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Abstract

We introducea novel distributional clusteringalgorithmthat explicitly maximizesthe mutual in-
formationper clusterbetweenthe dataandgivencategories. This algorithmcanbe consideredas
a bottomup hardversionof the recentlyintroduced“Information BottleneckMethod”. We relate
the mutualinformationbetweenclustersandcategoriesto the Bayesianclassificationerror, which
providesanothermotivationfor usingtheobtainedclustersasfeatures.Thealgorithmis compared
with thetop-down soft versionof theinformationbottleneckmethodandarelationshipbetweenthe
hardandsoft resultsis established.We demonstratethealgorithmon the20 Newsgroups dataset.
For a subsetof two news-groupswe achieve compressionby 3 ordersof magnitudesloosingonly
10%of theoriginalmutualinformation.

1 Intr oduction

Theproblemof self-organizationof themembersof a set � basedon thesimilarity of theconditionaldistributionsof
themembersof anotherset, � ,

�����
	�� 
�� � , wasfirst introducedin [9] andwastermed“distributionalclustering”.

This questionwasrecentlyshown in [10] to be a specialcaseof a muchmorefundamentalproblem: What are the
features of the variable � that are relevant for the prediction of another, relevance, variable � ? This general
problemwas shown to have a naturalinformation theoreticformulation: Find a compressed representation of the
variable � , denoted �� , such that the mutual information between �� and � , � � ������ � , is as high as possible, under
a constraint on the mutual information between � and �� , � � ������ � . Surprisingly, this variationalproblemyieldsan
exactself-consistentequationsfor theconditionaldistributions

���
	�� �
�� , ���

�� �
�� , and
��� �
�� . Thisconstrainedinformation

optimizationproblemwascalledin [10] The Information Bottleneck Method.

Theoriginalapproachto thesolutionof theresultingequations,usedalreadyin [9], wasbasedonananalogywith the
“deterministicannealing”approachto clustering(see[8]). This is a top-down hierarchicalalgorithmthatstartsfrom a
singleclusterandundergoesa cascadeof clustersplitswhich aredeterminedstochastically(asphasetransitions)into
a “soft” (fuzzy) treeof clusters.

In this paperwe proposean alternative approachto the informationbottleneckproblem,basedon a greedybottom-
up merging. It hasseveraladvantagesover the top-down method. It is fully deterministic,yielding (initially) “hard
clusters”,for any desirednumberof clusters. It giveshighermutual informationper-clusterthan the deterministic
annealingalgorithm and it can be consideredas the hard (zero temperature)limit of deterministicannealing,for
any prescribednumberof clusters.Furthermore,usingthebottleneckself-consistentequationsonecan“soften” the
resultinghardclustersandrecover thedeterministicannealingsolutionswithout theneedto identify theclustersplits,
which is rathertricky. Themaindisadvantageof thismethodis computational,sinceit startsfrom thelimit of acluster
pereachmemberof theset � .



1.1 The information bottleneck method

Themutualinformationbetweentherandomvariables� and � is thesymmetricfunctionalof their joint distribution,� � ����� ��� ����� "! #$�&% ���

('�	)�+*-,&.0/ ���

('�	)����

��
���1	2��3 � ����� "! #$�&% ���

��4���1	�� 
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�����
	)�6387 (1)

Theobjectiveof theinformationbottleneckmethodis to extracta compactrepresentationof thevariable � , denoted
hereby �� , with minimal lossof mutual informationto another, relevance, variable � . More specifically, we want
to find a (possiblystochastic)map,

��� �
9� 
�� , thatminimizesthe (lossy)codinglengthof � via �� , � � ���:�� � , undera
constrainton themutualinformationto the relevancevariable � � ��;��� � . In otherwords,we want to find anefficient
representationof thevariable � , �� , suchthat thepredictionsof � from � through �� will beascloseaspossibleto
thedirectpredictionof � from � .

As shown in [10], by introducinga positive Lagrangemultiplier < to enforcethe mutualinformationconstraint,the
problemamountsto minimizationof theLagrangian:=?> ��� �
9� 
��A@�� � � ���B�� ��C <�� � ������ �D' (2)

with respectto
��� �
�� 
�� , subjectto theMarkov condition ��FEG�HEI� andnormalization.

Thisminimizationyieldsdirectly thefollowing self-consistentequationsfor themap
��� �
�� 
�� , aswell asfor
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where g � < 'h
�� is a normalizationfunction. The functional ^`_Ba > ��bjiX@lk e # ���1	2�2*-,&. NPO #jSm O #jS is the Kulback-Liebler
divergence[3], which emerges herefrom the variationalprinciple. Theseequationscanbe solved by iterationsthat
areprovedto convergefor any finite valueof < (see[10]). TheLagrangemultiplier < hasthenaturalinterpretationof
inversetemperature,whichsuggestsdeterministicannealing[8] to explorethehierarchyof solutionsin �� , anapproach
takenalreadyin [9].

Thevariationalprinciple,Eq.(2),determinesalsotheshapeof theannealingprocess,sinceby changing< themutual
informations�  k � � ������ � and � % k � � �n���� � varysuchthato � %o �  � <9p�q 7 (4)

Thustheoptimalcurve,which is analogousto theratedistortionfunctionin informationtheory[3], followsa strictly
concavecurvein the

� �  ' � % � plane,calledtheinformation plane. Deterministicannealing,atfixednumberof clusters,
followssuchaconcavecurveaswell, but thiscurve is suboptimalbeyonda certaincritical valueof < [5].

1.2 Mutual information and Bayesianclassificationerror

An alternative interpretationof the information bottleneckcomesfrom decisiontheory. Let the relevancevari-
ables, � �r�X	 q 'h	&st' 7u7u7 '�	&v � , denote w classeswith prior probabilities

�����1	�xy� � into which the membersof �
shouldbe classified. The Bayes decision error for this multiple classificationproblemis definedas z�{�| #\}c~ �y�P�5ke �t�� ���

��j�c�:C�����
 x ���
	 x � 
��h� . This error is boundedabove andbelow (see[7]) by an importantinformationtheo-
reticmeasureof theclassconditionaldistributions

���1
�� 	 x �
, calledtheJensen-Shannon divergence. Thismeasureplays

animportantrole in ourcontext.

TheJensen-Shannondivergenceof w classdistributions,
�Zxh�1
��

, eachwith a prior � x , �����D� w , is definedas,[7]�(��� > � q '1��st' 7u7u7 'y��v0@�k�� >
v� xu� q � x-�Zx��

��A@�C

v� xu� q � xR� > �Zx��

��d@ (5)

where
� > ���1
��A@

is Shannon’s entropy,
� > ���

��A@0��C6e � ���1
��+*u,�.����1
�� . The convexity of the entropy and Jensen

inequalityguaranteesthenon-negativity of theJS-divergence.It canalsobeexpressedin termsof theKL-divergence,�(��� > � q 'y�Zst' 7-7u7 '1��vn@��
v� xu� q � x ^�_Ba > �Zx�b

v� xu� q � x-�Zx4@ 7



This expressionhasanotherinterpretationas it measureshow “f ar” are the probabilities
�Zx

from their most likely
joint source

e x-� q�� v � x-�Zx (see[4]). TheJS-divergenceequalszeroif andonly if all the
�Zx

areequalandunlike the
KL-divergenceit is bounded(by

*u,�. w ) andsymmetric.

In thedecisiontheoreticcontext, if we take � x �;���
	 x � and
� x �

��D�;���

�� 	 x �

for each
	 x�� � , then�(� NPO #j�dSA!�������! NPO #��BS > ���1
�� 	 q �j' 7u7-7 '1���

�� 	&v��d@�� � > v� xu� q ���1	�xy�
���1
�� 	�xd�A@�C
v� xu� q ���
	&xR�h� > ���

�� 	�xA�A@� ��� � ��C���� � � � ��� � � ����� � 7 (6)

Thusfor the decisiontheoreticproblem,the JS-divergenceof the conditionaldistributionsis identicalto the mutual
informationbetweenthesamplespace� andtheclasses� .

An importantdecision-theoreticpropertyof theJS-divergenceis thatit providesupperandlowerboundsontheBayes
classificationerror(see[7]),�� � w C��X� �1��� � ��C ��� N$O #� 1S > ���

�� 	�xA�A@
� s � z�{�| #T}c~ �1�P�"� �¡ �1��� � �9C �(� NPO #� 
S > ���1
�� 	�xR�d@4�B' (7)

where
��� � � is theEntropy of � . Therefore,by constrainingtheJS-divergence,or equivalentlythemutualinformation

betweentherepresentation�� andtheclasses� , oneobtainsa directboundon theBayesianclassificationerror.

Thisprovidesanotherdecisiontheoreticinterpretationfor theinformationbottleneckmethod,asusedin this paper.

1.3 The hard clustering limit

For any finite cardinalityof therepresentation
� �� ��k¢� thelimit <6E¤£ of theEqs.(3)inducesa hardpartitionof �

into
�

disjoint subsets.In this limit eachmember

 � � belongsonly to thesubset�
 � �� for which

���
	�� �
�� hasthe
smallest̂ _Ba > ���1	�� 
��Tbd���
	�� �
��A@ andtheprobabilisticmap

��� �
9� 
�� obtainsthelimit values¥ and
�

only.

In this paperwe focus on a bottom up agglomerative algorithm for generating“good” hard partitionsof � . We
denoteanm-partitionof � , i.e. �� with cardinality

�
, alsoby g�¦ �§�$¨ q '�¨$st' 7-7u7 '�¨ ¦�� , in which case

��� �
��©�ª���1¨$xy� .
We saythat g ¦ is an optimal

�
-partition (not necessarilyunique)of � if for every other

�
-partition of � , g:«¦ ,� � g9¦¬��� �5­ � � g:«¦ ��� � . Startingfrom the trivial ® -partition, with ® �¯� � � , we seeka sequenceof mergesinto

coarserandcoarserpartitionsthatareascloseaspossibleto optimal.

It is easyto verify that in the <fE°£ limit Eqs.(3)for the
�

-partition distributions aresimplified asfollows. Let�
±k¢¨²�³�X
 q '�
 s ' 7u7-7 'h
�´ µ$´ � '9
 x9� � denotea specificcomponent(i.e. cluster)of thepartition g ¦ , thenJKKKL KKKM ���y¨�� 
����·¶
�

if

 � ¨¥ otherwise ¸ 
 � ����1	�� ¨+�9� qNPO µ S e ´ µ$´xu� q ���

�xh'�	)� ¸ 	 � ����y¨��9�fe ´ µ$´xu� q ���

 x �

(8)

Usingthesedistributionsonecaneasilyevaluatethemutualinformationbetweeng9¦ and � , � � g9¦¬��� � , andbetweeng ¦ and � , � � g ¦ �h� � , usingEq.(1).

Onceany hardpartition,or hardclustering,is obtainedonecanapply “reverseannealing”and“soften” the clusters
by decreasing < in theself-consistentequations,Eqs.(3). Usingthis procedurewe in factrecover thestochasticmap,��� �
�� 
�� , from thehardpartitionwithouttheneedto identify theclustersplits.Wedemonstratethisreversedeterministic
annealingprocedurein thelastsection.

1.4 Relation to other work

A similar agglomerative procedure,without the informationtheoreticframework andanalysis,wasrecentlyusedin
[1] for text categorizationonthe20newsgroupcorpus.Anotherapproachthatstemsfrom thedistributionalclustering
algorithm was given in [6] for clusteringdyadic data. An earlier applicationof mutual information for semantic
clusteringof wordswasgivenin [2].



2 The agglomerative information bottleneck algorithm

The algorithmstartswith the trivial partition into ® �H� � � clustersor components,with eachcomponentcontains
exactly one elementof � . At eachstepwe merge several componentsof the currentpartition into a single new
componentin a way thatlocally minimizesthelossof mutualinformation � � ��;��� ��� � � g ¦ ��� � .
Let g9¦ bethecurrent

�
-partition of � and g`¹¦ denotethenew º� -partition of � afterthemergeof severalcompo-

nentsof g9¦ . Obviously, º�F»��
. Let

�$¨ q '�¨$sP' 7-7u7 '�¨P¼ ��½�g�¦ denotethesetof componentsto bemerged,and º¨P¼ � g`¹¦
thenew componentthatis generatedby themerge,so º�¾�¿�§C;À�Á�� .
To evaluatethereductionin themutualinformation � � g ¦ ��� � dueto thismergeoneneedsthedistributionsthatdefine
the new º� -partition, which are determinedas follows. For every

¨ � g`¹¦ '�¨·Â� º¨P¼ , its probability distributions
(
���1¨+��'y���1	�� ¨+��'1���1¨�� 
��

) remainsequalto its distributionsin g�¦ . For thenew component,º¨P¼ � g`¹¦ , we define,JKKL KKM ��� º¨P¼t��� e
¼xu� q ���1¨$xy����
	�� º¨ ¼ ��� qNPO ¹µ�Ã S e ¼xu� q ���1¨ x '�	)� ¸ 	 � ���� º¨�� 
��D� ¶ �

if

 � ¨$x

for some
�Ä������À¥ otherwise ¸ 
 � � (9)

It is easyto verify that g ¹¦ is indeeda valid º� -partition with properprobabilitydistributions.

Usingthesamenotations,for everymerge we definetheadditionalquantities:Å Themergeprior distrib ution: definedby Æ ¼5k¾� � q ' � s�' 7u7-7 ' � ¼t� , where � x is theprior probabilityof
¨$x

in
themergedsubset,i.e. � x kÇNPO µ   SNPO ¹µ�Ã S .Å The Y-information decrease: the decreasein the mutual information � � ��;��� � due to a single merge,o � # �1¨ q ' 7u7-7 '�¨P¼t��k � � g9¦¬��� �9C � � g`¹¦²��� �Å The X-inf ormation decrease: the decreasein the mutual information � � �� ' � � due to a single merge,o � � �y¨ q '�¨ s ' 7u7-7 '�¨ ¼ ��k � � g ¦ �h� ��C � � g ¹¦ �h� �

2.1 Propertiesand analysis

Severalsimplepropertiesof theabovequantitiesareimportantfor our algorithm.Theproofsareratherstrait-forward
andweomit themhere.

Proposition1 The decrease in the mutual information � � ������ � due to the merge
�X¨ q '�¨Xs�' 7u7-7 '�¨P¼ �5ÈÉº¨$¼ is given byo � # �y¨ q '�¨$sP' 7-7u7 '�¨P¼t������� º¨P¼P��Ê �(��Ë Ã > ��� � � ¨ q �j'1��� � � ¨XsX��' 7-7u7 'y��� � � ¨$¼��A@(­ ¥ , where Æ ¼ is the mergedistribution.

Noticethatthe“mergecost” (
o � # �y¨ q ' 7u7-7 '�¨P¼t� ) canbeinterpretedasthemultiplicationof the“weight” of theelements

we merge(
��� º¨P¼t� ) by the“distance”betweenthem,theJS-divergencebetweentheconditionaldistributions,which is

ratherintuitive.

Proposition2 The decrease in the mutual information � � ����h� � due to the merge
�$¨ q '�¨ s ' 7-7u7 '�¨ ¼ �5ÈÌº¨ ¼ is given byo � � �1¨ q '�¨Xs�' 7u7-7 '�¨P¼t������� º¨P¼P��Ê\� > Æ ¼X@�­ ¥ , where Æ ¼ is the mergedistribution.

The next proposition implies several important properties,including the monotonicity of
o � # �y¨ q '�¨ s ' 7-7u7 '�¨ ¼ � ando � � �1¨ q '�¨Xs�' 7u7-7 '�¨P¼t� in themergesize

À
.

Proposition3 Every single merge of
À

components
�X¨ q '�¨$st' 7u7u7 '�¨$¼ �²È°º¨P¼ can be constructed by

�yÀ`C��$�
consecutive

merges of pairs of components.

Corollary 1 For every
À ­ ¡

,
o � # �1¨ q '�¨ s ' 7u7-7 '�¨ ¼ �Í� o � # �y¨ q '�¨ s ' 7-7u7 '�¨ ¼ '�¨ ¼�Î q � and

o � � �1¨ q '�¨ s ' 7u7u7 '�¨ ¼ �Í�o � � �1¨ q '�¨Xs�' 7u7-7 '�¨P¼+'�¨P¼�Î q � .
Corollary 2 For every

�Ï�·�Ð� ® an optimal
�

-partition can be build through
� ® C��Ï�

consecutive merges of
pairs.



Ouralgorithmis a greedy procedure,wherein eachstepweperform“the bestpossiblemerge”, i.e. mergethecompo-
nents

�X¨ q ' 7-7u7 '�¨P¼ � of thecurrent
�

-partition which minimize
o � # �1¨ q ' 7-7u7 '�¨P¼P� . Since

o � # �1¨ q ' 7-7u7 '�¨P¼P� canonly increase
with

À
(corollary 2), for a greedy procedureit is enoughto checkonly thepossiblemerging of pairsof components

of thecurrent
�

-partition. Anotheradvantageof mergingonly pairsis thatin this waywe go throughall thepossible
cardinalitiesof g � �� , from ® to

�
.

For a given
�

-partition g9¦ �Ñ�X¨ q '�¨$s�' 7u7-7 '�¨ ¦�� thereare
¦ O ¦ p�q Ss possiblepairsto merge.To find “the bestpossible

merge” onemustevaluatethereductionof information
o � # �1¨$xc'�¨jÒX�Ó� � � g�¦²��� �9C � � g9¦ p�q ��� � for every pair in g9¦ ,

which is Ô �1�FÊZ� � � � operationsfor every pair. However, usingproposition 1 we know that
o � # �1¨ x '�¨ Ò �²�H�W���y¨ x �9Á���y¨ Ò �h�ÓÊ ��� Ë�Õ �W��� � � ¨ x �j'1��� � � ¨ Ò ��� , so the reductionin the mutual informationdueto the merge of

¨ x
and

¨ Ò
canbe

evaluateddirectly (lookingonly at thispair) in Ô ��� � � � operations,areductionof a factorof
�

in timecomplexity (for
every merge). Anotherway of cuttingthecomputationtime is by precomputinginitially the“mergecosts”for every�X¨ x '�¨ Ò �¬Öªg9× . Then,if we merge

�X¨ x '�¨ Ò �lÈØº¨ , oneshouldupdatethe“mergecosts”only for pairscontaining̈
x

or¨\Ò
asoneof their elementsbeforethemerge.

Input: Empiricalprobabilitymatrix
���

�'h	)��' ® �Ù� � �W' w �Ú� � �

Output: g ¦ :
�

-partition of � into
�

clusters,for every
�Ä�Û�H� ®

Initialization:Å Constructg k �
– For

���Ü� 7u7-7 ®Ý ¨ x �Ü�T
 x �Ý ���1¨$xR�D�����

ZxA�Ý ���
	�� ¨$xy�������
	�� 
ZxA� for every
	 � �Ý ���1¨�� 
2ÒX���Ñ� if Þ ��� and ¥ otherwise

– g �Ü�X¨ q ' 7-7u7 '�¨ × �Å for every
��' Þ �Ñ� 7u7-7 ® '9��» Þ , calculateß x ! Ò?�Ü�à���1¨$xA�(Áá���1¨\ÒT�h�9Ê �(��Ë Õ > ���
	�� ¨$xR�j'1���1	�� ¨\ÒT�A@

(every
ß x ! Ò pointsto thecorrespondingcouplein g )

Loop:Å For â �Ñ� 7u7u7 � ® C��X�
– Find

�Xãä' <9� �å��æTç+�±�Rè�x ! ÒP� ß x ! Ò �
(if thereareseveralminimachoosearbitrarilybetweenthem)

– Merge
�$¨$é�'�¨ V �?È�º¨ :Ý ��� º¨&�D�;���y¨ é �(Áá���1¨ V �Ý ���1	�� º¨���� qNPO ¹µ S �à���1¨ é 'h	)�(Áá���1¨ V 'h	)��� for every

	 � �Ý ��� º¨Z� 
��D�Ñ� if

 � ¨Pélê±¨ V and ¥ otherwise,for every


 � �
– Updateg �³� g CÛ�X¨ é '�¨ V �&��ë � º¨ �

( g is now a new
� ® C â � -partition of � with ® C â clusters)

– Update
ß x ! Ò costsandpointersw.r.t. º¨

(only for couplescontained̈
Pé

or
¨ V ).Å End For

Figure1: Pseudo-codeof thealgorithm.

3 Discussion

The algorithm is non-parametric,it is a simple greedy procedure,that dependsonly on the input empirical joint
distribution of � and � . Theoutputof thealgorithmis thehierarchyof all

�
-partitions g ¦ of � for

�8� ® 'X� ® C�X�j' 7u7-7 ' ¡ '\� . Moreover, unlike mostotherclusteringheuristics,it hasa built in measureof efficiency even for sub-
optimalsolutions,namely, themutualinformation � � g�¦²��� � which boundstheBayesclassificationerror. Thequality



measureof the obtainedg9¦ partition is the fractionof themutualinformationbetween� and � that g9¦ captures.
This is given by the curve ì O U+íäî %�Sì O  î %(S vs.

���H� g9¦ � . We found that empirically this curve wasconcave. If this is

alwaystrue the decreasein the mutual informationat every step,given by
o �1����k ì O U+íDî %�S p ì O U+í�ï � î %�Sì O  î %(S canonly

increase with decreasing
�

. Therefore,if at somepoint
o �
�Ï�

becomesrelatively high it is anindicationthatwe have
reachedavalueof

�
with “meaningful”partitionor clusters.Furthermergingresultsin substantiallossof information

andthussignificantreductionin theperformanceof theclustersasfeatures.However, sincethecomputationalcostof
thefinal (low

�
) partof theprocedureis very low wecanjust aswell completethemerging to a singlecluster.

3.1 The questionof optimality

Our greedyprocedureis “locally optimal” at every stepsincewe maximizethe costfunction, � � g ¦ ��� � . However,
thereis no guaranteethat for every

�
, or even for a specific

�
, sucha greedy procedureinducesan optimal

�
-

partition. Moreover, in generalthereis no guaranteethatonecanmove from an optimal
�

-partition to an optimal�
�HCå�X�
-partition througha simpleprocessof merging. The reasonis thatwhengiven an optimal

�
-partition and

beingrestrictedto hard mergesonly, just a (small)subsetof all possible
�1�ðC��$�

-partitions is actuallychecked,and
thereis no assurancethatanoptimaloneis amongthem.

Thesituationis evenmorecomplicatedsincein many casesagreedy decisionis notuniqueandthereareseveralpairs
thatminimize

o � # �1¨ x '�¨ Ò � . For choosingbetweenthemoneshouldcheckall thepotentialfuturemergesresultingfrom
eachof them,which canbeexponentialin thenumberof mergesin theworstcase.

Nevertheless,it may be possibleto formulateconditionsthat guaranteethat our greedy procedureactuallyobtains
optimal

�
-partition over � for every

�
. In particular, whenthecardinalityof the relevanceset

� � �Z� ¡ , which we
call the dichotomy case, thereis evidencethat our proceduremay in fact be optimal. The detailsof this analysis,
however, will begivenelsewhere.
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Figure2: On theleft figuretheresultsof theagglomerative algorithmareshown in the“information plane”,normalizedñ2ò1óÓôAõ?ö
vs. normalizedñ2ò1óBôd÷øö for the NG1000dataset.It is comparedto the soft versionof the informationbottleneckvia “reverse
annealing”for ù ó�ù+ú¢ûtücýtü�þ�ÿtühûTÿtü�þ�ÿTÿ (thesmoothcurveson theleft). For ù ó:ù�úåû\ÿ�ü�þ�ÿXÿ theannealingcurve is connectedto the
startingpointby adottedline. In thisplanethehardalgorithmis clearlyinferior to thesoftone.
On theright-handside: ñ2ò1ó��:ücõ©ö of theagglomerative algorithmis plottedvs. thecardinalityof thepartition � for threesubsets
of thenewsgroupdataset.To comparetheperformanceover thedifferentdatacardinalitieswe normalizeñ2ò1ó � ôcõ?ö by thevalue
of ñ2ò1ó����Xôdõ©ö , thus forcing all threecurves to start (andend)at the samepoints. The predictive informationon the newsgroup
for NG þ�ÿTÿXÿ andNG þ�ÿXÿ is very similar, while for the dichotomydataset,û ng, a muchbetterpredictionis possibleat the sameù ó:ù , ascanbeexpectedfor dichotomies.Theinsetpresentsthe full curve of thenormalizedñ2ò1óÓôdõÄö vs. ù ó:ù for NG þ�ÿTÿ datafor
comparison.In this planethehardpartitionsaresuperiorto thesoft ones.

4 Application

To evaluatethe ideasand the algorithm we apply it to several subsetsof the
¡ ¥ Newsgroups dataset,collectedby

KenLangusing
¡ ¥ ' ¥&¥�¥ articlesevenly distributedamong20 UseNetdiscussiongroups(see[1]). We replacedevery

digit by a singlecharacterandby anotherto marknon-alphanumericcharacters.Following this pre-processing,the
first datasetcontainedthe

�	� ¥ stringsthat appearedmore then
� ¥&¥�¥ times in the data. This datasetis referredas

NG
� ¥&¥�¥ . Similarly, all the stringsthatappearedmorethen

� ¥&¥ timesconstitutesthe NG
� ¥&¥ datasetandit contains



� � ��

differentstrings.To evaluatealsoa dichotomydatawe useda corpusconsistingof only two discussiongroups

out of the
¡ ¥ Newsgroups with similar topics: alt.atheism andtalk.religion.misc. Usingthesamepre-processing,and

removing stringsthatoccurlessthen
� ¥ times,the resulting“lexicon” contained

�
���
�
differentstrings. We refer to

this datasetas2ng.

We plot theresultsof our algorithmon thesethreedatasetsin two differentplanes.First, thenormalizedinformationì O U�î %(Sì O  î %(S vs. the sizeof partition of � (numberof clusters),
� g � . The greedyproceduredirectly tries to maximize� � gl��� � for a given

� g � , ascanbeseenby thestrongconcavity of thesecurves(figure2, right). Indeedtheprocedure
is able to maintaina high percentageof the relevant mutual information of the original data,while reducingthe
dimensionalityof the“features”,

� g � , by severalordersof magnitude.

On the right hand-sideof figure 2 we presenta comparisonbetweenthe efficiency of the procedurefor the three
datasets.The two-classdata,consistingof

�
�����
differentstrings,is compressedby two ordersof magnitude,into� ¥ clusters,almostwithout loosingany of themutualinformationaboutthenews groups(thedecreasein � � ������ � is

about ¥ 7 ��� ). Compressionby threeordersof magnitude,into
�

clusters,maintainsabout ��¥ � of theoriginal mutual
information.

Similar results,even thoughlessstriking, areobtainedwhen � containall 20 newsgroups.The NG100 datasetwas
compressedfrom

� � �


stringsto

� � �
clusters,keeping


 � �
of themutualinformation,andinto

� ¥ clusterskeeping
about

� ¥ � of theinformation.About thesamecompressionefficiency wasobtainedfor theNG1000 dataset.

The relationshipbetweenthe soft andhardclusteringis demonstratedin the Information plane, i.e., the normalized
mutualinformationvalues, ì O U�î %(Sì O  î %(S vs. ì O U�î  ÓS� O  "S . In this plane,the soft procedureis optimal sinceit is a directmaxi-
mizationof � � gl��� � while constraining� � gl�h� � . While thehardpartition is suboptimalin this plane,asconfirmed
empirically, it providesanexcellentstartingpoint for reverseannealing.In figure2 we presentthe resultsof theag-
glomerative procedurefor NG1000 in the informationplane,togetherwith the reverseannealingfor differentvalues
of
� g � . As predictedby thetheory, theannealingcurvesmergeat variouscritical valuesof < into thegloballyoptimal

curve, which correspondto the “rate distortionfunction” for the informationbottleneckproblem. With the reverse
annealing(“heating”) procedurethereis no needto identify the clustersplits as requiredin the original annealing
(“cooling”) procedure.As canbeseen,the“phasediagram”is muchbetterrecoveredby this procedure,suggestinga
combinationof agglomerativeclusteringandreverseannealingastheultimatealgorithmfor this problem.
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