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1 Problem Definition

Definition 1 (Max Balanced Connectedq-Partition ( BCPq)) Given a connected graph
G = (V, E) with a weight functionw : V → Z+ andq ≥ 2 be a positive integer. For
X ⊆ V , let w(X) denote the sum of the weights of the vertices inX . The BCPq
problem onG is to find aq-partition P = (V1, V2, . . . , Vq) of V such thatG[Vi] is
connected(1 ≤ i ≤ q) andP maximizesmin{w(Vi) : 1 ≤ i ≤ q}.

Definition 2 (Exact Cover by 3-Sets (X3C))Given a setX with |X | = 3q and a fam-
ily C of 3-element subsets ofX , |C| = 3q, where each element ofX appears in exactly
3 sets ofC, decide whetherC contains an exact cover forX , that is, a subcollection
C′ ⊆ C such that each element ofX occurs in exactly one member ofC′.

2 Related works

• The simpler unweighted version ofBCPq is the special case ofBCPq in which
all vertices have weight 1 (denoted by 1-BCPq):

– For everyq ≥ 2, the problem 1-BCPq is NP-hard (even for bipartite
graphs);

– When the input graph has a higher connectivity, we have: LetG be aq-
connected graph withn vertices,q ≥ 2, and letn1, n2, . . . , nq be positive
natural numbers such thatn1 +n2 + . . .+nq = n. ThenG has a connected
q-partition(V1, V2, . . . , Vq) such that|Vi| = ni for i = 1, 2, . . . , q.

• The more general weighted case:

– BCPq is polynomially solvable only for ladders and for trees;

– BCPq restricted to gridsGm×n with n ≥ 3 is alreadyNP-hard;

– BCP2 is NP-hard on connected graphs, bipartite graphs, and graphs with
at least one block containing(log |V |) articulation points and complete
graphs.
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3 Hardness of Approximation

Theorem 3 The decision version ofBCP2 is NP-complete in the strong sense for 2-
connected graphs.

Proof:
We will show the reduction fromX3C problem toBCP2 problem

The Construction:
Given an instance(X, C) of X3C, let G = (V, E) be the graph with vertex set

V = X ∪ C ∪ a, b and edge setE =
⋃3q

j=1[Cjxi|xi ∈ Cj ∪ Cja ∪ Cjb]. Clearly,G
can be constructed in polynomial time in the size of(X, C). It is also not difficult to
see thatG is 2-connected.
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w(a)=9q^2+2q w(b)=3q

w(C_j)=1

w(x_i)=3q

Figure 1: Example: Graph obtained by the reduction for the instance(X, C), where
C = {C1, C2, . . . , C6}, C1 = {x3, x4, x5}, C2 = {x1, x2, x3}, C3 = {x1, x3, x6},
C4 = {x1, x4, x6}, C5 = {x2, x5, x6} andC6 = {x2, x4, x5}

Define a weight functionw : V → Z+ as follows:w(a) = 9q2 + 2q; w(b) = 3q;
w(xi) = 3q for i = 1, . . . , 3q; andw(Cj) = 1 for j = 1, . . . , 3q. Note thatw(V ) =
2(9q2 + 4q).

We will prove that C contains an exact cover forX if and only if G has a
connected 2-partition(V1, V2) such that min{w(V1), w(V2)} ≥ W/2, whereW =
w(V ):

(⇒) Given an exact coverC′, consider the connected 2-partition(V1, V2) of G,
whereV1 = {a} ∪ {Cj : Cj /∈ C′} andV2 = {b} ∪ {Cj , xi : Cj ∈ C′, xi ∈ Cj}.
SinceC′ consists ofq subsets, we havew(V1) = w(a) + 3q · q = 9q2 + 4q = W/2.

(⇐) Let (V1, V2) be a connected 2-partition ofG such thatmin{w(V1), w(V2)} ≥
W/2, w.l.o.g, that is,min{w(V1), w(V2)} = W/2. Note thata andb cannot belong to
the same setVi, becausew(a) + w(b) = 9q2 + 5q > W/2.

Suppose thata ∈ V1 andb ∈ V 2, we know no vertex ofX is in V1, otherwise
w(V1) ≥ w(a) + 3q > W/2. ThereforeV1 contains the vertexa and some vertices of
C. Sincew(V1) = W/2 = 9q2 + 4q, this implies thatV1 contains exactly2q vertices
of C. Thus,V2 has preciselyq vertices ofC. Since theseq vertices are independent
and the vertices inX ∪ b are also independent, it is easy to verify that theseq vertices
of C belonging toV2 define an exact cover forX sinceV2 is connected.

The proof is complete.
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Theorem 4 There is no(1+ǫ)-approximation algorithm for the problemBCP2, where
ǫ ≤ 1/n2 andn is the number of vertices of the input graph, unlessP = NP.

Proof:
We will show thegap-producing reductionfrom X3C problem toBCP2 problem

The Construction is similar as Theorem 3 except the weight assignment as
follows (Shown in Figure 2.): w(a) = 6q3 + q2; w(b) = 2q2; w(Cj) = q for
j = 1, . . . , 3q; andw(xi) = 2q2 for i = 1, . . . , 3q. Observe thatw(V ) = 2(6q3 +3q2)
and|V | = 6q + 2.
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w(a)=6q^3+q^2 w(b)=2q^2

w(C_j)=q

w(x_i)=2q^2

Figure 2: Example: Graph obtained by the reduction for the instance(X, C), where
C = {C1, C2, . . . , C6}, C1 = {x3, x4, x5}, C2 = {x1, x2, x3}, C3 = {x1, x3, x6},
C4 = {x1, x4, x6}, C5 = {x2, x5, x6} andC6 = {x2, x4, x5}

Then we will show the completeness and soundness:

• Completeness:∃ Exact CoverC′ ⇒ w(V1) = w(V2) = w(V )/2

Given an exact coverC′ of X , consider the connected 2-partition(V1, V2) of G,
whereV1 = {a} ∪ (C \ C′) andV2 = {b} ∪ X ∪ C′. Clearly, we have that
w(V1) = 6q3 + 3q2 = w(V )/2 = w(V2).

• Soundness:6 ∃ Exact CoverC′ ⇒ min{w(V1), w(V2)} < w(V )/2 − q + 1

Assume that(V1, V2) be a connected 2-partition ofG with measurem such that
m ≥ w(V )/2− q + 1, we will prove the contradiction. There are two scenarios:

– a andb belong to the same setVi (i = 1, 2): In this case,a, b and at least
oneCj for somej ∈ {1, 2, ..., 3q} would belong to the same set in order
to induce a connected partition. Therefore, the weight of this set would
be at least6q3 + 3q2 + q = w(V )/2 + q, that is,m ≤ w(V )/2 − q, a
contradiction.

– Suppose thata ∈ V1 andb ∈ V2.
We will prove thatX ∈ V2 first. Suppose there exists at least onexi in
V1, at least oneCj has to be selected inV1 to make the partition connected.
Therefore,w(V1) ≥ 6q3 + q2 + 2q2 + q = w(V )/2 + q, that is,m ≤
w(V )/2 − q, a contradiction.
SinceX ∈ V2 and the subgraph induced byV2 has to be connected, we
have|C ∩ V2| ≥ q. If |C ∩ V2| > q, which implies that|C ∩ V1| ≤ 2q − 1.
In this case,w(V1) ≤ 6q3+q2+(2q−1)q = 6q3+3q2−q = w(V )/2−q,
and we have a contradiction again. Thus|C ∩ V2| = q, and henceC ∩ V2

coversX exactly.
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And sincen = 6q+2 andw(V ) = 2(6q3+3q2), it’s easily known thatw(V )/2(n2+
1) < q. Therefore, we know thatBCP2 cannot be approximated within ratio

w(V )/2

w(V )/2 − q + 1
=

1

1 − q−1
w(V )/2

>
1

1 − q−1
q(n2+1)

=
q(n2 + 1)

qn2 − 1
>

n2 + 1

n2
> 1 + ǫ

whereǫ < 1/n2. Since there are no w(V )/2
w(V )/2−q+1 − ε approximation algorithm and

according to the above equation, there is no(1 + ǫ)-approximation algorithm for the
problemBCP2, whereǫ ≤ 1/n2.

The proof is complete.
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Theorem 5 For everyq ≥ 2, the decision version ofBCPq is NP-complete in the
strong sense forq-connected graphs.

Proof:
Denote byDBCPq the decision version ofBCPq. Supposeq ≥ 3. We prove, by
induction onq, that the problemDBCPq − 1 can be reduced to the problemDBCPq.

The Construction:
Let I = (G, w, m) be an instance ofDBCPq−1 that consists of a(q−1)-connected

graphG = (V, E), a functionw : V → Z+ and a positive integerm. The goal is to
decide whether this instance has a solution with measure at leastm.

We construct an instanceI ′ = (G′, w′, m) of DBCPq that consists of aq-connected
graphG′ = (V ′, E′), with V ′ = V ∪{v′}, wherev′ /∈ V , andE′ = E∪{v′u : u ∈ V },
and a functionw′ on the vertices ofG′ such that: w′(v′) = w(V )/(q − 1) and
w′(v) = w(v) for eachv ∈ V . It is obvious thatG′ can be constructed in polyno-
mial time in the size ofI andG′ is q-connected.

We will prove that the instanceI of DBCPq−1 has a connected(q−1)-partition
with measure at leastm if only if the instance I ′ of DBCPq has a connectedq-
partition with measure at leastm.

(⇒) Let P = (X1, . . . , Xq−1) be a connected(q − 1)-partition ofG with measure
at leastm. In this case,(X1, . . . , Xq−1, {v′}) is a connectedq-partition of G′ with
measure at leastm.

(⇐) Suppose thatP ′ = (X ′

1, . . . , X
′

q) is a connectedq-partition ofG′ with mea-
surem′, wherem′ ≥ m. w.l.o.g, suppose thatX ′

q containsv′ andw′(X ′

1) ≥ w′(X ′

i)
for 2 ≤ i ≤ q−1. Sincew′(V ′) = w(V )+w(V )/(q−1) andw′(X ′

q) ≥ w(V )/(q−1),
we havew′(X ′

q) ≥ w′(V ′)/q. Thus, we know thatm′ = w′(X ′

1)). LetR = X ′

q \{v
′},

we have two scenarios:

• If R = ∅, P ′ = (X ′

1, . . . , X
′

q−1) is a connected(q − 1)-partition of G with
measurem′.

• If R 6= ∅, sinceG is (q − 1)-connected (weaker thanq-connected), there exists
a way to distribute the vertices ofR among the setsX ′

i for 1 ≤ i ≤ q − 1
in such a way that the new setsX ′

i ∪ Ri, where∪q−1
i=1 Ri = R, which induce

the connected subgraphs ofG. In this case,(X ′

1 ∪ R1, . . . , X
′

q−1 ∪ Rq−1) is a
connected(q − 1)-partition ofG with measure at leastm′. Sincem′ ≥ m, the
proof of the claim is complete.
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Theorem 6 The problemBCP does not admit anα-approximation algorithm with
α < 6/5, unlessP = NP.

Proof:
We will show the reduction fromX3C problem toBCP problem

The Construction:
Let I = (X, C) be an instance of X3C, whereC = {C1, C2, . . . , C3q} is a family

of subsets ofX = {x1, x2, . . . , x3q}. Let ǫ > 0 be a small number. Construct an
instanceI ′ = I ′(ǫ) = (G = (V, E), w, Q) (whereQ is the number of connected
partitions) ofBCP in the following way:

• Let Q = 10q.

• For eachxi in X , let H(xi) be the graph with 16 vertices, we will call gadget,
defined as follows. It consists of 3 vertical paths of length 3, sayP1, P2 andP3,
all ending at a common vertexxi, and internally vertex-disjoint. Each such a path
Pj starts at a vertex namedti,ij

. The start verticesti,i1 , ti,i2 , ti,i3 correspond to
the 3 setsCi1, Ci2, Ci3 that containxi. These vertices will be referred ast-
vertices. For each of the 3 possible choices of two paths (amongP1, P2 andP3),
we attach two other new vertices, as follows. LetPj = (ti,ij

, zi,j , yi,j, xi), for
j = 1, 2, 3. Take two new verticesli,1 andri,1 and attach each of them to the
verticesyi,1 andyi,2; take two other new verticesli,2 andri,2 and attach each of
them to the verticeszi,2 andyi,3; take two other new verticesli,3 andri,3 and
attach each of them to the verticeszi,1 andzi,3.

ti,i1 ti,i2 ti,i3

li,3

li,2

li,1

ri,3

ri,2

ri,1

yi,3

yi,2

yi,1

zi,3

zi,2

zi,1

P1 P2 P3

xi

Figure 3: The gadgetH(xi)

• Let G = (V, E) be the graph obtained from the union of the gadgetsH(xi),
i = 1, . . . , 3q with some additional3q vertices and9q edges, in the following
way. Letv1, v2, . . . , v3q be the additional vertices, where eachvi corresponds to
a setCi of the instanceI of X3C. Now, whenever there is a setCp = {xi, xj , xk}
in the instanceI, add three edges linking vertexvp to the verticesti,p, tj,p and
tk,p of the gadgetsH(xi), H(xj), andH(xk), respectively. The verticesvj will
be calledv-vertices.

• Let n be the number of vertices of the graphG (note thatn = 51q), and leta be
an integer such thata ≥ n/ǫ.

• The weight functionw : V → Z+ is defined as follows. We assign weight2a to
the verticesxi; weight3a to the verticesli,j andri,j , i = 1, . . . , 3q, j = 1, 2, 3;
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t6,5

Figure 4: The gadgetH(xi)

and weight 1 to the remaining vertices. Note that each gadgethas weight20a+9
andw(V ) = (60a + 30)q.

Then we will show the completeness and soundness:

• Completeness:∃ Exact CoverC′ ⇒ I ′ has a solution with measure6a + O(1)

LetCi1 , Ci2 , . . . , Ciq
be an exact cover forI. Construct a connected10q-partition

for the instanceI ′ as follows. First, constructq connected classes by considering
the q sets in the exact cover. (For example, for the instance I corresponding to
the graph shown in Figure 4, consider the exact cover consisting of C3 andC6.)
Each of these connected classes consists of a vertexvj corresponding to a set
Cij

together with the 3 edges leaving it, each of them extended (in a connected
way) with the unique vertical path that starts at one of its extremes (at-vertex).
Clearly, each of theseq connected classes has weight6a + 10. Consider the
graph G0 obtained fromG after removing the vertices in theq connected classes
we have constructed so far. The other9q connected classes can be obtained from
G′ as follows: first, in the remaining part of each gadgetH(xi), construct 3 sets
of paths, each one linking pairs of vertices of typeli,j andri,j . Note that this is
possible, as only the vertices of one vertical path in each gadget were removed.
Now, put each of the remaining vertices (all of weight 1) in any of the10q con-
nected classes constructed so far, so as to obtain a connected 10q-partition of G.
Clearly, all the connected classes have weight at least6a + 1.

• Soundness:6 ∃ Exact CoverC′ ⇒ I ′ has a solution with measure at most5a +
O(1)

Let (V1, V2, . . . , VQ) be a solution ofI ′ with measure at least(5 + ǫ)a. Since
n ≤ ǫa, the connected classes in this solution all have to contain one or more
vertices with weight2a or 3a, and therefore the weight of any connected class
G[Vj ] must satisfyKja ≤ w(Vj) < Kja + ǫa, for some integerKj.

Since the average weight of a connected class is6a + 3, if there existed a con-
nected class with weight at least7a, then there would exist another connected
class with weight at most5a + 6, and therefore smaller than(5 + ǫ)a, a contra-
diction to our hypothesis.

Thus,w(Vj) < 7a, and thereforew(Vj) = 6a + o(a), for j = 1, . . . , Q. Thus
each connected class must contain either 2 vertices with weight3a or 3 vertices
with weight2a. Let Y be a connected class containing xi. Suppose Y contains
no t-vertex. Then Y can additionally contain only vertices with weights 1 or3a
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in the gadgetH(xi), and therefore it will not have weight6a + o(a). Thus,Y
must contain at-vertex of the gadgetH(xi). SinceY has weight6a+o(a), it has
to contain precisely 3 vertices with weight2a and some vertices of weight 1. But
the only way to connect 3 vertices with weight2a is passing through a v-vertex
vj . Since thev-vertices have degree 3, one of the two cases may happen: (1)
eitherY contains exactly one vertexvj , or (2) Y contains at least two v-vertices.

In case (2),Y must contain twot-vertices belonging to a same gadget, and fur-
thermore they must be connected by a path contained in this gadget. In this case,
since no vertex with weight3a can be used in such a path, two vertical paths in
this gadget must be used. But then, these vertical paths separate a pair of ver-
tices with weight3a, and therefore some connected class will have weight3a, a
contradiction. Thus, case (1) must occur, and in this case,Y contains 3 vertices
with weight2a, precisely one vertical path in the corresponding 3 gadgetsand
one vertexvj . Since each vertexxi belongs to a connected class with precisely
onev-vertex, there are exactlyq connected classes that induce an exact cover for
the instanceI of X3C.

This completes the proof.
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4 Strongly NP-hard Problems

Definition 7 (Strongly NP-hard) A problem is stronglyNP-hard if every problem in
NPcan be polynomially reduced to it in such a way that all of its numerical parameters
in the reduced instance are always a polynomial in the lengthof the input.

Definition 8 (Pseudo-polynomial algorithm) An algorithm for a problem is a pseudo-
polynomial algorithm for that problem if its running time isbounded by a polynomial.

Theorem 9 Consider a integral-valued stronglyNP-hard minimization problem II with
the following restriction: LetB be a numerical bound which is polynomial of a given
weaklyNP-hard problem. On any instance of II, the optimal solution isat mostB.

Then II do NOT have a FPTAS.

Proof:
We will prove that if II admits an FPTAS, then it also admits a pseudo-polynomial

algorithm.
AssumeII admits an FPTAS, we run FPTAS on a problem instance withǫ = 1/B.

The returned value is at most the following.

(1 + ǫ)OPT < OPT + ǫB = OPT + 1

Since the running time is polynomial inB (which is polynomial in the size of the
given weaklyNP-hard problem), II has a pseudo-polynomial algorithm.
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