Chapter 1

Constructing ¢ surfaces of arbitrary topology
using biquadratic and bicubic splines

Jorg Peters

1.1. Introduction

Two approaches to building smooth free-form surfaces, generalized subdivi-
sion and the composition of surfaces from patches, are combined to generalize
biquadratic tensor-product B-splines surfaces. The result is a low degree poly-
nomial surface representation with control via the input mesh of points. The
simplicity of the construction forces the surface to closely follow the design
intent expressed by the input data.

Cutting corners and edges to smooth a polytope is a geometrically intu-
itive design paradigm. Algorithmically, it is realized by generalized subdivi-
sion. Given an input mesh of points delineating a surface, the algorithms of
[4], [6], [14], [8] etc. create at each stage a refined mesh of points by averaging
neighboring points of the current mesh. Where the mesh is regular, e.g. where
each mesh point is surrounded by exactly four quadrilateral cells, the mesh
points can be interpreted as B-spline control points and the refinement of the
mesh as the subdivision of the spline. Thus the limit surface has a standard
parametrization of low degree. Unfortunately, regular meshes can only model
very restricted geometric configurations. Modeling real world objects without
singularity and such that the mesh conforms with the features, generally re-
quires an irregular mesh and, for such meshes, generalized subdivision methods
do not provide an explicit parametrization of the limit surface. This not only
makes it tricky to establish elementary properties like tangent plane continu-
ity of the limit surface (see e.g. [7], [1],[2],[3]), but is also a major obstacle for
integrating these techniques with other computer aided design representations.

Assembling surfaces from patches is a second design paradigm. A number
of surface constructions for irregular meshes have been derived over the last
decade [10]. Compared to the standard tensor product B-spline representation,
these constructions either sacrifice the low degree of the surfaces (e.g. [20],[12])
or depart from the standard polynomial representation (e.g. [5], [16]). However,
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2 FAIR CURVES AND SURFACES

the main drawback of the patching approach seems to arise from the very
tool that allows it to model complex smooth surfaces; reparametrizing when
crossing from one patch to the next shifts the focus from the geometry of the
modeling problem to clever uses of the chain rule. Thus the algorithms of [9],
[13] and [17] fix the reparametrizations a priori depending only on the number
of the patches joining at a mesh point; in order to match geometric data, a
large sparse linear system is solved. This makes it tricky to reason about the
shape of the resulting surface.

The algorithm proposed here reconciles the subdivision paradigm with the
parametric approach. It generalizes the standard biquadratic tensor-product
spline representation to irregular meshes. In particular, there are no regularity
restrictions on the input mesh as in [21]. The underlying idea is to use a
small number of subdivisions to give the surface its rough shape and separate
irregular mesh regions. Then a biquadratic C'! spline can be fit over the regular
mesh regions and the remaining mesh holes can be covered by a composite of
bicubic patches. The result is a polynomial surface of low degree. Since no
system of equations has to be solved to determine the parametrization, but
rather the input mesh points are averaged such that de Casteljau’s algorithm
generates a C1 surface in the limit, the method is a generalized subdivision
algorithm. Additionally, one can interpolate the vertices of the input mesh
and normals at the vertices without solving systems of equations.

The structure of the article is as follows. Section 2 states the algorithm.
Section 3 establishes the consistency and continuity of the resulting surfaces
and proves simple shape properties. Section 4 gives examples and Section 5
summarizes the findings.

1.2. The Algorithm

The three steps of the algorithm are:

e Refining the input mesh to isolate irregular mesh points by regular B-spline
control points.

e (Optional) Converting the quadratic B-spline surface into Bernstein-Bézier
form to make the representation uniform.

e Covering the irregular mesh cells with bicubic patches.

The input is any mesh of points such that at most two cells abut along any
edge. The mesh cells need not be planar, and there is no constraint on the
number of edges to a cell or the number of cells meeting at a vertex. The mesh
may model a bivariate open or closed surface of arbitrary topological structure.
Each cell f of the input mesh has a shape parameter ay, called blend ratio.
The blend ratio is a number between zero and one. A smaller ratio results
in a surface that follows the input mesh more closely and changes the normal
direction more rapidly close to the mesh edges. The output of the algorithm
are the Bernstein-Bézier coefficients of biquadratic and bicubic patches that
parametrize a tangent-plane continuous surface. The surface interpolates the
centroid, the average of the vertices, of each cell of the input mesh.
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The end of this section gives two simple extensions of the algorithm that
guarantee interpolation of the mesh vertices and allow for a rational surface
representation.

af 11 —ay
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g. 11.1: Two Doo-Sabin algorithm

Al. Refining the input mesh to separate irregular mesh points by
layers ofregular B-spline control points.

The refinement gives the object its rough shape and isolates non quadrilat-
eral mesh cells. It consists of two steps of Doo and Sabin’s averaging procedure
[6]. At each step, s new points are created for each s-sided cell. Each new point
connects to four new points, two generated at the two adjacent vertices of the
same cell and two corresponding to adjacent cells of the same old mesh point
cf. Fig. 11.1. A new point corresponding to a vertex V of the cell f with
centroid S and n edges has the coordinates (1 — ay)V + ayS in the first step
and

(1—-a)V+aS, a:=asl—cos(2r/n))

in the second step.

After refining the mesh, each mesh point is surrounded by four cells. If,
the mesh point is reqular, that is, if all four cells have exactly four edges, then
the nine mesh points defining the cells can be interpreted as the control mesh
of a quadratic spline. To guarantee a C! construction also at the irregular
mesh points, the refined mesh has to be perturbed in some cases. Let B; ; be
the mesh points edge-adjacent to the vertex C; of an n-sided cell of the refined
mesh (cf. Figure 1.2.2) and define

s 2

E:= ;—; > ) (-1t By ;.

i=1 j=1
If n is even and greater than four, then the B; ; are replaced by B; j+(—1)itJE.
If ay = 1/2 uniformly, the cells of the refined quadrilateral mesh correspond
to the same quadratic and can be stored more efficiently [6, p 163]. If the input
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Figure 1.2.1: Darker regions are parametrized by biquadratics.

mesh already satisfies some or all conditions R1-R3 of Proposition 1.3.1, then
only one or no refinement step is necessary.

A2. (Optional) Converting the biquadratic B-spline surface into
Bernstein-Bézier form

Any submesh of regular points of the refined mesh can serve as the control
mesh of a biquadratic tensor product spline surface. The spline be expressed in
Bernstein-Bézier form in order to unify the representation with the representa-
tion at the irregular mesh sites. By symmetry, it suffices to give the conversion
formulae for the following four Bernstein-Bézier coefficients ();; in terms of the
spline control points C}, (cf. Figure 1.2.1)

Qoo = (Coo + C10 + Co1 + C11)/4,
Q10 = (C11 + C10)/2,

Qo1 = (C11 + Co1)/2, and

Q11 = C11.

As a second example, the mesh cell 4;B;1C;B; 2 in Figure 1.2.2 yields L; =
QOO = (Ai + Bi,l + Ci + Bz‘,2)/4, QOl = (Ci + B¢72)/2 and Q11 = Bi’z for the
coeflicients Qqp of ¢i 2.
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Figure 1.2.2: Control points A;, B;;, C;, quadratic patches q;; and cubic patches p;.

A3. Covering the irregular mesh cells with bicubic patches.

The refinement step and the interpretation of the regular mesh points of the
refined mesh as B-spline control points creates a parametrically C'! biquadratic
tensor-product surface with non quadrilateral holes. Each hole is split into
quadrilaterals as indicated in Figure 1.2.2. Each quadrilateral is covered by a
bicubic patch. The ith patch, p;, has coefficients Py ;, k,I = 0..3 such that
Pyo,; corresponds to the corner point L; of the biquadratic surface and P33
corresponds to the central point S where the bicubic patches join.

To join the bicubic patch smoothly to the biquadratic surface, the boundary
curves are the degree-raised quadratics:

1 1
Poo,i = Z(Bi,2 +Big+Ci+ Ai), Py = 5(531',2 + Bit1,1 +5C; + Cit1),
1

1
Py = E(5B¢,2 + Bi1+5C; + A;), Pso;= Z(Bi,z + Bit1,1 + Ci + Cit1),
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and the coefficients defining the transversal derivatives are chosen as
1 a
Py = %(531‘,2 +5B;1+ Ai +25C;) + §(C@ — A;)

1
Py = %(531‘,2 +5Cit+1 + Biy1,1 + 25C;)

18( 5Bi2 + Bit1,1 + Cit1 +3C;)
1 a
P31 = T —(Bs,2 + Bit1,1 + 5Ciq1 + 5C;) + 6 —(Ci41+ Ci — Bi2 — Bit1,1)
where a := 1% and ¢ := cos(2%). The coefficients Pyy; and Py, k = 0..3

are obtained by symmetry. For example, Pi3; = %(53@1 +5C;—1+Bi—12+
25C;) + 55(—11B;,1 + 3Bi—1,2 + 3C;—1 + 5C;). The definition of the surface is
completed by setting

1 n
P33; =85 = EZC%
=1
Py =Po3ip1 =8 -I- — Z cos( —l )Ps1,i41,

P —> (-1 )JEiH if n is odd
AT 2N (- §)(-1)iEi; ifnis even.
The scalar « € [0, 1] is a shape parameter proportional to the diameter of the
tangent plane of first differences (cf. [15, Fig.3]) and therefore similar to the
blend ratio of the Doo-Sabin algorithm. Its default setting is @« = 1. The
vector

2c 2c
E;:=(1- §)P32,i + Epsl,i

is an average of the interior coeflicients of the boundary curve.
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1.2.1. Extensions of the algorithm.

Ala. Interpolation at the vertices of the input mesh. After the first
of two refinements in Step Al, move the control points C;, 4 = 1..n whose
construction involves S by S — % >or_, C; for each vertex S of the input mesh.

Then S is the centroid of the resulting cell and will be interpolated. Similarly,
one can interpolate normals at the vertices.

A2a. Conic blends and rational patches. To obtain conic blends and,
more generally, rational surfaces, treat the control points as vectors in IR* and
the fourth coordinate as an additional shape parameter. If P,Q : [0,1]2 — IR?
and p,q :[0,1]2 —» IR and P = @ and p = ¢ along a boundary shared by the
functions P/p and @/q, then the continuity conditions (see next page)

Q

P
D1(—O¢)):D1— <~
q p

q(D1P — D1QD1¢M — D2QD1¢Pl) = Q(D1p — D1gD1¢lM] — DygD1412)

hold along that boundary if the masks of the algorithm are applied to the
coefficients of (P,p) € IR*. That is, the fourth coordinate corresponds to
the rational weight function. For example, choosing the weight component
of two neighboring control points in the regular mesh to be 3 rather than 1
(and keeping the other weight components at 1) yields two circular arcs with
weights (112) and one conic with weights (232) in between:

weights of the control points 1 1 3 1 1
weights of three quadratic boundary curves 112 3 2 11
weights of the control points 1 1 3 1 1

In general, the algorithm works for constructing bivariate surfaces in IR".

A3a. An alternative choice of the tangent plane at S. By default,
the tangent coefficients P35 ; at S should be constructed symmetrically from
the existing data. Since the tangent coefficients P31 at M are constructed
by applying a mask to the control points, B;; and Cj;, one can simplify the
formulae by making P33 ; depend only on the C; and ignoring the contribution
of the Bij.

Cit1+ Cit14q

4o & 2r
P =8+ 3 Zcos(;l) 5

=1
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1.3. Structure, smoothness and shape of the surface

This section analyzes the construction. The first part examines the refinement
process. The second proves consistency and smoothness of the surface. The
third discusses shape properties of the resulting surface. The fourth considers
the special case of triangular mesh cells.

1.3.1. Mesh structure.

Denote as c-c every pair of non-4-sided cells arising from two adjacent non-4-
sided cells or from two adjacent non-4-valent vertices and as v-c every pair of
non-4-sided cells arising from a non-4-sided cell and its non-4-valent vertex.

PROPOSITION 1.3.1 The two refinements in Step Al result in a mesh such
that R1 every interior control point has four neighbors, R2 every c-c pair is
separated by three layers of quadrilateral cells and R3 every v-c pair is separated
by one layer of quadrilateral cells.

Proof. Since every new control point is connected to two new points on the
same original cell and across to edges of that cell, R1 holds already after the
first step. One step separates any two cells by one layer of quadrilateral cells.
This implies R2. R3 follows from the same argument since every v-c pair still
has a common vertex after the first refinement.

COROLLARY 1.3.2 The control points B; j of a v-c pair of cells are distinct.
The perturbation of any B;; does not alter the control points of a cell that
contains the centroid of a cell of the input mesh.

Since the endpoints of the new and old edges together with the centroid
form similar triangles, the refinement leaves all facet-cell edges parallel to the
original facet cells.

1.3.2. Smoothness.

This section shows that splines generated by the surface form a smooth vector
space. Here smoothness stands for oriented tangent plane continuity which is
characterized as the agreement of the derivatives of two maps p and ¢ from IR?
to IR"™ after reparametrization by a map ¢ from IR? to IR? that connects the
domains (2, and €24 of p and ¢:

p=qoyp and Dip=Di(goyp) alongE,

where p(Ep) = Eq, E, and E, are edges of 2, and €}, respectively. D1 denotes
differentiation in the direction perpendicular to E, and the connecting map ¢
maps interior points of {2, to exterior points of €2, thus avoiding cusps. The
components of ¢ are @[l and l2

THEOREM 1.3.3 The surfaces generated by the algorithm are tangent plane
continuous. Surfaces generated from input meshes with the same connectivity
and the same blend ratio for corresponding cells form a smooth vector space.

The proof of the first part of the theorem is divided into four lemmas.
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The first proves smoothness between the biquadratic patches, the second and
third between biquadratics and bicubics at L; and M; and the fourth between
bicubics at S (cf. Figure 1.2.2). Showing that the cubic polynomials D1 (p; —
gi,j © $ij) and D1(pi—1 — p; o)) and their Dy derivatives vanish at L;, M; and
S implies that they vanish identically establishing overall smoothness. The
vector space property follows from the linearity of the algorithm for fixed blend
ratios and connecting maps and the observation that two surfaces generated
from input meshes with the same connectivity have a natural correspondence
of abutting patches and hence are joined by the same connecting map.

LEMMA 1.3.4 The conversion of the reqular mesh points in Step A2 gener-
ates the Bernstein-Bézier coefficients of a parametrically C1 surface equivalent
to the biquadratic tensor-product spline.

Proof. Since the centroid of any four points is also the intersection of lines
through opposite midpoints, the transversal derivatives across any boundary
agree pairwise. That is, D1q1 = D1g2 and ¢ = id for adjacent patches ¢; and
g2 as claimed.

LEMMA 1.3.5 The extensions of the biquadratic patches g;,1 and g; 2 define
the mized derivative of p; at L; consistently.

Proof. Choose the coordinate system such that p;(0,0) = L; and p;(1,0) =
M;. Then for each patch g;;, 7 = 1,2, the patch p; is chosen such that
Pi = qij o ¢ij and Djp; = Dj(qi ;o ¢; ;) along the common boundary, where

a:= 1%, ¢:=cos(2) and

. a . a(l —t1)
i1 = id + L1t [a(l _ tz)] ) $i2 = 1d + t1t2 [ a ] .

For simplicity, we drop the subscript 7 and do not explicitly mention that we
evaluate at the origin.
We need to show that

D1D3(q1 o ¢p1) = D1Dap = D1D2(g2 o ¢2). (L)

Expanding the left hand side of (L) according to the chain rule and noting that
D3¢ = (0,1) and Di¢2 = (1,0), we have

D1D2q1 + D1Q1D1D2¢[11] + D2(J1D1D2</>[12] = D1D>q1 + a1D1g1 + a2D2qs.

The expression for the right hand side is obtained by symmetry. By construc-
tion of the complex, D1D2q1 =A+C—-B;1—B> = D1D2g2. and Dj(]z = qu1-
Thus the left hand side of (L) equals the right hand side and uniqueness of the
mixed derivative D1 Dsp follows.

LEMMA 1.3.6 The patches join smoothly at M;.
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Proof. We choose the coordinate system such that p;(0,0) = M, and
pi(1,0) = L;4+1. Then

Dyp; = D3 (gip 0 ¢;1), m=0,1
Dgnpi—l = Dgn(qi—lﬂ o ¢;_1,2), m = O, 1

. _cC — 27
along the common boundary, where a := %, ¢ := cos(<") and

¢2—1,2(—t1at2) = ¢§,1(t1’t2) =id + at2(1 B tl) [tll] .

We show that this choice of reparametrization is consistent with the smooth
join of the bicubic patches

. -2
Dppioa=Dp(iow) m=0.1, w=id+nn 0l o

For simplicity, we do not explicitly mention in the following that we evaluate at
the origin. For m = 0, we check p;—1 = piO'L/)Z’-, Dopi—1 = (1+a)D2qi_172 = (1+
a)D2gi ;1 = Da(p;ovp}), and Dip;—1 = D1¢i—1,2 = D1¢i;1 = Dip; = D1(piov)}).
For m = 1, we observe that DlDZQi—1,2 = D1D2Qi,1, DlQi—l,Z = DICIi,l and
hence

D3 D1pi—1 = D2D1(gi-1,2° ¢;_1 5)
= (14 a)D1D2gi—1,2 + a(D1gi—1,2 + D2gi—1,2)
= D2D1(gi,1 © ¢ 1) +2aD2gi

2a
= DaD1p; + T+a aDZPi-

The claim follows since D3 D1 (p; o ¥;) = D2D1p; — 2¢D1p;. and % = —2c.
LEMMA 1.3.7 The bicubic patches meet smoothly at S.

Proof. We choose the coordinate system such that p;(0,0) = p;—1(0,0) = S
and p;(1,0) = M; and show that

Dlpi—l = Dl(pi o 'Lﬁz), where 'Lﬁz =id + tl(l - tz) |:2OC:| . (I)

In Bernstein-Bézier form this yields 4 constraints. Since two of these hold at
M by the previous Lemma, we need only show that

2(1 —¢)S = P32,i—1 — 2cP32,i + P32,i+1 (Is)
2c 2c
2((1 — ?)P32,i + 31’31,1') =P i1+ P2 (1)
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to establish tangent plane continuity between adjacent bicubics p; and p;_1.
Constraint I3 holds since

ZCOS —Z )(P31,i—1 — 2¢P31 + Ps1,i41)

= ZP31,i (COS(%T(Z' -1))+ cos(zn (i+1)) — 2cos(2%) cos(%rz')) =0.

If n is odd, then

n
P14+ Pazj = — Z(_l)j(Ei+j—1 + Eitj) = 2E;
=1

as required by (I4). If n is even, then

n

. @ — - 27
D (=1)iPs ;== "(=1)i Y cos(—1)Ps1,j11 =0
j=1 gt =1 "
since Z?=1(—1)J cos(2%j) = 0 and E 1(=1)iPs; ; = 0 since the C; cancel

and the perturbation forces E := )., Zj:]_(—].)i+jBi,j =0. (E =01is also
a necessary constraint for solvability.) Therefore Z?Zl(—l)j E; =0 and

22 . _
Pri—1+ P2y = - (n—5)(=1)1(Eitj—1 + Eit+j)
j=1
-2 2 '
= W(Z(_l)jEj — nEz) =2F;

j=1

as required.

The join between the bicubic patches with the above connecting map leaves
three coefficients at S free to choose. Since E = 0, it is always possible to solve
the least squares problem

S S
min Y |[Psy; — Pa2ill2+ Y 1Py — Pazill?
=1 =1

subject to the constraints I3 and 14, where the Py, ;, P5, ; are desirable loca-
tions obtained, say, from degree-raising. The particular solution used in the
algorithm has the advantage of being explicit and symmetric. We also note
that if n = 4, and hence a = 0, then the patches generated by Step A3 are
biquadratic rather than bicubic.

1.3.3. Shape considerations.
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This section shows that the surface is locally flat exactly when the input mesh
is locally flat. It also characterizes monotonicity for symmetric data and proves
that the surface tautly interpolates the input mesh when the blend ratios are
Zero.

PROPOSITION 1.3.8 A biquadratic patch with center coefficient Q11 gener-
ated in Step A2 has zero curvature if and only if the four cells surrounding the
meshpoint C11 = Q11 are coplanar. Two adjacent coplanar cells, give rise to
a linear boundary curve.

Proof. The 9 by 9 system of equations relating the control points to the
Bernstein-Bézier coefficients is of full rank. While the linearity of the boundary
curve follows from coplanarity, the reverse does not hold, because the system
is 3 by 6.

PROPOSITION 1.3.9 The curvature at S is zero if and only if Ps1,,1 = 1..s
and S lie in the same plane.

Proof. According to Lemma 1.3.7, all P32 ; and S lie in the same tangent
plane. Let P(n) be the component of P normal to that plane. If some P31 ;
does not lie in that plane, then the curvature of the ¢th boundary curve is
nonzero and the P»; do not all lie in the plane either. The latter follows by
contradiction from I: 2cPs1,; = 2((1 — ¢)Ps2,4(n) + cPs1,4(n)) = Pa2i—1(n) +
Py3;(n) = 0. Conversely, if all Ps;; lie in the tangent plane, then the normal
components of all P32; and P»2; are zero by construction.

COROLLARY 1.3.10 If all C; and (B;1+B;2)/2 are in the same plane, then
the normal curvatures at S are zero. If additionally all A; and (B;1 — Bi2)/2
are in the common plane, then the bicubic patch is flat.

To analyze monotonicity of the surface define the averages Sp := % iy Psig
and S¢ = %Zle C;. Assume local symmetry of the control mesh at S i.e.
Ait1, Biy1,; and Cjy1 can be obtained from A;, B;; and C; by a rotation
by %’r and local converity of the control mesh, i.e. the extensions of the cells
spanned by A;, B;; and C; i = 1..s form a convex cone. Let 8* > 1 be the
smallest value such that S¢ + 5*(Sp — Sc¢) intersects the cone. Then we can
more generally choose P33 ; = S = Sc + 8(Sp — Sc)- Setting 8 = 0 guarantees
interpolation at the centroid.

LEMMA 1.3.11 If the control mesh is locally convex and symmetric, then
for s > 4 the boundary curves are convezr if 1 < 8 < B*; fors =3, 8 =1
is sufficient. If s > 4, then the components P;j(n) of the coefficients normal
to the tangent plane are monotonically increasing with © + j if and only if

A(n) > 8¢ B(n).

Proof. Due to symmetry the C; are coplanar and we may denote the normal
distance of a point P from that plane by P(n). Dropping the subscripts of the
control points we have A(n) < B(n) < C(n) =0 < 8 = P33,(n) = S(n). By
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symmetry, the curve with coefficients [P3g,i, 3Ps1,i, 3Ps2,:, Ps3,;] constructed in
Step A3 falls into a perpendicular plane. Since 1 < a = %_c for s > 4, and
B(n) <0,

Pgl,i(n) = B(n) > 0.

That is, the plane through the C; separates the M; from the plane in which S
and the coeflicients P32 ; lie if S = S¢. The boundary cubic has therefore an
inflection in the Bernstein-Bézier polygon unless > 1, i.e. S(n) > Ps1,(n).

For s > 4, set A(n) =: kB(n), k > 1 and b := 1522 < 0. Since 8 > 1,
Ps3(n) = P31(n) + ebB(n), € > 0. Then

Pz P13 Pz Pss
Py P12 P Pz (n)
Pyy Py P P3
Py Pig Py Pso

1 b (1+eb (1+¢€)b
t a _
_ 5 b+ 5 (I+(1—c)e)b (1+¢€)b B(n)
2 t: 3t 2 2
We check the four difficult cases for monotonicity.
Pzz(n) < le(n) : (1 — C)Cb <0< g
a 3—4a 1
P21(’I’L)<P2()(’I’L). b+§— 18 <0<§
10 — 18 + k — 3k — bak 8+ Tk
P, P, : — 0
11(n) < Pio(n) 36 < 36 <
6 —8a — 10 — k + bak
P12(n) < Pll(n) : 36 <0

The last relation is responsible for the extra condition on the normal component
of the A; and B@'j.

LEMMA 1.3.12 An edge between two cells with zero cut ratios is interpo-
lated. Planar cells with zero cut ratios are covered by a planar surface.

Proof. Step A3 applies at two types of irregularities in the mesh. A vertex
irregularity originates from a vertex of the input mesh that does not have four
neighbors. Here all points A;, B;j, C; and hence all patches are coalesced into
one input mesh point if the ratio is zero and hence the point is interpolated by
the surface. A cell irregularity originates from a cell of the input mesh that is
not quadrilateral. Here the points A;, B;;, C; are coalesced into their respective
input mesh point, say L; and the quadratic border patches degenerate into
straight lines L; M; and L; M;—1 where M; = (Li+1 + L;)/2. Since the cubic
construction averages the L; and the L; are coplanar, the second claim follows.
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Figure 3.1: Coefficient distribution for ¢ = id + tit2

and ¢ = id.

_a(l — tz)

For a similar surface construction, [18] establishes that the surface lies in
the convex hull of the control mesh.

1.3.4. A remark on parametric C! continuity, bicubic patches and
triangular mesh cells.

Choosing the extension across the boundaries of the biquadratic complex to be
parametrically C1, i.e. ¢; ; to be the identity, leads in general to an inconsistent
system of equations for bicubics. In particular, qup;[l] has to be at least

quadratic, since D2D11/);[1] (0,0) is zero rather than —2c. This results in n
additional constraints but only one of n tangent coeflicients and one of n
twist coefficients may be chosen freely in addition to S. Therefore, one can
in general not cover an n-sided hole with bicubics that extend a biquadratic
patch complex parametrically C'1 across its boundary.

An exception occurs for n = 3 due to the fact that three points always
lie in a plane. One can then choose the boundary curves to be the quadratic
pi-1(0,%) = pi(0,t) = Mi(1 — )2 + (Ci + Ciy1)t(1 — t) + St2,

Qbij =id and ;= id—l—tl(l —t2)2 |:206:| ,
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and
S=(C1+C2+C3)/3
P33 = (4C; + 4Ci41 + Ci-1) /9
1 1 1 o
Pa; = 5(7@ + Cip1 +Ci—1) + ECi ~ 12 ;(—1)j(3j,2 + Bjt1,1)-

This solution can also be applied if the surrounding patch complex is bicu-
bic resulting in the construction of [11, Figs 4.1-3]. Figure 3.1 compares the
distribution of the Bernstein-Bézier coefficients
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1.4. Examples

The following examples illustrate the flexibility of the algorithm with respect
to the topological structure and the blend ratio. The regular mesh regions
covered by a biquadratic spline complex is shaded dark. The second object uses
a = 0.15 everywhere in the first refinement except at the mesh points labeled
a = 0.0 and o = 0.5. This illustrates a more general rule for associating blend
ratios with edges to achieve locally a larger or zero blend radius. The algorithm
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maximal absolute principal curvature approximate reflection lines

in Section 2 uses one ratio for each cell only to simplify the exposition. The
top cube of the third object is twisted to make sure that the 6-sided mesh cell
at the common point of the cubes is not symmetric. The object also features
irregular 3, 4 and 5-sided mesh cells. The details below show a shading by the
maximum of the absolute value of the two principal curvatures. The grey values
range linearly from the least curvature on the object (black) to the maximal
curvature (white). High curvature concentrates in the hyperbolic twist region
and along edges leading into the relatively flat six-sided region.
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1.5. Conclusion

The preceding sections defined and analyzed an algorithm that generalizes
the construction of biquadratic tensor-product B-spline surfaces to irregular
meshes. Given a mesh of points that outlines an open or closed surface in
space, the algorithm constructs a C?! surface that closely follows the mesh.
Most of the surface is parametrized by a biquadratic spline whose control
points are obtained by refining the input mesh. The remaining mesh regions are
parametrized by bicubic patches in Bernstein-Bézier form. The construction
can be extended to rational patches and to interpolate at the vertices of the
input mesh.

The algorithm combines a number of ideas and techniques from the lit-
erature with new insights. Interpreting a mesh of regular points as a control
mesh for a tensor-product spline surface and, generally, refining an input mesh
reflect the well-known approach of generalized subdivision. Here, however, the
refinement is used for a new and different purpose. Rather than iterating to
the limit, the refinement is only applied twice to give the surface its rough
shape and create a new mesh with separated irregularities. Naively used, the
refinement leads to a large number of polynomial pieces; in practice, one would
use a hierarchical approach to evaluation and display.

The strong points of the representation are its low degree, standard tensor-
product representation and the simplicity of the construction. The represen-
tation defines an interpolating spline space for modeling surfaces of arbitrary
topology. The low degree of the parametrization and the construction by aver-
aging limit the potential for introducing extraneous features when smoothing
the input mesh.
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