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Abstract

We develop a class of rationaly?-connected splines of degree 3 that
allow modeling multiple basic shapes, such as segments of conics and cir-
cle arcs in particular, in one structure. This can be used, for example, to
have portions of a control polygon exactly reproduce segments of #pesh
while other portions blend between these primary shapes. We also show
how to reparameterize the splines to obtain parametricaliyransitions.

1 Introduction

In conceptual design one may view an outer surface as defnwedprimary sur-
faces that represent functionality or simplicity of shape example quadrics and
cyclides. Extending this way of thinking to implementatidrowever, creates
challenges. When the pieces are created in isolation, asasepentities, they
must be combined using intersections, fillets and blends.therefore useful to
have an underlying structure, not necessarily expose@tddakigner, that supports
the conceptual design but avoids tnposteriorineed for stitching the conceptual
pieces together. Such built-in blending is also useful wieeging designs while
preserving constraints as part of a shape optimizationgsoc

While these challenges are more apparent in the surfacetbagean already
be studied in the curve case. If the primary shapes are paligloather than
rational, linearly combining B-splines provides a well-krrosolution: for many
applications(C? cubics provide sufficient smoothness and flexibility wittvIde-
gree. Often, however, non-polynomial shapes, conics itiqodar, have to be
reproduced exactly, for example to model the action of a mm&ctool or to sup-
port differential equation based on the variation of themadror curvature. There



are two known approaches. The first, modeling conics asgiojes ofC? curves
in homogeneous space leads to high degree parametergatignalready degree
6 to reproduce a circle [BP97]. The second, at the oppositegtite spectrum,
is to use rational quadratic pieces in Bernstegeir form (BB-form) to exactly
represenindividual conic shapes; but this lacks built-in smooth transitions.

L CC

(a) sampled circle & parabola (b) control net (c) G? spline

—
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(d) local modification (e) G? spline (f) curvature, part of (c)

Figure 1: Exact reconstruction of conic pieces and locdlldending.

This paper develops an analogue of the polynomtatubic B-spline paradigm
that can include a sequence of approximate or exact rajwimahry shapes, such
as segments of conics or rational spirals, and automaticathbine them into a
smooth whole. In place of a non-uniform knot sequence, wd@ngeometrically
smooth transitions between the polynomial pieces. Inqasr, our rational cubic
spline curves will b&7? continuous at the knot positions. Fig. 1 shows one design
scenario: connecting a parabola to an inserted circulad@aife) the parabola and
half of a circle are sampled non-uniformly (small dots) irtieipation of subse-
guent blending, i.e. more densely near the end points. Toygoged algorithm
automatically generates the spline control polygon (binftbese samples so that
the arcs are exactly reproduced. The remaining, user-saitorgenerated con-
trol points outline a smooth blend. The resulting ratioGalspline is shown in
(c): The thick segments are on the original primitives, thiarter grey ones form

2



a smooth transition. Subfigure (f) shows the curvature (f of this periodic
spline, excluding the high-curvature segmeap rightin (c), since its curvature
dwarfs the rest of the graph. Note the horizontal sectiorhemight of the graph
in (c), validating exact reproduction of the circle segméitte control net can be
refined repeatedly and locally for additional design chande (d) four vertices
are inserted in each of the parabola and the circle piece.pdims are not per-
turbed away from the parabola’s, but rather a geometricirwoity constants; is
changed resulting in a flattened left segment. In (e), thegowed curve segments
are rendered thick.

Fig. 2 shows a second scenario: reproducing an existinglsidgsign curve,
here a circle, and locally modifying it while leaving the raiming circle segments
in place. The shape in (c) is represented as a single rati@hapline curve of
degree 3.

(a) circle sampled(b) control polygon  (c) local adjustment
andG? spline

Figure 2: Non-uniform spacing for local adjustment. (a) A designer places
points non-uniformly on the circle to initiate local adjosnts. Small disks cor-
respond to an opening angleof16, large ones t8x/16. (b) The derived control
net and the exact circle generated by ¢ffespline. (c) Local modification. Thick
segments lie exactly on the circle.

Overview. Section 3 reviews geometric continuity. Section 4 defineat@+
nal cubicG? spline. Section 5 shows how to include any rational cubixeur
piece into the spline, conics in particular. Section 6 cormpahe rational cubic
G? spline with two non-stationary subdivision algorithms, V01, Rom09].
Section 7 sketches a subdivision scheme derived from thie Cifspline.

Some applications require not only the shape but also isnpetric traversal
to be smooth. Therefore Section 8 proposes a rational qu@adeparameteriza-
tion of the Hermite-expansions of the ratiod& cubics in order to exactly model
conics, but with pieces that join parametricalli rather thanG?. Section 9
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proposes a rational cubic reparameterization that all@esvering, as a special
uniform case, the projection-based splines of degremposed by [BP97]. This
construction yield€>? continuity in homogeneous space. Section 10 briefly dis-
cusses basis functions and extensions.

Since the presented construction of ratio64l splines yields a superset of
C? splines, capable both of modeling non-uniform paramedéidn and repro-
duction of rational curve segments, it is not surprising thdividual formulas
are more complex. The simple underlying combinatorialcitie of classical
splines, though, is preserved. In full generality, the\ddrons are best done with
the help of a symbolic computation system, rather than evritiut in detail. But
the resulting formulas are displayed in full detail and gafhity so that a reader
may verify or apply them directly in implementations.

2 Literature

We do not attempt to survey the extensive literature on piesge polynomial,
trigonometric and subdivision curve constructions, buvey the foundations of
reproducing conic sections. Section 6 comparésplines to two pertinent newer
constructions, [MWWO01, RomO09] representative of approaclkes[ADS10].
The classical literature defines rational constructionsef8g Far06] capable of
reproducing individual conics. Moreover, splines prov#t-in continuity. But
standard parametri€? continuity in homogeneous space leads to high degree
[BPI7]. Instead, we leverage geometric continuity [MB89,9ljeIn particular,
our approach to defining a new class of cubftsplines is based on mimicking
splines withnon-uniformknots, namely by>? splines with geometric continuity.
The underlying combination of rational constructions aedrgetric continuity
has in principle been discussed in [GB88, HB89, MB91]; but theegal the-
ory has not been leveraged for specific reproducing cortgingcof the type we
present in this paper. Therefore, we review the pertinerts gd the theory next.

3 Geometric continuity

While non-uniform knot spacing is an important feature of Brspfunctions,
for geometric constructions, and especially of rationales, it is simpler to use
local coordinates. That is we model non-uniformity by joigicurve segments in
Bernstein-Ezier form with geometric continuity. A rational curyeof degreen



is in Bernstein-@&zier form (BB-form) if

._ > ko Wb B (u) i) = )R
P Sty A= (oo

Hereb, are the affine BB-coefficients. Geometric continuity is definex.

Definition 1 (G? continuity) Given a mapf defined over the intervédd, b)) and a
mapg over|c, d] so thatf(b) = g(c), f andg join G' at the common point if for
some scalagg > 0

g'(c) = Bf'(b), (2)
and G? if additionally there existy € R,
g"(c) = B2 f"(b) +~f'(b) . (3)

In the above definition, we can linearly reparameterize thaains off and
g. If we define

f=fkouta), G:=glhu+tc), k=b—ak =d-—c  (4)

then f andg are each parameterized overl] and (2) and (3) become

j.- M

S N k3
§=BF. § =P+l B=8. =

= Lo 5
T ! (5)

For example, iff andg are consecutive pieces of & spline andA; andA, are
the lengths of their knot-intervals then reparameteraraéis in (4) yields? = 2—;

andy = 01in (5). Hence, we say that two abutting curve segméntmd@,
parameterized over the unit interval and with derivativedated bys = 2—; and
5 = 0, join parametricallyC?; and if 3 = 1 for all joins, they joinuniformly.

If, for the unit-interval parametrized piec¢gsandg, we reverse the parameter-
izationtof(u) := f(1 —u), g(u) := g(1 — u) then

£10) = 83 (1), f"(0) = B*3" (1) +~57(1),  B:=



And if the curve pieced (u) := f(e(1 — u) + u) andg(u) := g(eu) split aG>
spline then

§(0) =Bf(1), §"(0) = B*f"(1) +4f (1) ; (7)

By equating the derivatives up to second order, we obtaindh@ning con-
straints on the BB-coefficients fa#* continuity.

Lemma 1 (Local G% join) Let f and f be rational curve segments of degre&
BB-form (Bernstein-8zier form)
f oz ko WkbEBEW) 5 Yk by By (u)

> k=0 W B (u) > k—o Wk B (u)

Thenf and f join G2, i.e. f'(0) = Bf/(1) and f(0) = B2f"(1) + vf'(1), if
w, = Wy and the BB-coefficients satidhy, := b, and

bn—l = CLan_Q + albn + CLQBQ y Bl = aobn_Q + C~L1bn + dQBQ, (8)
where

den = w,_; (wnv + 2(nwy — wy) B + 2(nwy,_1 — wn)BQ) ,

(n — 1) wy,_ow, > (n — 1)waw, 9
ap = Ly = ————"" ;=1 —ay — as,
den den

ao, a1, as defined respectively as, a1, ay (note the ordering) but replacing ac-
cording to(6) wy—s ¢ Wa, Wy—1 ¢ W1, 3 — 5,7 — F.

Here and from now on in this paper, we assume, without losieokgality, that
w, = Wy i.e. the end-weights at the common end-point of two raticnales are
equal.

We also note that in our applicatiodsn # 0. To specialize to & join in
homogeneous spaé& ™!, we define

.= Z[kaZ(U), by = [w{f)z)k] e Pt
k=0



Corollary 1 (homogeneous parametricC?) The homogeneous functiohand
join parametricallyC? if v = 0, (8) and (9) hold and the weights satisfy

W1 = hoWn_g 4+ hw, + hotby , Wy = hown_o + hyw, + hotly,  (10)

B o 1 T 2 ho — — L1
Whereho = 3048 hy = _m s hO = T34 hy = 2(1+8)° and

hl Izl—hg—hg,hl Z:]_—i;()—hg.
Proof We check, preferably with a symbolic solver, that
by_1 = hobp_s + hiby, + hobs, by = hobn_s + hiby + hobs. (11)

Then theC? constraints hold, e.g. we see that= (Sb,_, +by)/(1+ 3). |||

Corollary 1 formally confirms the expected but not obviouspemy that a
parametricC? join in homogeneous case is a special case of the IG¢3bin
in affine space, defined in Lemma 1. We note that according t@ TRRhe C?
homogeneous junction defined by (10) prevents reproduofigiobal circle with
degree less that By contrast, below we will construct curves of rational cegr
3, including arcs of circles.

To convert the BB-coefficients, ,, of our construction with polynomial pieces
indexed byi to a sparser set of poinis analogous to spline control points, we
use the following Lemma 2. The lemma reflects the fact thatctmabinatorial
structure of the rational splines is identical to that of classiaaF splines.

Lemma 2 (B-spline-like control points) The linesb,_; 1b;_; > andb; ;b, » of a
G? rational cubic spline intersect at the point

pi =1 —1lL)bi_12+Lbi_11=(1- Zi)bi,l + Zibi,2 ) (12)
where
L 2wiow;i—11(win + wi—1206;) 57 i W2
T 18 + B + e ’ i._mi’
1 7 9 1 (13)

o 2 -
& -—wi—1,2(6w¢1 — 2wiowiz — 2wi0wi1) , €3 1= Wi—12W;0W;i1

Co 3:wi1(6wi2,172 - 2wi0wz‘71,1 - zwiowifl,Z) .
If for all segments, w; = 1 andv; = 0 thenl; = —f; andi; = —1/5;.

Special cases of Lemma 2 are easy to verify; but in full gditgrat is most
convenient to substitute the expressions and let a symbalier do the work.
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4 Cubic G splines

For a given a control polygop;, i = 1, ..., N, we want to construct BB-coefficients
b;r € R, k = 0,1,2,3 of theith curve segment. The construction is combina-
torially identical to deriving the BB-coefficients of a culi¢ spline from its de
Boor (B-spline) control points. Specifically, the affine compntsb, 1, b; , of our
rational cubicG? spline lie on the edg®;p;1 and the end-pointb; ;3 = b; g
lie on the lineb,_; 5b; ;:
I
1=l =1

_ - - l;
bio = t;p; + (1 — ti)piy1 , i = - (14)
L=l — 1

Wi 1
bio = (1 —z;)bi_1s + b1, z; := .
Wi—1,203; + Wi

b1 = (1 = t;)pi + tiPi+1, i :=

The first two assignments of (14) can be viewed as an inversidd?). The
weightsw; ; are free to be determined afdand!; are defined by (13) of Lemma
2.

Theorem 1 (G? continuity) Let f;_;, f; be rational cubic curves with control
pointsb;_; x, b; ;, defined by14). Then

Fi0) = Bifi 1 (1), f7(0) = B7fL (1) + 7 fi (1) -

Proof Forn = 3 and the choice db, ;, of (14), we verify (8). 1|
Specializing (14) by setting al; = 0, the expressions in (14) simplify in that

+o— 1 o BiBit1 v 1
Y+ B+ BB 1+ B+ BB 1+ 8

Corollary 1 withn = 3 confirms that the rational cubiG? splines defined by
(14) are a superset of the (homogeneous) cubic non-unifétrsplines. The
additional complexity, hidden in (13), of the formulas (b#gr cubic non-uniform
C? splines in BB-form buys us the important reproduction propastwe see next.




fi-1(0)

Figure 3: Rational degree 3 representation of two adjacent arcs of a wle.
The middle coefficients of the quadratic pieces are shownr@s djsks and the
inner BB-coefficientd,_, 1, b,_1 2, b;; andb; » as black disks. The weights are
wig = wiz = 1, wy = wi = § + 3 cos §.

5 Inclusion of a rational cubic curve piece into aG?
spline

First, we consider a general cubic curve:). Letc be thehomogeneourepre-
sentation ofc and fix an increasing sequencewfe R, for exampleu, € [0, 1].
We can partitiorc into pieces on non-empty intervals;..u,, ] and withG? pa-
rameters
Ujp1 — Uy
Fi(u) = c(u(1 — u) + upqu), Bi=———, v =0. (15)
Ui — Uj—1
We convert each piecdsto BB-form on the interval0..1]. The definition off;
and~; by (15) holds for both the homogeneous representdtiand the rational
affine representatiofi. Spline control pointp; of f; can be calculated according

to (12).

Polynomial cubics and rational quadratics Next, we consider a subset of the
rational cubics for which the inclusion formulas are pautaely easy to write out
and that are likely the most relevant cases in practice. & agspolynomial cubic
segments and segmenfgu) := f(u;(1 — u) + u; 4 u) of a rational quadratic
curve f, in degree-raised representation.

Lemma 3 (reproducing rational quadratic segments )For ¢ = 0,..., N + 1
let f; be a rational quadratic curve segment wisymmetricweights|1, w;, 1].
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Let f;_; and f; be G*-connected with parameters;, v; at f;_1(1) = f;(0). For
1=1,...,N+1,set

Pi := Yiofi—1(0) + yi fi(0) + yaa fi(1) , (16)

23 2
Y= L= Yo — ya2,

Yio = _m7yi2 = —m
(17)

whereD; := 4w;f3; + 4w;_1 37 — 28; — 237 + 7.

Then the constructio(l4) reproduces the curve segmerfitori =2,... N —1.

Formulas (16), (17) were used to construct the control pmiggn Fig. 1, 2, and
4. The weights of any rational quadratic can we brought iheoform |1, w, 1]
required by Lemma 3 by rescaling the original weightg, w;, w;, to weights
w;, and then re-parameterizing:

. (18)

wif™ = w(hy)F, k=0,1,2;h; ==

The parameters;, +; thereby become
B = hisahiBi A = 2k hi (1= hy) B — 2k by (1 — hi_y) 57 + hi_1hi .

For polynomial cubigieces, (16) and (17) also apply, with_; = w; = 1; and
B; and~; are defined by (15) so thaj, andy;, simplify to

B 1

T30+B) TP BB )

Yio =

Circulararcs Adjacent arcs of a circle, with opening angtes; anda; respec-
tively as in Fig. 3, ar&°°-connected. In particular,
B, = sin 5 _ |fisa (D) fi(D)]
" osin % | fi-1(0) £:(0)]
The formula fors; exposes the fact that the arcs of a circle are parameterized b
chord length [Far06]. By affine transformation, the circl@siouction applies to
ellipses. Finally, we specialize (14) to formulas (Lfor equi-angular arcs.

Q1 QG . O
1 + tan Z)sm 5 (20)

v = 2f;(tan
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Corollary 2 (equi-angular circle arcs) For a sequence of circle arcs with equal
opening angley := 27 /m,
1

~ 1
Bi =1, %':4(1—COS%)> Ti=5, =1 =

- . 14,
2 2+cos§’ (14.)

and if the control pointp,; form a regularm-gon with circumscribed circle of

radius
2 4+ cos %

cos%(1+2cos%)g

then a spline curve reproduces a circle of radius

In summary, this section showed how to convert conic arcshandto include
them and other cubic curve segments into the spline of tha ttefined in Sec-

tion 4.
— -
(a) circle & parabola (b) control polygon
(c) curvature ofG? (d) [RomO09] circle-reproducing (e) parabola-repro
spline

Figure 4: ComparisorReproducing multiple conics.(a) CubicG? spline repro-
ducing a circle segment and a parabola segment (thick seégnén) The control
points are marked "0” for the circle an@” for the parabola. (c) Curvature (flat
for the circle, rounded for the parabola) of tié spline. A visually alike uniform
non-stationary subdivision curve has incorrect curvagitieer for (d) the parabola
(note the dip in magnification), or (e) for the circle (note tiscillation).
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6 Comparison to non-stationary circle-preserving sub-
division schemes

To highlight the importance of non-uniformity, we compane newG? rational
cubic splines with two curve construction schemes that eproduce circles but
are based on uniform knot spacing. The first is a uniform rtatiemaryC? sub-
division [RomQ9] that, at first sight, creates very similanas to the spline. The
second, [MWWO01], is also a non-stationary subdivision scheméecan model
more than one basic shape.

The subdivision scheme [Rom09] is defined by Laurent polylad)@fﬂz +

1)2%, i.e. new pointp! ™ are derived from older ones at stejpy
1 1
Pl =P+ P o= V()2
1 1+ 200! 1
kil =k T pF SR
Pa; 4(1 + Uk—i—l)pzfl + 2(1 + U/c—l—l)pzfl + 4(1 + vk+1)pz+1

If the input is a regulam-gon andv’ := cos(27/m), then the limit curve is a
circle.

The point of comparing to the subdivision scheme in Fig. & schemes
like [RomOQ9] only reproduce one type of primitive in a compesiurve. Based
on the choice of?, either the circle or the parabola is correctly replicatetiiot
both. Other subdivision schemes, e.g. [DS09], behave ailyilBy contrast(?
splines are capable of preserving shapes locally: Fig. &slmclusion of both a
circle segment and an ellipse segment into GAespline curve.

ol

(a) circle & ellipse (b) control polygon (c) curvature

Figure 5:G? splinereproducing multiple conics.
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(a) uniform spacing (b) local enrichment (c) local modification
(d) [MWWO01] before (e) [MWWO01] after scaling

Figure 6: Design modification with the G? rational cubic spline (a,b,c). (b)
exactly reproduces the ellipse with non-uniform segmen(#) and (e) show
two failed attempts at reproducing the ellipse with nonfeimn segments using
[MWWO1] illustrating that it cannot be used for the localizeddification.

Second, we compare to [MWWO01] which is one of the few non-statip
subdivision schemes that can model more than one basic shape spline. Its
simplest version with uniform parametgt = const, called tension in [MWWO01],
is shared with [Rom09] and allows only reproduction of onentive as in Fig. 4.
But the generalization by varying the tension allows reponay all conics in a
single curve. The point of comparison here is that [MWWO01] isdzhon uniform
knot spacing. Fig. 6 demonstrates that standard tasks)dded modification,
become awkward when non-uniformity is excluded. In (a) aeleihas been uni-
formly sampled and scaled to form an ellipse. These sampddba starting point
of a design modification. First, in (b), the samples are é&wmdc(larger markers)
and non-uniformly redistributed (four points in the highnature parts of the
ellipse, left andright). The G? rational cubic spline construction can still repro-
duce the ellipse also with this non-uniform spacing of cointFig. 6(c) shows a
local modification so that thick segments of the rationalicugpline remain on
the ellipse. For comparison, we try, in (d,e), to achievewtih the algorithm
of [MWWO0L1]. For a regular polygon on the unit circle with opegianglec,
[MWWO01] produces a circle of radiuw. If the designer’s spacing of sam-
ples for perturbation is to be honored in the control polygbe control points’
distance to the circle center must be scaled differentlytterlow curvature and
for the high curvature parts of the ellipse. In (d) the conpalygon is uniformly
scaled to come close to the overall ellipse. In (e) the potyigescaled to match
theright ellipse segment exactly. In neither case can the ellipseepeduced
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Pi1g

Figure 7: Refinement of @2 spline control net.

while honoring the local choice of control point density. eTimagnifications of
the boxed regions show the exact ellipsdiack and the result of [ MWWO0L1] in
red. Clearly, in the transition, the reproduction is lost.

7 Subdivision from rational G? cubics

To complete the exposition of ration@f cubics, we derive an algorithm for con-
trol point refinement. This algorithm is analogous to thenesfient of a non-
uniform cubicC? B-spline curve, illustrated in Fig. 7. The next paragraptesgiv
explicit formulas.

Non-uniform subdivision of C? splines Given the knot sequende; } and con-
trol polygon{p¥}, we setf,; := ¢; and insert new knots a;,; := (1 — e;)t; +
eitiy1, 0 < e; < 1. Then the refined polygofip/ ™} of a C? spline with control
pointsp’ is

phiy = (1 — z)p} + Pl | (21)
ph = yiph T + (1 —yi — )P} + zipbt (22)
tiy1 — 1 1+ eB; Bi(1 —e;) €i—1
B = ——, T = VY= e, 2= :
ti —tio1 1+ B + BiBiva 1+ 5; 1+ 5;

; . i 1
For the next refinement steff™ := —*—0; , 057 ==~ .

€

Subdivision of G? splines To derive an analogous refinement@f splines,
there are two strategies. The first is to refine the controygmi formed by
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Figure 8: (eft) Conversion (14) to BB-form andi@ht) subdivision in terms of
BB-coefficients.

pointsp! directly — this leads to complex formulas relegated to tivhnécal re-
port [KP11] . The second, and our preferred approach, refimesontrol polygon
consisting of the interior BB-coefficients, b;,, the weights and thé” param-
etersf;, as in Fig. 8. This is an atypical approach to subdivisioresithe sets
{b;1} and{b;,} are dependent; but it leads to comparatively much shorter fo
mulas. The parameterg are only needed if we want to recover refined spline
coefficientsp’.

Consider a sequende;}, 0 < e; < 1, e.g.e; = 1/2 for midpoint refinement.
Parametersu;;, w;, are originally assigned to the edg;épfﬂ, and parameters
Wi == w;_1 3 = w;, B, 7 are assigned to the poipf. We initially apply (14) to
obtain the (homogeneous) BB-control points of each rationlaicc

To obtain new control points and weights, we split the honnegeis BB-form
of the ith segment at; by de Casteljau’s algorithm. Explicitly, the refinement
rules{b;} — {bj"} are

bg’zﬁu Z:dilobi_ljg + dilbil s bgzg} = déobi—l,Q + délbil + dé2bi2, (23)
byt ::Jiobi+l,1 + Czlﬁbi? + Czizbib byt = Jgobiﬂ,l + ngbzﬂ (24)
whered.,, di,, d',, db,, db, are obtained fronal,, db,, di,, di,, di, by replacing

the weightsw;_10 — wit11, Wi = Wi, wa < wie, Bi — 5.;“, e; — 1 — e,
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new new new new
wylY — wyil 5, whey — wyfY  and

(1 - ez')wz'—l,zvvzﬂi

di = di,=1—d
10 - y 11 10 »
(wir + wi71,2ﬁi)w3§qf}
2 2
g (1 —e;)*w;—12W 5 di— € Wi 2 di 1—d —
20 T new ° %22 - — new ‘21 - 00 20
(wir + wz‘—1,2ﬁz‘)w2i,2 Wa; 2

Then, from (7), the new constants@f continuity are

2 .
€ € new 1 —e new

b= 1_ ;;1@ ) Vo= 1_ ;71% 1 P2i41 * = e Vaip1 = 0. (25)
By a slight adjustment (see the technical report [KP11] )nidias (23) and (24)
yield a localized subdivision.

While structurally simple, the explicit formulas (23) anadt{2or subdivision
are still more complex than the formulas (13) and (14) foingd. That is, while
subdivision is often viewed as ‘simplifying the math’, thppmsite seems to be
the case when trying to reproduce prescribed shapes.

8 Quadratic reparameterization yields
C? rational quartic splines

Some modeling applications, e.g. a motion following theveun terms of the
curve’s parameterization, require parametric smoothnbshis section we re-
place each cubic segment with two quartic segments, sutthéhaesulting quar-
tic curve is parametricallg'? and reproduces the same basic shapes as the cubic
G? construction did. While not identical, th&? cubic curve and th€? quar-
tic curve derived from it are near-indistinguishable boually and in curvature
plots.

By (5) no linear reparameterization of tli&* cubic spline results in &%
parametrization. When searching for a suitable rationanapeterization of de-
gree 2, we discovered a preferred maplefined or0, 1] by

v(1 —w)u+ u? 1+Vb+4Z
vi= ———————
(1—u)?+v2(1 —u)u + u? 201+ 2)

wherev is a positive root of the equatidi + Z)z* — z — 1 = 0. The following
Lemma 4 establishes that we can indeed non-uniformly paeaire circles as
C? functions with the help of. The lemma is checked directly by expansion.

z(u) == (26)
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Figure 9: HomogeneousG:? cubics (left) Control pointsb; ' and b, of two
adjacenC2 cubics. (ight) The 2-jets of the cubics at the common paigt ' =
p¥ = b5 = b} represented by three coefficienpts ' andp?’ each, defined by
(29).

Lemma 4 (circular arc reparameterization to C?) Let f, f be adjacent circu-
lar arcs with the opening angles, &,

Z = cos(a/2), Z :=cos(a/2), g(u):= f(z(u)), §(u) = f(,%(u)), (27)
then ~ ,
7=-89.9=(26)d" (28)
where( is defined by formulé20).

For uniform partitions with opening angteand hence” := cos /2, our map
z reduces to a map called ‘zigzag’ map by [BS96]. We therefdiex @so to our
reparameterization as (non-uniform) zigzag map.

We deriveC? connected quartics from our ratiorGit cubics as follows. Con-
sider two cubic splinegi!, fi that join G2 with (f) = B;(f1), (f1)" =
B2(fi1)" + ~;(f1Y. First, as illustrated in Fig. 1Qop)left, we collect at their
meeting point their 2-jets represented by triples of homeges BB control points
bt, ¢ € {i—1,i}. We write the 2-jets as if they came from two quadratic fuorsi
o/, j € {2i — 1,2i} with coefficientsp], (cf. Fig. 9),

‘ ‘ . 1. 3 . , , ‘ ‘
Py =y = b oy e = b - 3y 43

. . . 1. . 3 . . . . 4
Py’ =bj , P’ = —5bh + Tbi , P = b — 3b} + 3B}
(29)

We compose thg’ with a zigzag map each, extract once more their 2-jets and

scale them by 1/2 to obtain their representation as contiatgg;’ ', k = 2, 3,4
of the right degree 4 curve piegg ' derived fromf*~* andg?’, k = 0, 1, 2 of the
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Figure 10:Degree 4 splines derived from Hermite data.(top lef) A cubic G*
spline and fop right) its two 2-jets at the endpoints (cf. Fig. 9phattom lefy The
final of two quartic curve pieces anbdttom righj their control points.

left degree 4 curve pieag’ derived fromf® (cf. Fig. 10). The scaling of 2-jets by
1/2 may be viewed as subdividing at the midpoint the comjmosjt’ o »7. Direct
calculation shows the resulting jets @ré connected if and only if

. . 1
ﬁfZQZ_l + ﬁiZ2Z — Bz — 63 -+ 5’}/1 = 0. (30)

With w; ;, the weight coordinate qf? , we pick the symmetric choice

= B aiom @0y 20 = U 2 from (@0, (31)
Wai—1,2 W2i,0

7471 = (Z31 4 781y g, 7% = (7% + 7%))2. (32)

Now consider the 2-jets at either endpoint of one segmenliwesirated in
Fig. 10,top. The black control polygop?, p#, p3’ belongs to the left endpoint.
The unlabeled gray control polygon is formed by points' and belongs to the
right endpoint. Together they define the two abutting homeges quartic curve
segments* andg**! shown in Fig. 10bottomleft, whose coefficientg?’ and
o2 = i andg?™! (black and gray squares in Fig. Ifhttomright) are deter-
mined so that® andg®** join C3. Fig. 10,bottomright, gives the weights for
computing the common endpoint’ = ¢! (the largest black square). All joins
are now at leasf?. Since the subquartieg’ andg**! coincide with the pieces
of one quatrtic split if the data are from one quartic, any agreparametrized
guadratic curve segment is reproduced by the two subgsartic

18



9 Cubicreparameterization yields circle-reproducing
C? splines in homogeneous space

The elegant method of [BP97] can construct circles as unifofmsextic splines
in homogeneous space. However, uniform splines are riagtriwhen combin-
ing different basic shapes in design. We therefore preseati@nal C* cubic
re-parameterization that allows for a generalization ofgBJRusing three pieces
per arc. We do not give the technical details of this curvestroiction since it
retraces the steps of the previous section, i.e. derivijgf2-reparameterizing,
scaling the jets and joining the piec€8. Instead we focus on the key points:
the piecewise degree 3 reparameterizatipand the smoothness at the original
junctions between arcs.

We consider a circular ar®’ and its two neighboré=! and ' with corre-
sponding opening angles |, ay, a;. We reparameterizZ€ by the three segments
r? . [0,1] — R of the rational cubic reparameterization. The homogeneonsol

pointspl, k =0...3,7 =0,1,2 of r/ are defined as follows (cf. Fig. 11).

o We setr; :=tan ¢, n:= TToT + 0T + 575 + 27571 + 3,

g (1+73)(3mom + 1) L (1+ 7om1)n
. i ’ (14 73)Brom 4+ 1) (1011 + 3)°

e We define a rational cubic mag (u) : [0, 1] — R by homogeneous control
points
h(l) = [(1)]7 hi = [Vz/d]v h% = [V(lu_d)]’ hé = [1]7
and a second, symmetric orié(u), by replacing im!': 7, — 7_;.
PO P Py P
o—0 o H—eo—eo—@

Py PSPy o PPy P

Figure 11: Coefficients of theational cubic reparameterization.

e We obtain the left piece of our reparameterizationrds:) := h°(u/3)
and the right as?(u) := h'(2/3 + u/3) with corresponding homogeneous
control pointsy?, p3.
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e We overwrite the end points} andp? and set the remaining coefficients of
the middle piece so that the three pieces join

1, 7T, 1, 1 1, 1, 7, 1
Pyi= =3Pl et Sl —EPs s po= et gt el — o0 (33)

po =08 P1=208 =Py, py =200 —pt, py =g (34)

Formulas (33) and (34) enable tii& construction internal to the ternary-
split arcs which is analogous to Section 8. The following nemestablishe€?
smoothness just between adjacent rational quadraticepesameterized by their
angle-dependent rational cubic maps

Lemmab (homggeneoué?2 reparameterization for circles) Let f have open-
ing anglea andl be an adjacent circle piece with opening angleDefine

7 by replacing i : 7_1 — 79,70 — T1, 71 = To. (35)

Then the piecef(r?) andf(7°) of the circular sextic defined by cubic reparame-
terization areC%-connected in homogeneous space With

sin §
If o_; = ap = «; then the pieces’ of the reparameterization become a single
cubic that agrees with the reparameterization of [BP97].

10 Discussion and Conclusion

Since the constructions are purely geometric, no basistiturec were needed.
However, analogous t6” cubic splines, we can derive basis function from the
construction. As sketched in Fig. 1€ft, each control point affects four curve
segments. Setting all but one control points to zero, we igeewiseG? rational
cubic function whose specific shape depends on the repiodiselected.

TheC? construction in Section 8 can alternatively be modified tly oise one
quartic instead of two for each piece of tG& cubic. While such a construction
usually works well, it leads to small oscillations wherereelsegment transitions
into a non-linear cubic curve.

We constructed rational splines of higher degree and higbetinuity G2,
G4, G°) patterned after B-splines, but only in the uniform case. s paper
argued earlier, uniform constructions are too restridiorgoractical design appli-
cations. However, we stopped developing explicit algongHor the non-uniform
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Figure 12: Basis functions for rational cubic splines. (left) Schema of influ-
ence. (ight) Basis functions. The black curve is a unifori#i cubic spline that
reproduces a circle via arcs with an opening angl®; the red curve is a uniform
polynomial cubicC? spline.

T I3

case since the rules turned out to be too complex for pracisea and the motiva-
tion, the reproduction of exact shapes beyond conics anadabeé for smoothness
beyond curvature continuity, is not as compelling as@rcubics. By contrast,
the step fromG!-connected quadratics t@* cubics visibly improves shape and
does not yield overly complex rules.

Summary In summary, we exhibited formulas (14) for ratiord& cubics capa-
ble of representing multiple rational quadratics and csilmone spline. We lever-
aged geometric continuity in place of non-uniform knots baded the derivation
as well as a subdivision scheme on the BB-form — although wedooltiain B-
spline-like points from this. The formulas are only modehlatmore complicated
than those of the well-know@ cubic spline. The resulting curves compare well
both with homogeneous? splines of much higher degree and with current non-
stationary subdivision schemes. Finally, we exhibited adgatic and a cubic
reparameterization to turn the ratiorfal cubic into parametrically’>? piecewise
rational curves, respectively into homogene6lisplines.
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