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Abstract

For any memoryless communication channel with a binarye@input and a one-
dimensional real-valued output, we introduce a probahiliswer bound on the mutual
information given empirical observations on the channéle Hound is built upon the
Dvoretzky-Kiefer-Wolfowitz (DKW) inequality and is disbution-free. A quadratic
time algorithm is described for computing the bound andatsasponding class-conditional
distribution functions. We compare our approach to exgstechniques and show the
superiority of our bound to a method inspired by Fano’s iraditypywhere the continuous

random variable is discretized.

1 Introduction

Determining the mutual information over a communicatiomratel is a ubiquitous

problem in many fields. In neuroscience, feedforward comication channels are seen
extensively in the analysis of sensory systems, where hezgponses are analyzed in
an effort to determine the class of the generating stimulus. particular case — a dis-

crete input random variable and a continuous output randcemnable — is encountered



directly whenever a response spike train is described astinoous quantity. Perhaps
the most common continuous response representation igrikeateraged spike rate,
which has been used to differentiate stimuli in the cat lewadiauditory thalamus and
cortex (L. M. Miller et al., 2002), the macaque middle tenglaortex (Buracas et al.,
1998), the macaque motor cortex (Georgopoulos et al., 128®) the macaque ven-
trolateral prefrontal cortex (Lee et al., 2009), to nameva fAs another example, the
latency between the stimulus and a response neuron'’s fikstlsps been shown to carry
a large amount of information about some stimuli (GollisciM&ister, 2008; Gerstner
& Kistler, 2002). The effectiveness of various scalar repregations of single-neuron
responses has often been investigated, for instance itidosaghroughout the cat au-
ditory pathway (Middlebrooks et al., 1994; Chechik et a00@&; Nelkin & Chechik,
2005).

Even when a neural response is high-dimensional, such agetieral case of an
ensemble of neurons with an unbounded number of real-vadpée: times, its di-
mensionality is often reduced during the course of proogssFor instance, contin-
uous stimuli are often reconstructed from the responsddBiet al., 1991; Warland
et al.,, 1997). Viewed as a transformation, reconstructimounts to mapping a high-
dimensional vector to a scalar value. When the stimuli aserdie, reconstruction
is essentially a classification problem (Duda et al., 2003¢veral classifiers, com-
monly called decoders in this context, have been applietljadng linear discriminant
analysis (Nicolelis et al., 1998), support vector machifasgarani et al., 2008), and
maximum likelihood (Panzeri et al., 1999; Samengo, 2002di#onally, unsupervised
dimensionality-reduction techniques have been used f@rpcess ensembles of spike
trains, such as principle component analysis (Richmondl €1287) and the wavelet-
based method of Laubach (2004).

Our type of channel is also prevalent outside of the stimubsponse domain.
Many epilepsy studies, for example, observe time-varyii§Eor SEEG data to de-
code the binary states of seizure detection (Quiroga €2@00) or prediction (Elger &
Lehnertz, 1998). In the field of computer vision, the imaggnsentation problem has
been re-posed as a maximization of the information betwe@mage'’s pixel intensities

and the discrete region labels (Kim et al., 2005).



1.1 Estimating Information from Finite Samples

Mutual information (MI) (Shannon, 1948; Cover & Thomas, 8pP& a natural quan-
tification of how much the output of a channel depends on fstiiRieke et al., 1997;
Borst & Theunissen, 1999). Over a physical channel, Ml mestdtimated based on a
finite number of empirical observations. Therefore, thétytdf an M| estimate must
also be qualified in terms of a probabilistic error term, anfatence interval.

In the majority of neuroscience literature, the Ml estiroatproblem begins by as-
suming a high-dimensional continuous response — an enseshbpike trains — that is
discretized through a form of binning (Rieke et al., 1997r &n excellent discussion
of current entropy estimation methods in neuroscienceftseeeviews by Panzeri et
al. (2007) and Victor (2006). Many of these techniques asetd@n the naive Ml esti-
mator obtained by using the empirical joint distributiom®dtly as approximations of
the true underlying distributions (Strong et al., 1998js @pproach is also termed the
maximum-likelihood or plug-in estimator. The naive meath® known to be inherently
biased, even in the asymptotic regime where the amount afislanlimited (G. Miller,
1955). A popular strategy for estimating information for @ité number of observa-
tions is to start with the naive estimator and attempt tagstely correct for this bias.
Of particular interest is the estimator of Paninski (200@)jch utilizes a probabilis-
tic lower error bound on the MI derived from McDiarmid’s Ineajity (McDiarmid,
1989). Another recent effort uses an anthropic correctiche naive estimator to give
a positively-biased Ml estimate (Gastpar et al., 2010).

For the finite-sample regime, other information estimates focus on reducing the
bias of the naive estimator have been obtained througmgegns about the underly-
ing response distributions. These include model selectiethods (Montemurro et al.,
2007; Shlens et al., 2007; Kennel et al., 2005) and Bayesif@nence methods (Ne-
menman et al., 2004; Wolpert & Wolf, 1995). One unique sgwtey Victor (2002)
provides an asymptotically-unbiased information estonatithout binning.

In this article, we explore a fundamentally different aggario to the MI estimation
problem. For any finite sample, the Dvoretzky-Kiefer-Welftz (DKW) inequality
(Dvoretzky et al., 1956) gives a probabilistic bound on ttitecence between the em-
pirical cumulative distribution function and the true distition function. The result

is an extension to the finite-sample regime of the well-knavark of Kolmogorov
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(1933) and Smirnov (1944) who proved it for the asymptotgimes (Shorack & Well-
ner, 1986; Doob, 1949). The DKW inequality was further redity Massart (1990),
who showed that his version was tight. The DKW inequalitgnthprovides tight prob-
abilistic bounds around any empirical distribution, sustiree distributions involved in
the direct calculation of MI. This result allows us to derav@robabilistic lower bound
on Ml that is distribution-free in the finite-sample reginfesimilar application of the
DKW inequality was recently used to address the problem ofimizing differential
entropy on a single variable (Learned-Miller & DeStefan@)@).

It is important to note that, by the Glivenko-Cantelli thewr (Glivenko, 1933; Can-
telli, 1933), the empirical cumulative distribution furars in question converge uni-
formly to the true distribution functions almost surelye(j. with probability 1) in the
limiting case where the sample size grows to infinity. Outbaitalistic lower bound on
MI, therefore, approaches the true Ml as the number of olsiens approaches infinity.
For a fixed confidence level, the DKW inequality quantifiesrtéte of this convergence
with respect to the number of samples, yielding optimal pholstic bounds on the
underlying distribution functions for any given samplessiz

We construct a probabilistic lower bound on the MI over anymogyless communi-
cation channel with binary input and one-dimensional cargus output. Additionally,
we develop a worst-case quadratic time algorithm to efftifesompute this bound for

any data set.

2 A First Approach: Post-Discretization Analysis

Consider the binary-valued random varialdieand real-valued random varialite de-
noting the input and output, respectively, of some feedéwmdrxcommunication channel.
Since the distribution oKX is controlled by the experimenter, we assume the marginal
probabilitiesP(X = 0) and P(X = 1) to be fixeda priori such thatP(X = 0) =



P(X =1) = 0.5. We seek a lower bound on the MI:

[(X;Y) = H(X)— HX|Y)

—1- H(X]|Y) "

= 1+/ > PIX|Y =y)log, P(X|Y =) | f(y)dy
v | Xefo1}
where H(-) denotes the Shannon entropy afid) is the density of the continuous
random variablé”. In spite of our trivialized input, estimating the continusgfunction
I based solely on the observation of a finite sample is no easy tdhe standard
approach to this problem is to discretizeleading to a lower bound on Ml through the

data processing inequality (Cover & Thomas, 2006):
I(X;Y) > I(X;T(Y))

for any function'(Y). In what follows, we lefl},, denote some function that discretizes

Y intom bins.

2.1 The Fano Method

The simplest discretizatiorf,,, partitions the output into two bins. While seemingly
rudimentary, this function is interesting because it pasdua classification space on
Y: in essence, each element of the output is mapped to a posdaftthe input that
produced it. For notational convenience we denote the nearpioutput random vari-
able, which is the value of the functidi}, also asY’. Motivated by Fano’s inequality
(Cover & Thomas, 2006) we can derive a lower bound on Ml udiegiinary input and
the per-class error rates on the bin&fy For binary random variables, the conditional
entropy ofX is equivalent to the conditional entropy of the erti,E|Y). Therefore,

our discretized estimate of the MI can be expressed as:
I(X;Y)=1- H(E|Y) 2)

which can easily be rewritten as a function depending onlgherirue class-conditional
probabilities of errorP(E = 1| X =0)=P(Y =1/ X =0)andP(E =1|X =1) =
PY =0|X =1).



Now then, given a sample d&f independent, identically distributed (i.i.d.) random
variables per class, Hoeffding’s inequality (Hoeffdin§6B) states probabilistic bounds

on each true class-conditional test error:
250

P ( — —PE=1X=0)|> eh) < 2¢7"%  and independently
n
25
P ( L _PE=1X= 1)‘ > eh) < 2e7"
n

where for each class € {0, 1}, S, denotes the total number of errors and the true error
P(E = 1|X = z) lies within=+e,, of the empirical error with confidence= 1—2¢ "<,

For any desired confidence, therefore:

In =2
e =\ ——2 3)

n

A probabilistic lower bound on Ml can be calculated by coesiidg the worst case: that

the true class-conditional error rates aydéarger than observed.

2.2 Generalized Discretization

The previous technique relies on the results of Hoeffding) Bano to achieve a tight
lower bound on MI given any binary discretization of the autgJnfortunately, gener-
alizing this strategy to arbitrary discretizatiofis is not as simple.

An m-bin discretization can be approached in one of two waysstFin direct
analogy to the Fano-inspired method, we could apply a priésabdbound on then-
dimensional multinomial distribution. For example, Takki(1993) has derived prob-
abilistic bounds for the Kullback-Leibler divergence beem the true and the empirical
multinomial distribution. Such a bound would identify a setthem-simplex around
the empirical distribution for which the probability is baded to a given confidence,
as before. (See also Globerson et al. (2009), where this skffined as those multi-
nomial distributions for which the expectation of fixed ftioas are given.) However,
minimizing the MI function over this set — a straightforwakercise wher could be
expressed in terms of only error rates — is now complicateddthe combinatorics of
optimization overn variables.

Another avenue for the:-dimensional discretization was thoroughly explored by
Paninski (2003). In this work, a distribution-free boundcreated around the bias-

corrected empirical estimate of Ml using McDiarmid’s inedjty (McDiarmid, 1989).
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Although ultimately his Ml estimate is useful, the appro&ates difficulties stemming
from the weakness of McDiarmid’s inequality, due to its gafiy. To avoid these
discretization issues, we derive an analytical solutionife case whel is real-valued.

This view is equivalent to the multinomial approach above.as: oco.

3 A Novel Lower Bound on Ml

Consider a communication channel with the input randomatéei X, takingdiscrete
(binary) values, i.e.X € {0, 1}, and the output random variablg, takingreal values
in a boundedrange, i.e..Y € [a,b] : a,b € R. The channel is modeled by a pair
of unknown (conditionalontinuousdistribution functionsP(Y < y|X = 0) and
P(Y < y|X = 1) with density functionsg/y, and f; such that:

a /y folt)dt & P(Y < y|X =0) and
/f1 dt2 P(Y <y|X =1)

As before, we assumB(X = 0) = P(X = 1) = 0.5. However, our results are easily
generalized for other values.

Lety?, 49, ... ,y?g) be a sample o i.i.d. random variables with distribution func-
tion Fy(y), andyi, ya, ... ,y(lg) be a sample of i.i.d. random variables with distri-
bution functionF; (y). Also, let Fy(y), Fi(y) be the empirical distribution functions,
defined by:

n
2

Z ]l(y0<y and Fl y Z 1 yl <y)

wherel ;z represents the indicator function for the evéhtand the traditional subscript
denoting the sample size fét is understood.

In what follows, we utilize the order statistit®f the combined samplg® U y1,
denoted by(z|i = 1...n). For notational convenience, we define the poigt$ a
andz,,1 = b, so thatFy(z) = Fi(z) = 0 andFy(zn41) = Fi(zns1) = 1.

1The order statisticsy, z», ..., z, of a sampley;, o, . . .y, are the values of the sample arranged in

non-decreasing order.



Figure 1. Two empirical class-conditional distributionsdatheir DKW tubes. The
dotted lines represent the empirical distributions andstbied lines depict the upper

and lower tubes.

The DKW inequality, described previously, places a tiglofgabilistic bound on the
difference between each empirical distribution functiod ds true distribution function
(Dvoretzky et al., 1956; Massart, 1990). Using samples With.d. random variables

for each distribution, the bounds dfy and F; are given by:

P <\/§SUP |ﬁ0(t) — Fy(t)] > 5) <22 and independently
t

P <\/gsup |ﬁ1(t) — Fi(t)] > 5) < 2%
t

Therefore, given any desired confidengethe DKW inequality guarantees that
the true distributions will lie within the fixed tube drawte ., around the empirical

distributions, where:
In =2

€dkw = ——2 (4)
n

Within this framework, we seek two distribution functiof$ and F; on [z, z,,41]
that minimize the mutual informatioh(X;Y") subject to the DKW tube constraints.
SinceP(X =0) = P(X = 1) = 0.5, the entropyH (X ) = 1, and:

I[(X;Y)=H(X)— HX|Y)

I fo(t) A
‘”2/20 [fO(t)logfo(t)+f1(t)+f1(t)logfo(t)+f1(t) at )
L



We focus hereafter on the variable componkht

3.1 The Tube-Unconstrained Solution

Before undertaking the general problem, we address a sirsylgroblem:

Theorem 1. Consider any pair of values: ¢ > a andd : d < b such that the solutions
for the distribution functiond?, and £, are known atF (c¢), Fi(d), Fy(c), and F}(d)
(we call these four points “pins”, and the correspondingantal [¢, d] a “pinned inter-
val”). Assuming that-; and /" are monotonically non-decreasing ¢ndj, then, in the
absence of further constraints, the solution that minisithe interval’s contribution to

the total Ml is given by any two curves with the property:
folt) =v- fi(t) Vt:c<t<d (6)

for somev € R. In other words, the two solution densities are multiple®oé an-
other on the intervalc, d]. Furthermore, the minimum contribution 1¢.X, V') by this

interval is:

o f
a+ﬁ+510gm (7)

wherea = Fj(d) — Fi(c) and g = F}(d) — F}(c).

m = alog

Proof of Theorem 1As stated, lelx = Fj(d) — F;(c), denoting the increase if,
between its two pins, and = F;*(d) — F}(c), denotingF;’s increase between its pins.

The minimal Ml onlc, d] is given by the curves that minimize the functional:

Y PP (O R PO U
Mfcd_/c [fo(t)l gfo(t)—i-ﬁ(t) + fi(t)1 gfo(t)+f1(t) dt

subject only to the constraints:

(8)

fo(t) =0 fi(t) =0 9)

Vi:e<t<d



Using the objective and these constraints, the Lagrangiagtiand function for the
resulting calculus of variations problem is:

Jo(t) fi(t)
fo(t) + f1(?) Jot) + f1(t) (10)

+v1fot) +vafi(t) — M) fo(t) — Xa(t) f1(2)
t)

wherer; andv, are constants andl (t), A\2(t) > 0. The Hessian of the integrand of

fo(t) log + f1(t) log

Mfcd iS:
f1(t) —1
H(M) = fo@®)(fo(t)+f1()) Jo®)+f1(t)
-1 fo(t)
fo@®)+/f1(t) H1 @) fo®)+£1(2)

which is positive semi-definite. Therefore the integrandaavex, and consequently

the functionaIMfd is also convex. Since all the constraints are affine, anysxts of

c

the Lagrangian must be minima. Two Euler-Lagrange equsitoe:

=1lo __hl) v —
0=1 gfo(t)+f1(t) + v = A1) (11)
B fi(t) o
0 =log fO(t>+f1(t)+ 2~ alt) (12)
Vi:e<t<d

Complementary slackness requires that:

AM(t) fo(t) = 0= Ao(t) f1(2)
Vi:e<t<d

Now for anyt, if fy(t) = 0, then the right-hand side of Equation 11 must be non-finite,
and therefore nonzero. Similarly,(¢) must be nonzero in order to satisfy Equation 12.

Therefore \; (t) = Ao(t) = 0 for all t. Rewriting Equations 11, 12 shows that:

1
éfo(t)— =2 -1 Vi:e<t<d

fit)  2v -1
Sothenp € Ris a constant that does not depend gand f, and f; differ by a constant

v

multiple on the pinned interval. Since andy, have no other constraints, it is also clear
that any two densities differing by a constant multiple Wi equivalent minimizers.

Furthermore, if the multiplieo is such thav - f(t) = fo(¢), then itis easy to show
thata = v, and therefore:

a v [C R dt I 10

— = = Vt:c d
atB w. [Th@)d+ [TH@)d v+ folt) + fi(D) frests
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8 I folt) dt 0

— = = Vit : d
atB [TR@dt o [T)yd v folt) + fi(D) frests
Therefore, the minimum value on the pinned interval is:
— ‘ folt) fi()
m_mzn{fo,fl}/c {fO(w log fo(t) +f1(t) ""fl(t) log fo(t)+f1(t) dt
:alogaiﬁ +610gafﬁ
O

For reasons that will soon be made clear, any solution ngétierequirements of

Theorem 1 will be known astabe-unconstrained solution

3.2 A Discrete Formulation

At any pointz;, we denote the (unknown) conditional probability mass facleX €
{0,1} by:

2 [ fo(t)dt = Fy(z) — Fo(zi1) and

Zi—1

f é /ZZ fl(t) dt = Fl(zz’) — Fl(zifl)

Also, we denote the lower DKW tube boundaries,dbr the two distribution functions
asF—O*(zi) and F; (z;), and the upper tube boundaries correspondingh!f—oé&i) and
Fi7(2;). In order for the distribution functions to be feasible thghout the entire inte-
rior of the tubes, thé’~ boundaries are raised tovhenever they fall below, and the
F* boundaries are lowered towhenever they rise above The tubes have nonzero
width at the minimum and maximum order statistigsandz,,, and are defined as being

collapsed at the interval edges such that:
Fy (20) = Fy (%) = Fy (%) = F{' (%) =0 and
Fy (2041) = Fy (zn11) = Fy (zas1) = F (zn1) = 1
Using Theorem 1, the problem of minimizing MI with respectwm functions can
be simplified to a constrained optimization problem with &éimumber of constraints.

Since the empirical distributions are each defined usingn@kaof 7 i.i.d. random

variables, the DKW tubes will be step functions fag, z,,1]|. By definition, the tubes
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Figure 2: Relaxation of the DKW tubes. The solid lines deriak@&V tubes computed
from two empirical distributions. The dotted lines show thecewise linear versions

of the tubes.

are flat between any two successive order statisti@)dz; . ;, without loss of general-
ity. However, we consider a weakened version of the DKW tigaeh that successive

tube boundaries are piecewise linear, as shown in FigurerZndlly:

Ff (t) = cot — 2) + Fy (2) and o (t) =co(t — 2z;) + Fy (zi-1)

where

o — Fo ) = Fi(z) g = Fy (zi1) — I (%)

Zivl — % Zi+l — %

Now then, consider any solution to the general problem. T$ieilution functions
will take values within their tubes &t (z;), Fi(ziv1), Fi(z), and F(z;11). On the
interval [z;, z;+1], consider the linear solution obtained by drawing one ghigine be-
tween Fii(z;) and F(z;4+1), and another betweeh[ (z;) and F}(z;11). These lines
clearly lie within the relaxed DKW tubes. Furthermore, giitisey are linear, this solu-
tion necessarily has the property thfatand f; are multiples onz;, z;1]-

Applying Theorem 1, the general problem may be simplified acipg pins at

all order statistics, yielding a system 2f variables in lieu of two functions. The
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functional/ (X; Y') can thus be written discretely:

I(X:Y)= ] 0 — ] A -
( ) =1+ Zfo ng0+f1+2;fl ng(ﬁJfff 13)

1
:1+§M(f017f027 va K f117f127 fl? n+1)

wherel is equivalently minimized by the functioh/, subject to a host of constraints.

Finding the minimum of\/ can now be cleanly posed as a constrained optimization
problem (Boyd & Vandenberghe, 2004).

3.3 Constraints on the Distribution Functions

For any statistie; : 1 < i < n, four constraints are imposed by the DKW tubedpf

and Fy, and two more ensure the non-negativityfefand f::

zfo RS0 =TG- R <0
j=1
i — o (14)
B =" H-F(2)<0 gl = Fy () =) _H <0
j=1 J=1
5 i 6 __ 7
g =~/ <0 9 =—=hH<0

Two more constraints necessitate that the total probghifider each curve must sum
to 1:

n+1 n+1

=Y fi-1=0 =) f-1=0 (15)

Note that the subscripts for the inequality constraints dbinclude the point,, 1,
since these conditions would be redundant.
The Lagrangian for this optimization problem is therefore:
L=M+Y [Mgl+ gl + XNgl + Mgl + Ngl + Mgl +vaho +vshy  (16)
i=1
With respect to the arguments of the objective functidnthe constraintg;, g7,
a2, gt, 92, g%, ho, andh, are both linear and continuously-differentiable. Withtmss

of generality, the Hessian a@ff at anyz; is:

S —1_
H(M) = fé(firfﬁ) fé}'%ff

fo+1i FL(f6+11)

13



which is positive semi-definite. Since all constraints affehn@ and the problem is
strictly feasible, the Karush-Kuhn-Tucker (KKT) conditi® are both necessary and

sufficient (Boyd & Vandenberghe, 2004).

3.4 KKT Conditions for the General Problem

The first KKT condition specifies that the gradient of the laaggian must be zero:

VL =0 17)
where
6[’ f()l 5 1 1 1 2 2 2
=1og e A Uy = A AN A AL NN N =0
oft fo+ i o b
a—lelog A g = A N A A A A ==L =0
6f1 fO fl
OL 12
—— =10g s A Ve = A AN A AL =N A - = A2 =0
off PR+ e r
LA T | SRSV S U C SNSRI Y SISV SNSRI S
afl fO fl
oL fO 5 1 2
l Va—)\n+)\n—)\n :0
afq f0+f1
oL
= log +vg— A8 A3\ =0
8f1 f0+f1
OL n+1
8f”+1 = log n+1 + [ + Va =0
OL n+1
afn+1_lg n+1+fn+1+VB =0

Notably, with regard to the tube-related constraits)\?, \?, and\?, the terms of
successive partials are upper triangular when viewing tercstatistics in increasing

order.
The remaining KKT conditions are primal feasibility, duabsibility, and comple-

mentary slackness. Primal feasibility requires the satigfn of all constraints:

h0:h1:O
gF<0  Vk=1...6, Vi=1...n

14



Dual feasibility enforces positivity on all of themultipliers:
M>0 Vk=1...6, Vi=1...n
Complementary slackness dictates that:
MNegh=0  Vk=1...6, Vi=1...n (18)

As in the proof of Theorem 1, the complementary slacknessr@ican be used to
determine the monotonicity constraintsand\%. For any: without loss of generality,
if \> is nonzero, theryi = 0 by Equation 18. This implies thagﬁ is non-finite,

0

contradicting Equation 17. A similar argument can be madefand f;. Therefore:

MN=XN=0 Vi=1...n

)

It is also important to note the symmetries betwagand\?, and\? and\?. When
A} is nonzero, the curvé (z;) is said to betight against the top of its tube. Since
the tube must have nonzero width at any non-boundary péjnt;;) cannot also be
tight against the bottom of the tube. Consequently, Eqoat® implies that\? is 0.
Similarly, when)\? is nonzero)\! must be), corresponding té7(z;) being tight against
the bottom of its tube. IfF(z;) lies in the middle of the tube, thekl = \? = 0.
An analogous relationship exists betwekh \!, and F;. For convenience, we take

advantage of these properties to define two new variable sets
MPEA - A7 and
A3t 2 3 _ )\

Conceptually\}? is positive if and only if i (z;) is tight against the top of its tube,
negative if and only ifFj(z;) is tight against the bottom of its tube, and 0 if the curve
lies within the tube without the need for slacki! is defined similarly with respect to

As a consequence of all the above, we observeith@ndy;s, as well as\}? and
A3 fori = 1...n, are pairs of dependent variables whose values are govbynt:
equations:

g veXiaNlin Lo XNl =1 Vj=0...n (19)

These equations imply that, andv; are strictly positive. For any pair;? and A}, it
is easy to show that either variable takes a value iband only if its counterpart also

has a value of.
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3.5 A Constructive Algorithm for the General Solution

An optimal solution to the general problem can be obtaineddnystructing a set of
values that satisfy the KKT conditions from Section 3.4ohnfially, we take advantage
of the upper triangular structure of Equation 17 to arriva &asible solution for the
KKT constraints. We propose an algorithm that starts at tteoln of the system and
rises to the top, incrementally generating a solution. FE@ugives a schematic diagram
of the algorithm’s operation. Beginning from the rightmpsint z,, , ; and working left,
the algorithm locates the pinned points at which the distiin function is tight against
the DKW tubes. At termination, the subset of the pinned pofiot which A} and A3
are nonzero have been identified, which in turn enables disolto be determined

through repeated application of Theorem 1. An overview efdtocedure is as follows:

1) Create a variable,, to denote the leftmost determined pin (not includigl Set
z, = Zn41. Create two variables)!> and \3', to represent the leftmost unde-
termined slack variables. Assign the variableto A\ )?, and the variable/s to

34
A,

2) Check whether there istabe-inactive solution the intervalz, z,] using the
method of Sections 3.6 and 3.7. A tube-inactive solutionromegerval|z,, z] is
one for whichF{; and F}* are not tight against their tubes throughout the interior
of the interval, so thad!> = X\* = 0 Vi : a < i < b. In other words, the
tube constraints are inactive on the interior of the intepya 2,]. Such a solution

clearly reduces to the tube-unconstrained problem adetiessTheorem 1.

If a tube-inactive solution exists dy, z,], find the solution on this segment using

Theorem 1, and stop. If not, proceed to Step 3.

3) Using the method of Section 3.8, find the rightmost siatist, at which a tube-
inactive solution orz;, z,] is not possible, implying that somé? andA#* pair on
[2k+1, 2p—1] IS NONzero. Through the method described in Section 3.8rméte
the rightmost statistic;,,, for which \!? and\3! must be nonzero, and determine
the signs of both\!? and \?>!. This knowledge in turn defines whether each of
the cdfs touch the top or the bottom of its respective tubg,athus pinning the

solution atFi (z,,) andFy (z,).
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Figure 3: Visual depiction of the algorithm, highlighting$3 3. Starting at statistig,
ratios are constructed from right to left until the first utisfgable ratio is encountered,
vp—s,y iN this example. Note that the pictured; ., v, results from the direction of
the pins from Pass Z;;(z,) andF;(z,). The intervalv;,,, v;,] marks the intersection
of the satisfiable intervals. Next, the innermost ratio @game side as the unsatisfiable
interval is found, which subsequently determines the neittgo be pinned. Here, the
iInnermost ratio is;a;fg,p} = v;,, and the point to be pinned is therefare= 2, 4. The
algorithm then proceeds to Pass 4, setting- z,.
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4) Find a tube-inactive solution dn,,, z,], thereby solving fon)* and\3*.

5) Setz, = z,. SetAl> = A} andA3* = \?!. Record the signs of}* and \}* for
use in Step 3. Go to Step 2.

3.6 The Existence of a Tube-Inactive Solution

By definition, a pinned intervat;, z,] has a tube-inactive solution if the solution curves
F; and F} are monotonically non-decreasing and are not affected &ytuthe con-
straints of Equation 14. Equivalently, the KKT conditionsthe interval are satisfied
with:

AL =X =M = = =0 =0 =0
The primal feasibility, dual feasibility, and complememtalackness conditions are
therefore trivially satisfied. Consequently, a tube-inacsolution exists on the interval

if and only if it is possible to satisfy the zero-gradient ddions:

i+1 i+1
0 _ 12 1 _

& T L =X = Cloniy log T L > — Clomtl

z+2 z+2

12 34

log Z+2 fz+2 - _>\ C(p n+1] lo 08 2 rir2 z—|—2 fz+2 - _>\ C(p n+1]

fO fl
gy G R N

WhereC(12 andC?;;1 1) @re constants determined by previous iterations of the algo

rithm:

> A Va ifp<n

12 .
C(p,n+1} -
0 else
o Yipn A Hvs dfp<n
(pn+1] —
0 else

To simplify the problem, the zero-gradient conditions camdwritten into an equiv-

alent system involving the ratios betwegnand f, at each point;. This substitution
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is made possible by noting that at afly settingv; = ;—é means that:
1

_fg Y and _ff 1
fi+H v+l fo+H v+l
Also,
: J J
vy £ &(Oj) <v; < v;,r £ %(?) (20)
max(f7) min(f7)

where monotonicity ensures thgt > 0 andv;.r is finite. The zero-gradient conditions

then become:

Vi1 12 1 34
log ———— —)\ —C? 1 = —)\ —CcH
08 Vi1 + 1 (p,n+1] 08 Vi1 + 1 (p,n+1]
Vit+2 12 1 34
1 ==\, — O l ==X, —CH
08 Vito + 1 (p,n+1] 0g Vito + 1 (p,n+1]
log —2— = —\2 _ 2 log —— = 3 ¥
vy + 1 (pt1] v, + 1 (p,n+1]

Recall that by Theorem 1, any solution on a pinned intenai satisfies all feasi-
bility and complementary slackness conditions and has tbeepty that the densities
fo and f; are multiples must be an optimal solution on that intervdle €xistence of
a ratiov; means that the two probability masses atliffer by the constant multiplier
v;. Consequently, the issue of finding whether a tube-inastvation exists onz;, z,|
is equivalent to finding whether there exists some ratjathat satisfies all of the;

constraints simultaneously, meaning:
v=wv; Vj:(i+1)<j<p

We call the problem of finding suchwatheratio satisfiability problem

Substituting the satisfying rati@ the zero-gradient system simplifies to:

- >‘34 C(p n+1] (2 1)

log = —>\12 C(p n+1] log

v+1 v+1

One final transformation will facilitate an iterative soburt to the ratio satisfiability

problem. We define eaal; ) to be the ratio of the probability masses of the two curves
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on the intervalz;_, z,]:

v ——— | S < | ————p %
[7.7] max( f:j f{)_ [7:7] I [7.2] min( f:j ff)
B [ om0 File) “Fe)] [ R - Frl) ]
= |, = - — v < |V = - 7
7:7) Fl (Zp) — Fl (ijl) L el HlaX(O, Fl (Zp> - F1+<zj*1>>
(22)

It is straightforward to show that either set of ratios haatés/ingv if and only if

the other ratio set is satisfied by the same
Vigl = Vig2 = ... = Up =V <= Vlig1p] = Vit2,p] = -+ = Upyp] =V
Henceforth, we refer to the ratio satisfiability problem floe v, ,; ratio set, meaning:
v=wpy Vii(@E+1)<j<p

The ratio satisfiability problem is pictured in Figure 3. Afghmically, it can be
solved by computing the intersection of all thg, intervals betweeny; , ;) andvy, ),
which is all such ratios on the intervl, z,|. If the intersection is non-empty:

p

N oG] #9 (23)

j=it1
then the conditions are satisfiable, and the intepyat,] has a tube-inactive solution.
Otherwise, the solution on the given interval must be tigjdiast the tubes at some

intermediate point.

3.7 The Extended Ratio Satisfiability Problem

It is clear from the description of the algorithm tha}® # 0 and A3* # 0 for all
algorithmic passes. In the case of the first pags= v, > 0 and\3* £ 13 > 0. For
all subsequent passes, the signs;;Sfand)\;’;4 will have already been determined by the
previous pass. Therefore, the ratio satisfiability probteost be amended to account
for this additional constraint. Let the varialfleepresent the index of the current pass
of the algorithm: = 1 denotes the first pass= 2 the second pass, and so on.

An equivalent condition for the signs in terms of a satisfiiiatiov = v(t) becomes

clear when examining the zero-gradient conditions fromdfign 21. The constants
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12 34 .
Clpnin @NdCy, ) can be unrolled as:

p,n+1
ot —1) 12 12 12
e m = Copnrt) = Clprintn) T Apia
ot —1) 34 34 34
s ot —1)+1 Clomt1 = Clprinay + Ao
Thet'" pass zero-gradient conditions from Equation 21 are theivalgnt to:
L LR S N
i) +1 olt=1)+1 v(t)+1  w(t—1)+1

Now if Fij(z,) is pinned at the top of its tube, thery’ > 0, and subsequently:
v(t) _ v(t—1)
v(t)+1 w(t—-1)+1
= v(t) <o(t—1) (25)

On the other hand, if}; (z,) is pinned at the bottom of its tube, thajf < 0, and:
v(t) >v(t—1) (26)

Also, it follows from Equation 19 that if the solution for ordf is tight against its tube

at any statistie, (for z, # z,.1), then the other cdf must also be tight against its tube.

Corollary 1. At any statisticz, wherez, < z,,; and the solution curves; and Fy
are tight against their tubes, the two curves must be be ipositl either towards each

other or away from each other:

Fy(z) = F—(;r(zp> < F (%)

Fy(zp) = Fy (2) & FY (%)

F—f(zp> 27)
F—fr(zp>

Proof of Corollary 1. As shown above (Equation 25):
Fi(2) = Fyf () = v(t) <v(t—1)

A similar result forF; can be derived from Equation 24, yielding:

Fi(z) = Fy () = vlt) > vt - 1) (28)

Hence, if both curves are tight against the tops of theirgutteen no consistentexists
for algorithmic pass, which contradicts the assumption that this pinned poipai$ of
a global solution. Analogous logic shows that the tubes ctiba both tight against the
bottom of their tubes. Therefore the two curves must be ggher towards each other

or away from each other. O
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So therw(t—1) places a bound on the new rati(), and this bound is equivalent to
enforcing the signs of}*> and\>" in the zero-gradient system. Let (¢ — 1) denote the
minimum ratiov(¢ — 1) that would have satisfied the interval handled by the previou
pass. Since, must be pinned as in Corollary 1, the definitions of Equatignnaply
thatv(t—1) = v (¢t—1) ifand only if F{j(z,) is pinned at the top of its tube ad§ (z,)
is pinned at the bottom of its tube. Similarly, ket(¢ — 1) denote the maximum ratio
v(t — 1) that would have satisfied the previous interval. Théh— 1) = vt (t — 1)
whenFj(z,) is pinned down and(z,) is pinned up. Incorporating Equations 25 and
26, the extended ratio satisfiability problem can be coneplél including a constraint

imposed by the range:

[0, 00) ift=1
0,0(t—1)) ifot—1)=vr(Et—1) (29)

>

[Vsign Vaign]

(v(t—1),00) ifo(t—1)=0v(t—1)

Then a satisfying ratio can be found if and only if:

p

[Wrigns 0ign) 1 () [0 #0 (30)

j=i+1
3.8 The Nonexistence of a Tube-Inactive Solution

Because a satisfying can be found for some interval if and only if the interval has a
tube-inactive solution, the lack of a satisfyingn an intervalzy, z,] indicates that no

tube-inactive solution exists:
p

[U;gnav;i;gn] M m [U[;p}vv[—;’p}} :® (31)
j=k+1

During the execution of the algorithm, the statistianust be determined for each pass,

relative to the current,. The interval{[v;; , v[”;p}] | j = (k+2)...p}, are collectively

liop
referred to as theatisfiable intervals The intersection of the satisfiable intervals and

the current range constraint is denoted as:

p

_ A _ _
[Uint7 U;r_zt] = [Usign’ v;;gn} A ﬂ |:v[j,p]’ U[—;p]} (32)
j=k+2

The intervallv, . v, ] 1S referred to as théirst unsatisfiable intervasince, as

the algorithm works left fromx,, 2 is the first point at which the above intersection is
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empty. In this case, there must be some statistic:pn, z,—1] at which the curves are
tight against their tubes. Since the algorithm seeks tcegbéas at every tight point, we
must find the rightmost such point, which we dengte Oncez,, has been found for

the current pass, the algorithm proceeds to the next pasg ysias the new,,.

3.9 Finding the Rightmost Tight Statistic, z,,

Identifying z,,,, the rightmost statistic on an intenval,, 1, z,—1] whose solution is tight
against the tubes, follows from a simple property of the $ailaninimum and maxi-
mum ratios on the interval. We define timmermost ratiov,,., ,; and a corresponding

innermost statistie, as follows:

Uy IF vt 1ol < Vints
o 2 T (33)
Vit 1 Uy ) > Uiy
and
z—1 ifw < V4
N (34)
Zer vy > i
where
[ = argmax (UGPO and r= argmin <v§p])
jlk+2)<i<p il (k+2)<j<p N

So by definition, the innermost ratio always lies on the saide ef the satisfiable

. - - - - +
intervals as the first unsatisfiable interVaf , , . v, ,)-

Theorem 2 will prove that the innermost statistic and thibtrigpst tight statistic are

equivalent. The theorem relies on the following lemma:

Lemma 1. Given a statisticz,, that is chosen to pin the intervat,,, z,] on thet'

algorithmic pass, it,, is pinned so that:
Fi(zm) = F (20)  and  F}(zn) = Fy (2)

(which is true whem, .1 ,(t) = v, ., , (), and if

Fo*<zp) > ()Jr(szl) and U[;n,p] (t) < U[;wrl,p} (2)

then:
Vi) (1) < 0p (1)
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Similarly, if z,,, is pinned so that:

Fy(zm) = F—O_(Zm) and Fy(2m) = F1+(Zm)

(which is true whemy,, 1, (t) = v, ., (), and if

Fi(z) > Fi (zny)  and  of (1) >0

then:

v%m] (t+1)> UF:W] (t)

In other words, when placing a pin af,, if F{f(z,,) is tight against the top of its tube
and £y (zy) is tight against the bottom, then the minimum ratjo (¢ + 1), the first
new minimum ratio to the left of the pin on the algorithm’strpass, will be less than the
old ratiov;, (¢) aslongasy, (t) <wv,., ,(t). Similarly, if F5 (=) is tight against

the bottom of its tube and}(z,,) is tight against the top, then the maximum ratio

U (t+1) will be greater than the old ratio|), (¢) aslong asy,, 1(t) > vy, (1)
Proof of Lemma 1.
Vim p](t) < v[;nJer](t)
_ R = R Gnet) _ Fs(s) — By (2n)
Fy(zp) = Fy (2ma1)  F7 (%) = FY (2m)
_ R Cn) By (o) _ Fis) = Fy (o)
Fy(2m) = F{ (zme1)  FY(2p) — FY (2m-1)
= Uyt +1) <vp, ()
For the second case,
Vgl (8) > V1,51 (0)
— F5(2p) _E(Zm—l) Fg(2) — _O_(Zm)
Fi(zp) = F (zm-1)  F(2) — Fy' (2m)
— E(Zm) _E(zm—l) F5(2p) __O_(Zm—l)
i (2m) (2p) — " (2m-1)

I
4
+
—~
~
+
—_
~—
V
<
3
3
—~
~
~—
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Theorem 2. Given some;, andz, such that a tube-inactive solution exists[op, 1, z,),
but not on[z, z,], the rightmost statistie,,, at which the global solution must be tight

against the tubes is exactly the innermost statistic

Proof of Theorem 2Clearly, the ratiov,, 1, corresponding to the rightmost statistic

2z, MUust possess three attributes:

1) Feasibility. The ratio must represent two cdfs that taiheir tubes, so that either:

Fy(zm) = Fy () @nd FY(z) = Fy (2) OF (35)
Fy(zm) = Fy (zn) and FY(z0) = FY' (20)
implying that either:

Um+1,p] = Vpmy1py  OF

(36)

+
Ulm+1,p] = ,U[erl,p}

2) Backward Consistency. The chosen ratio must satisfyneeval|z,,, z,], mean-
ing:

U[;p] < Ulm+1,p] < U[—;p] vj : (m =+ 1) < j < p (37)

3) Forward Consistency. The ratio must be consistent witlobag solution. In
other words, it must not contradict the existence of a sotutin the remaining
interval [z, z,,]. The algorithm of Section 3.5 can proceed as long as thettati
zm €an be included in the next pass, thereby inductively guaeeamg a solution

oN [zo, Zpm:

[v;ign(tﬂ),v;gn(tﬂ)}m[%m](tﬂ) + (t+1)]7é® (38)

» Vlm,m)

Now, consider the innermost statisticand the innermost ratig, . ;. This ratio is
feasible by definition, and backwards consistent sinceetlsea tube-inactive solution
for the entire intervalzs, z,|.

Furthermore, the ratio can be shown to be forward consistéinst, consider the
case when the first unsatisfiable interval lies to the lefhefdatisfiable intervals, so that
Vls1,p) (1) = 03 (8) = vy, ,(£). We show that Lemma 1 applies fof, = z,. By the
definition of an innermost ratia,

Ts,p]
Fj(z), since ifFy (z,_1) > F(z,) thenFy (z,) > F(z,) and sovjs.1, = 0, which

< v, Furthermore, we see tha" (z,-1) <
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contradicts the assumption that the first unsatisfiablevatdies to the left ofv, ,. By
Lemma 1, the new minimum ratig, (¢ + 1) cannot be greater than the old minimum
ratio, v, ,(t), which is also the bound derived from the signs of ijs.

On the other hand, if the first unsatisfiable interval liesttight of the satisfiable
intervals, thenu,1,(t) = v, (t) = v, (), vi, > vi,,, and Fif(z_1) <
F}(z,). Again Lemma 1 applies, stating that the new maximum nq*stjg(t+ 1) cannot
be less than the old maximum ratig , ().

Therefore, the intervaﬁv[;sl(t +1), U[—sz] (t+ 1)} must be subsumed by the interval
[05ign(t + 1), 05, (t + 1)]. Since the interval itself must be nonempty, the ratio ,
is forward consistent by Equation 38.

The innermost ratia, satisfies three properties of the rightmost statistic, shgw
that it is consistent with a global solution as a candidatezjo By Theorem 1, the
unconstrained solution dn;, z,,| obtained by pinning only at, andz, must be optimal.
Therefore, there can be no other statistic z, < z; < z, that is tight against its tubes
without contradicting Theorem 1. So, the statistjccorresponding to the innermost

ratio is exactly the rightmost statistig, . O

The algorithm of Section 3.5 is thereby proven to constrigzilation on[zg, 2,41
Since the procedure equivalently satisfies the KKT conadigtifor the general problem,
the solution is guaranteed to be optimal. The running timthefalgorithm isO(n?),
since it moves linearly through the order statistics to etee the pin locations, with
exactly one linear backtrack on each interval to find eachtmgstz,,. Supplemental

information about the algorithm, including pseudocod@rvided in Appendix A.

4 Evaluation of the MI Bound and the Naive Method

4.1 Model Distributions

We demonstrate the performance of our lower bound on two-kvedlvn distribution
families for which the true MI between class labels and ot#psl computed numer-
ically. The confidence used for each class-conditionatitigion is0.99. Lettingn
again denote the sample size, the DKW tube widths are fixelt 4, according to

Equation 4. It is important to note that overall confidencehi@ lower bound on Ml
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Figure 4: Lower bounds on MI for normally-distributed pa@ritom two classes. The
x-axis denotes distance between the means of the two distmits. The solid line
represents the true Ml, the dashed line is the lower boundlagivdn by the algorithm,

and the dotted line shows the lower bound given by the Fanbadet

is the product of the two confidence values from the bound$’6yi|X = 0) and
P(Y|X = 1). This relationship is an obvious consequence of the inddpese of the
two distributions. For clarity we will write the overall cdence explicitly as a square:
for the following results the overall confidenceli®9?.

We first generate data for two normally-distributed clasgiés unit variances. Let-

ting d denote the distance between the means of the two distrisytibe true Ml is:

\/1 /OO S G 5 log (1 + %) | d
€ 2 og— —¢€ 210 e 2
2V21 J o & 14+ eydfﬁ & J

Forn =200,000, Figure 4 compares the lower bound on Ml obtainedupyesult

1+

to the true MlI, as well as to the lower bound given by the Fanthot for a number of
distances.

While our algorithm produces an MI bound without assuming @articular classi-
fication of the data, the Fano method relies on the per-ctagsieal probabilities of er-
ror, and thus inherently requires a classifier. The Fandteesliown here are computed
using the theoretically-optimal discriminant from thedrgenerating distributions, in
order to avoid any error stemming from the use of a sub-optéhsariminant. Using
the correction from Equation 3 and a confidence) ®9?, the Fano method gives a
lower bound on MI as in Equation 2.

In addition to the normally-distributed inputs, we sampl® gamma distributions
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Figure 5: Lower bounds on MI for gamma-distributed pointsirtwo classes. The x-
axis denotes the shape parameter for the second clasbutistni (the first distribution
has a fixed shape parameter of 1). The solid line shows thevtuthe dashed line
is the lower bound on MI given by the algorithm, and the dotiee depicts the lower

bound given by the Fano method.

with unit scale parameters. The first class is generatedshidpe parametér= 1, and
the second class uses an integer shape parameter denobexMayiaible:. Thus, both
classes are drawn from Erlang distributions, and the truesMI

1 %) B (k?— 1)] yk:fl ykfl
1+ — Y1 1 d
+2/_%6 [Ogy’“‘1+(k—1)!+(k—1)! BT =1y Y

A comparison of the lower bounds on Ml and the actual MI using200,000 is shown
in Figure 5.

As for any Ml estimation technique, the lower bound givenlgsie two procedures
is clearly dependent on the sample size. For model Gausssiagibdtions, the behaviors
of the two methods asincreases are shown in Figure 6, with sample sizes ranging fr
2,000 to 1,200,000.

4.2 Spike Train Data

To demonstrate the application of our method to neural de¢aemploy the Meddis
Inner-Hair Cell Model, which generates realistic auditoeyve spike trains from digital
sound stimuli (Meddis, 1986, 1988; Sumner et al., 2002). Dudlations are based on

a standard human parameter set derived from psychophyatal(Lopez-Poveda et
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Figure 6: MI lower bounds as a function of sample size for tvairgp of Gaussian
classes. The upper panel shows results for two Gaussiansewheans differ by,

and the lower panel shows two Gaussians whose means differ e x-axes are
scaled logarithmically. Each point represents the mearidwound computed over
10 randomly-generated samples and the bars denote twaastihadeviations from the
mean. For both plots, the upper curves depict the bounds dpyeur algorithm and

the lower curves depict the bounds given by the Fano method.
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Figure 7: Response distributions of the time to fifth spikeJy model auditory neu-
rons for up/down frequency sweeps,= 100,000. The upper panel shows responses
for a neuron with a CF of 1333Hz; the lower panel shows respofts a neuron with a

CF of 2200Hz. For both plots, the black distribution is thassl of upward sweeps and

the gray denotes downward sweeps.
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Figure 8: MI lower bounds as a function of sample size for twe résponses. The
upper panel shows results for a neuron with a CF of 1333Hzptler panel shows a
CF of 2200Hz. The x-axes are scaled logarithmically. Eacghtpepresents the mean
lower bound computed over 10 randomly-generated sampkkshenbars denote two
standard deviations from the mean. For both plots, the uppmes show the bounds

given by our algorithm and the lower curves show the boungsdby the Fano method.
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al., 2001). We use only high spontaneous rate fibers and amiapt gain level that
remains fixed for all trials. Two center frequencies (CF) mredeled: 1333Hz and
2200Hz, using bandwidths df43.5Hz and359.0Hz, respectively.

Our stimuli arel00ms sounds representing a simple binary task: upward and down-
ward frequency sweeps, or chirps, Wf00Hz. To generate eaclhOms stimulus, the
class (up or down) is selected and a starting frequency isechat random. For ‘up’
stimuli, the starting frequencies range betwé&sfHz and 1050Hz, and for ‘down’

stimuli, the range i4950Hz to 2050Hz. Each interval is generated by:
y(t) = sin(27t(w + 2t * 1000H z/0.1ms/2) + ¢)

wheret ranges fronbms to100ms,w denotes the starting frequeney;= +1 is positive
for ‘up’ stimuli and negative for ‘down’ stimuli, and is the initial phase of the sound.
Every stimulus is phase-matched to the preceding inteo/tia discontinuities in the
physical waveform do not mark the interval boundaries.

There are many ways in which one could map the spike trairorespof each neu-
ron to a one-dimensional scalar value. Since differemagitietween upward and down-
ward sweeps requires precise spike timing information tarahmapping candidate is
the time between the stimulus onset and the first responke.spiue to the sponta-
neous firing of the spiral ganglion cells, however, this espentation is not effective for
neurons with CFs in the middle of the frequency range.

Instead, we record the time between the onset of the stinamdghe fifth spike of
the response. Our implementation uses input sound filesledrap100KHz, necessi-
tating response bins, or timestepsdfims. Distributions of the time to fifth spike for
both CFs are portrayed in Figure 7 for a sample size of 100,600 a confidence of
0.992, lower bounds on MI computed using our method and the Fanhadébr both

CFs are plotted in Figure 8 as functions of the sample size.

5 Discussion

The tightness of our lower bound is made possible by the resassart (1990).
Unfortunately, to our knowledge, there is no equivalentigisg theory addressing the

case of multi-dimensional output. In this case, our methag siill be used to obtain
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a lower bound on MI through the following procedure: Usingadkhout set, find a
good mapping from the high-dimensional spac&td hen, apply our algorithm on the
remainder of the data.

Determining a suitable mapping is a problem of wide inter€ste intriguing idea
is to obtain a mapping t® as the byproduct of an existing statistical classification
technigue. While the final goal of a classifier is to map itsutnjp a discrete set, the
inner workings of many classifiers can be viewed as first ptjg data onto the real
line, then partitioning the line to make class assignmebiscriminant classifiers, for
instance, project each point onto the real line denotintadee from the discriminant,
then predict a class label based on the projected sign. Ath@nexample, consider
a clustering algorithm assigning points to two classes. gamh point, a real-valued
confidence can be derived based on a function of the Mahakddiance between
the point and the two cluster centers. Clearly, such intdrate representations contain
more information than the overall error rate of the classifidis extra information can
be extracted through our technique.

The probabilistic lower bound on MI developed here is a psing new approach
to the MI estimation problem. It is distribution-free andeogtes in the finite-sample
regime. Furthermore, a probabilistic bound has a clearpregation, as the result is
qualified simply by a confidence level chosen by the user. maghod is ideal for ap-

praising the Ml over any feedforward channel with binaryuh@and real-valued output.
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A Implementing the Algorithm

A.1 Finite-precision sampling

The algorithm presented in the text assumes that the vafiesample are drawn with
infinite precision fromR, which is obviously precluded in reality by the limits of in-
strumentation and digital computing. Consequently, thguasness of the algorithm’s
answer depends on the assumption that any two order statisive the exact same
value with probability 0. If in practice these values are apigue, the resulting am-
biguity may be resolved through a simple, linear prepraogssf the sample before
execution of the main algorithm.

Consider any set of observed order statistics. . , z; such that; = ... = z; tothe
maximum discernible precision, and lketlenote this common value. We assume that
the error due to the finite sampling precision is small, sbttetrue points represented
by z, ..., z; are uniformly-distributed around the approximatipnFor each class, we
assign new, higher-precision values to the duplicate ostirstics from that class to
redistribute the points evenly around This procedure guarantees that no two points
from the same class will share the same value, ensuring astemsanswer from the

algorithm.

A.2 Pseudocode

Annotated pseudocode for our algorithm follows. In additisource code for an im-

plementation in C is available online at:

http://www.cise.ufl.edu/research/compbiol/LowerBauird

procedure find_m nM

{
M := 0;
yp = N+l
Fi(z0) 1= 0; Fi(zp41) 1= 1,
Fi(z) 1= 0; Ff(zpt1) 1= 1,
vmn = 0; vimax @ = oo
inner_mn =y, inner_max := y,,

/'l Work backwards to find the pin |ocations
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while( y, '=0)

{

/1 Find the |Iongest interval for which we have

11

a tube-unconstrai ned sol ution

for( ¢ := (p—1) to 0, step -1)

{

/!l Determine minimumratio for v:% at y;
i F(yp) <= F (yi) )

vi_mn := 0;
else if( Fi(yp) == Fy (vi) )

vi_mn = oo;
el se

Vi mn:= ET(yp)—LJ(yi);

B FY (yp)—Fy (vi)

/!l Determne maxi mumratio for v:% at y;
i Fi(yp) <= F (4:) )

Vi _max = oo
el se

if( vi_max < vnmin)

{

}

Vi_nmax := w1
i (yp) =7 (i)
/'l First Unsat. Interval

/'l Fix the pins at inner_mn to the m ninmm
Yy = inner_mn;

Fi(y) = F (e);
Fi(ye) ©= Fy ()

/1 Init vmn/vmax val ues for next while() pass
/1 (Extended Ratio Satisfiability)

vmax = vm n;

vmn = 0;

br eak;

else if( vi_mn>vmax ) [// First Unsat. Interval

{

/1l Fix the pins at inner_max to the maxi mum
Yyr .= inner_max;

Fi(yn) == Fy (un);

Fi(yr) = F ()

/1 Init vmn/vmax val ues for next while() pass
/1 (Extended Ratio Satisfiability)

vim n = vhex;

vmax = oo;

br eak;
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el se

/1 Update running intersection with vi
if( vi_mn>vnin)

{
vimn = vi_mn;
inner_mn := y;
}
if( vi_max < vnax )
{ .
vimaex = Vi _nax;
i nner_max : = y;
}
Yk = Yis

}
} /1 end for(9)

/'l Determine solution value on [y, y, using Th.1

a 1= Fy(yp) — F5(yk);
B 1= Fi(yp) — F7 (yw);
m:= 0;
if( al=0)

m:=m+ jalog, ;93
if( 81=0)

m:=m+ 1Blog, L
M :=M + m

/1 Reset vars for next |oop

Yp * = Yk
inner_mn := y,;
inner_max : = y,,

} /1 end while()
M =1+ M/2;
} // end procedure

Qutput: M holds the final, mniml M value
F5(z) and Ff(z;) hold solution Vi: 0<i<n+1
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