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Abstract. We present an algorithm for completingG® surface of up to de-
gree bi-6 by capping an-sided hole with polar layout. The cap consistsnof
tensor-product patches, each of degree 6 in the periodidegre 5 in the radial
direction. To match the polar layout, one edge of these patihcollapsed.

We explore and compare with alternative constructionsedas more pieces or
using total-degree, triangular patches.

1 Introduction

Vertices of high valence occur in control nets of surfacesesblution and similar
objects and as higher-order saddle points; see Figure TeRamting the neighborhood
of such a high-valent vertex ipolar layout i.e. surrounding the point by one layer of
triangles while the next layer of facets consists of quatkilals with always four joining
at a vertex, is a natural and compatible addition to the &stedal tensor-product layout
of patches (see e.g. [1]). Polar layout can be used to defimdivdsion surfaces (see
Section 1.1), but engineers may well prefer finite constonst in the sense that the
final output surface consists of a finite number of polynomiaktional patches. Here,
we therefore presetiiinite polar curvature continuous patchworltsat fill ann-sided
hole in an existing tensor-product spline complex.

Away from the centrapolar vertex the net as in Figure 1 can be interpreted as the
control net of a0 spline; for example a bi-3 spline. However, assuming thatéhsor-
border is obtained from a piecewise bi-3 layer of patcheggead from a polar mesh
is in general too restrictive for high-quality modeling. Mayenerally, we consider the
following input; position, first and second derivative ajpa closed curve of degree
up to 6. We call such input tensor-borderof degreep if curve and derivatives are

Fig. 1. Polar layout: (left) elliptic 8-sided dome;r{ght) 12-sided higher-order saddle.



Fig. 2. Tensor-border input: (left) A degree 3 polar tensor-border derived from a polar control
net, raised to degree 5; the central point is set to the limititpof bi-3 polar subdivision [2].
(right) A degree 5 tensor-border not generated from a polar conéplthe derivatives may be
scaled before applying Algorithm I. The central point isruset.

of degree at mogt. Figure 2 shows two tensor-borders represented by coefficie
tensor-product BB-form (Bernstein-Bézier form; see 8)).

In the following, we discuss and compare several possilpecgzhes to construct-
ing a cap that matches a given tensor-border. Section 2iosritee main construction:
Algorithm | generates one patch for each of theectors of the polar layout. Each
patch is ofdegree 6-5degree 6 in the periodic direction (circulating around ploée)
and degree 5 in the radial direction (emanating from the)polee periodic edge is
collapsed to form the pole. Most CAD packages do not mindaepsoduct patches
with one collapsed edge. However, it raises the questioeflven we can achieve the
same good quality with similar polynomial degree and withcoilapse, using, say,
‘triangular’ patches. Section 3.1 shows that this is indeestible (Algorithm Il) and
also presents a non-collapsed construction using mutplsor-product pieces (Algo-
rithm IIl). Section 3.2 shows that we can alternatively reglthe degree to bi-5 using
a collapsed-edge representation. The resulting curvaturgénuous patchworks show
good curvature distribution but the construction comeshatdost of (considerably)
more patches per sector (Algorithm 1V). The discussionisegboints out that non-
uniformly spaced parameterizations are easy to realizémihe same framework.

1.1 Related Literature

A simple mesh-based algorithm generatiitylimit surfaces of degree bi-3 with polar
layout was introduced in [2]. The bi-3 construction can bhiagd with Catmull-Clark
subdivision [4] in a natural fashion [1GuidedC? subdivision, both for the polar and
for the all-quadrilateral layout of Catmull-Clark appedie [5]. [1] showed a construc-
tion with a fixed, finite number of patches that is functiopatjuivalent to the polar
subdivision scheme defined in [2]. Similarly, a number ofstauctions have recently
been developed to improve on Catmull-Clark surfaces in &gefggtting [6—10]. Finite
guidedC? surface constructions via? patchworks with the layout of a Catmull-Clark
input mesh, using patches of degree bi-6 or even only bi-& haen announced. De-
generate (triangular) Bézier patches joining with cambns curvature were analyzed
in [11].



2 C? polar cap construction using one patch of degree 6-5 per
sector

Figure 3 illustrates the structure of each patch of degréeaéd Figure 4 shows a
constructed surface. The construction has four ingreslexylained in detail in Section

(0,0) v

Fig.3. A 6-5 patch x* : [0..1]> — R3 of degree 6 in the periodic and degree 5 in the radial
direction. (eft) Domain, ¢ight) patch with one edge collapsed: fo= 0, . .., 6, x;5 is the pole.
The BB-coefficients displayed as circles are defined by theaeborder. The BB-coefficients
displayed as black disks are defined by a quadratic expaasitie central point.

Fig.4. A 6-5 convex completion of a surface. left) Bi-3 input ring (green, defining the tensor-
border) and 6-5 cap (red)nfddle Gaussian curvature shadingght) highlight shading.

2.1:
1. a guide surface caq : 2 C R? — R3 consisting ofn triangular patches of total
degree 2 (gray region in Figuremdiddle) ;
2. a polar concentric tessellation mag-tnap, p : [0..1]2 x {1,...,n} — R? (Figure
5left) ;
3. the operatoi,, ,, that defines a surface ring or capropatches of periodic degree
p and radial degree 5 by (Hermite-)interpolating positiorstfand second derivative at
its two periodic edges ;
4. the functional
m
F:0™([0.1]%) 3 f — Fulf) ;:/D > (__)(6;’2vjf)2 1)

. . 1]
i+j=m;1,5>0

that acts on sufficiently smooth functiofislefined over the unit squaje.1].
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Fig.5. Polar reparameterizations (ct-maps) and guide surfaces. One sectorléft) of the C*?
bi-31 ct-mapp, (right) of the G? bi-21 ct-mapp=. (middlg BB control netpﬁk of a guide patch

q of degree 2 (gray area, 2-link) erof degree 3. (Note the different indexing conventions for
(collapsed) tensor-product and total degree patches.)

2.1 Theingredients

1. The piecewise quadratic guidgconsisting ofn triangular, total-degree 2 polyno-
mial pieces forms &2 map if all pieces define the same quadratic. In other worsls, it
Bernstein-Bézier (BB)-coefficients),, p{,, p§;, P50, Pi1: P62 (gray region in Figure

5 middle are defined by one piece, séy- 0.

2. The polar concentric tessellation may-(map (Figure 5Sleft),
p:[0.12 x {1,...,n} - R?

that reparameterizes the domain is defined as follow</thitsector is defined by a
template map- : [0..1]> — R? rotated about the origin b&%”. The template map is
of degree bi-31, i.e. of degree 3 in the periodidirection and degree 1 in the radial
v-direction (see Figure Eft). Its BB-coefficients are;; := [§],7 =0,1,2, 3,

1 ) 27
— 1 - . - - — [cosa -
Too = [0] , 10 ‘= [M} , T20 = Rarlo, r30 = RaT‘OQ = [sina]a o = 5

2+4cos a ;
where R,, is the reflection across the line through the origin ang $,sin §]. By
construction, the polynomial pieces @foin formally C? across the sector boundaries.

3. The operatorH,, ,(bg, b1) defines aC? surface ring or capx € C?([0..1]* x
{1,...,n}) consisting ofn polynomial patches of periodic degrgend radial degree
5 uniquely determined by (Hermite-)interpolating positidirst and second derivative
(the tensor-borders;, of degreep) at its two periodic edges correspondingite= 0
andv = 1, respectively. We denote hy(f, v), a tensor-border read off from a patch
f € C?([0..1]% x {1,...,n}) atits radial parameter.

Below we will build a patchx of degree 6-5 as shown in Figure 3. Three layers of
BB-coefficients marked as black disks are definedbpyand three layers marked by
circles are defined by, .

Algorithm 1:  C? cap construction of degree 6-5
Input. The tensor-bordes of the hole in aC? patch complex. The position of the pole



(see Figure 2).

Output. Then piecesx’ of the output surface cap: [0..1]% x {1,...,n} — R? (see
Figure 3 right) of degree 6-5, i.e. of degree 6 in the periodic directiomwite periodic
edge collapsed to form the pole and degree 5 in the radialtdire

Algorithm: Set the pole, for example to the limit of bi-3 polar subdieis[2] (cf. Figure
2). Formqo p (with five BB-coefficientsy,, £ = 1, .. ., 5 still undetermined) and solve
the linears x 5 system
Héinf3Hn,s(J(q 0p,0);b), 2
k

i.e. minimize the sum of the functionals applied to each eftlpatches in terms of the
unknown five BB-coefficients.

Theorem 1. The 6-5 construction yields@?2 surface.

Proof Sinceb extends theC? patch complex and, o p is parametricallyC? except
possibly where it is singular, we need only show that thessgrfs als@”? at the central
point. For this we construct an auxiliary subdivision algan of type (1/2,1/4,0) [12,
Ch 7] as follows. Denote the univariate degree 3 boundarjefemplate op by r, €

R? and the%’r rotation matrix byR. With v = 0 corresponding to the collapsed edge,
and recalling that the Taylor expansion of any 6-5 patcgenerated by Algorithm | at
(u,0) is up to second order determined &y p* = q(vR‘r.(u)), we can write

X" (u,0) = Qo + vl Q) (R'ro(w) + 02 (Rro (u))" [gj gj (Rro(w) + o(?).
Repeated subdivision (by De Casteljau’s algorithm) of thggresentation in the radial
direction, atv = 1/2™ yields a sequence @f? polar 6-5 rings converging to the pole
with v—monomial eigenfunctions and eigencoefficieqis In particular, forj = 1
there are two (rather thar) distinctC? eigenfunctions;, ande;; and forj = 2 there
are three;’fgo, €21 and€22 such thatBQ(), €91,€29 € Spar{efo, €10€11, 6%1}. [12, Thm
7.16] then applies and completes the proof. ]

A similar proof, forC! continuity, appeared in [1].

Theorem 2 (periodic degree estimation). For generic tensor-border data, a paramet-
rically C? polar cap assembled from patches by a symmetric (invariant under index
shift and flip) algorithm must have periodic degree at least 6

Proof By [12, Thm 7.16], a (polar) subdivision algorithm of typgZ11/4,0) must be
of periodic degree at least twice the periodic degree offts(polar) characteristic
ring. Since the periodic degree is at least three the algannihust generically generate
surfaces of periodic degree 6. The proof of Theorem 1 shoatsatly symmetric para-
metricallyC? polar cap of periodic degree induces a pola€’? subdivision algorithm
of type (1/2,1/4,0) that is of periodic degree Thereforen > 6 must hold. ]
We conclude with examples where the tensor border has notdexéved from a
control mesh. In Figure 6, the input tensor-border (greelefit) is defined by nine
C?-connected generalized cylinders of periodic degree Shdratrplane wing tip data
of Figure 7, the challenge is to slowly blend the sharp ed¢® anrounded cap. To



Fig.6. A 6-5 construction for input not derived from a polar control n@ft) Input and cap;
(middle Gaussian shadingright) highlights.

Fig. 7. Wing tips feathering out a sharp edgéeff) Input data (green) with a sharp edge, transi-
tion ring (red) mediating from the sharp edge to the smootharaC? 6-5 cap (gold); ight)
highlight rendering thereof.

obtain the transition, Algorithm | is applied with a creardhe tensor-border along a
sector partitioning curve. The patches are then subdivildede radial direction and
the resulting transition surface ring is adjusted to havedli’?-connected innermost
layers of BB-coefficients. Then Algorithm | is applied a seddime with the transition
ring now providing the tensor-bordbr(red in Figure 7left).

3 Alternative constructions

Below, we explore constructions without edge collapse ¢fithm Il and I1l) and with
edge collapse (Algorithm 1V) where we trade lower degree(foany) more patches
compared to the surface construction of Algorithm |. Whilege three alternative con-
structions yield equally good shape and continuity as Atgor I, we think that the
trade-off will only rarely be justified. However, we presdhn¢se alternatives to com-
plete the picture but move fast on the details.

3.1 C? capping without collapsed edge

In this section, we present two? surface constructions without edge collapse. We
leverage the 6-5 cagr : [0..1]? x {1,...,n} — R? constructed by Algorithm I to
provide data from which to determine@ guide surfacep : 2 C R? — R3 (see
below and Figure Bniddlg of degree 3, that is then composed with a reparametrization
7:[0..1)% x {1,...,n} — £2. Specifically, we

(i) extract data fronx to be matched,



(ii) extract the same data fromo 7 (in terms of free coefficients gf), and
(iii) set the free coefficients by minimizing the differenakthe data in (i) and (ii).
Then the final surface is essentially (ii) with the coeffi¢geset by (iii).

Ingredients Analogous to Section 2.1, we define

1'. a guidec consisting ofn. polynomial pieces of total degree 3. The conditions on
its BB-coeI"ficientspf,C to be part of a piecewis€? map [3] require, (a) the 2-link of
the central poinp§, define the same quadratic polynomial (in possibly degreseda
BB-form) for all ¢ (see the earlier construction qj, and (b) The coefficientps, can

be chosen freely; then, far > 7 (which will hold since we trisect each sector),

nzlnz Rycos((j — O)ka) 3)
2¢ + cos(ka)

EOkO

Ry := 2c2p30 + cp03 +4c(1 - c)pg0

—2(1 = o)pf; + (1 = ©)pge + 2(1 — ©)*plo,
c:=cosqa, «:=27/n,

and setting subsequently the coefficigpfs to satisfyC'! constraints across the sector
lines, makegp aC? function.

2'. Analogous to the definition g in the previous section, we define the piecewise
quadratia? ct-mapp. by rotations of a bi-21 templatewith BB-coefficients

[COS(Y]

i1 = [8]1 T00 *= [(1J] y T = [tan(la/2)} v 720 = [sinal-

The bi-21 mapp, has a siblingr, of total degree 2 defined by the template

— — — — oo — r20 .— [0
70,0,2 := T00,71,0,1 := 710, 72,0,0 *= 720, 70,1,1 = 7,71,1,0 =g 70,2,0 := [0]
Analogouslyp has a siblingr of total degree 3 defined by the cubic curvepafnd the
origin.

3. We introduce the operatdi®® that sampleg x 2 jetsd!9/x, i, j € {0,1,2} atthe
corners of the polynomial pieces to construct tensor-bsrid degree 5).

C? capping of total degree 9 To cap without a collapsed edge, we here choose the
central pieces to be ‘triangular’, i.e. of total degeg@vhich could in turn be represented
by three quad patches of degreedi-

Algorithm 11: C? cap construction of total degree 9

Input The C? capx of degree 6-5 constructed by Algorithm | and the tensor-bord
b :=J(x,1) (b := J(x, 3) for double bisection; see * below).

OutputA C? cap consisting ofV := 3n patches of total degree 9; plié patches of
degree bi-95 for one bisection (plugpatches of degree 6-5 for double bisection).
Algorithm. (i) Bisectx radially once or twice (see Figure 8).
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Fig. 8. Radial bisections followed by tri-section at the poleleft) Once, (ight) twice. In both
cases, we associate= 0 with the collapsed edge of andv = 1 at the boundary between the
gray regions of the domain. The light grey region is the foaiualgorithms 11, 11, IV.

Fig. 9. Single vs double split. (left) Gauss curvature shading of a 6-5 cap (input Figuneicdle
left); (middl§ Gauss shading of degree 9 construction corresponding édimection; Kight)
Gauss shading of degree 9 construction corresponding tiotligle split in Figure 8ight.

* For elliptic configurations such as in Figurdeift, the single bisection displayed in
Figure 8left suffices. For higher-order saddles, we recommend the depbteof
Figure 8right, resulting in Figure 9ight.

Then tri-sect the subpatches at the pole and in the layertoéxso that the new polar
valence isN. Apply H>5 at the locations marked kiy in Figure 8 to generate a tensor-
border of degree 5 in B-spline form.
(i) Composeco p toyield a map of degree bi-93 withh- NV undetermined coefficients
of c. Apply H?® at the same locations as in (i) to form a second tensor-bofdtgree
5in B-spline form.
(iii) Set the central point ot to the central point of the 6-5 cap. Determine the
remainingN + 5 coefficients ofc by minizing the sum of squared distances between
the B-spline control points generated in (i) and (ii).
(iv) The inner cap corresponding toe [0..1] is defined byc o o, in essence trimming
c along the degree 3 boundary@fSince we trisected, this yields three patches of total
degree 9 per sector.
(v) For radial parameter € [1..2] the surrounding surface ring consistsMfpatches
of degree bi-95 defined by

HN,9(J(C °p, 1); b),

i.e. the tensor-border @fo p atv = 1 (consisting ofNV = 3n pieces) and the tri-sected
and degree-raised tensor-border.
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Fig. 10. G? capping with a 5 x 3-split. (left) One sector is covered by 15 patcheight) One
sector of the domain transition majof degree bi-53 (corresponding to the middle three surface
rings of one sector aftdri-sectionin the circular directioreft, i.e. valenceN = 3n; 7 is sym-
metric with respect to the bisectrix of the sector. The Hatliaves starting inward a0 and10

and symmetrically at0, 50 are straight lines. Only the two heavy-set lines startingaand30

are truly of piecewise degree 3.

G? capping of total degree6 Here we use a map: [0..1]> — R? (Figure 10right) to
transition fromC? to G? constraints. It consists of thré&-connected pieces 7, 7 of
piecewise degree bi-53. Since the radial degree of each [§&6J (7, 1) := J($p2,1)
(theC? prolongation ofipz )andJ(r, 1), defined by rotations of the sector template

2 o 1 4 o
r = 1 T = 1 — — T = — — — ). 4
T00 ( ,0),7’10 ( ,5tan2),T20 (10(9+COSOC),5'E&H2), ( )
11

5
7.—61 = Ei—eo 17'-22 = 67'—@07 L= 0) 17 2) (5)
determiner on [0..1] x [..1] as aC*-connected map in radial direction whose outer-

most tensor-border 62 in the periodic direction.

Algorithm I11: G? cap construction of total degree 6

Input: The tensor-bordds and the cubie€”? capc constructed by Algorithm I1; th&?
polar parameterizations, andos.

Output: N := 3n triangular patches of total degree 6, pli§ patches of degree 6-5
correspondingte = [i..%] and a surrounding ring (darkest gray in Figure 10) plivs

patches of degree bi-5 correspondingte [5..1] .

Algorithm: (a) Compose o ;0 to obtain the inner cap, correspondingit@ [0..1],

of N triangular Bézier patches of degree 6 (see Figurkeft

(b) Apply H® to the compositiore o 7 to form three intermediate bi-5 rings corre-
sponding tov = [%..1] . The N patches correspondingto= [..3] are made to match
J(co %p) and thereby to join with curvature continuity the inner capstructed in (a).
(c) The outermosd patches are constructed as in Algorithm Il to meet the oatesdr-
border of the patches constructed in (b) in a parametricaifashion.

Since the degree @¥/ (1) atu = 0is 1,1,3 forj = 0, 1,2 (and symmetrically at
u = 1, the other sector boundary) the degre8ificor) atu = 0is 3,3,5forj = 0, 1, 2.
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So we can applyZ°° to obtain a surface ring of degree bi-5 that reproduces étsrsd

order expansion at both sector boundariesv At %, the2 x 2 jets also coincide with

that ofc o % p=2. Therefore the construction in (b) ensures curvature naiiti across

v = i and this completes the proof of curvature continuity of thierall construction.
The number of patches is high5p if one bisection is applied,6n if we radially

bisect twice as in Figure Bght). Figure 11 justifies trisection in the periodic direction,

echoing the theme that polar layout prefers high valencies.

Lfe@®
E.

<

Fig. 11. Bi-6 G? construction of Algorithm 11l applied to the net of Figure 2tqp) (left) three
rings of one third of a sector of. (middleandright) Gauss curvature of the surface is shown for
three rings and a tensor-border split intimy middle two subsectorsidp, right) three subsectors.
(bottorm) Construction with two subsectors and two rings of degre@. bi

Instead of trisecting in the periodic direction, we can ioy@& the shape by bisect-
ing, replacing the three rings of degree 5-3-iby two rings of degree 5-4 and applying
the operatoiiZ %% of [5] to obtain bi-6 patches. Figure Hbttom shows the reparame-
terization patchwork, reduced fox 2n patches instead &f x 3n resulting in a better
curvature distribution.

3.2 G? capping of degreebi-5

A slight modification of Algorithm Il yields a curvature ctinuous cap of degree bi-

5 with one collapsed edge. This does not contradict Theorenc the transitions

between sectors ate?, not parametrically’2. Note that Algorithm IV accepts as input
a tensor-border of at most degree 5.

Algorithm 1V: G? cap construction of degree bi-5.

Input: The tensor-bordds and the cubiec”? capc constructed by Algorithm II; th&?
polar parameterizatiopy.

Output: 5N := 15n patches of degree bi-5 with th®¥ innermost having one edge
collapsed.
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Algorithm: (a) Apply H5 to co % p2 to yield an innermost bi-5 cap with collapsed edge.
(b) and (c) mimic those of Algorithm III.

Since the degree @ p3, for j = 0,1,2 atu = 0 andu = 1 is 1,1,2, the operator
H5® applied toco %pg reproduces the second order expansion at both sector hdesmda
Therefore the innermost bi-5 patches with collapsing edgea a G2 connected cap
except possibly at the pole. Since the expansion at the pditérmined by’ (qo %pz),

j = 0,1,2, we can retrace the proof of curvature continuity at the s Theorem
1. Figure 12 shows the bi-5 patchwork corresponding to E@ur

Fig. 12. Bi-5 construction. (left) Rings of the cap surfaceight) its Gauss curvature shading.

4 Extensions and Discussion

The main construction, Algorithm I, generates a 6-5 cap @giate for most geometry
processing pipelines. Due to the resulting good shape,ape were used as a guide
surface in the subsequent sections. Algorithms Ill and INegate manyl(5n) patches
mainly to obtain a fair transition fron&? connections at the central point to the
input.

If the tensor-border is appropriatey?, we can use to replace the 6-5 cap of
Algorithm | by an outer ring of patches of degree bi-4 and areircap of degree bi-4
with edges collapsed to the central pointCA bi-3 polar subdivision can be obtained
by converting the 6-5 patch to the accelerated bi-3 form 8f.[We need only apply de
Casteljeau’s algorithm repeatedly in the periodic diatto obtain the require?l x 2
jets in bi-3 form.)

Alternatively, sampling the corner jets of the 6-5 patchesutts in high quality
cappings that ar€'" at the pole and>? away from it. We can generate such surfaces
of bidegree bi-5 with one patch per sector, bi-4 with fourchas per sector, or bi-3
with nine patches per sector, trading degree for numbermafs. As with the curvature
bounded subdivision algorithms in [14] and the construngtidisplayed in Figure 11,
the lower the degree, the more the curvature fluctuates.

An important bonus of the polar layout, illustrated in Figds3, is that we can adjust
the C? bi-31 ct-mapp to non-uniform spacing, simply by manipulating its cubitirsp
boundary.



12

Fig. 13. (left) Highly non-uniform input from conical surfaces capped hgdithm | with non-
uniform ct-map. fiddle lef) Gauss curvature shading of cappingiiddle righ) highlights.
(right) The non-uniform bi-31 ct-map.
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