}, (u) = Ui k) ie. ng(u)ni_jl(k) = uy, for all k
from 1 to d. The weight of edge uv is w;; A, where A = n/n. These edges
are called cross edges.

e Set of demand pairs is all antipodal pairs in all hypercubes.

2.2 Completeness

Lemma 2.1. If there is a solution A for the unique 2-prover game G such
that the total weight of the satisfied questions is at least 17, then the resulting

Multicut instance G contains a multicut M C E such that the cost ¢(M) <
24+ 1y,

Proof. Construct M as following:

e For ecach vertex ¢ assigned answer A € [d], collect all edges in AY -dimension
cut to M.
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e For each edge (¢}, qJQ) which is not satisfied, collect all cross edges between
C} and C% to M.

Let’s consider an arbitrary antipodal pair (u,%) in C?, there are only two ways
to travel from u to u:

e In the same hypercube.

e Go to other hypercubes and come back.

A AP-dimension cut seperates CP into two sets based on the value of AP™
cordinate. Use the value of A? " cordinate to label all vertices in the hypercube.
If (qf,q;) is satisfied, two ends of all cross edges between C} and C7 have the
same label. Thus, removing M disconnects all demand pairs.

The cost of M is total cost of hypercube edges and cross edges:

(M) = 2n.24=1 4 94 Z(q},q?)unsastiﬁed w;j < 29 + 29An = 24+1p

2.3 Soundness

Given a d-dimensional hypercube C' = (V¢, E¢), a cut separates the vertex set
to 2 partitions. Label every vertex 0 or 1 such that vertices in the same parition
have the same value. This paritioning can be viewed as a boolean function
f:{0,1}% — {0,1} and the cut is {(u,v)|f(u) # f(v)}. The influence of a
dimension (variable) a, a € [d], on the function f, denoted by I, is defined as

the fraction of the dimension-a edges (u,v) € E¢ for which f(u) # f(v). The
total influence of f is 3 ,c1q 1d-

Definition 2.5. We say that the function f is a k-junta if there exists a subset
J C [d] with |J| < k such that the influence of any dimension a ¢ J is 0.

Definition 2.6. Two functions f and f’ are said to be e-close if fraction of
vertices that the value of two functions are different is less than e.

Theorem (Friedgut’s Junta Theorem). Let g be a Boolean function defined
on a hypercube and fix € > 0. Then g is e-close to a Boolean function h defined
on the same cube and depending on only 2°(7/€) variables, where T' = Zae[d] 19
is the total influence of g.

Lemma 2.2. There exists L = Q(min{1/n,log1/6}) such that if the Multicut
instance G has a cutset of cost at most 29T nL whose removal disconnects an
a > 7/8 fraction of the demand pairs, then there is a solution A for the unique
2-prover game G whose value is larger than 4.

Proof. Let L = ¢ min{1/n,log1/§} and let M C E be a cutset of cost ¢(M) <
24+1n T, whose removal disconnects an o > 7/8 fraction of the demand pairs.
Construct a randomized solution for unique 2-prover game G

e Label each connected component of G\M as either 0 or 1 independently
at random with equal probabilities and define a Boolean function f : V —
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{0,1} by letting f(v) be the label of the connected component of that
include v.

e For each vertex (question) ¢? consider the restriction of f to the hypercube
C?, denoted ficr, and apply Friedgut’s Junta Theorem) with ¢ = 1/60,
to obtain a subset of dimensions JP C [d]. On hypercube such that we
obtain |JP| < 29(2/€) choose the answer A? uniformly at random from J?

Randomly consider an edge (g}, qJQ) with probability w;;, we will compute the
probability such that the question edge is satisfied i.e. A? = II;;(A}). The
probability such that a question ¢ is selected in the question edge is 1/n because
the Gg is regular. Without loss of generality, we assume that removing M
disconnects at least as many demand pairs inside the cubes {C} };c(q} as inside
the cubes {C?};c[q. Consider 4 "bad” events:

e FE; = greater than a 7/8-fraction of the vertices v € C} satisfy f(v) = f(9).

Ey = M contains more than 2¢%5L hypercube edges in C}.

e E3 = M contains more than 2972 L hypercube edges in CJZ.

E; = M contains more than 2475y L cross edges between C} and 0]2
We have:

e At least 7/8-fraction of demand pairs in {C}};c[q} is disconnected, each
cube is choosen randomly uniformly. Thus the expectated fraction of
connected demand pairs in C} is at most 1/8. In addition, the probability
Pr[f(v) = f(9)|v and v disconnected | = 1/2. Then the expected fraction
of vertices v € C} for which f(v) = f(v) is at most 5/8, and by Markov’s
inequality, Pr[E;] < 5/7.

e M contains at most 29T nL hypercube edges, thus the expected number
of edges in C} U CJ2 that are contained in M is at most 29t L and by
Markov’s inequality Pr[Es U Es] <1/16

e Pr[E;] < 1/16, as otherwise because the probability of the total cost
of M along the cross edges corresponding to this event is more than
1/16(2445nL)A = 29H1nL > c(M).

Thus:

PT[E1UE2UE3UE4]S%+1%<

o

Suppose that all four above events don’t occur. We have:

e E5 does not occur, then the total influence of f|c1 is at most 2445, /24=1 =
64L. There exists e-close function g' of fic1 with junta [J}| < 2005/,

e E3 does not occur, then the total influence of f|2 is at most 25 L/2471 =
J
64L. There exists e-close function g2 of fijcz with junta |JJ2| < 20(L/¢),
J
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e FE; does not occur, then the fraction of the smaller partition of C} based
on fic1 is at least 1/16. Call the fraction of smaller partition is the balance
of function.

We will prove that there is a contradiction if |J} N H;l(JJQ)\ = 0. Let the
function h : Cf — 0,1 with h(v) = g3(IT};(v)) then h depends only on variables
in TI;;' (J3). Thus h and g' depends on disjoint sets of variables. The balance of
h and g' is at least 1/16 — ¢, then probability Pr,cc1[g (v) # h(v)] > 1/16 — .
This means g* and h are not (1/16 — €)-close. 1

Because E; doesnt’t occur, at most 32nL2% vertices v € C} satisfies f(v) #
f(I;(v)) ie. fien is 32nL2¢%-close to f‘c;gol_[gj. While g! and h are e-close to
f|ci1 and f|CJ? oH;j respectively, therefore g' and h are 2¢ + 32nL2%-close. With
small enough ¢, 2¢ + 32nL2¢ < 1/16, that leads to the contradiction.

Because |J} N1II;7'j(J2)| > 1, the probability such that chosen edge (g}, q?)
sastified is at least:

PriA? = I;;(A})] = PrlA} € JI N1 (J5), A7 = 11, (A]))]
1 1
> 19-0(L/e) 19=0(L/¢) _ 9=O(L)
-7 7

From above result, the expected value of randomized solution A is at least
2-0() > § with small enough ¢ > 0.

In conclusion, the achieved gap is L(n) = Q(min{1/n(n),log(1/6(n))}). Assume
d(n,0) < O(logn), and thus the resulting Multicut instance G has size N =
2n2¢ = n?M Tt follows that in terms of the Multicut instance size N, the gap
is

L(N) = Q(min{ n(]\rlem ;log 5(N19<1>))

3 Hardness of approximating SPARSEST-CUT

SPARSEST-CUT problem Given an undirected graph G = (V, E), each
edge has a associated weight and k demand pair {s;, ti}le. The goal is to find
a cut M that disconnected 1 < a < k pairs such that the ratio between total
weight of edges in M over the number of disconnected pairs i.e. « is minimum.

Lemma 3.1. Let 0 < a < 1 be a constant. If there exists a polynomial-time
algorithm for Sparsest-Cut that produces a cut whose value is within factor
p > 1 of the minimum, then there is a polynomial time algorithm that computes
an (a, 725 -bicriteria) approximation for Multicut.

Proof.

e Initialize D=0, D =10
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e Each iteration, if |D| < ak, where k is the nubmer of demand pairs, find
a sparsest cut M’ which disconnects a set D’ of left demand pairs. Assign
|D|=|D|uD’, M| =|M|UM'. Eliminate D’ from set of demand pairs.

At each step, at least (1 — )k demand pairs left which are disconnected by

c(M™*)

optimal multicut M*. Thus ¢(M’') < p(lfa)k|D’\. Sum up all we have the
proof of lemma.
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