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Abstract

The definition of a B-spline is extended to unordered knot sequenbesadded flexibility implies that
the resulting piecewise polynomials, named U-splines, can be negatiMecally linearly dependent. It
is therefore remarkable that linear combinations of U-splines retain imraxperties of splines in B-spline
form including smoothness, polynomial reproduction, and evaluatiaedyrrence.

1 Introduction

A univariate spline of degre consisting ofn + d polynomial pieces is defined by B-spline coefficients
andn + d + 1 real-valued scalarg;, called knots. By convention, these knots are listed in decreasing
order. It is natural to ask what advantages or drawbacke dnge drop this convention and define splines
using an unsorted knot sequence. Unsorted knot sequengearafor example, as a special case of splines
with complex knots [GT11] and arise in interpolation prabtefor linear reproduction, as shown in Exam-
ple 3.2 of this paper. One approach to splines, polar fornasn®9], lists ordering-independence as one of
its fundamental properties; however, all detailed disicimssand lecture notes assume either sorted knots
or non-repeated knots. Of the many interactive onlinetilateons of splines only a small number, four at
current counting, allows manipulating the knots. Of thedkbut one either block knots from passing one
another or re-sort the knot sequence (e.g. the nice appMR[&L3]). Only one illustration [Kral3] allows
for full flexibility of knots, but encounters singularitieApart from applications, the motivation for exploring
U-splines is to probe and re-enforce the notions, proofspaogerties underlying splines.

A first hint of what splines for unordered knot sequences gtk like arose from a Gedankenspiel by
Carl de Boor, Malcolm Sabin and the author a decade ago ftnat, > ¢;,,, the analogue of a B-spline of
degree 0 might be defined as the negative of the charaatdtistition of the intervalt;,; .. t;]. Ten years
on, this ansatz is substantiated by U-splines.

Overview. In Section 2, U-splines are defined for unsorted, but ‘celted’ knot sequences. A collocated
knot sequence repeats knot values only consecutively @cisutly spaced apart. As is customary for B-
splines, theith U-spline of degred is associated with the subsequenge g1 := (ti,tit1, .-, titds1)s

but now of the unsorted knot sequertgg, 4. A key observation, Lemma 2.1, is that any U-spline can be
expressed as a multiple of the B-spline with the same, buéd@ubsequence of knots. Alternatively we
derive, again for unsorted, collocated knot sequences,splide of higher degree by recurrence from U-
splines of lower degree. The recurrence is that of B-splibesit starts with signed characteristic functions.

In Section 3 we characterize the space spanned by U-splireethis end, we need to ‘complete’ finite

knot sequences and clarify, for U-splines, the notion okibanterval’ appearing, in deceptively simple



form, when analyzing splines in B-spline form. On such adasterval, the U-splines form a partition of
unity, Marsden'’s identity holds, we have linear precisiod &e can compute derivatives via differences of
coefficients. But since U-splines may take on negative &liey can be locally linearly dependent.

Section 4 shows that a slight variant of de Boor’s algorithvalgates splines with collocated, unsorted
knots. Prior to evaluation, any U-spline whose first knotadsg|its last knot has to be removed and, in the
final step of the modified algorithm, the values of multipleivals containing the point of evaluation have to
be summed. Knot insertion is well-defined but does not implyation diminuition as for B-splines. Finally,
Section 5 gives an example of knots that are not collocatddarwhich no two-term evaluation recurrence
with convex weights can correctly evaluate the associgiides This points to collocated sequences as a
maximal practical generalization of non-decreasing kequgnces.

2 Splines with unsorted, collocated knots

We start by characterizing an important sub-class of albrtesl knot sequences.

Definition 2.1 (collocated knot sequence) et t.,,4 be an unsorted sequence of real scalars cakadts
hereafter. This knot sequencedisollocatedf

v 0<j§d, ti:ti-i-j:>ti:ti+1:"':ti+j- (L)

That is, if any knot of a collocated sequence is repeated fafteer thand entries then all intermediate knots
must have the same value.

Whenever the degreg is clear from the context, we simply say that the knot seqeés@ollocated.
A collocated sequence appears to be necessary to estaddishpooperties and apply algorithms that make
splines useful (see (1), (9), (18), (21), Section 5 of thisqua

For collocated knot sequences, we define U-splines anaogoB-splines via a table afivided differ-
encesA(t;.;). For a sufficiently smooth univariate real-valued functtowith £th derivativeD* h,

Atiz1.)h — At i_)h)/(t; —t;), ift; #t;, ,

A(tij)h = (Dj_(a,thl'j) (tig-))/ (L ) , 7l gJgefi+ 1, i+d+1}F (D)
G=o! (tj), if t; = t]’,

Since for collocated knotg; = t; implies thatt; = ¢;41 = --- = t;, the definition is consistent in that the

second case of (1) is the limiting case of the first whers ¢;.

Definition 2.2 (U-spline from divided differences) Lett;.;+4+1 be an unsorted, d-collocated knot sequence.
Then the piecewise polynomial of degredefined by

U(z|tiitar1) = (tivarr — ti) Atuirasr)(max{(- —x),0})?, (2)
is called aU-spline

If t;.; is a non-decreasing sequence then its knots are autorhatiolbcated and/(z|t;.;) is a B-spline
B(x|t;.;) as defined in [Boo01, IX(2)].

The constructive definition of divided differences is tygllg arranged in the form of a divided differ-
ence table as in recurrence (1). But an alternative definitioA(¢;.;)h exists, as the leading coefficient



of the polynomial that interpolates at the knotst;.; [CdB80, p42]. This equivalent definition is clearly
invariant under re-ordering @f.; := (¢;,...,t;). Therefore, together with (2), we have the following useful
Lemma 2.1, first suggested in this form by Carl de Boor.

Lemma 2.1 (re-ordering of knots) If s;.; is any re-ordering of;.; then

(sj —s)U(zlti;j) = (t; — t:)U(x[si:5). 3)
In particular, for any re-ordering.; of ¢;.;, and end-knotg andgq of the knot sequence,
U(x|pat’i:j;Q) = U(x‘p78i:jaQ>7 (4)
U(x|pat1jaq) = _U($|Q7ti:jap)a (5)
U(x|Qa tzg,Q) =0. (6)

Equation (6) explains why Property (L) need not rule out Uirgs whose first and last knots are equal: when
dealing with linear combinations of U-splines, the conttibns of U-splines of the forry (z|p, . .., ¢) with
p = q are anyhow zero.

Since a U-spline with a sorted, non-decreasing knot segusrcB-spline with that sequence, Lemma 2.1
implies that we can express any U-spline with non-constmience;.; as a B-spline

t—t;
Ualti) =

5 B(:L‘|Si;j), Whel’eSZ‘;j = sort(ti:j). (7)
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Therefore, the space of U-splines is spanned by the B-spliie|s;.;) and it inherits the piecewise polyno-
miality and continuity of these B-splines.

Sorting the whole knot sequentef a spline can however introduce subsequences of lehgtl2 that
do not occur when separately sorting the knot subsequerices @onsider for examplé := (0,1,1,0)
andd = 1. All U-splines corresponding to are a multiple ofB(z|0,1, 1), while the sorted sequence
s := sort(t) = (0,0,1,1) gives rise toB(x|0,0,1) and B(x|0,1,1). That is, global sorting of the knots
changes the spline space. Lemma 3.3 will characterize tagarein more detail.

U-splines via Recurrence An alternative approach to B-splines is to construct higlemgree B-splines
from lower degree ones. Since the recurrence relations fepliBes are based on the divided difference
representation, the recurrence applies equally well tplihas. Only the initialization differs. For a U-spline
the initialization has to reflect property (5) tHatz|p, ¢) = —U(x|q, p).

Lemma 2.2 (U-spline recurrence) For a collocated knot sequentg,,+q, * € R and integers, j, k,
1 ifti§1‘<ti+1,
U(Z‘|ti;i+1) =<¢—1 if tiv1 < x <1y, (8)
0 otherwise.

i) [T (gt gt if ), £ ¢
Ulzltj—1,tju, trgr) == { (t)k_t.j—l (@ltj—1, Lj:) R # b1

otherwise
+ ::Ll:g Uxltjp, tee1) iftepr #t, ©)
0 otherwise '



Property (L) ensures that setting summands to zero is thheadimiting behavior: the denominator and the
leading linear factor of/ in definition (2) cancel one another and the remaining dividéference is, by (L)
and (1), well-defined as a derivative of order j + 1 of a polynomial of degree at mokt— ;. Irrespective
of the case distinction at the recurrence start, the prbat,the recurrence (9) yields the U-splines defined in
Definition 2.2, is identical to that for B-splines [Boo01,(X3)], i.e., it is based on Leibniz’ formula applied
to the divided differences.

The support ot/ (x|t;.;4x) is evidently[min(¢;.; 1) .. max(t;.i4x)]-

3 Splines built from U-splines

To analyze the space spanned by U-splines, we need to geeesaime notions that are rarely emphasized
but that are crucial for the analysis of splines with nonrdasing knot sequences.

Complete knot sequences. Whent is a non-decreasing sequence, then extending it to a bimfinon-
decreasing) knot sequence avoids a specialized discusfiba first and lastl intervals. Alternatively, one
may repeat the first knot of the non-decreasing sequerioees and the last kndt times.

For unsorted knots, neither approach, making the knot seguieiinfinite or repeating knots, yields the
same benefits. A biinfinite sequence may still jump back athfand the repeated knots may lie anywhere
in the original interval of supporf := [min(¢.,) .. max(tp.,)]. We therefore define an augmented knot
sequence that encloséss follows.

Definition 3.1 (d-complete knot sequence)Given the unsorted knot sequengg,, n > k:=d+1 >0
and its sorted re-orderingo.,,, lett.o andt~,, be two sequences bfknots each such thahax(t<o) < so
ands,, < min(ts,). Then(t<o, to.n, t>n) IS acompleteknot sequence for the interval:= [sg . . s,].

Partition of 1. Traversing a complete knot sequence in its order on theireairhplies that/ is traversed
one more time in increasing order, frosy to s, than in decreasing order: all contributions of negative
and positive characteristic functions due to reversalsavktrsal direction cancel one another, except for one
non-decreasing sequence required to congett s,,. By (8), ford = 0, this implies onl that

Z U(x|tiip1) = 1. (10)

Expanding the sum of higher-degree splines in terms of laegree ones according to (9), as is well-defined
for a complete, collocated sequencelgnve see that the resulting two sums add up to a sum of U-spbines
one degree lower:

Z U(zltiitdr1) = Z(z‘ Lo ) (z|tiita) Z U(z|tiita)-
3 K2

bitd —ti  tigd —

Together with (10), this establishes that U-splines of agifixed degree form a partition of 1. The partition
of 1 property impliesaffine invariance

A Z Cz |tz z+k Z(Acz + Q)U(.L|t21+k)7 Ci,a € Rdima A€ Rdideimv

0



for curves based on U-splines. However, since individuaplires can be negative, thacal convex hull
property,> .y c;U(zltjj1n) = > jesciaj(x) for 3. ;a5 =1, a5 > 0, #J = k, need not hold for:
in the support of alU (x|t;.,+%). We can salvage some aspect of the property by allowihg< a; < 1in
place of0 < o; < 1.

Polynomial reproduction. For B-splines, Marsden'’s identity implies that all polyniata of degreel or
less are linear combinations of B-splines of degree at ted&he proof of Marsden’s identity [Boo01, IX(30)]
requires only partition of 1 and valid recurrence relati¢®sas implied by property (L). In particular, the
proof does not depend on the knot ordering. We can therefiqnly the argument of [Boo01, IX(30)] directly,
starting with the signed characteristic functions (8) a&stihse case, to prove the following identity.

Lemma 3.1 (Marsden'’s identity for U-splines) Lett,.,, be ad-collocated knot sequence af¥d-o, to.n, t~n)
a d-complete knot sequence fbr= [min ¢y, .. maxto.,]. Foranyr € Randx € I,

(x—7) Z% ivan (MU @tiirdar1), Y, (1) = (b —7) - (tj—1 — 7).

Example 3.1 (reproduction requires complete knot sequensg To see that Lemma 3.1 fails when the knot
sequence is not complete consider the incomplete knot seqtig, := (0,1,2,0,1) andd = 1. Then

wa Ulaltissa) = (1 — T)B(10.1,2) + (t2 — 1) - B(x0.1.2)
ot — 7)713(110, 1L2)=(1—7— %(2 +0—27))B(x]0,1,2) = 0. (12)

On the other hand, for the completed sequeneg; := (-2,-1,0,1,2,0,1,3,4) and its non-decreasing
sub-sequence:= (-2, —1,0, 1, 3,4), as expected,

Z Vtiio (DU (@[tizi2) = (b1 = 7)B(z] = 2,=1,0) + (to — 7) B(2| = 1,0,1) + (t4 — 7) B((0, 1, 3)

1=—2
+(ts = 7)B(xl1,3,4) = > 4y, (1) B(@liise) = (- — 7), (12)

where the first equality follows from Lemma 2.1 and (11), teeand by definition, and the last from Mars-
den’s identity for B-splines. []

Basic interval. To establish properties of linear combinations of B-s@iné degreed, requires focus
on intervals where a full complement &f:= d + 1 B-splines are supported. For non-decreasing knots
t := to.n+d, all but the firstd and the lastl intervals are automatically in the support of exadtly= d + 1
B-splines. Therefore, for non-decreasing knots, it makese to define the basic intervalas:= [tq . . t,,]
and prove properties on this interval.

For establishing analogous properties of linear combinatof U-splines, the definition df, above does
not work. For example, the knot sequentce= (0,1,2,0,1) of Example 3.1 and = 1 yields, according
to interpretation, eithef,, = [t; .. ¢3] = [0.. 1], or, sincets = 2 > t3, I,, = [0.. 2]. In either case, the



three U-splines defined ah, before completion are by (3) each a multiple of just one Basp{cf. (11)),
i.e. do not span the space of piecewise polynomials of defjreel on I,,. To obtain the necessary empty
set as basic interval in this setting, we have to expliciélgnove all support intervals of U-splines that are
added by completion, namely(—1,0, 1), B(x|0,1, 3) andB(z|1, 3,4). Indeed all ofl,, is in the support of
B(—1,0,1) andB(z0, 1, 3).

Definition 3.2 (basic interval) Forn > k := d+ 1 > 0, let (t_x.n+4+%) be a completion of the unsorted,
collocated knot sequente= tg.,, 4. Letsg., := sort(tg.,). Then

Iy = [Sd .. sn]\([min(t,k:d) .. max(t,k:d)] U [min(tnm+d+k) .. max(tnerdJrk)]).
is thebasic intervabf t.

Lemma 3.2 (B-splines per basic interval)Letn > k := d+1 > 0 andt := t,.,,.4 @an unsorted, collocated
knot sequence with basic intervh). Then every intervals;_; .. s;] C I, j € {d+1,...,n}, isin the
support ofk linearly independent B-splines with knotstin

Proof For each intervals;_; .. s;] C I, we form a seftl; of k knot subsequences by selecting for
¢ =1,...,k, the subsequendg,;., of t with least index; that contains exactly knots greater or equal
to s;. For¢ = 1, such a subsequence exists since, by assumptipthe first occurrence of;, is in I
and there exist elements less thag; and listed before; in t: if ¢, > s; for someb, 0 < b < d, then
[sj—1..8;] € [min(¢t_g.q) .. max(t_.q)] contradicting the definition af,. For¢ > 1, such a subsequence
exists since: elements of;.,,4 are greater or equal tg;: if not then there exists &; € t,,.,4q4 such that
tw < s;, implyingtz < s;_; and hencés;_; .. s;| C [min(tnmtdtk) - - max(tn.ntdrx)| contradicting the
definition of I,.

Subsequences for differeatn T); have distinct, non-constant sorted re-orderings, posgist differing
by the multiplicity of knots. Therefore the B-splines olotadl by (3) from the U-splines with knot sequences
in T} are linearly independent. (]

By the same argument as for B-splines [Boo01, IX(34)], Marsslidentity implies for the basic interval that
for any polynomial of degreed (or less) and any € R,

p=Y Nuirarp)U(-[tirar) (13)
1 d
WIth Aisivar1 i p o> o > (=D)disirara(r) D p(7). (14)
" v=0

We note that);.;+q4+1 and hence\;.;.4+1 does not depend on the ordering of the indices andXhat,1
depends linearly ogb;.;1 g4 1-

Knot averages. For any linear polynomial andd > 0, (13) implies that
. . tiv1+ -+t
U(z) = ZE(ti:i-&-d-i-l)U(x|ti:i+d+1)a iivdt1 *= %—M (15)

sinceD*¢ = 0 for k > 1 and the linear polynomiglD?~ ¢, .. .., )(7) = (—)%(rd — 3_t;) vanishes at the

Greville site 7 =17, ;. 1-
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Figure 1: Graph of the C!' quadratic spline function with unsorted knotgy.,, :=
(=7,-5,-3,1,-1,3,7,5,9,11, 13) that interpolates valueg®, 1, 5, 6) at the Greville abscissd®, 1,5, 6)
by the choice of coefficients:= (—4,-1,0,1,5,6,7,10).

Example 3.2 (linear representation of linear data) In Fig. 1,n = 4 points are marked on a straight line.
Correspondingly, we might like the graph of a low-degreeripolating functionf to have a linear segment.
To linearly trace out this linear segment by the graph of aedunctionf of degreed > 1, Equation (15)

suggests matching the points by the spline’s control pditjts, ;,,,c:;). That is, we want to find knots

ton+d := (to,t1,--.,tnta) SO that for giverty, ;.1

t: oot
w — g, i=1..m. (16)

Since there aré + 1 more knots than Greville abscissae, the system (16)exfuations is underconstrained
and, by its structure, solvable.

But if we additionally require that the knots be non-deciegst; < ¢,1, then there may not exist a
solution. In Fig. 1 the challenge is to fit a quadratic splioghe valueg/* := (0,1,5,6) at its Greville
abscissa¢” = y*. That is, the challenge is to find knatsso that(t; +t;11)/2 = t}:

ti4to =0, to+1t5 =2, tg+ts =10, t4 +t5 = 12. (17)

If we assume non-decreasing knots then = to > 0 and sinces = 2—t, we havety = 10—t3 > 8+t5 > 8

but alsot; = 12 — t4 < 4 — t5 < 4. Butty > t5 contradicts the assumption that the knot sequence is non-
decreasing. Reparameterizatign— «t; + § does not change this outcome. So there is no choice of
non-decreasing knots that yields the hoped-for ‘lineacigren’. Fig. 1 shows a quadratic spline interpolant,
made possible by unsorted knots. The interpolant is linear f£ [0 .. 6] and, as expected, the graph is not
linear outside this interval. []



Differentiation. The (proof of the) differentiation formula

Ci: — Ci—1:
D(Z Ciritd+1U(@|tizivar1)) = dz thd: — 11 U (ltsiva) (18)
does not depend on sorted knots, but does require a collbkatd sequence for the limit as, 4 — t;_; to
be well-defined. As an example of differentiation, the splitefined in Fig. 1 has two U-splines whose knot
sequences;.; 3 coverz = 3. As expected for the example, the derivative at 3 computes to

5—1

DUCI1,-1,3,7) +5U(| - 1,3,7,5))(8) = 27—

UBl—1,3,7) =1.

Sorting and spline space. For a non-decreasing knot sequence: t.,4, we denote byl,  the space of
piecewise polynomials of degréepartitioned byt and such that, at each knottgfthe polynomial pieces are
connected with continuous derivatives at leastinus the consecutive multiplicity of that knot. We can ireta
this definition for unsorted, collocated knatsoting that the multiplicity of any knot and hence the remova
of smoothness constraints between polynomial pieces isoat the maximum consecutive multiplicity in
the sequence. By construction, either by Definition 2.2 or Lemma 2.2, tipace of U-splines ovetris a
subspace ofl; ;. The next Lemma addresses globally sorting

Lemma 3.3 (U-splines as a sub-space of a B-spline spadsgt s := sort(t) be a sorted, non-decreasing
reordering oft := ty.,,.+4. A linear combination of U-splines over the knot sequencan be represented as
a linear combination of B-splines over the knot sequence

Proof Sinces contains all knots of, and since sorting can only increase the multiplicity of kngt in a knot
subsequence of length+ 1, the space of U-splines ovelis a sub-space of the less constrained spagce

By the Curry-Schoenberg theorem [Boo01, 1X(44)], on thediaserval, 11, s equals the B-spline space over
s. I

While Lemma 3.2 hints that U-splines may span the piecewigampmial space corresponding to a modified
sort(t) where the multiplicity of any knot is at most the maximum rplitity in t, the part of the Curry-
Schoenberg theorem that states that the B-splines formig ¢&s not hold for U-splines. The following
example illustrates that U-splines, as opposed to B-splicen be locally linearly dependent.

Example 3.3 (local linear dependence)etd = 0. Thent = (—1,1,0,2) is a collocated knot sequence
complete for the intervdD .. 1] but

f(xz) :=U(x| —1,1) + 2U(x[1,0) + U(x|0,2) (29)

vanishes on the intervé . . 1]. Il

The example can be daisy-chainedyasU (x|, + 2) + 2U (z|i + 1,1) to show linear dependence on any
subset oR. (The simpler exampl®_, U(z|0, 1) + U(x|1,0) = 0 does not cover much ground.)

Local linear dependence also implies that U-splines ne¢datasfy the inequality that establishes good
conditionof a basis.



4 The de Boor recurrence and unsorted knots

A spline represented by a linear combination of U-splines loa evaluated by evaluating each U-spline
separately. For example, we can use Lemma 2.1 to convertléagiine to B-spline form, and then sum
the terms. However, this is not very efficient. Famouslyirgsd were made practical by providing a stable
evaluation algorithm [Boo71, Boo72, Cox72] in terms of tleficients of their representation Byform,

Z Cisitd1 B(x|tiitdt)- (20)

7

Reversing the construction of higher-degree B-splinemffower ones [Boo01, Ch X(26)] or applying
Ramshaw’s blossoming approach [Ram89], yields the foligwiecurrence relation for the B-spline coef-
ficients.

tr —x xr—t;

Fori < kandz € [t; .. tx], Ctyp i= ﬁcmm + (22)
k — Ui

mcti:kﬂ‘
Recurrence (21), the de Boor recurrence, is equally wéiheld and has non-zero denominators for an un-
sorted knot sequence whenever the knot sequence is celtbcEte only change in the case of unsorted se-
quences is in the final step. In the final step, potentiallgsshcontributions:;, ., from intervals[t; . . t; ]
coveringz are summed with signs according to (8), i.e., negative.if < ¢;. Recurrence (21) is efficient
for evaluation if we apply it only to coefficients whose asated U-spline is non-zero at the poinbf eval-
uation. For sorted knots, at the recursion level associatédpolynomials of degred, exactlyk := d + 1
consecutive B-spline support intervals cowerand the recurrence only forms convex combinatiéf;%,

% € [0..1]. For U-splines, the lack of knot ordering allows more ttiaimtervals to cover and combi-
nations are only affine: at the final recurrence level of camtst)-splines, all coefficients need to be summed

whose interval covers the evaluation point; and wheke ¢; < t;, the fraction t‘k‘j;_ in (21) is negative.

Example 4.1 (recurrence for U-spline coefficients)Consider the quadratic spline
f(z) == 12U(x]3,4,1,5), all of whose coefficients are zero exceptégu 1 5 = 12. To evaluatef atz = 2
by recurrence, we compute

2—-3 5—2
g41=—-12=86, = ——12 = 36,
C3.4,1 1-3 C4.1,5 5 _
2—-3 1-2 2—4
€34 = 30341 = —6, 41 = 140341 + 14415 = 2+ 24 = 26,
5—2
Cl1,5 = 5_ 1047175 = 27.

Sincez lies outside the interveB, 4], inside the decreasing intervgl, 1] and inside the increasing inter-
val [1,5], the value off(2) = 27 — 26 = 1. Alternatively, by Lemma 2.112U(z = 2|3,4,1,5) =
5=312B(2|1,3,4,5) = 6/6 = 1. il

The next example shows that, as assumed throughout, we meemidve all (coefficients of) U-splines with
equal first and last knot at the outset, before evaluatiomegarsion (21).

Example 4.2 (removal of zero-valued U-splines is necessar¥irst, we apply the recurrence (21), which
only looks at subsequences, to the spline= U(-]0, 2,2, 2,0) with ¢g 22 2.0 = 1 and all other coefficients

1444,



zero. Evaluating’ by recurrence at = 1 yields

1-0 0—1
€0,2,2,2 = m, C222,0 = mv
11-0 0-—1
€022 = §ﬂ’ €220 = Oj’
1 1
60,2:1 02,0:—5-

The summation of coefficients associated to intervals é¢oger = 1 yields %. However the correct value
according to (6) isf(1) = U(«|0,2,2,2,0) = 0. []

Each level of the recurrence correspondsmot insertion. Lett be the knot sequence after insert-
ing an extra knot into the sequente The relation [Boo01, XI(21)], between functionals;, 4.1 be-
fore and after knot insertion, does not depend on orderini@plies for_; ¢;.jta1U([t):j4a+1) =

> Cirjra+1U ([ 1a+1) that [Boo01, XI(23)]

éj:j—i—d—i—l = (1 — @jd(x))Cj_1:j+d + wjd(x)cj:j+d+1, (22)
0, for x <t;;
Dja(w) = { s forty <@ <tg
1, for tjta < .

But since the weights of knot insertion are not restricted0to. 1] as they are in the sorted case, the
standard observation [Boo01, XI(28)] concerning variatdbminuition does not hold for U-splines. For
example, the spling(z) := 2U(z|1,2,0) + 3U(z|2,0,3) = —B(z|0,1,2) + B(«|0,2, 3) evaluates to
(f(0), f(1), f(2), f(3)) = (0,—1/2,1,0), i.e. changes sign, even though the coefficient sequéhdg
does not. Interestingly, Property xii, called variatiomdiuition in [Boo01, XI(29)], holds for the example:
f(1)f(2) <0,2U0(11,2,0)f(1) = 1/2 > 0and3U(2]2,0,3)f(2) =1 > 0.

5 Why require knot sequences to be collocated ?

At the outset, we stipulated that sequences have to be at#idcThis was necessary to avoid division by zero
in the relations of Definition 2, Lemma 2.2 and (21). But deddifferences need not be defined by recursion
(2). What if we dropped the assumption that the sequence lmzat#d? The example below shows that this
requires at the very least some rethinking of key algoritsath as de Boor’s recurrence.

Example 5.1 (convex recurrence requires collocated knots)Ve consider the spling of degreel = 4 that

77777

and all other coefficients zero. For the recursion, whenthe@idenominators in (21) are zero because the
first and last knot agree, we choose an affine combination agitbf yet undetermined weights € R and
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k; =1 —k; inlieu of f%’:f and%. Evaluation atc = 1 yields the following recurrence:
J i J @

2—1
€0,0,2,2,0 = 8k1, €p2202= m8 =4,
o 170 o _ / . /
€0,0,2,2 = 8k1 5 0= k1, 02,20 = 8k1ks +4ka, 22,02 = 4k5,
1-0
€0,0,2 = 4/<?12 0 = 2k1,
2—1 1-0
Cp,2,2 = m(4k1 + 8k1k/2) + ro4k2 = 2]€1 + 4k1]€/2 + 2k2,
= O LSkl k) + S 2 AR = kKL + 2k + 2K, = Ak,
€220 = {5 (Bkiky +dko) + o dky = dhiky + 2k + 2k3,  c202 = 4ks3ky
2—1 1-0 2—1
=2k1——— + —(2k Ak kL + 2k ——;) S
Co,2 12704—270( 1+ 4k1ky + 2)+270 3ky

= k1 + k1 + 2k1 kb + ko + 2k5K),

0—1 1—2
For convex weight$) < k; < 1, the recurrence yields the valug, — c2.0 = 2k1 — k4 < 3. But, by
Lemma 2.1,

f(1)=8U(z = 1/0,0,2,2,0,2) = 8U(1/0,0,0,2,2,2) = 3.

That is, the recurrence can not yiefdl) if all averages are convex. []

6 Summary and Conclusion

A new notion, collocated knots, proved to be both necessathsafficient to define splines for unsorted knot
sequences. We saw, by a concrete example, that, if the kretsoa collocated, no two-term recurrence
with convex weights for stable evaluation is readily avalga This points to collocated knot sequences as a
maximal practical generalization of non-decreasing kequgnces.

U-splines were constructed both via divided differencéetslnd via recurrence. Given a collocated knot
sequence, the paper proved that any individual U-splindeaepresented as a multiple of a B-spline. Estab-
lishing properties of the space spanned by linear comloinatf U-splines forced a fresh and detailed look
at the notions by which Carl de Boor put B-splines on theirdsfdundation. For example, the deceptively
simple definition of the basic interval for linear combimats of B-splines has to explicitly state the basic
interval’s role of providing a spanning set.

From the outset, U-splines lacked positivity and localdinedependence. It is therefore remarkable that
linear combinations of U-splines retain so many useful progs familiar from B-splines and non-decreasing
knot sequences.
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