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1 Problem Definition

Definition 1 (Max Balanced Connected;-Partition (BCF,)) Given a connected graph
G = (V, E) with a weight functionv : V' — Z, andq > 2 be a positive integer. For

X C V, letw(X) denote the sum of the weights of the vertices(in The BCR
problem onG is to find ag-partition P = (V1, V4, ..., V,) of V such thatG[V;] is
connectedl < i < ¢) and P maximizesnin{w(V;) : 1 <1i < g}.

Definition 2 (Exact Cover by 3-Sets (X3C))Given a setX with | X | = 3¢ and a fam-
ily C of 3-element subsets &f, |C| = 3¢, where each element &f appears in exactly
3 sets ofC, decide whethe€' contains an exact cover foX, that is, a subcollection
C’" C C such that each element &f occurs in exactly one member@f.

2 Related works

e The simpler unweighted version &fC P, is the special case &C' P, in which
all vertices have weight 1 (denoted byAIC'P,):

— For everyq > 2, the problem 1BCP, is NP-hard (even for bipartite

graphs);
— When the input graph has a higher connectivity, we have:( e aqg-
connected graph with vertices,g > 2, and letn, no, ..., n, be positive

natural numbers such thaf +n, +. . .+n, = n. ThenG has a connected
g-partition(V3, Vo, ..., V,) such thatV;| = n; fori =1,2,...,q.

e The more general weighted case:
— BCP, is polynomially solvable only for ladders and for trees;

— BCP, restricted to grid€s,, ., with n > 3 is alreadyNP-hard;

— BCP;, is NP-hard on connected graphs, bipartite graphs, and graphs wit
at least one block containingog |V|) articulation points and complete
graphs.
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3 Hardness of Approximation

Theorem 3 The decision version dBC' P, is NP-complete in the strong sense for 2-
connected graphs.

Proof:

| We will show the reduction fronX 3C' problem toBC'P, problem|

The Construction:

Given an instanc€X, C) of X3C, letG = (V, E) be the graph with vertex set
V = X UCUa,band edge sef = |72, [Cjx;|z; € C; U Cja U Cyb]. Clearly,G
can be constructed in polynomial time in the sizg & C). It is also not difficult to
see thats is 2-connected.

w(a)=9q"2+2q w(b)=3q
a b

Figure 1. Example: Graph obtained by the reduction for the instadteC'), where
C ={C1,Cs,...,Cs}, C1 = {x3, 24,25}, Co = {x1,22, 23}, C3 = {x1, 23,26},
Cy ={z1,24,26}, C5 = {2, 25,26} andCys = {2, 24,25}

Define a weight functiom : V — Z, as follows:w(a) = 9¢° + 2¢; w(b) = 3¢;
w(x;) =3¢fori=1,...,3¢; andw(C;) = 1forj =1,...,3q. Note thatw(V) =
2(9¢% + 4q).

We will prove that C contains an exact cover forX if and only if G has a
connected 2-partition (1, V2) such thatmin{w(V1), w(V2)} > W/2, where W =
w(V):

(=) Given an exact covef’, consider the connected 2-partitio¥, V) of G,
whereV; = {a} U {CJ : Cj §é Cl} andVy = {b} U {Cj,xi : Cj S C/,l‘i S CJ}
SinceC’ consists of; subsets, we have (V1) = w(a) + 3q - ¢ = 9¢°> + 4q = W/2.

(<) Let (V1, V») be a connected 2-partition 6f such thainin{w(V;), w(V2)} >
W/2,w.l.o.g that is,min{w(V1),w(V2)} = W/2. Note thate andb cannot belong to
the same se¥;, becausev(a) + w(b) = 9¢* + 5q > W/2.

Suppose that € V; andb € V2, we know no vertex ofX is in V;, otherwise
w(Vh) > w(a) + 3¢ > W/2. Thereforel; contains the vertex and some vertices of
C. Sincew(Vy) = W/2 = 9¢? + 4gq, this implies thal; contains exactlRq vertices
of C. Thus,V, has precisely; vertices ofC. Since thesg vertices are independent
and the vertices itk U b are also independent, it is easy to verify that thesertices
of C belonging tol; define an exact cover foY sincels is connected.

The proof is complete.

|
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Theorem 4 There is nq1+e¢)-approximation algorithm for the proble®C P, where
e < 1/n? andn is the number of vertices of the input graph, unless NP

Proof:
‘ We will show thegap-producing reductiofrom X3C problem toBC P, problem‘
The Construction is similar as Theorem 3 except the weight asgnment as
follows (Shown in Figure 2.): w(a) = 6¢> + ¢* w(b) = 24¢°% w(C;) = q for
j=1,...,3¢ andw(z;) = 2¢*fori =1,...,3q. Observe thaty(V) = 2(6¢> + 3¢?)
and|V| = 6q + 2.

w(a)=6q"3+q"2 w(b)=2q"2
a b

Figure 2: Example: Graph obtained by the reduction for the instgd¢eC'), where
C ={C1,C,...,Cs}, C1 = {x3, 24,25}, Co = {x1,22, 23}, C3 = {x1, 23,26},
Cy ={z1,24,26}, C5 = {2, 25,26} andCys = {2, 24,25}

Then we will show the completeness and soundness:

e Completeness3 Exact CovelC’ = w(Vy) = w(Va) = w(V)/2
Given an exact covet’ of X, consider the connected 2-partitiovi,, 15) of G,
whereV; = {a} U (C\ C") andV, = {b} U X U C’. Clearly, we have that
w(Vy) = 6¢% +3¢% = w(V)/2 = w(Vs).

e Soundness: A Exact CovelC” = min{w(V1),w(V2)} <w(V)/2 —q+1

Assume thatV, V») be a connected 2-partition 6f with measuren such that
m > w(V)/2—q+ 1, we will prove the contradiction. There are two scenarios:

— a andb belong to the same s&} (: = 1, 2): In this casegq, b and at least
oneC; for somej € {1,2,...,3¢} would belong to the same set in order
to induce a connected partition. Therefore, the weight f et would
be at leasti¢® + 3¢> + ¢ = w(V)/2 + ¢, thatis,m < w(V)/2 — ¢, a
contradiction.

— Suppose that € V; andb € V4.

We will prove thatX < V; first. Suppose there exists at least anen
V1, atleast on€’; has to be selected ¥ to make the partition connected.
Thereforew(V1) > 6¢° + ¢® + 2¢°> + ¢ = w(V)/2 + ¢, thatis,m <
w(V')/2 — ¢, a contradiction.

Since X € V4, and the subgraph induced Bb% has to be connected, we
have|C NV;| > q. If |C N V3| > ¢, which implies thatC N Vy| < 2¢ — 1.

In this casew(V;) < 6¢3+q¢?>+(2¢—1)qg = 6¢3 +3¢* —qg = w(V)/2—q,
and we have a contradiction again. THGsN V2| = ¢, and henc&' N,
coversX exactly.
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And sincen = 6¢+2 andw (V') = 2(6¢3+34?), it's easily known thatv(V') /2(n?+
1) < g. Therefore, we know thaBC P, cannot be approximated within ratio

w(V)/2 1 1 n?+1 n? +1
V(2)/ 1= e s :q(2 1)> s— > 1+e€
wheree < 1/n?2. Since there are ng% — ¢ approximation algorithm and

according to the above equation, there is(he+ €)-approximation algorithm for the
problemBC P,, wheree < 1/n?.

The proof is complete.

|
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Theorem 5 For everyq > 2, the decision version aBC P, is NP-complete in the
strong sense fog-connected graphs.

Proof:

induction ong, that the problenD BC' P, — 1 can be reduced to the problethBC P,.

Denote byD BC' P, the decision version oBCP,. Supposeg; > 3. We prove, by

The Construction:

Let] = (G, w, m) be aninstance dd BC'P,_; that consists of & —1)-connected
graphG = (V, E), a functionw : V' — Z, and a positive integen. The goal is to
decide whether this instance has a solution with measueastih.

We constructan instandé = (G, w’, m) of DBC P, that consists of a-connected
graphG’ = (V' E’), withV’ = VU{v'}, wherev' ¢ V,andE’ = EU{v'u : u € V},
and a functionw’ on the vertices oz’ such that: w'(v') = w(V)/(¢ — 1) and
w'(v) = w(v) for eachv € V. Itis obvious thati’ can be constructed in polyno-
mial time in the size of andG’ is g-connected.

We will prove that the instanceI of DBC'P,_; has a connectedg—1)-partition
with measure at leastm if only if the instance I’ of DBCP, has a connected;-
partition with measure at leastm.

(=) LetP = (X4,...,X,-1) be aconnectetf — 1)-partition of G with measure
at leastm. In this case(X;,...,X,_1,{v'}) is a connected-partition of G’ with
measure at least.

(«=) Suppose tha” = (X7, ..., X;) is a connecteg-partition of G’ with mea-
surem’, wherem’ > m. w.l.o.g suppose thaX, containsy’ andw’(X7) > w'(X])
for2 <i <g¢—1. Sincew' (V') = w(V)+w(V)/(¢—1) andw’(X;) > w(V)/(¢—1),
we havew'(X;) > w'(V')/q. Thus, we know thatr” = w'(X7)). Let R = X\ {v'},
we have two scenarios:

e If R =10, P = (Xi,...,X,_;) is a connectedq — 1)-partition of G’ with
measuren’.

o If R # ), sinceG is (¢ — 1)-connected (weaker thapconnected), there exists
a way to distribute the vertices d? among the set(} for1 < i < ¢ —1
in such a way that the new sel§ U R;, whereuj;llRi = R, which induce
the connected subgraphs@f In this case(X] U Ry,..., X, ; UR, 1)isa
connectedq — 1)-partition of G with measure at least’. Sincem’ > m, the
proof of the claim is complete.
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Theorem 6 The problemBC P does not admit amv-approximation algorithm with
a < 6/5,unlessP = NP,

Proof:

‘ We will show the reduction fronX 3C' problem toBC P problem‘

The Construction:

LetI = (X, C) be an instance of X3C, whete¢ = {C,Cy, ..., Cs,} is a family
of subsets ofX = {x1,z2,...,23,}. Lete > 0 be a small number. Construct an
instancel’ = I'(e) = (G = (V,E),w,Q) (where@ is the number of connected
partitions) of BC'P in the following way:

o LetQ = 10q.

e For eachr; in X, let H(z;) be the graph with 16 vertices, we will call gadget,
defined as follows. It consists of 3 vertical paths of lengtheé8/ P, P, and Ps,
all ending at a common verte, and internally vertex-disjoint. Each such a path
P; starts at a vertex nameg; ;. The start vertices; ;, , t; i, , t;,i, correspond to
the 3 sets’;1, Cjo, C;3 that containz;. These vertices will be referred &s
vertices For each of the 3 possible choices of two paths (am@nd> and Ps),
we attach two other new vertices, as follows. &t = (t;4,, 2,5, ¥i,j, ), for
j = 1,2,3. Take two new verticeg ; andr; ; and attach each of them to the
verticesy; ; andy; »; take two other new verticds, andr; » and attach each of
them to the vertices; » andy; 3; take two other new verticds 3 andr; 3 and
attach each of them to the vertices andz; s.

Figure 3: The gadgefd (x;)

e Let G = (V, E) be the graph obtained from the union of the gaddéts:),
i = 1,...,3q with some additionaBq vertices and)q edges, in the following
way. Letvy,va, . .., v3, be the additional vertices, where eagltorresponds to
asetC; of the instancd of X3C. Now, whenever thereis a s8f = {x;, z;, x }
in the instancd, add three edges linking vertey to the vertices; ,, ¢;, and
typ Of the gadgetd] (x;), H(z;), andH (xy), respectively. The verticas will
be calledv-vertices

e Letn be the number of vertices of the gra@h(note thatn = 51¢), and leta be
an integer such that > n/e.

e The weight functionv : V' — Z, is defined as follows. We assign weidht to
the verticese;; weight3a to the vertices; ; andr; j,i=1,...,3¢,7 = 1,2,3;
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Figure 4: The gadgefd (x;)

and weight 1 to the remaining vertices. Note that each gddgeiveigh20a + 9
andw(V') = (60a + 30)g.

Then we will show the completeness and soundness:

e Completeness3 Exact CovelC’ = I’ has a solution with measuée + O(1)

LetC;,,Ci,, ..., C;, beanexactcover fdr. Constructa connectddq-partition
for the instancé’ as follows. First, construgtconnected classes by considering
the ¢ sets in the exact cover. (For example, for the instance ksponding to
the graph shown in Figure 4, consider the exact cover camgist Cs andCy.)
Each of these connected classes consists of a veyterrresponding to a set
C;, together with the 3 edges leaving it, each of them extended ¢onnected
way) with the unique vertical path that starts at one of itsesres (a-vertex).
Clearly, each of thesg connected classes has weight+ 10. Consider the
graph GO obtained frorf¥ after removing the vertices in theconnected classes
we have constructed so far. The otherconnected classes can be obtained from
G’ as follows: first, in the remaining part of each gadg€t:; ), construct 3 sets
of paths, each one linking pairs of vertices of typgandr; ;. Note that this is
possible, as only the vertices of one vertical path in eaclygewere removed.
Now, put each of the remaining vertices (all of weight 1) ity afithe 10q con-
nected classes constructed so far, so as to obtain a codri€gepartition of G.
Clearly, all the connected classes have weight at l&agt 1.

e Soundness: A Exact CovelC’ = I’ has a solution with measure at méat-+
o(1)
Let (V1,Va, ..., Vp) be a solution off” with measure at leagb + ¢)a. Since
n < ea, the connected classes in this solution all have to contaghay more
vertices with weigh®a or 3a, and therefore the weight of any connected class
G[V;] must satisfyK ja < w(V;) < K;a + ea, for some integef;.

Since the average weight of a connected claga i$- 3, if there existed a con-
nected class with weight at led&t, then there would exist another connected
class with weight at mosia + 6, and therefore smaller thdf + ¢)a, a contra-
diction to our hypothesis.

Thus,w(V;) < 7a, and thereforev(V;) = 6a + o(a), forj = 1,...,Q. Thus
each connected class must contain either 2 vertices withht/&i or 3 vertices
with weight2a. LetY be a connected class containing xi. Suppose Y contains
no t-vertex. Then Y can additionally contain only verticeghwwveights 1 or3a
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in the gadgefd (z;), and therefore it will not have weigléz + o(a). Thus,Y

must contain a-vertex of the gadgeif (x;). SinceY” has weighta+o(a), it has

to contain precisely 3 vertices with weiglit and some vertices of weight 1. But
the only way to connect 3 vertices with weight is passing through a v-vertex

v;. Since thev-vertices have degree 3, one of the two cases may happen: (1)
eitherY contains exactly one vertex, or (2) Y contains at least two v-vertices.

In case (2)Y must contain twa-vertices belonging to a same gadget, and fur-
thermore they must be connected by a path contained in tbpgagaln this case,
since no vertex with weigtia can be used in such a path, two vertical paths in
this gadget must be used. But then, these vertical pathsatepapair of ver-
tices with weight3a, and therefore some connected class will have weigha
contradiction. Thus, case (1) must occur, and in this cEsegntains 3 vertices
with weight2a, precisely one vertical path in the corresponding 3 gadaeds
one vertexv;. Since each vertex; belongs to a connected class with precisely
onewv-vertex, there are exactlyconnected classes that induce an exact cover for
the instancd of X3C.

This completes the proof.
|
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4 Strongly NP-hard Problems

Definition 7 (Strongly NP-hard) A problem is strongl\NP-hard if every problem in
NP can be polynomially reduced to it in such a way that all of itsnerical parameters
in the reduced instance are always a polynomial in the legthe input.

Definition 8 (Pseudo-polynomial algorithm) An algorithm for a problem is a pseudo-
polynomial algorithm for that problem if its running timeli®unded by a polynomial.

Theorem 9 Consider a integral-valued stronghP-hard minimization problem Il with
the following restriction: LetB be a numerical bound which is polynomial of a given
weaklyNP-hard problem. On any instance of Il, the optimal solutioaisnosts.

Then Il do NOT have a FPTAS.

Proof:

We will prove that if Il admits an FPTAS, then it also admits a pseudo-polynomial
algorithm.

Assumel I admits an FPTAS, we run FPTAS on a problem instance wvithl / B.
The returned value is at most the following.

(1+€)OPT < OPT + €B = OPT + 1

Since the running time is polynomial iB (which is polynomial in the size of the
given weaklyNP-hard problem), Il has a pseudo-polynomial algoritiilin.
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