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ABSTRACT

In the linear mixing model, many techniques for endmember
extraction are based on the assumption that pure pixels exist
in the data, and form the extremes of a simplex embedded in
the data cloud. These endmembers can then be obtained by
geometrical approaches, such as looking for the largest sim-
plex, or by maximal orthogonal subspace projections. Also
obtaining the abundances of each pixel with respect to these
endmembers can be completely written in geometrical terms.
While these geometrical algorithms assume Euclidean geom-
etry, it has been shown that using different metrics can offer
certain benefits, such as dealing with nonlinear mixing effects
by using geodesic or kernel distances, or dealing with correla-
tions and colored noise by using Mahalanobis metrics. In this
paper, we demonstrate how a linear unmixing chain based on
maximal orthogonal subspace projections and simplex pro-
jection can be written in terms of distance geometry, so that
other metrics can be easily employed. This yields a very flex-
ible processing chain: by using other metrics, the same un-
mixing methodology can be used to deal with a wide range
of unmixing models and scenarios. As an example, metrics
are provided for dealing with intimate mixtures, nonlinear di-
mensionality reduction, and colored noise.

1. INTRODUCTION

Most processing chains employed in hyperspectral unmixing
employ a sequence of three algorithms, i.e., for estimating the
number of endmember, extraction of the endmembers from
the data, and inversion of the mixing equation. One often as-
sumes the linear mixing model (LMM), where the observed
spectrum is a convex linear combination of endmember spec-
tra. In the LMM, estimation of the number of endmembers
often comes down to estimating the dimensionality of the data
subspace. Endmember extraction algorithm (EEAs) often as-
sume the presence of pure pixels, and try to identify these as
extreme points or as the vertices of a simplex. Inversion al-
gorithms then need to solve a convex optimization problem,
where the set of abundances has to be found that minimizes
the reconstruction error, subject to convexity constraints.

The LMM assumes that a spectrum xn ∈ RD is a lin-
ear combination of M endmembers {em}Mm=1 and additional
noise ηn, with abundances that are positive and sum to one:

xn =
M∑

m=1

anmem + ηn (1)

∀n,m : anm ≥ 0,
∑
m

anm = 1

If a data set {xn}Nn=1 is given, many EEAs employ geometri-
cal techniques to identify the endmembers, under the assump-
tion that they are present in the data as pure pixels. One ap-
proach is to identify maximal projections or distances in sub-
sequent orthogonal projections (orthogonal subspace projec-
tion [1], automated target generation process [2], maximum
distance algorithm [3], vertex component analysis [4]), or to
iteratively identify vertices that maximize the simplex volume
(simplex growing algorithm [5]). Since maximizing an or-
thogonal distance is equivalent to maximizing a simplex vol-
ume from a geometrical point of view, all these algorithms
perform the same operation at their core. They only differ in
terms of their initialization, implementation details, and pos-
sible requirement of linear dimensionality reduction.

In this paper, we present an EEA that also belongs to
this family, but works in terms of distances between points
instead of coordinates (i.e., distance geometry). While this
removes the requirement for dimensionality reduction, and
hence solves a problem that is often present in alternative
EEAs, this is not the main novelty of this paper. The use of
distance geometry allows us to explore the effects of different
metrics on the unmixing results.

Using different metrics can be beneficial for several rea-
sons. First of all, several nonlinearities can be introduced
through the use of a proper metric: Certain nonlinear mod-
els can be used to derive a metric (e.g. the Hapke model for
intimate mixing [6]), any kernel function naturally leads to a
metric, and a geodesic distance matrix will simulate the use
of nonlinear dimensionality reduction, but without the large
computational overhead created by the linear embedding step.
Furthermore, metrics used to deal with correlations or colored



(a) (b) (c)

Fig. 1: Illustration of the addition of a third endmember in the
MaxD algorithm. (a): The data set, where two endmembers
have been found (circles). (b): All points are projected onto
the hyperplane orthogonal to the already selected endmem-
bers (indicated with a line). We look for the point with the
largest distance from the endmember projection (the circle on
the line) (c): The pixel with the largest distance from the end-
members is added as a new endmember. This pixel will also
maximize the simplex volume.

noise can be employed as well (e.g., Mahalanobis distance).
A similar reasoning was employed in [7], but for the much
slower NfindR algorithm, and only for graph-geodesic dis-
tances.

2. THE DMAXD ALGORITHM

The algorithm is based on a distance-geometry based ver-
sion of the MaxD endmember extraction algorithm [3], and is
hence called the distance-MaxD or DMaxD algorithm. Con-
sider a spectral space RD of D dimensions, and a data set
{xn}Nn=1 consisting of N points, of which M points are end-
members. The pixel of largest norm is selected as the first
endmember:

e1 = xI , I = argmax
n

‖xn‖2 (2)

Subsequent endmembers are selected as those with the largest
distance from the already obtained endmembers, in the space
orthogonal to the endmember plane. See Fig. 1 for an illus-
tration in two dimensions. Note that the space orthogonal to
a single point is simply the entire data space.

The orthogonal distance to a hyperplane spanned by
several points can be identified in terms of mutual dis-
tances with the Cayley-Menger (CM) determinant. Con-
sider the squared distance matrix Dq = {dij}qi,j=1, with
dij = ‖xi − xj‖22 the squared distance between xi and xj .
The volume V (x1, . . . ,xq) of the (q − 1)-simplex spanned
by vertices {x1,x2, . . . ,xq} can be written as

(−1)q+12q(q!)2V 2 = det(Cq) (3)

where Cq is the CM matrix of the q points:

Cq =

[
Dq 1
1T 0

]
(4)

=


0 d1,2 . . . d1,q−1 d1,q 1
...

. . .
...

dq,1 dq,2 . . . dq,q−1 0 1
1 1 . . . 1 1 0

 (5)

With some algebra (see e.g. [7]), we can use this equation to
derive an orthogonal projection operator in terms of mutual
distances: The orthogonal distance from xq to the hyperplane
through the points (x1, . . . ,xq−1) is given by

d⊥(xq;x1, . . . ,xq−1) =
dT
qC

−1
q−1dq

2
(6)

with Cq−1 the CM matrix of the set {x1,x2, . . . ,xq−1}, and
dq = (d1,q, . . . , dq−1,q, 1). The DMaxD algorithm then func-
tions as follows: Let I be an index set I = (i1, . . . , iq),
ij ∈ [1, . . . , N ]. Let the notation C(I) be shorthand for
Cq(xI1 , . . . ,xIq ), which is the Cayley-Menger matrix of the
points indexed by I , and let the distance function D(x,y)
return the quadratic distance between x and y.

Algorithm 1: DMaxD

input : Data set {xn}Nn=1, number of endmembers M ,
distance function D(., .)

output: Index set of the endmembers I
1 begin
2 I = {argmaxn D(0,xn)} ;
3 for n = 1, . . . , N do
4 d(1, n) = D(xI(1),xn)

5 for q = 2, . . . ,M do
6 P = C(I)−1 ;
7 for n = 1, . . . , N do
8 v = [d(:, n); 1] ;
9 o(n) = vTPv ;

10 I = I ∪ {argmaxn o(n)} ;
11 for n = 1, . . . , N do
12 d(q, n) = D(xI(q),xn);

13 return I ;

Line 2 determines the first endmember as the endmem-
ber farthest from the origin. Lines 3-4 calculate the distances
from this endmember to all other pixels, and store these as a
single row in the distance matrix d. Line 5 starts the main
loop that will add M − 1 additional endmembers iteratively.
Lines 6-9 calculate the orthogonal distances from each point
xn to the hyperplane through the endmember set. The index
corresponding to the highest orthogonal distance is added to
the endmember index set I in line 10, and the distance matrix



d, containing the distances from the current endmember set
to all other data points, is updated in lines 11-12. Finally, the
resulting endmember index set I is returned in line 13.

3. USEFUL METRICS FOR UNMIXING

A metric in spectral space is any function that returns the
distance between two points, and obeys certain conditions,
such as nonnegativity, symmetry and the triangle inequality.
While there is an infinite number of metrics that can be de-
fined, some of them have a certain appeal when considering
the unmixing problem. We will consider following metrics:

• The Euclidean distance, yielding the LMM.

• The Mahalanobis distance, which takes the data covari-
ance matrix Z into account, and corresponds to whiten-
ing the data:

d(x,y) = (x− y)TZ−1(x− y) (7)

• The single scattering albedo (SSA) distance. Here we
use the Hapke model [6] for intimate mineral mixing to
convert each reflectance xd in the vector x to a SSA wd

using the relation

xd =
wd

(1 + 2µ
√
1− wd)(1 + 2µ0

√
1− wd)

(8)

Variables µ and µ0 are the cosines of the angles with the
normal of the incoming and outgoing radiation respec-
tively. The Hapke model assumes that linear mixing
happens in the SSA space instead of reflectance space,
hence the distances are Euclidean distances between
the vectors w instead of x:

d(x,y) = ‖wx −wy‖22 (9)

with wx and wy the SSA vectors associated with x and
y respectively, given by (8). This approach allows us to
incorporate the entire intimate mixing machinery into
the proposed metric.

• Graph-geodesic distances over a K-nearest neighbor
graph, as in [7]. This distance matrix will approximate
the true geodesic distances over the nonlinear data man-
ifold, and allows one to execute geometrical algorithms
respecting the manifold geometry. A geodesic distance
matrix is generally only a true metric under certain con-
ditions (i.e., zero curvature everywhere), but will yield
decent results in practice.
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(a) Linear
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(b) Graph K = 10
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(c) Mahalanobis
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(d) SSA

Fig. 2: The endmember spectra retrieved with the DMaxD,
for several distance functions. Possible parameters are listed
in the subtitles.

type min median mean max
linear 0.0193 0.0379 0.0368 0.0517
Graph 0.0177 0.0279 0.0310 0.0506

Mahalanobis 0.0193 0.0333 0.0349 0.0517
SSA 0.0237 0.0357 0.0389 0.0577

Table 1: The minimum, median, mean and maximum of the
spectral angles with the closest library spectra, over the 10
extracted endmembers.

4. EXPERIMENTS

To asses the DMaxD algorithm, we have extracted 10 end-
members from the well-known Cuprite data set using the
proposed metrics. The obtained endmember spectra are dis-
played in Fig. 2, and show that using different metrics will
lead to endmember sets that can show substantial differences
compared to a linear endmember extraction algorithm.

In order to identify the obtained endmember spectra, each
one is compared with the USGS spectral database, and iden-
tified with the spectrum of lowest spectral angle. The smaller
these angles are, the better the spectral match is, and the more
certain that the obtained spectrum can indeed be considered
to be the matched database spectrum. These angles, and their
statistics, are given in table 1. From this table, it is clear
that using other metrics can improve the endmember extrac-
tion process. The graph-geodesic metric generally obtains the
smallest angles of the metrics considered.

In table 2, we have listed the spectra that were identified
by each metric. It is clear that the obtained sets of minerals



Mineral linear Graph Mahal. SSA
alunite 1 1 1

beryl 1 1 2
chert 2 1 1 1

hydrogros. 1 1
kaolinite 1 1 2 1

mizzonite 1 2 1
mordenite 1 2 1
orthoclase 1 1

zoisite 1 1 1
other 4 3 1

Table 2: The minerals identified for each metric. For each
metric and mineral, we list how many times that mineral was
the best fit with a retrieved endmember. The number 0 is not
shown for clarity. Minerals that appear only once in a row are
grouped together in the “other” category.

(a) Linear (b) Graph K = 10

(c) Mahalanobis (d) SSA

Fig. 3: The abundance maps of the alunite endmember.

show a large overlap for most metrics, although some pecu-
liar behavior can be observed as well. For instance, the Maha-
lanobis distance did not identify an alunite endmember, which
is known to be present in large abundances in this data set.

After obtaining the endmembers, the data sets can be
unmixed using the distance simplex projection unmixing
(DSPU) algorithm. This algorithm is a distance-geometry
based fully-constrained unmixing algorithm, and can hence
function with different metrics as well [8]. These maps are
shown in Fig. 3 and 4.

These preliminary results show that nonlinearity can be
introduced into distance-geometry based linear processing
chains through the introduction of metrics, and can yield very
flexible algorithms, able to incorporate a variety of nonlinear
effects and mixing equations.

(a) Linear (b) Graph K = 10

(c) Mahalanobis (d) SSA

Fig. 4: The abundance maps of the kaolinite endmember.
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