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ABSTRACT

We investigate a new, fast and provably convergent MAP
reconstruction algorithm for emission tomography. The new
algorithm, termed C-OSEM has its origin in the alternating
algorithm derivation of the well known EM algorithm for
emission tomography. In this re-derivation, the complete
data explicitly enters the objective function as an unknown
variable. While the entire complete data gets updated in
each iteration of EM, in C-OSEM the complete data is up-
dated only along ordered subsets. C-OSEM has a straight-
forward extension to the MAP case especially when using
convex, smoothing priors. Unlike RAMLA and BSREM,
C-OSEM does not require relaxation parameters to be set
at each iteration. We derive the MAP C-OSEM algorithm
using the separable surrogate method and anecdotally com-
pare performance with MAP EM and BSREM.

1. INTRODUCTION

Statistical reconstruction has become increasingly popular
in emission tomography due to its ability to accurately model
noise and the imaging physics and impose positivity con-
straints on the reconstruction. In addition, information re-
garding the object can be incorporated using Bayesian pri-
ors. In emission tomography, a Poisson log-likelihood pro-
jection data model is widely used because the photon noise
is Poisson. Given the Poisson likelihood, the maximum
likelihood (ML) principle is typically invoked as an opti-
mization criterion for statistical reconstruction. This leads
to a variety of ML algorithms of which the expectation-
maximization (EM) algorithm is perhaps the most well known.
When Bayesian priors are considered, a maximum a poste-
riori (MAP) principle is frequently used as an optimization
criterion. If the log-priors are convex and well behaved,
(and since the Poisson likelihood is also convex), there exist
many statistical MAP reconstruction algorithms that can de-
termine the global optimum of the log-posterior MAP cost
function. The main drawback of statistical reconstruction

algorithms is that they are slow when used for clinical stud-
ies especially in comparison to conventional reconstruction
algorithms such as filtered backprojection. This is true re-
gardless of whether likelihood- or MAP-based approaches
are being considered.

The slow convergence of statistical reconstruction al-
gorithms has recently received much attention. Recently,
an ordered subsets EM (OS-EM) algorithm et al.[1], which
uses only a subset of the projection data per backprojection,
has become quite popular in emission tomography. This
lead to an order of magnitude speedup over conventional
EM. However, OS-EM is heuristically motivated and can
and sometimes does converge to limit cycles since there is
no proof of convergence. An alternative algorithm, termed
row-action maximum likelihood algorithm (RAMLA) was
proposed in [2]. RAMLA used a strong under relaxation
parameter within a modified version of OS-EM to prove
convergence. The relaxation parameter has to satisfy certain
properties to guarantee convergence to the true ML solution.
Recently in [3], the authors have extended their approach to
the MAP case as well. The new MAP reconstruction algo-
rithm, termed BSREM continues to use a relaxation param-
eter to guide convergence to the MAP solution.

We have recently introduced [4] a new convergent OS-
EM like reconstruction algorithm for emission tomography.
The algorithm, termed C-OSEM has more in common with
OS-EM than with RAMLA because there are no relaxation
parameters involved. To derive this algorithm, we began by
recasting the EM-ML algorithm as an alternating minimiza-
tion algorithm [5]. The alternating minimization is w.r.t. the
complete data and the reconstruction. We then carried over
the basic idea of using ordered subsets to C-OSEM by up-
dating the reconstruction after each subset. This leads to a
faster convergence to the ML solution than EM-ML. Since
only the nature of the alternation has been altered and since
each step lowers the ML cost function, C-OSEM is guaran-
teed to converge.

In this work, we extend C-OSEM to the MAP case. The



extension is fairly straightforward. We use convex smooth-
ing priors which help guarantee that the log-posterior is uni-
modal. Since the smoothing prior creates correlations be-
tween the reconstruction voxels, we have used the method
of separable surrogates to decouple the reconstruction vari-
ables in the prior. Once this is accomplished, the exten-
sion of C-OSEM to the case of separable surrogate priors
is straightforward. We derive an alternating “OS-EM like”
algorithm which we continue to call C-OSEM to emphasize
the importance of the complete data. No relaxation parame-
ters need be specified for the MAP case as well: C-OSEM is
essentially a parameter free, monotonic, and fast algorithm.

2. THEORY

We denote the object (the mean emission rate) by a vector f

with elements {fn;n = 1, . . . , N}, and the projection data
by g = {gm;m = 1, . . . ,M}. An estimate of f is ex-
pressed as f̂ . The projection data g obey a Poisson distribu-
tion with mean ḡ = Hf , where H is the system matrix with
element Hmn indicating the probability that detector bin m
receives a count emitted from voxel n (m = 1, . . . ,M ;n =
1, . . . , N ). The Poisson log-likelihood is then Φ(g|f) =∑

m gm log ḡm − ḡm where ḡm =
∑

n Hmnfn. The log-
likelihood can be optimized by any suitable algorithm. How-
ever, due to the coupling of the object pixels in the objec-
tive function, direct optimization of the likelihood is not
straightforward. The EM algorithm [6] decouples the ob-
ject pixels by introducing the complete data. This results
in an update equation equation which guarantees positivity.
However, EM-ML is slow to converge. The OSEM algo-
rithm modifies the update schedule of EM-ML by first di-
viding the projection data [1, . . . ,M ] into L disjoint subsets
(Sl; l = 1, . . . , L), and updating the reconstruction subset
by subset: for subset l = 1, . . . , L

f̂k,l+1
n = f̂k,l

n

∑
m∈Sl

Hmn
gm

ĝk
m∑

m∈Sl
Hmn

(1)

for n = 1, . . . , N , and where Sl indicates the lth subset
projection data for l = 1, . . . , L. Note that for each iteration
k, there are L sub-iterations, and each update f̂k,l

n at sub-
iteration l uses only a subset of the projection, and serves
as the initial estimate for next sub-iteration f̂k,l+1

n . Also
f̂k,L

n = f̂k+1
n .

In [4] we used the alternating algorithm version of the
ML-EM algorithm [5] to derive a new C-OSEM algorithm
that was guaranteed to converge. First, we define the com-
plete data as C with element {Cmn;m = 1, . . . ,M, n =
1, . . . , N} indicating the number of counts collected in bin
m emitting from pixel n. Despite the fact that the complete
data Cmn is an integer, the estimate of the complete data
in the alternating algorithm is not, in general, an integer.
This is also true in the EM algorithm where the estimate of
the complete data is also used. The ML-EM estimation can

then be re-derived as an alternating minimization [5] on the
following objective function,

E(C, f) ==

M∑

m=1

N∑

n=1

(−Cmn logHmnfn +Hmnfn)

+

M∑

m=1

N∑

n=1

(Cmn logCmn − Cmn) +
∑

m

ζm{
∑

n

Cmn − gm} (2)

One can obtain the update equation forCmn for the first step
of the alternation by minimizing (2) w.r.t. C:

Cmn = gm

Hmnfn∑
j Hmjfj

(3)

This update (3) is exactly the E-step of the standard ML-EM
algorithm[6]. Next we will optimize E(C, f) w.r.t. f with
fixed C,

∂E(C, f)

∂fn

= 0 → fn =

∑
m Cmn∑
m Hmn

(4)

Therefore, at iteration k + 1, the alternation becomes,

Ck+1
mn = gm

Hmnf̂
k
n∑

j Hmj f̂
k
j

, ∀m,n (5)

f̂k+1
n =

∑
m Ck+1

mn∑
m Hmn

, ∀n. (6)

Note that (5) and (6) are the result of an alternating coor-
dinate descent algorithm, and are identical to the ML-EM
algorithm.

2.1. Separable Surrogates for Convex Smoothing Priors

In this work, we are mainly interested in extending our pre-
vious C-OSEM algorithm to the MAP case. The MAP cost
function used in our work is

f̂ = argmin
f>0

(−Φ(g|f) + λR(f)) (7)

where λ > 0 is a smoothing parameter. A general expres-
sion of the log-prior term is

R(f) =
∑

n

ψ([Df ]n) =
∑

n

ψ(
∑

n′

Dnn′fn′) (8)

where D is a matrix of (usually) nearest neighbor connec-
tions, and we further assume that the function ψ(·) is con-
vex. Such a convex prior is readily amenable to a separable
surrogate function [7] treatment as demonstrated below. Es-
sentially, it was shown that

ψ(
∑

n′

Dnn′fn′) ≤
∑

n′

γnn′ψ([
Dnn′

γnn′

(fn′ − fold
n′ ) +

∑

l

Dnlf
old
l ]). (9)



The basic idea behind using separable surrogates is that rather
than minimize R(f) =

∑
n ψ([Df ]n), we minimize

∑

n

Rn(fn; fold) =
∑

n

∑

n′

γnn′ψ([
Dnn′

γnn′

(fn′ − fold
n′ )

+
∑

l

Dnlf
old
l ]). (10)

Since the surrogate functions are always bounded from be-
low [from (9)] by the original coupled log-prior, any de-
scent step over the sum of the surrogates

∑
nRn(fn; fold)

is guaranteed to be a descent step in the original prior cost
function

∑
n ψ([Df ]n) provided the starting configuration

fold is the same for both cost functions.
We now specialize to convex, quadratic, smoothing pri-

ors. This prior is written asR(f) =
∑

n

∑
n′∈N (n) wnn′(fn−

fn′)2 Note that this form of prior corresponds to Dnn = 1,
Dnn′ = −1. Using (9) and specializing to the above choice
ofD, we can write the separable surrogate form of the prior
as

Rs(f) =
∑

n

1

2

∑

n′∈N (n)

wnn′([2fn − fold
n − fold

n′ ]2

+[−2fn′ + fold
n + fold

n′ ]2) (11)

An alternating update equation can be derived by taking
derivatives w.r.t. fn in a new posterior consisting of the
complete data termE(C, f) from (2) and the surrogate prior
Rs(f) from (11). The update equation, which guarantees
positivity and is free of any relaxation parameters, is ob-
tained by differentiating the new posteriorE(C, f)+Rs(f)
w.r.t. f and solving for fn.

∂E(C, f) + λRs(f)

∂fn

= −
1

fn

∑

m

Cmn +
∑

m

Hmn

+4λfn

∑

n′∈N (n)

wnn′ − 2λ
∑

n′∈N (n)

wnn′(fold
n + fold

n′ ) = 0 (12)

The final update is fn = −b+
√

b2+4ac
2a

where a = 4λ
∑

n′ wnn′ ,
b = −2λ

∑
n′ wnn′(fold

n + fold
n′ ) and c = −

∑
m Cmn.

Note that the update requires knowledge of an estimate of
the complete data C. If the complete data is globally up-
dated after an f update, an EM algorithm results. However,
if the complete data is updated using ordered subsets, the
MAP C-OSEM algorithm results.

2.2. The MAP C-OSEM Algorithm

We now describe our MAP C-OSEM algorithm. We apply
the idea of ordered subsets Sl, l = 1, . . . , L in the update
of C above. The ordered subsets approach is applied to the
subsets of the complete data C. Now (2) is optimized with
two loops, the outer loop indexed by k, and the inner loop

C-OSEM Algoritm

Initial conditions {f̂ (0,0)}: k = 0

C
(0,l)
mn = gm

Hmnf̂
(0,0)
n�

j Hmj f̂
(0,0)
j

∀n, and m ∈ Sl; l = 1, .., L

B
(0,0)
n = � L

l=1 � m∈Sl
C

(0,l)
mn ∀n

Begin A: k − loop:

Begin B: l − loop: l = 1, .., L,

C
(k,l)
mn = gm

Hmnf̂
(k,l−1)
n�

j Hmj f̂
(k,l−1)
j

∀m ∈ Sl

B
(k,l)
n = B

(k,l−1)
n + �

m∈Sl
[C

(k,l)
mn −C

(k−1,l)
mn ]

f̂k,l
n =

−b+
√

b2+4ac

2a
where

a = 4λ � n′∈N (n) wnn′ , b =

−2λ �
n′∈N (n) wnn′ (f

(k,l−1)
n + f

(k,l−1)
n′ ),

c = −B
(k,l)
n

End B

f̂
k+1,0 = f̂

k,L

B
(k+1,0)
n = B

(k,L)
n ∀n

k = k + 1.

End A

Fig. 1. The pseudocode for the C-OSEM Algorithm.

by l. At iteration k and the inner loop sub-iteration l, (2) is
first minimized w.r.t. Cmn for given subset m ∈ Sl while
keeping {Cmn;m 6∈ Sl} and f fixed. Note that the prior
does not contain C, so this step is identical to the likelihood
case. This optimization leads to the following update equa-
tion,

C(k,l)
mn = gm

Hmnf
(k,l−1)
n

∑
j Hmjf

(k,l−1)
j

∀n, and {m ∈ Sl}. (13)

Next, we keep Cmn fixed (for all m,n), and optimize the
posterior w.r.t. f . However, instead of using only the lth
subset ({m ∈ Sl}), all data are used to get the C-OSEM
update equation for f . But this is precisely the update equa-
tion derived in the previous section. The main difference
from conventional EM is that the complete data is more
frequently updated using ordered subsets as in (13). The
alternation continues until all sub-iterations l = 1, . . . , L
are completed, and then advances to the next outer iteration
k+1. The resulting C-OSEM algorithm can be summarized
as the following pseudo-code in Fig.1.

Please note that in the C-OSEM algorithm, only the com-
plete data w.r.t. the subset m ∈ Sl is updated at a time.
Consequently, the summation

∑L

l=1 above does not need
to be explicitly carried out. Instead, we define a new ar-
ray Bn =

∑L

l=1

∑
m∈Sl

Cmn to keep track of the partial



changes made to C. In the inner l sub-iteration, after updat-
ing C(k,l)

mn , we updateB(k,l)
n = B

(k,l−1)
n +

∑
m∈Sl

[C
(k,l)
mn −

C
(k−1,l)
mn ]. Initial conditions areB(0,0)

n =
∑L

l=1

∑
m∈Sl

C
(0,l)
mn .

This results in an efficient scheme for keeping track of the
changes to C. The restriction of the complete data update
to a subset of the complete data has no effect on the con-
vergence proof. All the complete data continue to affect the
f update (via B(k,l)

n ). Convergence can be shown by first
showing that both sides of the alternation reduce the cost
function. Since each step reduces the MAP cost function
(which is bounded from below), convergence is guaranteed.

3. RESULTS
We now present anecdotal reconstructions using MAP-EM,
BSREM and MAP C-OSEM to demonstrate the speed ad-
vantage of MAP C-OSEM and BSREM. To this end, we
generated noisy (300K counts) sinograms using the 2D 64×64
phantom in Fig. 2. The phantom consists of a disk back-
ground, two hot lesions and two cold lesions with contrast
ratio of 1:4:8 (cold:background:hot). Reconstructions are
then performed using the above three algorithms. We used
4 subsets for BSREM and MAP C-OSEM with λ set to 0.8.
The relaxation parameter in BSREM was chosen accord-
ing to the following schedule: βk = 1

maxl � m∈Sl
Hmn+k+1 .

The reconstructed images for each algorithm at different it-
erations are shown in Fig.2; 40 iterations for MAP EM, 20
iterations for MAP C-OSEM and 10 iterations for BSREM.
The growth of the log-posterior and the decrease of the root
mean squared error (RMSE) of the reconstructed images for
each algorithm are shown in Fig. 3. As expected, the MAP
C-OSEM and BSREM algorithms are much faster than the
MAP EM algorithm with MAP C-OSEM being in between
BSREM and MAP EM.

4. CONCLUSIONS
We have derived a new convergent C-OSEM algorithm for
MAP reconstruction in emission tomography. Preliminary
results indicate that the new algorithm is much faster than
conventional EM while being slower than BSREM. Unlike
BSREM, there are no relaxation parameters that need to be
set at each iteration. It remains to be seen if further MAP C-
OSEM speed enhancements are possible without compro-
mising its convergence properties.
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