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Abstract

We introducea novel distributional clusteringalgorithm that explicitly maximizesthe mutualin-
formationper clusterbetweenthe dataand given catagyories. This algorithmcanbe consideredas
a bottomup hardversionof the recentlyintroduced‘Information BottleneckMethod”. We relate
the mutualinformationbetweenclustersand cateyoriesto the Bayesianclassificationerror, which
providesanothemotivationfor usingthe obtainedclustersasfeatures.The algorithmis compared
with thetop-dawn soft versionof theinformationbottleneckmethodandarelationshipbetweerthe
hardandsoft resultsis establishedWe demonstratéhe algorithmon the 20 Newsgroups dataset.
For a subsetof two news-groupswe achieve compressiorby 3 ordersof magnitudesgoosingonly
10% of theoriginal mutualinformation.

1 Intr oduction

The problemof self-oiganizatiornof the memberof asetX basedon thesimilarity of the conditionaldistributionsof
thememberf anotherset,Y, {p(y|z)}, wasfirstintroducedn [9] andwastermed‘distributionalclustering”.

This questionwasrecentlyshavn in [10] to be a specialcaseof a muchmore fundamentajproblem: What are the
features of the variable X that are relevant for the prediction of another, relevance, variable Y?  This general
problemwas shovn to have a naturalinformation theoreticformulation: Find a compressed representation of the
variable X, denoted X, such that the mutual information between X and Y, I(X;Y), is as high as possible, under

a constraint on the mutual information between X and X, I(X; X). Surprisingly this variationalproblemyieldsan
exactself-consistenéquationgor theconditionaldistributionsp(y|z), p(x|%), andp(Z). Thisconstrainednformation
optimizationproblemwascalledin [10] The Information Bottleneck Method.

Theoriginal approactio the solutionof theresultingequationsusedalreadyin [9], wasbasedn ananalogywith the
“deterministicannealing”approacho clustering(se€[8]). Thisis atop-down hierarchicaklgorithmthatstartsfrom a
singleclusterandundegoesa cascad®f clustersplitswhich aredeterminedstochasticallfasphasdransitions)into
a‘“soft” (fuzzy)treeof clusters.

In this paperwe proposean alternatve approacho the informationbottleneckproblem,basedon a greedybottom-
up meming. It hasseveral advantagesover the top-davn method. It is fully deterministic,yielding (initially) “hard

clusters”,for ary desirednumberof clusters. It gives higher mutualinformation perclusterthanthe deterministic
annealingalgorithm and it can be consideredas the hard (zero temperature)imit of deterministicannealing,for

ary prescribechumberof clusters.Furthermoreusingthe bottleneckself-consistenequationsone can“soften” the
resultinghardclustersandrecoverthe deterministicannealingsolutionswithout the needto identify the clustersplits,
whichis rathertricky. The maindisadwantageof this methodis computationalsinceit startsfrom thelimit of acluster
pereachmemberof theset X .



1.1 The information bottleneck method

ThemutualinformationbetweertherandomvariablesX andY is thesymmetricfunctionalof their joint distribution,

(1) = 5 peaiog(HE0) = 5 pepiiaiog (202 o)
zeX,yeY z€EX,yecYy

The objectie of theinformationbottleneckmethodis to extracta compactrepresentationf the variable X, denoted

hereby X, with minimal loss of mutualinformationto another relevance, variableY. More specifically we want

to find a (possiblystochasticynap,p(i|x), thatminimizesthe (lossy) codinglengthof X via X, I(X; X), undera

constrainton the mutualinformationto the relevancevariableI(X;Y). In otherwords,we wantto find an efficient

representationf thevariableX, X, suchthatthe predictionsof ¥ from X throughX will beascloseaspossibleto
thedirectpredictionof Y from X.

As showvn in [10], by introducinga positive Lagrangemultiplier 5 to enforcethe mutualinformationconstraint the
problemamountgo minimizationof the Lagrangian:

Llp(#|x)] = I(X; X) - BI(X;Y), )
with respecto p(Z|z), subjectto the Markov conditionX — X — Y andnormalization.
This minimizationyieldsdirectly thefollowing self-consistenequationgor themapp(z|z), aswell asfor p(y|%) and

p(7):
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p(E|z) = 2L exp (~ADxL[p(y|2)|Ip(y|2)])

p(y|7) = 3, pylz)p(@le) 45 (3)

p(Z) = 3, p(&|z)p(z)
where Z (8, z) is a normalizationfunction. The functional Dk r[pllq] = >_, p(y) log % is the Kulback-Liebler
divergence[3], which emerges herefrom the variationalprinciple. Theseequationscanbe solved by iterationsthat
areprovedto corvergefor ary finite valueof 3 (see[10]). TheLagrangemultiplier 8 hasthenaturalinterpretatiorof
inversetemperaturewhich suggestsleterministiannealind8] to explorethehierarchyof solutionsin X, anapproach
takenalreadyin [9].

Thevariationalprinciple, Eq.(2), determinesalsothe shapeof the annealingorocesssinceby changings the mutual
informationsIx = I(X; X) andly = I(Y; X) vary suchthat
oIy

5Ty =p1. (4)

Thustheoptimal curve, which is analogougo theratedistortionfunctionin informationtheory|[3], follows a strictly
concaecurvein the(Ix, Iy) plane calledtheinformation plane. Deterministicannealingatfixednumberof clusters,
follows sucha concare curve aswell, but this curve is suboptimabeyonda certaincritical valueof g [5].

1.2 Mutual information and Bayesianclassificationerror

An alternatve interpretationof the information bottleneckcomesfrom decisiontheory Let the relevancevari-
ables,Y = {y1,y2,...,ym}, denote M classeswith prior probabilities {p(y;)} into which the membersof X
shouldbe classified. The Bayes decision error for this multiple classificationproblemis definedas Pggyes(€) =
Y zex P(x)(1 —maz; p(y;|x)). Thiserroris boundedabove andbelow (see[7]) by animportantinformationtheo-
retic measuref the classconditionaldistributionsp(z|y;), calledthe Jensen-Shannon divergence. This measurelays
animportantrole in our context.

The Jensen-Shannativergenceof M classdistributions,p;(z), eachwith aprior ;, 1 < i < M, is definedas,[7]

M M
JSx[p1,p2; s PM] EH[ZWz’Pi(ﬂf)] _ZWiH[pi(x)] (5)
i=1 i=1
where H[p(z)] is Shannors entrory, H[p(z)] = — 3, p(x)logp(x). The corvexity of the entrogy and Jensen

inequalityguaranteethe non-naativity of the JS-divergence It canalsobe expressedn termsof theKL-divergence,

M M
JSW[p17p27 JpM] = ZWﬁDKL[pZ” Zﬂ—tpt] .
i=1 i=1



This expressionhas anotherinterpretationasit measuresiow “far” are the probabilitiesp; from their most likely
joint source .., mip; (see[4]). TheJS-dvergenceequalszeroif andonly if all the p; areequalandunlike the
KL-divergencat is boundedby log M) andsymmetric.

In thedecisiontheoreticcontext, if we take ; = p(y;) andp;(z) = p(z|y;) for eachy; € Y, then

M M
I Spy1),.opynn) P(E|Y1) 5 s (2 |Y01)] H[Z p(yi)p(z|y:)] — Zp(yi)H[p(wlyi)]

= HX)-HXY)=I1(X;Y). (6)
Thusfor the decisiontheoreticproblem,the JS-divergenceof the conditionaldistributionsis identicalto the mutual
informationbetweerthe samplespaceX andtheclasse¥’.

An importantdecision-theoretipropertyof the JS-divergences thatit providesupperandlower boundsonthe Bayes
classificatiorerror (see[7]),

1
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whereH (V) istheEntropy of Y. Thereforepy constrainingheJS-divergencepr equivalentlythemutualinformation
betweertherepresentatioX andtheclassed”, oneobtainsa directboundon the Bayesiarclassificatiorerror.

This providesanotherdecisiontheoreticinterpretatiorfor the informationbottleneckmethod,asusedin this paper

1.3 The hard clustering limit

For ary finite cardinalityof therepresentatiop}ﬂ = m thelimit 8 — oo of the Egs.(3)inducesa hardpartition of X

into . disjoint subsetsln this limit eachmemberz € X belongsonly to thesubseti € X for which p(y|#) hasthe
smallestDg 1, [p(y|z)||p(y|E)] andthe probabilisticmapp(z|z) obtainsthelimit values) and1 only.

In this paperwe focus on a bottom up agglomeratie algorithmfor generating‘good” hard partitionsof X. We
denotean m-partitionof X, i.e. X with cardinalitym, alsoby Z,, = {z1, 22, ..., zm }, In Which casep(z) = p(z;).
We saythat Z,,, is an optimal m-partition (not necessarilyunique)of X if for every otherm-partition of X, Z/ ,
I(Z,;Y) > I(Z],;Y). Startingfrom the trivial N-partition, with N = |X|, we seeka sequencef mermgesinto
coarselandcoarsepartitionsthatareascloseaspossibleto optimal.

It is easyto verify thatin the 5 — oo limit Egs.(3)for the m-partition distributions are simplified asfollows. Let
#=z={z1,22,...,7,} , v; € X denoteaspecificcomponenti.e. cluster)of thepartition Z,,,, then

1 fzez
p(22) =\ o otherwise 7% € X
2z 8
p(ylz) = o5 S plai,y) Vy eV ®
p(2) = X7 pla:)

Usingthesedistributionsonecaneasilyevaluatethe mutualinformationbetweenz,,, andY’, I(Z,,;Y), andbetween
ZmandX, I(Z,,; X), usingEq.(1).

Onceary hardpartition, or hardclustering,is obtainedone canapply “reverseannealing”and“soften” the clusters
by decreasing 3 in the self-consistenéquationsEgs.(3). Usingthis procedurewne in factrecoverthe stochastienap,
p(Z|z), fromthehardpartitionwithouttheneedto identify theclustersplits. We demonstratéhis reversedeterministic
annealingproceduren thelastsection.

1.4 Relationto other work

A similar agglomeratie procedurewithout the informationtheoreticframevork and analysis,wasrecentlyusedin
[1] for text categorizationon the 20 newsgroupcorpus.Anotherapproachhatstemsfrom thedistributional clustering
algorithmwas givenin [6] for clusteringdyadic data. An earlier applicationof mutualinformation for semantic
clusteringof wordswasgivenin [2].



2 The agglomerativeinformation bottleneck algorithm

The algorithmstartswith thetrivial partitioninto N = |X| clustersor componentswith eachcomponentontains
exactly one elementof X. At eachstepwe merge several component®f the currentpartition into a single new

componentn away thatlocally minimizesthelossof mutualinformationI(X;Y) = I(Z,,;Y).

Let Z,, bethe currentm-partition of X and Z; denotethe new m-partition of X afterthe merge of severalcompo-
nentsof Z,,,. Obviously, m < m. Let{z1, 22, ..., 2} C Z,,, denotethe setof component$o bememged,andz;, € Z;,
thenew componenthatis generatedyy themeige,som = m — k + 1.

To evaluatethereductionin themutualinformation(Z,,; Y') dueto this memgeoneneedshedistributionsthatdefine
the new m-partition, which are determinedas follows. For every z € Zz,z # Zg, its probability distributions
(p(2), p(y|2), p(2|z)) remainsequalto its distributionsin Z,,. For thenew componentz;, € Z,, we define,

p(zr) = Yr, pz:)

py12r) = 55 Simy P(zisy) Yy €Y ©
_ 1 ifz ez forsomel <i<k
P(Z|2) =9 otherwise -7 VreX

It is easyto verify that Z;, is indeeda valid m-partition with properprobability distributions.

Usingthe samenotationsfor every merge we definethe additionalquantities:

e Themergeprior distribution: definedby I1;, = (m, w2, ..., ¢ ), Wherer; is the prior probability of z; in

thememedsubsetj.e. m; = %.

e The Y-information decrease the decreasen the mutual information I(X;Y) dueto a single memge,
0Ly (21,0, 2k) = 1(Z;Y) — I(Z5;Y)
¢ The X-information decrease the decreasén the mutual information I(X, X) due to a single memge,

2.1 Propertiesand analysis

Severalsimplepropertieof the above quantitiesareimportantfor our algorithm. The proofsareratherstrait-forward
andwe omit themhere.

Proposition1 The decrease in the mutual information I(X;Y’) due to the merge {21, 22, ..., zx} = Z is given by
0y (21,22, .. 28) = P(Zk) - JSm, [p(Y|21), p(Y|22), ..., p(Y|2)] > O, whereII} is the memedistribution.

Noticethatthe “mergecost” (01, (21, ..., zx)) canbeinterpretedasthe multiplication of the “weight” of the elements
we memge (p(zx)) by the “distance”betweerthem,the JS-divergencebetweerthe conditionaldistributions,which is
ratherintuitive.

Proposition2 The decrease in the mutual information 7(X; X) due to the merge {21, 2, ..., zx } = Z, iS given by
0I, (21,22, ..., 2k) = p(Zk) - H[II;] > 0, where II}, isthe memedistribution.

The next propositionimplies several important properties,including the monotonicity of 61, (21, 22, ..., 2x) and
0I,(z1, 22, ..., 2x) in thememesizek.

Proposition 3 Every single merge of £ components {z1, 22, ..., 2, } = Z can be constructed by (k — 1) consecutive
merges of pairs of components

Corollary 1 For every k > 2 , 0I,(21,22,...,2k) < OI,(21, 22, ., 28y 2k41) AN 0I(21, 22, .., 28) <
6Im(z1,z2,...,zk,zk+1).

Corollary 2 For every 1 < m < N an optimal m-partition can be build through (N — m) consecutive merges of
pairs.



Ouralgorithmis a greedy procedurewherein eachstepwe perform“the bestpossiblemeige”, i.e. meigethecompo-
nents{z, ..., 2 } of the currentm-partition which minimize 61 (z1, ..., 2x). Sincedl,(z,..., 2x) canonly increase
with & (corollary 2), for a greedy procedurdt is enoughto checkonly the possiblememing of pairsof components
of the currentm-partition. Anotheradvantageof meging only pairsis thatin this way we go throughall the possible
cardinalitiesof Z = X, from N to 1.

For agivenm-partition Z,, = {21, 22, ..., Zm} therearew possiblepairsto merge. To find “the bestpossible
merge” onemustevaluatethe reductionof informationd Iy (z;, z;) = I(Zm;Y) — I(Zm—1;Y") for every pairin Z,,,
whichis O(m - |Y'|) operationdor every pair. However, using proposition 1 we know thatdIy(z;, 2;) = (p(2:) +
p(z;)) - JSu, (p(Y|2:),p(Y|2;)), sothereductionin the mutualinformationdueto the memge of z; and z; canbe
evaluateddirectly (looking only atthis pair)in O(|Y'|) operationsareductionof afactorof m in time compleity (for
every memge). Anotherway of cutting the computatiortime is by precomputingnitially the “merge costs”for every
{zi,2;} C Zn. Then,if wememe{z;, z;} = z, oneshouldupdatethe “mergecosts”only for pairscontainingz; or
zj asoneof their elementsbeforethe memge.

Input: Empirical probabilitymatrixp(z,y), N = |X|, M = |Y]|

Output: Z,, : m-partition of X intom clustersfor everyl < m < N

Initialization:
e ConstructZ = X
- Fori=1..N

x z; = {z;}
p(zi) = p(z;)
p(ylzi) = p(y|z;) foreveryy € Y
p(z|z;) = 1if j = i and0 otherwise
-Z= {zla"'azN}
e foreveryi,j = 1...N, i < j, calculate
dij = (p(zi) + p(2;)) - JSms[p(yl2i), p(y|2;)]

(everyd, ; pointsto the correspondingouplein 2)

* ¥ ¥

Loop:
e Fort=1...(N -1)
— Find{a, 8} = argmin; j{d; ;}
(if thereareseveralminimachoosearbitrarily betweerthem)
— Merge{zqa, 23} = Z:
* p(2) = p(za) + pl25)
* p(y|2) = 55 (P(za, y) + p(2p,y)) for everyy € YV
* p(Z|lz) = 1if x € 2, U zg and0 otherwisefor everyz € X
— UpdateZ = {Z — {z4, 28} } U{Z}
(Z isnow anew (N — t)-partition of X with N — ¢ clusters)
— Updated; ; costsandpointersw.r.t. z
(only for couplescontainedz,, or zg).

e End For

Figurel: Pseudo-codef thealgorithm.

3 Discussion

The algorithm is non-parametricijt is a simple greedy procedure that dependsonly on the input empirical joint
distribution of X andY. The outputof thealgorithmis the hierarchyof all m-partitions Z,,, of X form = N, (N —
1),...,2,1. Moreover, unlike mostother clusteringheuristics,it hasa built in measureof efficiency even for sub-
optimalsolutions namely the mutualinformation(Z,,; Y') which boundsthe Bayesclassificatiorerror. The quality



measureof the obtainedZ,,, partitionis the fraction of the mutualinformationbetweenX andY that Z,, captures.
This is given by the curve I}(Z;(";’)) vs. m = |Z,|. We found thatempirically this curve was concave. If this is
alwaystrue the decreasén the mutualinformationat every step,givenby d§(m) = I(Z’"*l?(;g,z)’"—“y) canonly
increase with decreasingn. Thereforejf atsomepoint§(m) becomeselatively highit is anindicationthatwe have
reachedavalueof m with “meaningful” partitionor clusters.Furthermeiging resultsin substantialossof information
andthussignificantreductionin the performancef the clustersasfeatures However, sincethe computationatostof

thefinal (low m) partof the proceduras very low we canjustaswell completethe memgingto a singlecluster

3.1 The questionof optimality

Our greedyprocedures “locally optimal” at every stepsincewe maximizethe costfunction, I(Z,,;Y). However,
thereis no guaranteehat for every m, or even for a specificm, sucha greedy procedureinducesan optimal m-
partition. Moreover, in generalthereis no guaranteghat one canmove from an optimal m-partition to an optimal
(m — 1)-partition througha simple processof meming. The reasonis thatwhengiven an optimal m-partition and
beingrestrictedio hard meigesonly, just a (small) subsebf all possible(n — 1)-partitions is actuallychecled,and
thereis no assurancéhatanoptimaloneis amongthem.

Thesituationis evenmorecomplicatedsincein mary casesa greedy decisionis notuniqueandthereareseveralpairs
thatminimizedI,(z;, z;). For choosingbetweerthemoneshouldcheckall the potentialfuture memgesresultingfrom
eachof them,which canbe exponentialin the numberof memesin theworstcase.

Neverthelessjt may be possibleto formulate conditionsthat guaranteghat our greedy procedureactually obtains
optimal m-partition over X for every m. In particular whenthe cardinalityof the relevanceset|Y'| = 2, whichwe
call the dichotomy case, thereis evidencethat our proceduremay in fact be optimal. The detailsof this analysis,
however, will begivenelsavhere.
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Figure2: Ontheleft figuretheresultsof the agglomeratie algorithmareshawvn in the “information plane”,normalized! (Z;Y")
vs. normalizedI(Z; X) for the NG1000dataset. It is comparedo the soft versionof the information bottleneckvia “reverse
annealing™for |Z| = 2,5, 10, 20,100 (the smoothcurveson theleft). For | Z| = 20, 100 the annealingcurve is connectedo the
startingpoint by a dottedline. In this planethe hardalgorithmis clearlyinferior to the softone.

Ontheright-handside: I(Z,,,Y") of theagglomeratie algorithmis plottedvs. the cardinalityof the partitionm for threesubsets
of the newsgroupdataset.To comparethe performanceover the differentdatacardinalitieswe normalizel (Z,,; Y') by thevalue
of I(Zs0;Y), thusforcing all threecurvesto start(and end) at the samepoints. The predictive information on the newsgroup
for NG1000 andNG100 is very similar, while for the dichotomydataset2ng, a muchbetterpredictionis possibleat the same
|Z|, ascanbe expectedfor dichotomies.Theinsetpresentshefull curve of the normalizedI(Z;Y") vs. | Z| for NG100 datafor
comparisonin this planethe hardpartitionsaresuperiorto the soft ones.

4 Application

To evaluatethe ideasand the algorithmwe apply it to several subsetf the 20Newsgroups dataset,collectedby
KenLangusing20, 000 articlesevenly distributedamong20 UseNetdiscussiorgroups(see[1]). We replacedevery
digit by a single characteand by anotherto mark non-alphanumericharactersFollowing this pre-processingthe
first datasetcontainedthe 530 stringsthat appearednore then 1000 timesin the data. This datasets referredas
NG1000. Similarly, all the stringsthatappearednorethen100 timesconstitutegshe NG100 datase&ndit contains



5148 differentstrings. To evaluatealsoa dichotomydatawe useda corpusconsistingof only two discussiorgroups
out of the 20Newsgroups with similar topics: alt.atheism andtalk.religion.misc. Usingthe samepre-processingand
removing stringsthat occurlessthen10 times, the resulting“lexicon” containeds765 differentstrings. We referto
this datasetis2ng.

We plot theresultsof our algorithmon thesethreedatasetsin two differentplanes.First, the normalizednformation
}(()Z(f,)) vs. the size of partition of X (numberof clusters),|Z|. The greedyproceduredirectly tries to maximize
I(Z;Y) for agiven|Z|, ascanbe seenby the strongconcaity of thesecurves(figure2, right). Indeedthe procedure
is ableto maintaina high percentagef the relevant mutual information of the original data, while reducingthe
dimensionalityof the“features”,| Z|, by severalordersof magnitude.

On the right hand-sideof figure 2 we presenta comparisorbetweenthe efficiency of the procedurefor the three
datasets.The two-classdata,consistingof 5765 differentstrings,is compressedby two ordersof magnitude,into
50 clustersalmostwithout loosingary of the mutualinformationaboutthe news groups(the decreasén I(X;Y) is
about0.1%). Compressiomy threeordersof magnitudejnto 6 clustersmaintainsabout90% of the original mutual
information.

Similar results,eventhoughlessstriking, are obtainedwhenY” containall 20 nevsgroups.The NG100 datasetwas
compressedrom 5148 stringsto 515 clusters keeping86% of the mutualinformation,andinto 50 clusterskeeping
about70% of theinformation. Aboutthe samecompressiorfficiency wasobtainedfor the NG1000 dataset.

The relationshipbetweerthe soft and hard clusteringis demonstrateéh the Information plane, i.e., the normalized
mutualinformationvalues,f((ff;)) VS. Ilgz(%) . In this plane,the soft procedurds optimal sinceit is a direct maxi-

mizationof I(Z;Y") while constrainingl (Z; X). While the hardpartition is suboptimalin this plane,asconfirmed
empirically, it providesan excellentstartingpoint for reverseannealing.In figure 2 we presenthe resultsof the ag-
glomeratize procedurdor NG1000 in the informationplane,togethemwith the reverseannealingfor differentvalues
of | Z|. As predictedby thetheory theannealingcurvesmerge at variouscritical valuesof g into the globally optimal
curve, which correspondo the “rate distortionfunction” for the informationbottleneckproblem. With the reverse
annealing(“heating”) procedurethereis no needto identify the clustersplits asrequiredin the original annealing
(“cooling”) procedure As canbeseenthe“phasediagram”is muchbetterrecoseredby this proceduresuggesting
combinationof agglomeratre clusteringandreverseannealingasthe ultimatealgorithmfor this problem.
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