A FAST EIKONAL EQUATION SOLVER USING THE
SCHRODINGER WAVE EQUATION
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Abstract. We use a Schrodinger wave equation formalism to solve the eikonal equation. We
show that a solution to the eikonal equation is obtained in the limit as A — 0 of the solution
to the corresponding linear Schrédinger equation. The Schrodinger equation corresponding to the
eikonal turns out to be a generalized, screened Poisson equation. Despite being linear, it does not
have a closed-form solution for arbitrary forcing functions. We use a standard perturbation analysis
approach to derive a new algorithm which is guaranteed to converge provided the forcing function is
bounded and positive. The perturbation technique requires a sequence of discrete convolutions which
can be performed in O(N log N) using the Fast Fourier Transform (FFT) where N is the number
of grid points. A major advantage of our approach over most other methods is that we do not
require a spatial discretization of gradient operators and this contributes to the increased accuracy
of our technique. The solution to the eikonal solution is recovered from the exponent of the wave
function. Since the wave function is computed for a small but non-zero A, the obtained solution is an
approximation. We provide evidence for the usefulness of our technique by comparing the results of
our approach with those obtained from Hamilton-Jacobi solvers such as the fast sweeping algorithm
and the Dijkstra single source shortest path algorithm as well as with exact solutions. The latter are
available for the Euclidean distance function problem—a special case of the eikonal when the forcing
function is set to one.
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1. Introduction. The eikonal (from the Greek word etxor or “image”) equa-
tion is traditionally encountered in the wave and geometric optics literature where
the principal concern is the propagation of light rays in an inhomogeneous medium
[7]. Its twin roots are in wave propagation theory and in geometric optics. In
wave propagation theory, it is obtained when the wave is approximated using the
Wentzel-Kramers—Brillouin (WKB) approximation [23]. In geometric optics, it can
be derived from Huygen’s principle [2]. In the present day, the eikonal equation has
outgrown its humble optics origins and now finds application in far flung areas such
as electromagnetics [23], robot motion path planning [6] and image analysis [21].

The eikonal equation is a nonlinear, first order, hyperbolic partial differential
equation [26] of the form

(1.1) v SX)| = f(X), X €

subject to the boundary condition S|pq = U(X), where € is an open subset of RP.
The forcing function f(X) is a positive valued function and 7 denotes the gradient
operator. In the special case where f equals one, the solution to the eikonal equation
is the Euclidean distance function [21]. Detailed discussions on the existence and
uniqueness of the solution can be found in [11].

While the eikonal equation is venerable and classical, it is only in the last twenty
years that we have seen the advent of pioneering numerical methods aimed at solving
this problem. To name a few are the well known fast marching [22, 24| and fast
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sweeping [28] methods. Algorithms based on discrete structures such as the well
known Dijkstra single source shortest path algorithm [10] can also be adapted to
solve this problem. When we seek solutions on a discretized spatial grid with N
points, the complexity of the fast marching method is O(N log N) while that of the
fast sweeping method appears (empirically) to be O(N) and therefore both of these
efficient algorithms have seen widespread use since their inception. Typically, eikonal
solvers grow the solution from a set of K seed points at which the solution is known.
The complexity of the Dijkstra single source shortest path algorithm is O(K N log N)
which is less efficient than the fast marching and fast sweeping methods. However,
the Dijkstra algorithm is not based on solving a differential equation with a spatial
discretization of the differential operator as is the case with the fast marching and
fast sweeping methods and therefore has the potential to be more accurate.

The eikonal equation can also be derived from a variational principle; Fermat’s
principle of least time which states that “Nature always acts by the shortest paths”
[3]. From this variational principle, the theoretical physics developmental sequence
proceeds as follows: The first order Hamilton’s equations of motion are derived using a
Legendre transformation of the variational problem wherein new momentum variables
are introduced. Subsequently, a canonical transformation converts the time varying
momenta into constants of the motion. The Hamilton-Jacobi equation emerges from
the canonical transformation [15]. In the Hamilton-Jacobi formalism specialized to the
eikonal problem, we seek a surface S(X,t) such that its increments are proportional
to the speed of the light rays. This is closely related to Huygen’s principle and thus
marks the rapprochement between geometric and wave optics [2]. It is this nexus that
drives numerical analysis methods [22, 28] (focused on solving the eikonal equation)
to base their solutions around the Hamilton-Jacobi formalism.

So far, our development has followed that of classical physics. Since the advent
of quantum theory—specifically the Schrodinger wave equation—in the 1920s, the
close relationship between the Schréodinger and Hamilton-Jacobi equations has been
intensely studied [5]. Eschewing the role of probabilities, we are mainly interested in
the quantum to classical transition as i — 0 where the nonlinear Hamilton-Jacobi
equation emerges from the phase of the Schréodinger wave equation. This relationship
has found very few applications in the numerical analysis literature despite being well
known. In this paper, we leverage the important distinction between the Schrodinger
and Hamilton-Jacobi equations, namely, that the former is linear whereas the latter is
not. We take advantage of the linearity of the Schrodinger equation while exploiting
its relationship to Hamilton-Jacobi and derive computationally efficient solutions to
the eikonal equation.

A time-independent Schrédinger wave equation at the energy state F has the
form (X, t) = ¢(X) exp() , (h = J) [16], where ¢(X ) the stationary state wave
function—is the eigenstate of the Hamiltonian operator H corresponding to the eigen-
value F. When the Hamilton-Jacobi scalar field S* appears as the exponent of the
stationary state wave function, specifically ¢(X) = exp(%), and if ¢(X) satisfies
the Schrédinger equation, namely H¢p = FE¢, we show that as h — 0, S* satisfies
the Hamilton-Jacobi equation. Note that in the above, a nonlinear Hamilton-Jacobi
equation is obtained in the limit as A — 0 of a linear Schrédinger equation which
is novel from a numerical analysis perspective. Consequently, instead of solving the
Hamilton-Jacobi equation, one can solve its Schrodinger counterpart (taking advan-
tage of its linearity), and compute an approximate S* for a suitably small value of
h. This computational procedure is approximately equivalent to solving the original
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Hamilton-Jacobi equation.

Since the efficient solution of a linear wave equation is the cornerstone of our
approach, we now briefly describe the actual computational algorithm used. We derive
the static Schrédinger equation for the eikonal problem. The result is a generalized,
screened Poisson equation [13] whose solution is known at K seed points. This linear
equation does not have a closed-form solution and therefore we resort to a perturbation
method [12] of solution—which is very closely related to the Born expansion [20]. The
perturbation method comprises a sequence of multiplications with a space-varying
forcing function followed by convolutions with a (modified) Green’s function (for the
screened Poisson operator) which we solve using an efficient [O(N log N)] fast Fourier
transform (FFT)-based technique [9, 4]. Perturbation analysis involves a geometric
series approximation for which we show convergence for all bounded forcing functions.

The paper is organized as follows. In Section 2, we provide the Hamilton-Jacobi
formulation for the eikonal equation as adopted by the fast sweeping and fast march-
ing methods. In Section 3, we derive the Schréodinger wave equation from first prin-
ciples for the eikonal equation by following Feynman’s path integral approach [14].
In Section 4, we provide an efficient FFT-based numerical technique for solving the
Schrodinger equation. In Section 5, we provide results and comparisons (to fast
sweeping and Dijkstra) where we differentiate between experiments focused on the
Euclidean distance function problem (where the forcing function is a constant) and
experiments devoted to the general eikonal equation. We conclude in Section 6.

2. Hamilton-Jacobi formulation for the eikonal equation.

2.1. Fermat’s principle of least time. It is well known that the Hamilton-
Jacobi equation formalism for the eikonal equation can be obtained by considering a
variational problem based on Fermat’s principle of least time [2] which in 2D is

(2.1) I[Q]:/t1f(Q1a‘]2at)\/1+‘ﬁ+q§dt'

The variational problem defined above has its roots in geometric optics [7]. Consider
a medium with refractive index f(t,¢1,¢2) and let a space curve v be described by
(q1(t),q2(¢),t), t € [to,t1]. Fermat’s least time principle states that the necessary
condition for v to be a light ray is that I be an extremum. The quantity

(22) L(Q17Q27417Q27t):f(‘ha(hat)\/l‘i‘cﬁ‘f"ﬁ

is called the optical Lagrangian. The generalized momenta are defined as [15]

(2.3) pi = a—,L = J4

We now solve for ¢; as a function of p; by first noting that

(24) ST Ry e
L 1+ Gt +d3

from which it is follows that

P

(2.5) 4 = ————oe
f2—pi—p3
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A Legendre transformation [2] is used to obtain the Hamiltonian which is given by

2
(26) H(‘]h‘]%plvp%t) = szfh - L(q17q2;q.17q.27t)
=1

where ¢; is as in (2.5). Hence

2, .2 2
P+ P f
H(leQQaPl,pz,t) = _
VIP=pi-pi VP13
(2.7 I P

The Hamilton-Jacobi equation is obtained via a canonical transformation [15] of the
Hamiltonian. In the 2D case, it is

as as 0S8
2.8 —+H —,—,t)=0
( ) 8t + (q17q27 8(]17 8q27 )
where we have replaced the generalized momentum variables p; with
aS oL
2.9 = =p = .
29) 9q; P 9q;

Hence, for the given variational problem, the Hamilton-Jacobi equation is

aS 2S\? [0S\?
N S R R
ie.
0S\? [0S\?> [0S\?
(211) (%) () +(Gg) =7

which can be succinctly written as || 7S ||?>= f2. This equation is the familiar eikonal
equation (1.1).

2.2. An equivalent variational principle. We now take an idiosyncratic ap-
proach to derive the eikonal equation by considering a different variational problem
which is still very similar to Fermat’s least time principle. The advantage of this
variational formulation is that the corresponding Schrédinger wave equation can be
easily obtained.

Consider the following variational problem namely,

(212) o= [ 50 + @7 w)d

o

where the forcing term f is assumed to be independent of time and the Lagrangian
L is defined as

(4 + @) (01, q2).

N =

(213) L(qlanaqlquat) =

Again, defining

oL

(2.14) Pi= 5 = (@1, 42)ds
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and applying the Legendre transformation [2], we can define the Hamiltonian of the
system in 2D as

1 (p3 +p3)
2.15 H Q1aQ27p17p27t = 572/ .
(2.15) ( ) 3 (a0

From a canonical transformation of the Hamiltonian [15], we obtain the following

Hamilton-Jacobi equation
2 2
as as
(%) + () .

0s 1
2.16 — + =
(2.16) t 2 f2(q1,q2)

Since the Hamiltonian in (2.15) is a constant independent of time, equation (2.16) can
be simplified to the static Hamilton-Jacobi equation. By separation of variables, we
get

(2.17) S(q1,q2,t) = S"(q1,q2) — Et

where E is the total energy of the system and S*(¢1,¢g2) is called the Hamilton’s

characteristic function [2]. Observing that g—g = %—“Z*, equation (2.16) can be rewritten
as

@19 3| (5) (%)

Choosing the energy E to be %, we obtain

= Ef%

(2.19) I 78" *= f?

which is the original eikonal equation (1.1). S* is the required Hamilton-Jacobi scalar
field which is efficiently obtained by the fast sweeping [28] and fast marching methods
[22].

3. Schrédinger wave equation formalism for the eikonal equation. In
this section, for the sake of completeness, we derive a Schréodinger equation for our
idiosyncratic variational problem (2.12) from first principles and then recover the
scalar field S* [as in (2.17)] from the wave function.

3.1. A path integral derivation of the Schrédinger equation. We follow
the Feynman path-integral approach [14, 25] to deriving the differential equation for
the wave function ¢. Please note that the Feynman path integral is not considered
mathematically rigorous in the general setting. However, it provides a constructive
approach to deriving the Schrédinger equation and hence we include it here. The key
idea is to consider the transition amplitude K (x,t2,&,t1) where K K* corresponds to
the conditional transitional probability density of a particle going from £(¢1) to x(t2).
For any specific path z(t) = {z1(t),z2(¢t)} in 2D, the amplitude is assumed to be
proportional to

(3.1) exp (% /tt L(:v,:b,t)dt)
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where the Lagrangian L is given by (2.13). If the particle can move from & to x over
a set of paths, the transition amplitude is defined as the “sum” of the amplitudes
associated with each path, so

. to
(3.2) K(x,t2;6,t1) = /exp (%/ L(x,dc,t)dt) Dx.
t1

Now suppose that a particle is moving from a starting position = + £ = (z1 +
&1,22 + &) at time ¢ and ends at x at time ¢ + 7 while traveling for a very short
time interval 7. Using the definition of the Lagrangian from (2.13), the transition
amplitude for this event is

. t+1 1
Kz, t+ 12 +&t) = /exp <%/ E(xf —i—i:%)fQ(xl,xg)dt/) Dx
¢

/exp{2h [(51) + <%ﬂ f2(a:1,x2)}m
(3.3) — Mexp {# (€ +¢2) f2(:c1,x2)} .

Here M = f Dzx. In order to derive the wave equation for ¢, we first recall that the
wave function 1) has an interpretation that ¢*¢ = [1)(z,t)|?> denotes the probability
of finding a particle at = and at time ¢. Since K behaves more like a conditional
transitional probability from x + £ to z, the wave function should satisfy

(3.4) Y, t+71) = /K(w,t+7;x+£,t)w<:v+£,t)d£.

where K is given by (3.3).
Expanding to the first order in 7 and second order in £ we get

a .
'(/J'i‘Ta_/f = /Mexp{% (512_’_5%) f2((E1,,’E2)}

Y N G &M Y
{1/14‘51— +§2— + PR + 2 02 +§1§2ax16$2} d¢

B b 81/) 102 1 0%y %
(35) —112/1+128—+138—2+I4282+I5282+168x18x2

where the integrals Iy, I3, I3, 14, I5, I are defined as

I d_CfM//eXP{2h (&7 + &) f*(21,22) }dﬁldfzv

¥t f foof
{— (& +6) /(@22 }52 Krda,
s ool 6

(51 +§2 f2 551755
(3.6) Ig d_efM//exp

— (& +8) (a1, 22 }5 d&1dé,

2
2

~.

§1&2 d&rdé,.

)
}5 d€1dgs,
)

P (51 +§2 *(z1, 22
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Observing that integral I can be rewritten as a product of two integrals, i.e,

(3.7) I ZM/GXP{#@JCZ(M?@)}& d§1/€XP{#§§f2(Ih$2)}d€2

and that the first integral is an odd function of &7, it follows that I = 0. A similar
argument shows that I3 = Ig = 0.
Using the relation

(3.8) / exp(ias?)ds = =
o a

and noticing that I; can be written as a separate product of two integrals in & and
in &9, it follows that

12hTT
3.9 LH=M———.
(39 M PG
In order for the equation for ¢ to hold, I3 should approach 1 as 7 — 0. Hence,
[P (21, 22)
3.10 ==
( ) 12hTT

Let I denote the integral (3.8). Then

191 ivim

;804_204%

(3.11) = [ exp(ias?)s?ds.

Using the relations in equations (3.8) and (3.11) with a = % and writing I4 and

I5 as product of two separate integrals in &; and & and substituting the value of M
from (3.10), we obtain

iht

Substituting back the value of these integrals in (3.5), we get

(3.13) v+T

2 2
Ox{  0Oz3

oy ihr (0% 0%
E”/’*iﬁ( —>

from which we obtain the Schrédinger wave equation [16]

oY
(3.14) ihzr = Hy

where the Hamiltonian operator H is given by

h? [ 0? 0?
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3.2. Obtaining the eikonal from Schrédinger . Since the Hamiltonian H
doesn’t explicitly depend on time, using separation of variables 1(x,t) = ¢(x)g(t), we
get

h ¢ h2 2
(3.16) ho _W Ve
ig 2% ¢

where E is the energy state of the system and /2 is the Laplacian operator. By

choosing the energy to be % as before, we get

(3.17) g(t) = exp <;—2)

and hence

(3.18) (1) = o(z) exp <§L>

where ¢(z) satisfies the equation
(3.19) W7 ¢ = f?.

which is a generalized, screened Poisson equation [13]| (since f > 0 is an arbitrary
speed function). We now show that when ¢ = exp(*TS*) and satisfies (3.19), S*
asymptotically satisfies the eikonal equation (1.1) as i — 0. We show this for the 2D
case but the generalization to higher dimensions is straightforward.

When ¢(x1,z2) = exp(%), the first partials of ¢ are

' 8$1 B h xp h 8171 ’ 8172 B h xp h 8172 '

The second partials required for the Laplacian are

P¢ 1 —5*\ (08*\* 1 —5*\ 928
2~ 2P\ ) \om RPN\ ) et

(3.21) @ = iexp <_S*> (65*)2— 1exp (_S*) 825*.
oz3  h2 h Oxo h h 03
From this, equation (3.19) can be rewritten as
N 2 o 2 2 a 2 o
oo () () (e vy
which in simplified form is
(3.23) |82~ n? 8 = f2.

The additional 7572 S* term [relative to (1.1)] is referred to as the viscosity term [11,
22] which emerges naturally from the Schrédinger equation derivation—an intriguing
result. Since | 72 S*| is bounded, as h — 0, (3.23) tends to

(3.24) v s*)* = f?

which is the original eikonal equation (1.1). This relationship motivates us to solve
the linear Schrédinger equation (3.19) instead of the non-linear eikonal equation and
then compute the scalar field S* via

(3.25) S*(X) = —hlog ¢(X).
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4. Efficient computation of the solution to the Schrédinger equation.
In this section, we provide numerical techniques for efficiently solving the Schrodinger
equation.

4.1. Perturbation theory. In this paper, we are mainly concerned with solving
the eikonal equation for the case where we know the solution at a given set of K seed
points. To this end, we begin by considering the forced version of (3.19) which is

K
(4.1) —W o+ o= 6(X - V).
k=1

The points Y, k € {1, ..., K} can be considered to be the set of locations which encode
initial knowledge about the scalar field S*, say for example S*(Yy) = 0,VYy, k €
{1,...,K}. The case where the initial conditions depend on the seed index is a
straightforward generalization: if S*(Yy) = di, then ¢(Y) = exp{—%’“} and the
delta functions on the right of (4.1) are suitably weighted.

We would like to bring out the fact that for the Euclidean distance function
problem where the forcing term f is identically equal to 1, closed form solutions for ¢
(in 1D, 2D, 3D) exist [18]. Closed form solutions can be obtained even for constant
forcing functions®, but not for arbitrary functions f which is what we face in the
case of the eikonal. Consequently, we propose to solve the linear system (4.1) using
perturbation theory [12].

We are interested in obtaining the solution for S* at the given N grid locations.
Since it is meaningful to assume that S*(X) goes to infinity for points at infinity, from
relation (3.25), it follows that we can use Dirichlet boundary conditions ¢(X) = 0
at the boundary of an unbounded domain. Assuming that f is close to a constant
non-zero forcing function f, equation (4.1) can be rewritten as

K

(42) (RGP 1+ (R 2+ o (= )| 6= D a(X - Vi),
k=1

Now, defining the operator L as
(4.3) L=(=n <+ o (2=
and ¢g as
(4.4) ¢o=(1+1L)¢
we see that ¢ satisfies

) K
(4.5) (—=h* 7% + )0 = Z 6(X —Yi)

k=1

and
(4.6) ¢ =(1+L) "o
Let ¢o = ||L||op—the operator norm—defined by
(4.7) co = sup{||Lg||, Viunctions g € Hilbert space H with||g|| < 1}

1In which case, equation (4.1) becomes the screened Poisson equation.
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where H is the space of square integrable functions on R”, i.e, g € H iff
(4.8) /deu < 00,

which then provides a natural function norm ||g|| for the function g € H given by

(1.9) lalP? = [ o2

If ¢y < 1, we can approximate (14 L)~ ! using the first few 7'+ 1 terms of the geometric
series to get

(4.10) AI+L) ' =1-L+L2-L3+...+(-)TL”

where the operator norm of the difference can be bounded by

T [e’e) [ee} T+1

- iri i i ¢
@) 0D D L < Y IS Y =
=0 i=T+1 i=T+1 0

which converges to 0 exponentially in 7. We would like to point out that the above
geometric series approximation is very similar to a Born expansion used in scattering
theory [20]. We now derive an upper bound for co.

Let L = Ay 0 Ay where Ay = (=h2 72 +f2)" and Ay = f2 — f2. We now provide
an upper bound for ||A1||op. Let B denote a closed unit ball in the Hilbert space H,
ie

(4.12) B={geH:|gll <1}

Since we assume Dirichlet boundary conditions at the boundary, there exists a unique
z € H [11] such that

(4.13) (P +f%)z =g
Since g € B, we see that

(=12 2 +72)20° = || = 12 9% 2| + | 22 + 20 (= % 2, 2)
(4.14) =lgl* < 1.

Using integration by parts and the boundary conditions, it can be shown that
(4.15) (=% 2,2) = / |7 2Pdu > 0.

Using the above relation in (4.14), we then observe that

(416) I = 140 < 75 Y9 € B

1

As we now see that A;(B) is bounded and less than or equal to 72 We immediately

have

1
(4.17) I4illr < =
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Now, let M = sup{|f2 — f2|}. Then, for any function g € B

(415) 167 = Pl = [ = P2 < Mgl < 0
and hence from (4.7),
(4.19) 142]lop < M = sup{|f* — f*[}.

Since || L||op < || A1]lopllA2]lop, from equations (4.17) and (4.19), we observe that

2 F2
(4.20) co = | Lllop < 22U =71}
P 72
It is worth commenting that the bound for ¢y is independent of h. So, if we

sup{|f>—f?|} : : o ~1
guarantee that = < 1, the geometric series approximation for (1 4+ L)

(4.10) converges for all values of h.

4.2. Deriving a bound for convergence of the perturbation series. In-
terestingly, for any positive, bounded forcing function f, i.e f(X) > 0%, by defining
f = sup{f(X)}, we observe that |f2 — f2| < f2. From equation (4.20), we immedi-
ately see that ¢y < 1. This proves the existence of f for which the geometric series
approximation (4.10) is always guaranteed to converge for any positive forcing func-
tion f. The choice of f can then be made prudently by defining it to be the value
that minimizes

(4.21) Hﬂ—ggm%lﬁﬁ

This in turn minimizes the operator norm cy, thereby providing a better geometric
series approximation for the inverse (4.10). ~
Let frin = min{f(X)} and let frna: = max{f(X)}. We now show that F(f)

attains its minimum at

~ 2 2
(4.22) f_y_vz;g?;;

Case(i): If f < v, then sup{|f2 — f2|} = f2,. — f2. Clearly,

2 2 2 2
(423) maz~ f max v
I? v?

Case(ii): If f > v, then sup{|f2 — f2|} = f2 — f2,,. It follows that

min*

F2 _ £2 2 2
(4 24) f min __ 1— min 1— min
| 7 gl
We therefore see that f =v= M is the optimal value.

2If f(X) = 0, then the velocity v(X) = ﬁ becomes oo at X. Hence it is reasonable to assume
f(X)>0.
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Now, using the above approximation for (14 L)™' (4.10) and the definition of L
from (4.3), we obtain the solution for ¢ as

(4.25) p=cdo—d1+d2—ds+...+ (=)o
where ¢; satisfies the recurrence relation
(4.26) (=R 2+ = (f2 = )i, Vi € {1,2,...,T}.

4.3. Green’s functions in 1D, 2D and 3D. Each ¢; can be computed effi-
ciently by observing that the equations (4.5) and (4.26) are inhomogeneous, screened
Poisson equations, very similar to the inhomogeneous Helmholtz equation except for
a sign change [13]. Following a Green’s function approach [1], we can write the ex-
pressions for the form of ¢;. The Green’s function G satisfies the relation

(4.27) (1?72 +f3)G = 0.

The form of the solution for G depends on the number of spatial dimensions. We
provide solutions for G in 1D, 2D and 3D.

1D: In 1D, the solution for G [1] over an unbounded domain with vanishing boundary
conditions at oo is

1 —fIX —Y|
(4.28) G(X,Y) = ﬁexp (T> .

2D: In 2D, the solution for G [1] over an unbounded domain with vanishing boundary
conditions at oo is

(4.29) G(X,Y) = ! Ko <f|X_Y”>

T 27h2 h

exp (=AX=YI
R fIX =Y

om/omhf|X Y| "

where K is the modified Bessel function of the second kind.
3D: In 3D, the solution for G [1] over an unbounded domain with vanishing boundary
conditions at oo is

> 0.25

—fHX—YH)
B

4.30 GX,Y ! exp(
(' ) ( ’ )_47Th2 ||X—YH

The solutions for ¢; can then be obtained by convolution

K K

(4.31) Go(X) =D G#3(X -Yi) =) G(X -Y),
k=1 k=1

(4.32) 9i(X) = G+ [(f2 = [)pina |, Vi€ {1,2,...,T}.

Once the ¢; are computed, the wave function ¢ can then be determined using the
approximation (4.25). The solution for the eikonal equation can be recovered using
the relation (3.25).
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Based on the nature of the expression for the Green’s function, it is worth em-
phasizing the following very important point. In the limiting case of 4 — 0,

o {FIX]
im — L " S o gor|x] £ 0
(4.33) %{%W =0, for [| X || #

for ¢, d and p being constants greater than zero and therefore we see that if we define

(4.34) G(X) = exp (LFLX'>

then

(4.35) Jim |G(X) — G(X)| =0, for | X|| # 0

and furthermore, the convergence is uniform for || X| away from zero. Therefore,
G (X) provides a very good approximation for the actual unbounded domain Green’s
function as i — 0. The above observation motivates us to compute the solutions for ¢;
by convolving with G instead of the actual Green’s function G. We approximate each
of these convolutions with the discrete convolution between the functions computed
at the given N grid locations. By the convolution theorem [4], a discrete convolution
can be obtained as the inverse Fourier transform of the product of two individual
transforms which for two O(N) sequences can be performed in O(N log N) time [9].
Thus, the values of each ¢; at the NV grid locations can be efficiently computed in
O(N log N) making use of the values of ¢;_1 determined at the earlier step. Thus,
the overall time complexity to compute the approximate ¢ using the first few T+ 1
terms is then O(T N log N). Taking the logarithm of ¢ then provides an approximate
solution to the eikonal equation. The algorithm is adumbrated in Table 4.1

We would like to emphasize that the number of terms (T') used in the geometric
series approximation of (1 + L)™' (4.10) is independent of N. Using more terms only
improves the approximation of this truncated geometric series. From equation (4.11),
it is evident that the error incurred due to this approximation converges to zero
exponentially in T and hence even with a small value of T, we should be able to
achieve good accuracy. The choice of T is investigated in the experimental section.

4.4. Solving the eikonal equation in higher dimensions. Using G instead
of the bounded domain Green’s function G provides a straightforward generaliza-
tion of our technique to higher dimensions. Regardless of the spatial dimension, the
approximate solution for the eikonal equation S* can be computed from the wave func-
tion ¢ in O(T'N log N) as computing the discrete convolution using FFT [4] is always
O(N log N) [9] irrespective of the spatial dimension. This speaks for the scalability of
our technique.

4.5. Solution for the Euclidean distance function problem. It is well
known in the literature that the solution for the Euclidean distance function problem
can be obtained by solving the eikonal equation where the forcing term is identically
equal to one, namely

(4.36) [vs=f=1
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TABLE 4.1
Algorithm for the approzimate solution of the eikonal equation

Compute the function G(X) = exp (%) at the grid locations.

N =

Define the function I(X) which takes the value 1 at the point-set locations
and 0 at other grid locations.

3 Compute the FFT of G and 1, namely Gr rr(U) and Irppr(U) respectively.
4 Compute the function H(U) = GFFT(U)IFFT(U)-
5. Compute the inverse FFT of H which gives QBO(X ) at the grid locations.
6. Initialize ¢(X) to ¢o(X).

7. Fori =1toT do

8 Define P(X) = [ F2(X) — f?} Fi1(X).

9 Compute the FFT of P namely Prprr(U).

10. Compute the function H(U) = GFFT(U)PFFT(U).

11. Compute the inverse FFT of H defined as ¢Z( ) at the grid locations.
12, Update $(X) = 6(X) + (~1)d;(X).

13. End

14. Take the logarithm of ¢(X) and multiply it by (—A) to get
the approximate solution for the eikonal equation at the grid locations.

The corresponding wave function ¢ then satisfies the equation
(4.37) 7% ¢ = o.

Since f is a constant function (f = 1), defining f = f = 1 and using the forced
version of the equation (4.37), we obtain the solution for ¢ as

K
(4.38) P(X Z GX)*6(X -V =Y G(X -Yy)

k=1

where G(X) is the desired Green’s function whose expression depends upon the spatial
dimension. Here Y;,k € {1,..., K} are the given set of input locations. Again, for
small values of i, G [defined in equation (4.34)] effectively approximates G, the reasons
for which are explained above. ¢ can be computed at the given N grid locations in
O(N log N) by performing the discrete convolution using the FFT [9, 4] as delineated
above. The solution for the Euclidean distance function can then be recovered from
the wave function using the relation (3.25). The reader may refer to our previous
work [18] to get a detailed explanation for computing the Euclidean distance function
using the Schrodinger wave equation.

4.6. Numerical issues. In principle, we should be able to apply our technique
at very small values of i and obtain highly accurate results. But we noticed our
technique tends to deteriorate for h values very close to zero. This is due to the
fact that at small values of h (and also at large values of f), exp (%) drops
off very quickly and hence for grid locations which are far away from the point-
set, the convolution done using FFT needs to be precise (without round-off error)

for the computed distance to be meaningful®. Such high precision support may not

3Due to round of errors in computing convolution with FFT for - very low values of A, some values
¢ may take on negative values and hence taking the logarithm of ¢ to obtain S is meaningless
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be available and hence our technique may produce erroneous results at these grid
locations for very small values of A.

We would like to emphasize that this problem is not inherent to our technique,
but due to the lack of high precision support in the software/hardware. Setting A very
close to zero will result in extremely small numbers which may demand high precision.
A promising start in this general direction are the quad-double and arbitrary precision
packages available at Lawrence Berkeley National Labs (LBNL) [27].

Interestingly, for certain small values of &, our technique did produce highly ac-
curate results and outperformed the state of the art fast marching and fast sweeping
methods. We corroborate our claim and demonstrate the usefulness of our method
with the set of experiments described in the subsequent section.

4.7. Fast multipole methods. It is also worth commenting that many non-
FFT based algorithms for solving the Helmholtz equation do exist in the literature,
the most recent ones being the fast multipole method [17, 8] and these can usually be
adapted to solve screened Poisson equations. (Fast multipole methods seems to have
an edge over the classical FFT methods for solving the Helmholtz equation.) Since
the FFT based solution is not as critical to our technique, the fast multipole method
may allow us to use non-regular grids and may also circumvent the aforementioned
problem of choosing i. Furthermore, the fast multipole method is known to run in
O(Nlog N) and sometimes even in O(N) and hence is comparable in speed to the
FFT (if not empirically faster). We have reserved this exploration as part of our
future work.

5. Experiments.

5.1. Euclidean distance functions. In this section, we show the efficacy of our

technique by computing the approximate Euclidean distance function S* and com-
paring it to the actual Euclidean distance function S and the fast sweeping method,
first on randomly generated 2D and 3D point-sets and then on a set of bounded 3D
grid points.
Example 1: We began with a 2D grid consisting of points between (—30, —30) and
(30,30). Hence, the total number of grid points is N = 61 x 61 = 3721. We randomly
chose around 1000 grid locations as data points (point-set). Then 50, 000 experiments
were run for values of i ranging from 0.1 to 0.5 in steps of 0.01. The errorbar plot
in Figure 5.1 shows the mean and standard deviation of the percentage error at each
value of . The error is less than 0.5% at h = 0.1 demonstrating the algorithm’s
ability to compute accurate Euclidean distances.

20

percentage error
= =
S 5

)

0.1 0.2 0.3 0.4 0.5
hbar values

FI1GURE 5.1. Percentage error versus h in 50,000 2D experiments.
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Example 2: We pitted our technique against the fast sweeping method [28] on a
3D grid consisting of points between (—8, —8, —8) and (8,8, 8) with the grid space
being 0.5. The number of grid points is then N = 33 x 33 x 33 = 35937. We ran
10,000 experiments randomly choosing 300 grid locations as data points. For our
technique, we set i to be 0.15. We ran the fast sweeping algorithm for 12 iterations
which was more than sufficient for convergence. The plots in Figure 5.2 show the
average absolute difference and the average percentage error calculated as

Average Absolute Diff

100
Average Distance ¥

(5.1) Yoerror =

for each of these techniques when compared with the true Euclidean distance function.
From the plots, we see that our technique provides better accuracy than the fast
sweeping method.

0 15
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50.15/ &
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% 0.1 —Fast Sweeping g —Fast Sweeping
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2 0.051 g
5 g
g >
z <
z ‘ ‘ ‘ ‘ |

0 2000 4000 6000 8000 10000
Experiment Number 0 2000 o 4000 ont NGOBS, 8000 10000

FIGURE 5.2. Average absolute difference (left) and the average percentage error (right) between
the true and computed Euclidean distance function for (i) our method (in blue) (ii) fast sweeping
(in red) in 10,000 3D experiments.

Example 3: In this example, we computed the distance function on a 2D grid
consisting of points between (—8,—8) to (8,8) with a grid spacing of 0.5, from the
boundary of the rectangular region —2 < z < 2 and —2 < y < 2. The number
of points on the grid was N = 33 x 33 = 1089 and the number of data points on
the boundary of this rectangular region was 32. The A value for our technique was
set at 0.25. Fast sweeping was run for 5 iterations after which it converged. The
true average distance of the grid points from the data points was 3.9275. The average
absolute difference, the variance in absolute difference and the percentage error for our
method and fast sweeping when compared with the true Euclidean distance function
is adumbrated in table 5.1.

TABLE 5.1
Statistics of the Fuclidean distance function computed from the boundary of the rectangular region

Our Method | Fast Sweeping
Average absolute difference 0.1152 0.1673
Variance in absolute difference | 0.0180 0.0348
Percentage error 2.9350% 4.2620%

The true Euclidean distance function contour plot and those obtained from our
method and fast sweeping is delineated in Figure 5.3.
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Ficure 5.3. Contour plots (i) Top Left: True Euclidean distance function (i) Top Right: Our
approach (iii) Bottom: Fast sweeping

Example 4: We took the Stanford bunny dataset? and used the coordinates of the
data points on the model as our point-set locations. Since the input data locations
need not be at integer locations, we scaled the space uniformly in all dimensions and
rounded off the data so that the data lies at integer locations. The input data was
also shifted so that it was approximately symmetrically located with respect to the x,
y and z axis. We should comment that shifting the data doesn’t affect the Euclidean
distance function value and uniform scaling of all dimensions is also not an issue, as
the distances can be rescaled once they are computed.

After these basic data manipulations, the cardinality of the point set was K =
3019 with the data confined to the cubic region —16 < x < 16, —15 < y < 15 and
—12 < z < 12. Our grid consisted of the set of all integer locations within this cubic
region. The number of grid locations was N = 25575. We computed the Euclidean
distance function value at each of these grid locations using our technique for different
values of & and compared it to the true Euclidean distance function value.

As pointed out earlier, inaccuracies in the floating point computations of very
small numbers involved in the FFT operation impedes us from choosing a very small
of Ai. But for those grid locations which are close to the point-set, the accuracy of
the computed distance improves as A is decreased. Hence, to circumvent this problem
of choosing h, we ran our technique for different values of i and chose the distance
function values obtained at large values of /i at those grid locations whose average
computed distance is larger and vice versa.

When we ran our technique for the set of i € {0.1,0.2,0.3,0.4} and used {3, 6,10}
respectively as the threshold of the average computed distance for choosing the appro-
priate distance function, it gave the following set of results. The maximum absolute
difference between the actual and the computed Euclidean distance value over all the
grid locations is 0.9066 and the average absolute difference is 0.1322. The accuracy is
fairly high since the furthest grid point from the point-set is at a distance of 15.5242
and the average overall distance computed at the grid locations from the point-set is
3.5449. The average error is 34322 4 100 = 3.72%. This error can be lowered by using

3.5449
better O(N log N) numerical algorithms for discrete convolution [27].

4This dataset is available at http://www.cc.gatech.edu/projects/large models/bunny.html
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We plotted the isosurface obtained by connecting the grid points which are at a
distance of 0.5 from the point set, determined both by the true Euclidean distance
function and our technique. Figure 5.4 shows the two surfaces. Notice the similarity
between the two plots. It provides anecdotal visual evidence for the usefulness of our
approach.

Ficure 5.4. Isosurfaces: (i) Left: Actual Euclidean distance function and (ii) Right: Our
approach.

5.2. The general eikonal equation. In this section, we demonstrate the use-
fulness of our approach by computing the approximate solution to the general eikonal
equation (1.1) over a 2D and 3D grid. Since the eikonal equation cannot be solved in
closed form to obtain the true solution, we considered the solution obtained by run-
ning Dijkstra’s algorithm [10] to be the ground truth. We ran Dijkstra’s algorithm
on a much finer grid where each grid point had 8 neighbors in 2D and 26 neighbors
in 3D. The weight on the edge between a pair of grid points was defined to be av-
erage of the values of the forcing function at the respective grid points multiplied
by either 1 or V2 or V3 depending on the location of the neighbor. Distances were
computed at each grid location by repeatedly considering each data point to be the
source node and then the minimum over all these distances was considered to be the
true solution for the eikonal equation. This entire process takes O(K N log N) time.
We then compared this solution obtained by running Dijkstra with our method and
fast sweeping.

Example 5: In this example, we solve the eikonal equation for the following forcing
function

(5.2) flz,y)=1+04 (6—2[<w+0~2>2+<y+0~2>2] _ 6—2[<w—0-2>2+<y—0-2>2])

from a point source located at (zg,y0) = (0,0) on a 2D grid consisting of points
between (—1.5,—1.5) to (1.5,1.5) with a grid spacing of 0.25. The function f(x,y)
is shown in figure 5.5. We defined f as per equation (4.22). For our technique, we
set i = 0.08 and ran it for 10 iterations. The plot 5.6 shows the maximum difference
i — di—1]|so between two consecutive iterations. Fast sweeping showed very good
convergence even before 6 iterations. To obtain the ground truth, we ran Dijkstra’s
algorithm on a finer grid with a grid spacing of 1/32. The average absolute difference,
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the variance in absolute difference and the percentage error for our method and fast
sweeping when compared with the Dijkstra’s algorithm are tabulated in Table 5.2.
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Ficure 5.6. Mazimum difference between
two consecutive iterations in our method

Ficure 5.5. The forcing function used

TABLE 5.2
Statistics of the eikonal equation solution obtained from wusing the forcing function defined in
equation (5.2)

Our Method | Fast Sweeping
Average absolute difference 0.0453 0.0529
Variance in absolute difference | 0.0029 0.0018
Percentage error 3.5490% 4.1452%

The contour plots obtained by running Dijkstra’s algorithm, our method and fast
sweeping are displayed in Figure 5.7. From the result and the plots, we observe that
our technique is quite competitive with fast sweeping.
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FIiGURE 5.7. Contour plots (i) Top Left: Dijkstra’s algorithm (i) Top Right: Our approach
(ii1) Bottom: Fast Sweeping

Example 6: In this example, we solve the eikonal equation for the following forcing
function

(5.3) f(z,y,2) =1+ 0.3sin[r(z — 0.5)] sin [w(y + 0.5)] sin [7(z — 0.5)]
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from the boundary of a cube —1 < 2 <1, -1 <y <land -1 <2z2<1ona3D
grid consisting of points between (—3,—3,—3) to (3,3, 3) with a grid spacing of 0.5.
We again defined f according to equation (4.22). This time we set h = 0.1 and ran
our technique for 20 iterations. The plot in Figure 5.8 shows the maximum difference
i — di—1]loo between two consecutive iterations. Fast sweeping converged after 11
iterations. To obtain the ground truth we again ran Dijkstra’s algorithm on a finer
grid with a grid spacing of 0.125. The average absolute difference, the variance in
absolute difference and the percentage error for our method and fast sweeping when
compared with Dijkstra’s algorithm are tabulated in Table 5.3.

TABLE 5.3
Statistics of the eikonal equation solution obtained from wusing the forcing function defined in
equation (5.3)

Our Method | Fast Sweeping
Average absolute difference 0.0977 0.2195
Variance in absolute difference | 0.0097 0.0304
Percentage error 5.6038% 12.5820%

We plotted the isosurface obtained by connecting the grid points which are at
a distance of 0.75 from the boundary of the cube, determined by running Dijkstra
algorithm, our approach and fast sweeping. Figures 5.9, 5.10, and 5.11 show the three
isosurfaces. Notice the similarity between the plots obtained by running Dijkstra and
our method. It again provides anecdotal visual evidence for the usefulness of our
approach.
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6. Discussion. In this paper, we have introduced a new approach to solving the
non-linear eikonal equation. We have proven that the solution of the eikonal equation
can be obtained as a limiting case of the solution to a corresponding linear Schrodinger
wave equation. Instead of solving the static Hamilton-Jacobi equation that is the
eikonal, the Schrédinger formalism results in a generalized, screened Poisson equation
which is solved for very small values of A. Our Schrodinger-based approach follows
pioneering Hamilton-Jacobi solvers such as the fast sweeping [28] and fast marching
[22, 24] methods with the crucial difference being its linearity. We have developed a
fast and efficient perturbation series method which is guaranteed to converge (pro-
vided the forcing function f is positive and bounded). Its main advantage is that it
completely circumvents the need for spatial discretization of the gradient operator.
Hence, we have strong reasons to believe that the accuracy of our method will be bet-
ter than methods that solve a spatially discretized system of equations. The linearity
of the system being solved is highly attractive as well and may lead to even more
efficient solutions in the future by drawing on fast, multipole methods [17] and the
like. We would like to solve the more general, static Hamilton Jacobi equation in the
future, using techniques inspired from quantum mechanics as a counterpart to classi-
cal mechanics-based techniques [19]. We expect that the linearity of the Schrodinger
equation will result in fast and accurate algorithms even in this more general setting.
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