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ABSTRACT
Hyperspectral image unmixing into endmembers and abun-
dances is important in many applications. Despite the
plethora of linear mixing models, there is very little previous
work on directly incorporating spatial information in the pixel
likelihood while simultaneously modeling the uncertainty in
the extracted endmembers. In this paper, we propose a spa-
tial compositional model (SCM) for this purpose. In SCM,
the model uncertainty of the endmembers can be estimated,
while the spatial information in the abundances is directly
incorporated in the likelihood via a random variable trans-
formation. This results in a simple and efficient algorithm
for both endmember extraction, abundance and uncertainty
estimation. The results compared with current state-of-the-art
algorithms on real datasets are promising.

Index Terms— endmember extraction, hyperspectral im-
age analysis, linear unmixing, spatial compositional model

1. INTRODUCTION

Unmixing in hyperspectral imaging has received wide atten-
tion in the remote sensing, signal and image processing and
geospatial literature [1, 2]. If unmixing can be successfully
carried out, many applications can utilize the material infor-
mation contained in the original image. Despite the plethora
of mixing models and inference algorithms available in the lit-
erature, very little previous work has focused on linear unmix-
ing using spatial likelihoods while simultaneously modeling
endmember uncertainty [3, 4, 5, 6, 7]. Our work is motivated
by this observation.

We model the hyperspectral image in the following man-
ner. The linear mixing model assumes that the spectral mea-
surement g (x, λ) at wavelength λ, location x in the image
domain, is a non-negative linear combination of the spectral
signature of endmembers (pure materials), fi (λ):

g (x, λ) =

M∑
i=1

fi (λ)αi (x) + n (x, λ) ,

M∑
i=1

αi (x) = 1 (1)

where M is the number of endmembers, αi (x) is the frac-
tional abundance map of the ith endmember satisfying sim-
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plex constraints and n (x, λ) is a noise field (usually modeled
as Gaussian). Note that the abundances directly depend on
location in (1).

As a result, the pixels generated by this model form a sim-
plex whose vertices are the endmembers. If we discretize
fi (λ) into B bands obtaining mi ∈ RB as a discretized
value, and further discretize the domain into N locations,
(1) reduces to yi = MTαi + ni for i = 1, ..., N , where
M = [m1, ...,mM ]

T , αi = [αi1, ..., αiM ]
T , yi ∈ RB ,

ni ∈ RB . Writing this out at all locations, we get

Y = AM + N (2)

where Y ∈ RN×B , A ∈ RN×M , M ∈ RM×B , N ∈ RN×B .
The linear unmixing problem is to find A and M given Y.

Among the many linear unmixing models focusing on
endmember uncertainty, the normal compositional model
(NCM) is a widely used approach [3, 4, 8]. However, as we
will show, it does not accurately capture the uncertainties in
hyperspectral image formation. That is, given the pixel data,
there can be many possible endmember sets (simplexes) that
fit the data. In virtually all of the previous research, the prob-
ability density p(Y) =

∏N
i=1 p(yi) is obtained by assuming

that the pixels are independent. This assumption robs the
model of location dependence and ignores pixel correlation.

In this paper, we propose a spatial compositional model
(SCM) which (i) incorporates spatial information on the abun-
dances, (ii) directly models pixel correlation, and (iii) models
endmember uncertainty via physically reasonable priors. The
resulting maximum a posteriori (MAP) objective function is
minimized using a simple and efficient alternating algorithm
which simultaneously estimates the abundances, endmembers
and associated uncertainty parameters.

2. THE SPATIAL COMPOSITIONAL MODEL

2.1. Modeling the priors

We can model the prior probability of the abundances A as
a Markov random field. That is, by treating the image grid
as an undirected graph, the density function of the whole grid
can be modeled based on a potential function of the maximal
cliques (neighboring nodes). Assuming the hyperspectral im-
age comprises different regions, the prior probability of A can



be assumed to be in favor of a smooth assignment of αi to all
the pixels within a region, as such pixels are more likely to be
the same mixture of materials.

We use the following prior probability for A:

p(A) ∝ exp

−β4
N∑
i=1

N∑
j=1

wij‖αi −αj‖2


= exp

{
−β
2

Tr
(
ATLA

)}
, (3)

where wij controls the spatial intimacy between node i and
node j. The summation term

∑N
i=1

∑N
j=1 wij‖αi − αj‖2

in (3) can be written as 2Tr
(
ATLA

)
, where L is the well

known symmetric positive semidefinite graph Laplacian ma-
trix [9]. If we have additional image segmentation informa-
tion, we can set wij to 1 when node i and node j are neigh-
bors belonging to the same region and 0 otherwise. If we
do not have such additional information, we can use wij =

e−‖yi−yj‖2/2Bη2 when node i and node j are neighbors and 0
otherwise. (A similar Potts-Markov model was introduced in
[5] with sampling methods used for optimization as opposed
to this work wherein deterministic methods are used.)

Assuming that the endmembers are independent and each
mi is a multivariate Gaussian centered at ri ∈ RB with co-
variance matrix Σi, i.e. p(mi|ri,Σi) = N (mi|ri,Σi), the
conditional probability density of the entire endmember set
becomes the product of the independent components:

p(M|R,Θ) = N
(
vec(MT )|vec(RT ), [δijΣi]

)
, (4)

where Θ = {Σi|i = 1, ...,M} and [δijΣi] is a block diag-
onal matrix. We assume that the Gaussian centroids ri can
be modeled using a physically reasonable prior. To impose
uniqueness, we assume that the endmembers tightly surround
the mixed pixels and furthermore smoothly vary with wave-
length. To this end, we introduce the following density func-
tion for R = [r1, ..., rM ]

T :

p(R) ∝ exp

−ρ14
M∑
i=1

M∑
j=1

uij‖ri − rj‖2
×

exp

{
−ρ2

4

B∑
k=1

B∑
l=1

vkl‖rk − rl‖2
}

(5)

where rk denotes the kth column of R. We set uij = 1, ∀i, j
making every pair of endmembers close to each other (similar
to [10, 11]). We also set vkl to 1 when |k− l| = 1 and 0 other-
wise, obtaining similar values at neighboring wavelengths for
each endmember. Akin to (3), we can write p(R) as

p(R) ∝ exp
{
−ρ1

2
Tr
(
RTHR

)
− ρ2

2
Tr
(
RGRT

)}
, (6)

where H ∈ RM×M and G ∈ RB×B are the graph Laplacians
constructed from {uij} and {vkl} respectively.

2.2. The spatial likelihood and the posterior

Assuming the noise ni to be zero mean with a variance of
µ2 at each wavelength and independent at all locations, the
spatial likelihood density of Y can be derived (after some al-
gebra) using the linear transformation in (2) and (4):

p(Y|R,Θ,A, µ) = N
(
vec(YT )|vec

(
(AR)T

)
,ΣY

)
(7)

where ΣY =
[
δijµ

2IB +
∑M
k=1 αikαjkΣk

]
. Note that the

covariance matrix in (7) is not a block diagonal matrix, which
means the transformed rows in Y are not independent. Also
note that the covariance matrix ΣY is a large NB by NB
matrix. To improve efficiency, we assume that the covari-
ance matrix Σk for each endmember is diagonal (with each
wavelength being independent) and that the variance of each
wavelength is σ2

k, i.e., Σk = σ2
kIB . Then, we obtain ΣY =

µ2
(
IN + ADAT

)
⊗ IB where D ∈ RM×M is a diagonal

matrix with diagonal elements κi = σ2
i /µ

2.
From the priors in (3), (6) and the spatial likelihood in (7),

we can write the posterior as

p(R,Θ,A, µ|Y) ∝ p(A)p(R)p(Y|R,Θ,A, µ). (8)

After straightforward algebra, maximizing log p(R,Θ,A, µ|Y)
can be shown to be equivalent to minimizing

E (R,D,A, γ) =γTr
{
(Y −AR)

T
Q−1 (Y −AR)

}
+B log |Q| −NB log γ + βTr

(
ATLA

)
+ ρ1Tr

(
RTHR

)
+ ρ2Tr

(
RGRT

)
(9)

subject to

A ≥ 0, A1M = 1N , R ≥ 0 (10)

where γ = µ−2 > 0 and Q = IN + ADAT is a symmetric
positive definite matrix. This is the final MAP energy function
used in the present work.

2.3. Optimizing the objective function

There are 4 parameters in the optimization problem: A,R,D
and γ. We first fix D and γ, optimize (9) with respect to A
and R and then optimize the remaining pair keeping the first
pair fixed. For the sake of simplicity, assume at first that there
is no variability for all the endmembers, i.e., κi = 0, Q =
IN (with D taken into account after A and R are obtained).
Incorporating the linear constraint ν‖A1M − 1N‖2 into (9),
and taking derivatives with respect to A and R and setting
them to zero results in

β

γ
LA+A

(
RRT +

ν

γ
1M1TM

)
= YRT +

ν

γ
1N1TM , (11)

(
ATA +

ρ1
γ

H

)
R +

ρ2
γ

RG = ATY, (12)



Table 1. Quantitative comparison for Pavia University.
Error SCM NCM PCOMMEND

Asphalt - 0.0484 0.0335
Meadows 0.0314 0.0187 -

Trees 0.0078 0.0285 0.0419
Painted Metal Sheets 0.0832 0.0907 0.1096

Bare Soil 0.0190 - 0.0748
Self-Blocking Bricks 0.0771 0.0979 0.1885

Shadows 0.0131 0.0372 0.0043
Average 0.0386 0.0536 0.0754

which are two Sylvester equations (as per control theory). We
use the classical Krylov subspace method to solve these equa-
tions [12]. Given an initial condition for R (with principal
component analysis used to determine the boundary of the
pixels as the initial endmembers), we can alternatively update
A and R based on (11) and (12) respectively (with A being
re-normalized to satisfy the simplex constraint after updated).
Assuming A and R are held fixed, γ and D can be similarly
obtained by setting their corresponding derivatives to zero.

The choice of free parameters should be invariant w.r.t.
N , M and B. From the banded diagonal nature of wij in (3),
the parameter β should have a magnitude β/γ = Bβ′. Sim-
ilarly, the parameters ν, ρ1 and ρ2 should have magnitudes
ν/γ = Bν′, ρ1/γ = ρ′1N/M

2 and ρ2/γ = ρ′2N/M .

3. RESULTS

In the experiments, we compared SCM with NCM and
PCOMMEND [11] for endmember extraction on two real
datasets: Pavia University and Indian Pines. NCM was run
using the SCM implementation without spatial information
on the abundances and endmembers, i.e., β′ = 0, ρ′2 = 0.
In all experiments, we use the mean of absolute difference as
the endmember error measure, i.e., 1

MB

∑
i,j |mij −m′ij |.

Pavia University. We ran SCM, NCM and PCOMMEND
on the Pavia University dataset, each with 6 endmembers. The
parameters for SCM were manually tuned to be η = 0.05,
β′ = 0.01, ν′ = 0.1, ρ′1 = 0.1, ρ′2 = 0.1. The parame-
ters of PCOMMEND followed those in [11]. We compared
the abundance maps with the ground truth and permuted the
endmembers to calculate the error. Figure 1 shows the abun-
dance maps from SCM. Figure 2 shows the resulting end-
member spectra from these algorithms versus the correspond-
ing ground truth endmember. From Figure 2, we see that
for the commonly identified materials—trees, painted metal
sheets, self-blocking bricks and shadows—SCM matches the
first three best while PCOMMEND matches the shadows best.
The quantitative errors are reported in Table 1, which shows
that SCM performed best overall.

Indian Pines. We also tested all the algorithms on the
Indian Pines dataset for M = 4. The parameters for SCM

Fig. 1. (a) RGB image and (b) the abundance maps from
SCM for Pavia University. The identified materials from top
to bottom, left to right are shadows, meadows, painted metal
sheets, trees, bare soil and self-blocking bricks respectively.

are η = 0.01, β′ = 0.01, ν′ = 0.1, ρ′1 = 1, ρ′2 = 0.
The parameters for PCOMMEND were set to be 2 clusters
with 2 endmembers in each cluster. The other parameters of
PCOMMEND were tuned to obtain the best possible results.
The abundance maps for SCM, NCM and PCOMMEND are
shown in Figure 3. From the results, we see that SCM has
a segmented appearance while NCM and PCOMMEND have
scattered dots within coherent regions.

4. DISCUSSION

In this paper, we propose a spatial compositional model
(SCM) for linear unmixing. The advantages over previous
linear unmixing models are the direct incorporation of spatial
information in the hyperspectral likelihood and the estima-
tion of endmember uncertainties. We show in the experiments
that SCM outperforms closely related methods such as NCM
and PCOMMEND. Future work will focus on estimation of
the full covariance matrices for uncertainty modeling and
optimization improvements.
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