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1 Introduction

It is common to represent a polynomial on an interval or triangle by its Bézier points,
since this is useful both in theory and in applications such as computer aided geometric
design. One useful feature is that the appropriate piecewise linear interpolant of the Bézier
points, the so-called Bézier net, reflects the shape of the polynomial curve or surface. For
the univariate case the total positivity properties of the Bézier representation give rise to
many such shape preserving properties, see [5]. For the bivariate case, total positivity is
not available, but it is shown in [2] that convexity of the Bézier net implies convexity of the
polynomial surface. This work also implies (though it is not stated there) that the Bernstein
polynomial B, f of a function f on a triangle preserves a stronger form of convexity, which
is related to the triangle.

Another useful feature of the Bézier representation is that it provides an approximation
to the polynomial. If the interval or triangle is subdivided, then a new piecewise linear
approximation can be gained by combining the Bézier nets over the constituent pieces. Under
suitable successive subdivision, these composite Bézier nets will converge to the polynomial
surface and can be computed by efficient algorithms [10]. A particular algorithm for regular
subdivision of a triangle is given in [4]. This type of regular subdivision preserves the
convexity of the Bézier net [6], (which is not true of subdivision procedures in general [8]),
and thus gives an efficient means of gaining a sequence of convex, piecewise linear surfaces
converging to a convex polynomial surface.

Curiously most of the above results have not previously been extended to more than
two dimensions. One paper which considers this problem is [3], where it is shown that for
a polynomial defined on a simplex in any dimension, convexity of the Bézier net implies
convexity of the polynomial. In this paper we extend the remaining results. In more than
two dimensions the situation is interesting in that there are many triangulations over which
one can define the Bézier net, depending on the ordering of the vertices. We study such
triangulations in Section 2. While these are the same triangulations as considered in [3],
we study them in more detail so as to gain, in particular, explicit necessary and sufficient
conditions for the convexity of the Bézier net, which were not given in [3]. These conditions
are derived in Section 3, where they are used to show that the Bernstein polynomial By f of
a function f on a simplex preserves a stronger form of convexity, that takes the generating
directions of the simplex into account. In Section 4, we derive an efficient algorithm for
computing the Bézier points on a regular subdivision of a simplex, generalizing the algorithm
in [4]. Finally, in Section 5, we show that this subdivision process preserves the convexity of
the Bézier net.

Throughout the paper we shall employ the standard multi-index notation referred to by
greek letters: for a:= (ay,..., o) € ZY,

oal=o1+...+a, al i =aq!- o,
|| :

and for x := (zy,...,2,) € R",

x® =2

[e27)
n *



A particular multi-index €’ is defined as

e 1 1=y
“7 ] 0 otherwise.

Depending on the context V := [Vq,..., V,,] means either that V is a matrix with columns
Vo, ...,V or that V is a simplex with vertices Vg, ..., V..

2 Triangulation

Let V be a simplex in IR" with affinely independent vertices Vg,...,V,, in R", 1 < m < n.
For £ > 1, we define a decomposition of V into subsimplices called the 'standard triangula-
tion’ and denoted by

T = Tem(V) = Ti(Vo, ..., Vin)

as follows. Each multi-index o € {0,...,m}*, where oy < ... < a gives rise to a point
U i=k'(Voy +...+ Vo)

in Ty .. A simplex U lies in T} ,, if and only if it has vertices Uqpo, ..., Uqm such that

o) =o't 4 €, j=1,....m, {;e{l,... k}, (S1)
o =)y, r=1,....k—1. (S2)
Since |a™| = |a®| 4+ m, constraint (S2) implies o) = 0 and of* = m. Note that T}, depends

on the ordering of the vertices. Now given a simplex U in T} ,,, we can define a map
Fu:{l,....,m} —={1,...,k} J— Fu(y) =¢;.
That is, Fy(j) is the unique index ¢; = r for which o/ = o/~ + 1. The map U — Fy

confirmed by the fact that for each simplex U in T} ,,, vol U = k7™ vol V. To clarify
the definitions we give some examples. For simplicity we denote the simplex with vertices
Uqos---,Uam by (@, ... a™).

Example 1: m =2,k = 2.

U Fy(1)  Fu(2)
(00,01,02) 9 2
(01,02, 12) 2 1
(01,11,12) 1 2
(02, 12,22) 1 1



Example 2: m =3,k = 2.

U Fu(l) Fy(2) Fy(3)
(00,01,02,03) 2 2 2
(01,02,03,13) 2 2 1
(01,02,12,13) 2 1 2
(01,11,12,13) 1 2 2
(02,03,13,23) 2 1 1
(02,12,13,23) 1 2 1
(02,12,22,23) 1 1 2
(03,13,23,33) 1 1 1

Example 3: m =2,k = 3.

U Fy(l)  Fu(2)
(000,001,002) 3 3
(001,002,012) 3 2
(001,011,012) 2 3
(002,012,022) 2 2
(011,012,112) 3 1
(011,111,112) 1 3
(012,022,122) 2 1
(012,112,122) 1 2
(022,122,222) 1 1
Note that T%(Vo,..., V) is unchanged under a cyclic permutation or reversal in the

order of (Vp,..., V). Thus for given vertices {Vp, ...,V }, there are at most m! different
standard triangulations. For m = 2, the standard triangulation is unique, but for m > 3,
T may depend on the ordering of the vertices. As an example, consider m = 3,k = 2.
The corner simplices (00,01, 02,03), (01, 11,12, 13), (02, 12,22, 23), (03,13, 23,33) are clearly
permuted on permuting the vertices. The remaining simplices are

(01,02,03,13), (01,02,12,13), (02,03,13,23), (02,12,13,23). (2.1)
Interchanging Vi and V] changes the simplices to

(01,12,13,03), (01,12,02,03), (12,13,03,23), (12,02,03,23). (2.2)
while interchanging V; and V, changes the simplices to

(02,01,03,23), (02,01,12,23), (01,03,23,13), (01,12,23,13). (2.3)
Note that all 12 simplices in (2.1) - (2.3) are distinct.

We now investigate when a simplex U := [Uqo,...,Uqm] in T}, shares a common face

with vertices {Uqpo, ..., Uam }\{Uar} with another simplex W := [WBO’ ey Wﬂm] in T .

There are three possible cases.



0 < p<m. In this case, B/ = o/ for j # p and W satisfies Fyy(p) = Fy(p + 1) and
Fw(p+1) = Fu(p) and hence Fy(p) # Fulp+1); Fw(j) = Fu(j) otherwise.

p =0. In this case, 3 = a/*! for j = 0..m — 1 and W satisfies Fyy(j) = Fy(j +1),j =
l..m — 1 and, by (S2), Fw(m) = Fy(1l) — | and hence Fy(1) # 1.

p=m. Here B = o/~ for j = l..m and W satisfies Fyy(j) = Fw(j — 1),5 = 2..m and
Fw(l) = Fuy(m) + 1 and hence Fy(m) # m.

We next consider triangulating the simplices in T} ,,. Such subtriangulations will be
needed in Section 5.

Lemma 2.1 Take k,1 > 2 and let U in Ty(Vo, ..., V,n) have vertices Ugpo, ..., Uam, where
a’, ... a™ satisfy (S1) and (S2). Then T)(Ugp, ..., Uam) is the restriction of Ty (Vo, . .., Vin)
to U.

For any multi-index 8 € {0,...,m}, with 3, < ... < B3, we define BB = T Uqe +
...+ Ugqs ) and the multi-index 8 € {0,..., m}* whose components are the components of
o’ ... &P arranged in increasing order. If 3% := (ay,...,ay), then, Bﬁu = (kl)~Y(V,, +
...+ V,,,). Now take a simplex W in T)(Uqe,...,Uqm), with vertices B,BO’ e ,Bﬁm such
that (S1) and (S2) hold (with a replaced by 8 and k by [). It follows that (S1) and (S2) hold

with a replaced by 3% and k by kl. Thus W is in Ty(Vo, ..., V,,). Hence T)(Uqeo, . .., Uam)
is the restriction of Ty (Vo,..., Vyn) to U. O

The standard triangulation is also well-defined on any lower dimensional simplex spanned
by consecutive vertices in V.

Lemma 2.2 For 1 <r < m—1, the restriction of Ty(Vo, ..., Vi) to the simplex with vertices
Vo, ooy Viis Ti(Vo, ..., Vy).

It is sufficient to prove the result for r = m — 1. The restriction of Ty(Vo,...,V,) to
Vo, ..., Viuo1] consists of

{[Uao,-- Uama]: [Uqo,...,Uam] € Tol Vi, ..., Vi), af <m —1,i=0..m — 1}.

But these are all simplices [Uqo, ..., Ugm-1] for which a‘e{0,...,m — 1}F. o} < ... < ai,
satisfy (S1), (S2) with m replaced by m — 1, i.e. they form Ty (Vq,..., V1) O

Since Ty(Vo,...,Vy) is unchanged under a cyclic permutation of (Vg,...,V,,), we can
replace (Vg,...,V;) in Lemma 2.2 by any cyclically consecutive subsequence of (Vg, ..., V,,).



3 Convexity

If vV =1[W,...,V,] is a simplex, we say a point x in V has barycentric coordinates u =
(ug, - .., Up) € R™ (with respect to V) if

x = Vu Eui = 1.
1=0

If p is a polynomial of degree d on V, we say that p has Bézier coefficients
b(y), where v € ZT"", and |y|=d

with respect to V if
d!
p(x) = > ?b(v)u'yax €V, (3.1)
1YI=d "

where x has barycentric coordinates u. We define the Bézier net p of p with respect to V
to be the unique continuous function on 'V which is linear or each element of 73,,(V) and
satisfies

5 (V) =0, = (32

It is shown in [3] that if p is convex in V, then so is p. However, [3] does not give explicit
conditions for p to be convex and these we shall now give. We define

eli=€e" V.=V,

and, for V in IR", the directional derivative Dy := 37 ‘UZ'%.

Theorem 3.1 For a polynomial p of degree d defined on the simplex V := [Vo, ..., V], the
following are equivalent.

a) The Bézier net p of p is convex.
b) The Bézier coefficients b(k) of p satisfy
by +e+e ) +by+e +e ) >b(y+et ) by + €+ €) (3.3)
for all0 <i1<j<m and'yéﬂfﬂ with || = d — 2.

¢) The Bézier coefficients of Dy, v, Dy,_v,_,p are <0 for all 0 < < j < m.

As in the proof of Lemma 2.5 of [3], the convexity of p is equivalent to the convexity of p
restricted to the union of each pair of simplices in 7} ,,, that share a common face of dimension
m — 1. We show that one needs only consider a 2D slice of the abutting simplices and hence
the equivalence of a) and b) follows from Inequality (2.2b) of Lemma 2.5 in [3].



Suppose that U and W in T; have a common face of dimension m — 1. Then, in all three
cases enumerated at the end of Section 2, the points with barycentric coordinates

Ay + e+ e and dHy + € + €)

for some 2,7 with 0 <7 < j < m and || = d — 2 are contained in both simplices while those
with coordinates

Ay 4+ €+ ) and dH(y+ €7+ €)

lie in just one of the simplices. Conversely, take any v with |[v| =d—2,and 0 <7 < j < m.
We show that there are simplices U and W in 7} ,,, with a common face of dimension m —1,
so that both simplices contain d=!(v+€' "1 +€/~!) and d~! (v +€' +€’) while d"} (v +€' +€'71)
and d~(v + €' + €) each lie in just one of the simplices. First suppose 7 > 1. Let

dUq :Vao—|—...—|—Vad:Z’y;Vl—|—Vi_1—|—Vj_1, where o < ... < ay
(=0

i.e. the point Uy has barycentric coordinates d='(y + €' + €/7!). We define U :=
[Uqo,---,Uam] so that @' = a and Fy(l) = 1, I = 1l..p — 1 by defining p := a; + 1
and

=1 aki=ap, forl=0.p—1, k=2.d.

Let Uqr and Uge+1 have barycentric coordinates d=1(~ + € + €/7!) and d~ (v + €' + €’)
respectively. We complete the definition of U by defining Fy5 so that

Fy(l-1) < Fy(l),l=p+2.mand af =m,a]* =al,; = ayp1,r = 1..d — 1.

Example 4: Tllustration of the construction in Theorem 3.1 for m =3, d=2,1 =1, 75 =2
and of the standard indices a' and barycentric indices 4* (in parenthesis) of T} 3.

¥ = (0000)

a = (1 (1100)

p =1

a’ = 01 (1100)

a' = 11 (0200)
a’*= 12 (0110)

o’ = 13 (0101)

r =1 af =af =1
B' = 02  (1010)



Choosing W := [Wﬂo,...,Wﬂm] such that 8" = a',l # p, and B7 with barycentric

coordinates d~!(y + €'~ + €’) defines U and W that satisfy (S1) and (S2). For ¢ = 0,
we define U, W similarly. It now follows from the proof of Lemma 2.5 of [3], specifically
Inequality 2.26, that a) is equivalent to b).

Equation 3.1 implies that the Bézier coefficients of Dy, _v,_, Dy,_v;_, p are
dd=D{b(y+ e +e)=by+e7 +&)—by+e+e7)+by+e + 7)),
|7| = d — 2, and hence b) and ¢) are equivalent. O

m+1 . 0

Defining € := €°, we see that for m = 2 and ¢ = 0, 1, 2 the inequalities 3.3 become

by +et+e)tblyte™ +eT)Zh(y+eT ) Hh(y+e+eT,
while for m = 3 and ¢ = 0..3, they become,
by +et+e)tblyte™ +eT)Zh(y+eT He) Hh(y e+,
by + e +e)+b(y+e +e)>b(y+e +e)+b(y+e +e)

by+e +e)+by+e +e)2b(y+e +e)+by+e +e)

in both cases for all |y| =d — 2. For m = 2 this is (29) - (31) of [2], while for m = 3 this is
(2.11) and (2.20) of [3].

>b
>b

Now for affinely independent points Vg, ..., V,, in IR",1 < m < n, we say a real-valued
function f defined on V := [Vg, ..., V,,] is strongly convex with respect to V if for any h > 0
and 0 << j <m,

Jx+hV:+hVia) + f(x+hVia+hV;) > f(x+hVioy + AV )
+ f(x+hVi+RY)) (3.4)

for any x for which this is defined, where V_; = V,,,. For m = 1 this is equivalent to convexity
of f. For m = 2 it is defined in [7] and is independent of the order of Vg, V1, V5. For m > 3,
the definition depends on the ordering of V, ..., V,,.

Lemma 3.2 If f is in C*(V), then f is strongly convex wrto. V if and only if

DV]—V]_1DV¢—Vz‘_1f < 0, 0<q <j < m. (35)

Integrating Dy, _v,_, Dv,_v,_, f over the planar parallelogram with vertices
X+ hVi+ hViey, x4+ hVig + BV, x4 hViy + hViy, x4+ hVi + hV;,

Inequality 3.5 implies Inequality 3.4. Conversely letting 2 — 0 in Inequality 3.4 gives
Inequality 3.5.0



Now for a function f on V, we define the Bernstein polynomial B;f of f of degree d
(with respect to V) by

where x has barycentric coordinates u.

Lemma 3.3 If [ is strongly convex wrto. V, then Byf is convez.

From the definition of strong convexity, we see that the Bézier coefficients of B,f satisfy
Inequality 3.3 and hence the Bézier net of Byf with respect to V4,...,V,, is convex, by
Theorem 3.1. It follows from Theorem 2.2 of [3] that Byf is convex.O

Theorem 3.4 If f in C°(V) is strongly convex wrto. 'V, then f is convex.

By Lemma 3.3, B;f is convex for all d. But it is well-known that B, f converges uniformly
to f as d — oo, [9], and hence f is convex.O

From Lemma 3.2, we immediately have
Corollary 3.5 If f is in C*(V) and salisfies Inequality 3.5, then f is convex.
Finally we have the following stronger form of Lemma 3.3.

Theorem 3.6 If [ is strongly convex wrto. V, then so is Byf.

We have seen that the Bézier coefficients of B, f satisfy (3.3). By Theorem 3.1, the Bézier co-
efficients of Dy, _v,_, Dy,_v;,_, Bqf are < 0forall 0 <: < j < mand hence Dy, _y,_, Dy,_v,_, By <
0. By Lemma 3.2, B, f is strongly convex with respect to Vy,...,V,,.0

4 Subdivision

For 0 < 37 < m, we define the operator E; as follows:
a:R™ SR, FEja(v):=a(v+é).

Then Equation 3.1 can equivalently be written as

p(x) = (Z quj) ), (1.1

where x has barycentric coordinates u (cf. [1]). For V as before, let V* be a simplex with
vertices V*,7 = 0..m that have barycentric coordinates u' with respect to V.

8



Theorem 4.1 If a polynomial p of degree d has Bézier coefficients b(~y) with respect to V,
then it has Bézier coefficients b*(~y) with respect to V*, where

1=0 \j=0

v) = ﬁ (i u;'.Ej) b(0). (4.2)

Take a point x with barycentric coordinates u with respect to V*. Then

m m m m m
x =3 wVi =3 wid upVi=3 Vi) u
=0 =0 j=0 7=0 1=0
So x has barycentric coordinates v with respect to V, where v; = 37 g wul, j = 0,...,m

Then

ox) = (ZVE) 40)
ifﬁ%&}wm

7=01:=0

{ d
( .

3

.
Il
=]

7=0

m d

=0

The last equality follows from the multi-nomial theorem and Definition 4.2: if v = €', then
(4.2) implies 372 u’ E;b(0) = E;b*(0). O

We remark that this generalizes Theorem 8 of [2], though the proof here is simpler. We
now derive a formula for the Bézier coefficients with respect to the simplices in the standard

triangulation T5(Vg, ..., V) of V.

Theorem 4.2 Suppose that p is a polynomial of degree d with Bézier coefficients b(~y) with
respect to V.. We extend b in an arbitrary manner to define b(~y) for v € %Z:’f"’l, |y = d.
For 0 < < j <m, we define the averaging operator:

1 . 1. 1. 1.
AGi,3)b() = 5 {by + 5€ = S€) + by — se e
Then with respect to the simplex U = (igjo, ..., tmJm) in Ta, p has Bézier coefficients

5(7) = (A(i()’jo)ko - A Lm;]m (Z kl 6” 4 6]1 ) )

Here A(i,7)* = (A(i,5))".



By Theorem 4.2,
H Ey,+ L) b( ). (4.3)

For 0 < < m we define the operator
1 .
Aja(v) :=a (v + 562) .

Then for 0 < i < j < m, 1 (E; + E;) = A;A;A(i,j). Since all operators commute, (4.3)
gives

b(v) = [IAGH)" ] AFA%b(0)
(=0 (=0

= H ll;]l klb (Zk[l 6“ + 6]1 ) .

[\)

As an example, take m = 3 and U = [00,01,02, 03], which is the unique simplex in 75
containing V. Then, since A(0,0) is the identity, we have

. . 1 1.1, 1
i ko 1) = (A0, 1)/ (A(0,205(A(0,3)D) (i + 30 + b+ D), 5, 5k 1)

In particular, d =4, =2,5 = k= 1,1 =0, gives
. 11
b, 1,1,0) = (A0,1)A(0,2)8) (3.5, 5,0)

1 71 1 5
= —A0,1)b| =, = —A0,1)b{ =, 1
A0 (5:5:0:0) 45400 (5. 10)

1
= {b(4,0,0,0) +5(3,1,0,0) + 5(3,0,1,0) + b(2,1,1,0)} .

5 Convexity and Subdivision

We have just obtained a formula for expressing the Bézier coefficients of a polynomial p with
respect to a simplex V in terms of the Bézier coefficients of p with respect to a simplex in the
subdivision T3 ,,, of V. More generally we can consider the Bézier coefficients with respect to
the simplices of T} ,, for any k£ > 2. Piecing together the Bézier nets of p with respect to all
of these simplices will then give a piecewise linear function over V. To be precise we define
the composite Bézier net py, of a polynomial p of degree d with respect to T}, ,,,(V) as follows.
For any simplex U := [Uqeo, ..., Uan] in Ti(Vo, ..., V) the restriction of pi to U equals the
Bézier net of p with respect to U. Then Lemma 2.1 implies that p, is a continuous function
which is linear on each element of Tyq,,(V).

10



Theorem 5.1 If the Bézier net of a polynomial p with respect to Vg, ... V,, is convex, then
for any k > 2 the composite Bézier net of p with respect to Typ(Vo, ... V) is also convez.

The proof follows ideas that were put forth for the case m = 2 in [11]. Suppose that the
Bézier net of p with respect to V4,....V,, is convex. Then by Theorem 3.1, the Bézier
coefficients of Dy, _v,_ Dy,_v;,_,p with respect to V are < 0 for all 0 < < ;7 < m. Now
let U be any simplex in T%(Vo, ..., Vin). It follows from Theorem 4.1 that the Bézier coef-
ficients of Dy, _v,_, Dy,_v;,_,p with respect to U are also < 0 for all 0 < i < j < m. Let
U := [Uqo,...,Uam] with @, ..., a™ satifying (S1) and (S2). Then (S1)and (S2) imply a
bijection T : {1,...m} — {1,...,m} so that for j = 1,...,m,

Uai — Uqi—1 = k_l(VT(]-) — VT(j)—l)y (51)
and Ugo — Uam = k™1 (Vy — V). Therefore, with ™ := a™, the Bézier coefficients of

DUaJ _Uaj—l DUai —Uaz‘—1p

with respect to U are < 0 for all 0 < ¢ < 7 < m. By Theorem 3.1, the Bézier net of p with
respect to Uqo, ..., Uqm is convex, i.e. py is convex on U.

Since subdivision creates subpolynomials over the elements of T}, that represent the
same polynomial, the subpolynomials of two elements that share a common face of dimension
m — 1 meet C'* and hence the conditions for convexity of p, across the face are satisfied with
equality. O
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