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Kȩstutis Karčiauskasa, Jörg Petersb,∗

aInstitute of Mathematics, Vilnius University, Lithuania
bCISE, University of Florida. Gainesville, USA

Abstract

Fast bi-3 Quadratic-Attraction Subdivision (FASt) offers noticeable shape improvement over Catmull-Clark subdivision and its tuned
variants, yet is equally easy to implement as repeated multiplication of the control net vertices by an explicit subdivision matrix. FASt
achieves maximal smoothness for degree bi-3 (bi-cubic) surfaces: C2 everywhere except for the extraordinary limit point where the
surface curvature is bounded and a unique normal exists. Remarkably, FASt surfaces have highlight line distributions comparable to
Quadratic-Attraction Subdivision (QAS), the shape-quality leader among bi-3 subdivision algorithms. But while QAS and recent
‘tuned subdivision’ algorithms, generate one surface ring consisting of 12n bi-3 pieces per refinement step, FASt requires just 5n bi-
cubic pieces per refinement step. This economy of pieces is possible due to a technical innovation in the derivation of FASt: combining
regular but non-uniform refinement with irregular but uniform quadratic-attraction subdivision.

And, whereas Quadratic-Attraction and Catmull-Clark subdivision fill n-sided holes ever more slowly as n increases, FASt fills
holes with a fixed contraction speed 0.57 for n = 6, . . . , 10 (and faster for n < 6). That is, two steps of FASt shrink the unfilled area by
an order of magnitude. Faster contraction not only improves rendering efficiency, but fewer pieces reduce the cost of data exchange
and engineering analysis, such as computing integrals up to tolerance.

Keywords: Subdivision algorithm, surface quality, bi-cubic, fast contraction, bounded curvature

1. Introduction1

The generalization of uniform knot insertion to refine bi-cubic2

B-spline control nets, a.k.a. bi-cubic subdivision, is the main ge-3

ometry representation in Computer Graphics and Animation, and4

is widely used in shape design for initial ideation and visualiza-5

tion. The ability of quadrilateral meshes to follow a cross field of6

principal curvature or feature lines, with degree 3 in each direc-7

tion to allow for curvature continuity between the pieces almost8

everywhere; and intuitive local averaging rules, where n , 49

quadrilaterals meet at so-called extraordinary nodes, have led to10

widespread use of bi-cubic subdivision. Implementations in all11

major modeling packages and availability of efficient GPU-based12

open source code [1] has placed Catmull-Clark subdivision [2] at13

everyone’s finger tip. Yet, especially for higher n, i.e. more than 514

quadrilaterals meeting in the control net outline of the shape, var-15

ious shape artifacts were observed early on, and later formalized16

in [3, 4, 5]. Shape artifacts led [6] to pioneer manipulation of the17

eigenstructure of the subdivision matrix that groups together the18

local averaging rules. Multiplication with this matrix refines the19

control points that generate one n-sided surface ring, see Fig. 1 .20

The sequence of rings contract, at the speed of a subdominant21

eigenvalue λ < 1, to jointly form the subdivision surface. Sabin22

et al’s and subsequent tuning focuses on the limit point and con-23

sists of adjusting one or more averaging rules. Since bi-3 (bi-24

cubic) subdivision surfaces cannot generically be C2 at extraor-25

dinary points [7, Thm 7.19], and since Catmull-Clark curvatures26

dramatically diverge near the extraordinary point, an important27

aim is to bound the curvature.28

Key to the superior shape of an alternative class of iterative29

surface generation algorithms is the initial, separate construc-30

tion of a guiding surface. Avoiding a separate construction,31
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Quadratic-Attraction Subdivision (QAS) [8] bakes an evolving 32

guide into the explicit linear formulas operating on the control 33

nets. The guide surface appears, in terms of an abstract control 34

net, only virtually during the derivation of the refinement rules, 35

so that QAS requires only the classical implementation of multi- 36

plying the control net with a fixed subdivision matrix per refine- 37

ment step. Fast bi-3 Quadratic-Attraction Subdivision (FASt) 38

shares this advantage and 39

• FASt produces surfaces of the similar top quality as the 40

quality-leader QAS, using less than 1/2 the resources: FASt 41

requires only 5n bi-cubic pieces per ring vs 12n for QAS. 42

Compare Fig. 1 b to Fig. 1 c. 43

This reduction is possible due to a key technical innovation in the 44

derivation of the refinement formulas: 45

• combining regular non-uniform refinement with irregular 46

uniform quadratic-attraction subdivision. 47

Moreover, 48

• combining two consecutive rings into one leads to 10n bi-3 49

patches per ring and extremely fast convergence: the sub- 50

dominant eigenvalue of the combined subdivision is less 51

than 0.325 , i.e. the hole diameter shrinks to 1/3rd in a 52

single step and the unfilled area shrinks by an order of mag- 53

nitude. 54

• FASt has the same single-ring structure as Catmull Clark 55

Subdivision (CCS) and is easily implemented by replacing 56

the CCS refinement matrices (collection of rules for extraor- 57

dinary points) by FASt matrices whose non-zero entries are 58

given in the Appendix. 59

• FASt surfaces are of higher quality than CCS– despite being 60

faster at filling n-sided holes by subdivision surface rings. 61

Preprint submitted to journal May 11, 2026



• Compared to [8], FASt offers the choice from three types of62

quadratic attraction: attraction towards (i) a C2 expansion63

at the extraordinary point, (ii) a C1 expansion, (iii) an ex-64

pansion that is C1 only at the center and C0 otherwise – and65

is thereby maximally flexible in the shape without compro-66

mising the final smoothness.67

(a) 3n bi-cubics CCS (b) 12n bi-cubics (c) 5n bi-cubics FASt

Figure 1: Surface rings with n = 5 sectors: each quadrilateral corresponds to one
bi-cubic surface patch. (a) 3 patches per sector in the ring layout of CCS. (b)
12 patches per sector for ‘tuned subdivision’ [9, 10], PAS [11], QAS [8]); (c) 5
patches per sector for FASt.

1.1. Tuned and Guided Subdivision Algorithms68

CC

Figure 2: Separating
Catmull-Clark step.

For almost 50 years, bi-cubic sub-69

division has been synonymous with70

Catmull-Clark subdivision (CCS) [2].71

Improvements have focused on the72

poor behavior of CCS near extraordi-73

nary nodes, by adjusting or tuning the74

control net averaging rules that char-75

acterize the subdivision algorithm76

near extraordinary nodes, where more77

or fewer than n = 4 quadrilaterals78

meet. In parallel, Guided Subdivision79

has been developed to more explic-80

itly control and improve smoothness of the overall limit shape.81

Neither tuned, nor guided subdivision have been widely adopted82

since the shape improvement via tuning has been modest and the83

original guided approach departed from the simple matrix-of-84

stencils structure of established bi-cubic subdivision.85

Tuning addresses shape problems near the limit extraordinary86

point by introducing new, additional refinement rules for the ex-87

traordinary node i.e. nodes with n , 4 neighbors. The larger88

footprint of the rules than CCS require wider separation of ex-89

traordinary nodes by regular 4-valent nodes. Quad-meshing al-90

gorithms [12, 13, 14, 15] typically do not separate sufficiently91

when the output has to have a low number of quads to be suit-92

able for design. Therefore one or more initial CCS refinement93

steps need to be applied, cf. Fig. 2 . However CCS is prone to94

artifacts introduced by the first refinement steps [16]. Funda-95

mentally, the large scale ’first step artifacts’ are not mended by96

algorithms focused on limit tuning [9, 10] as demonstrated, e.g.97

in [11, Fig 1d] for [9]; see also the eigen-polyhedron approach98

of [17] to address shape problems of NURCCS [18] in the dif-99

ficult context of irregular knot sequences. While the repeated100

averaging in [10] improves the shape, this comes at the cost of101

increasing polynomial degree.102

Guided Subdivision [19] harnesses a larger number of degrees103

of freedom by first computing, from the control net, a fixed pro-104

totype shape called the guide. A refinement step can then be105

viewed as smooth prolongation of an existing spline surface to-106

wards the guide shape with any remaining degrees of freedom107

set by shape information from smartly sampling of the guide.108

(a) 1 ring (b) 2 rings (c) 3 rings

(d) 1 ring + p (e) 2 rings + p (f) 3 rings + p

(g) 1 ring + q (h) 2 rings + q̃ (i) 3 rings + ˜̃q

Figure 3: Evolution of subdivision algorithms. (Note: these are structure dia-
grams not flattened surfaces.) Row 1: Catmull-Clark (CCS) surface as a sequence
of contracting rings. Row 2: [11]: adds a carefully-chosen fixed central point p,
marked as •. This point becomes a limit point of the subdivision surface. Row
3: [8] introduces a quadratic central expansion q, marked as Dthat evolves and
attracts the surface.

Fig. 4 . This approach can be traced back, for polynomial guides 109

to [20, 21] and for piecewise polynomial guides to [19]. While 110

Guided Subdivision improves the shape, it consists of two dis- 111

tinct stages: the guide construction followed by the construction 112

of contracting rings. In more detail, (a) a c-net, see Fig. 5 d, pro-

(a)

(b)

(c) (d)

Figure 4: Guided subdivision separates shape-finding from the mathematical con-
straints of the final output surface.

113

vides both a surface ring and a guide shape. These pieces of ge- 114

ometry are close but do not join consistently as the pixel-fighting 115

in (b) illustrates. Instead Guided Subdivision smoothly prolongs 116

the existing surface and supplements it with data from the guide 117

to complete (c) a new (bronze) ring that smoothly joins the exist- 118

ing (green) ring and follows the shape of the guide by sampling 119

the guide for data needed to complete the new ring. This ap- 120

proach generically yields excellent highlight lines, see (d). 121

[11] fold the guide and prolongation into a single refinement 122

step. This refined control net is interpreted, where possible, as 123

a bi-cubic spline control net. Repeating this process defines a 124

sequence of surface rings that contract towards the limit extraor- 125

dinary point, see Fig. 3 . That is, the algorithm behaves ex- 126

actly like classical subdivision, but yields better shape without a 127
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separately-constructed explicit guide: Replacing the augmenting128

limit point p in row 2 of Fig. 3 by a quadratic expansionq in row129

3, the algorithm in [8] improves smoothness and increases design130

�exibility at the extraordinary point. [22] additionally achieves a131

uniform contraction speed. FASt combines these advances into132

an ef�cient, bounded curvature subdivision algorithm at less than133

half the cost in spline ring pieces.134

(a) B-net and BB-net of
a patch (b) C2 tensor-borders

(c) non-uniform� , uni-
form � B-net points and
tensor border in BB-
form

�c c

e
!

(d) c-net� �c-net

t

(e) output ring and
tensor-bordert

Figure 5: B-to-BB conversion. (a) A4 � 4 B-net with control points (inR3

indicated as� de�nes one bi-cubic patch whose BB-net is shown as the solid
inner 4 � 4 grid. (b) A partial B-net still de�nes aC2 expansion at the central
edge (black solid BB-net) as well as its green counterpart below. Expansions at
the endpoints of the edge are3 � 3 green BB-nets. (c) Thenon-uniformknot
spacing B-spline net� is transformed to the uniform B-spline net with nodes
marked� . Both nets de�ne the same tensor-border. (d) The central irregular node
of valencen is labelede. The quad-framed enlargement�c of a (Catmull-Clark)c-
net contains3n overlapping4 � 4 B-spline control nets. A�c-net therefore de�nes
(e) a surface ring of3n C2 bi-3 patches and the tensor-bordert.

2. Control nets and Piecewise Polynomials135

This section reviews basic control structures for subdivision136

surfaces, summarized in Fig. 5 , and so introduces the notation137

for the derivation of FASt in Section 3. Fig. 5 a illustrates the138

well-established B-to-BB conversion, that changes the basis from139

the control net of uniform bi-cubic B-splines (short B-net) [23]140

f (u; v) :=
3X

i=0

3X

j=0

di j N3(u � i)N3(v � j); 0 � u; v � 1;

to the Bernstein-B́ezier form (short BB-net) [24, 25]):141

f (u; v) :=
3X

i=0

3X

j=0

f i j B3
i (u)B3

j (v); 0 � u; v � 1:

HereN3(t) is the uniform degree 3 B-spline, thedi j 2 R3 (marked142

� in Fig. 5 ) areB-spline control points, Bd
k(t) :=

�
d
k

�
(1� t)d� ktk are143

Bernstein polynomials of degreed, andf i j 2 R3 are calledBB-144

coef�cients. Connectingdi j to di+1; j anddi; j+1 wherever possible145

yields theB-netof f , displayed as thin grid in Fig. 5 a,b,c,d; and146

connectingf i j to f i+1; j andf i; j+1 wherever possible yields theBB-147

netof f , displayed as solid black or green grids in Fig. 5 a,b,c,e.148

The B-to-BB conversion formulas are the tensor-product of the149

univariate formulas that setf3i := (di� 1+4di +di+1)=6 andf3i+1 :=150

(2di + di+1)=3 (all other formulas follow by shift and rotational 151

symmetry). 152

Fig. 5 b illustrates how a partial B-net still determines a BB-net153

that de�nes aC2 expansion at the central edge (black solid BB-154

net). Other expansions fully de�ned by the B-net are indicated as155

green BB-nets. Fig. 5 c shows the same BB-net constructed both156

from a non-uniform and a uniform B-net. 157

The �c-net in Fig. 5 d enlarges the classic Catmull-Clarkc-net 158

by one ring of quadrilaterals so that B-to-BB conversion de�nes159

3n pieces of aC2 uniform bi-cubic B-spline surface ring and their160

C2 prolongation across edges, the tensor-bordert. 161

3. The FASt Construction 162

This section contains thetechnical derivationof the FASt al- 163

gorithm. An end user can skip this section since the design164

control-net remains the familiar Catmull-Clark control netc. 165

Moreover, the derivation is not needed for implementation since166

FASt re�nement can, for each valencen, be expressed as a lin-167

ear transformation, namely a matrixMn of size n̄ � n̄, where 168

n̄ := 1 + (12 + 5)n, All non-zeroMn entries (other than (1)) for 169

implementation up ton = 10are provided in TablesDQn andDn
170

of the Appendix. The FASt control net is re�ned by multiplying171

its control net byMn. An initial step, also a matrix multiplica- 172

tion, converts the Catmull-Clark control netc to the FASt control 173

net. 174

For the specialist, this section offers some, possibly surpris-175

ing, technical innovations – such as the non-smooth choice of the176

central guide and an intermediate non-uniform re�nement step.177

q

d

(a) control netsq, d

q̃

d̃ 1 2

(b) QAS: uniform

q̃

d̂

(c) FASt: non-uniform

Figure 6: Subdivision control nets. (a)12n nodes of the FASt control netd and
then sectors of the quadraticq. (b) Re�nement of [8] (resulting in12n patches
per re�nement step). (c) FASt: intermittent non-uniform re�nement (resulting in
only 5n patches per step).

The (internal) FASt control net consists of two sub-nets,d and 178

q, see Fig. 6 a. The two sub-nets collaborate to yield the control179

netsd̃ andq̃ of the next nested surface ring. This two-net struc-180

ture was introduced in [8] to separate prolongation of the surface181

and its convergence and attraction towards the limit shape. Keep-182

ing the two nets(q;d) separate also simpli�es the limit analysis183

of the resulting surface in Section 4. 184

The design control-net is still the familiar Catmull-Clarkc-net. 185

That is, shape manipulation is at the level of thec-net and this 186
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automatically initializes (d, q), see Section 3.2. That is, the (d,187

q) pair is typically not exposed for modeling. In each subdivision188

step, (d, q) is re�ned and generates one surface ring.189

3.1. Overview of the FASt derivation190

The d-net re�nement. The d-net re�nement is non-uniform,191

see Fig. 6 c. This non-uniformity distinguishes FASt from earlier192

quadratic-attraction subdivision algorithms where, cf. Fig. 6 b,193

24n re�ned nodes� are obtained by uniform re�nement rules,194

i.e. new knots are inserted as midpoints into each interval, and195

6n new nodes� are calculated by6 special rules. The6n � and196

the6n innermost� form a net denoted bỹd that is the re�ned net197

and serves as the input for next re�nement step.198

By contrast, FASt, cf. Fig. 6 c, generates18n new points� via199

non-uniformre�nement rules. New knots are inserted as mid-200

points only in some intervals and2n new � are calculated by201

2 special rules. The2n � and the10n innermost� form a net202

denotedd̂. Unlike the uniform case (b),̂d has a non-uniform203

structure and therefore can neither be the inputd̃-net for next204

re�nement step nor de�ne the surface rings ofuniformbi-cubic205

B-splines. Section 3.3 will explain how to convertd̂ to d̃.206

123 4
5

6qs qs+1

qs� 1 p2
3

5

4
5

6
!

(a) labeling

q̃s

q̃s� 1

q̃s+1

p

(b) re�nement

Figure 7: A quadratic expansionq with central pointp = qs
1, s = 1; : : : ;5. (a)

Indexing. (b) Re�nementq ! q̃ according to (1),

The q-net re�nement. The q-net of the quadratic expansion207

connects the BB-coef�cients of the inner brick-red underlaid 2-208

link of the polynomial pieces in Fig. 7 a. Fig. 7 a displays the209

BB-nets ofn = 5 polynomials of degreed = 5 in total degree210

Bernstein-B́ezier form [25],211

b(u; v) :=
X

i+ j+k=d
i; j;k� 0

bi jk
d!

i! j!k!
(1 � u � v)kuiv j ; 0 � u + v � 1:

(Degree 5 stems from bi-5 guide construction in [8] that, when212

baked into the rules, yields high-quality subdivision surfaces.)213

Connecting the quadratic piecesC1 only at the central pointp214

andC0 otherwise is permissible and adds �exibility over joining215

the piecesC2. Notably, this lack of smoothness inq does not216

harm the �nal surface quality sinceq only guides the shape217

whereas the smoothness of the surface is determined by other218

algorithmic steps that encodeC2 prolongation of the existing219

surface. Fig. 7 illustrates how to obtain the BB-coef�cientsq̃s
i220

of the re�ned quadratic expansion in terms ofq by scaling the221

domain ofb towards the origin by a factor�222

223 0
BBBBBBBBBBBBBB@

q̃s
1

q̃s
2

q̃s
3

q̃s
4

q̃s
5

q̃s
6

1
CCCCCCCCCCCCCCA

:=

0
BBBBBBBBBB@

1 0 0 0 0 0
1� � � 0 0 0 0

(1� � )2 2(1� � )� � 2 0 0 0
1� � 0 0 � 0 0

(1� � )2 (1� � )� 0 (1� � )� � 2 0
(1� � )2 0 0 2(1� � )� 0 � 2

1
CCCCCCCCCCA

0
BBBBBBBBBBBBBB@

qs
1

qs
2

qs
3

qs
4

qs
5

qs
6

1
CCCCCCCCCCCCCCA

: (1)224

This recalculation ofq on the scaled domain leaves unchanged225

the quadratic expansionjet at the central point. Therefore the226

subdivision algorithm is stationary, and hence easy to implement227

and analyze, see Section 4. 228

3.2. Initialization ofq andd from ac-net 229

While the subdivision algorithm is perfectly well-de�ned in230

terms of the contractingq andd nets, quad-faceted models typi-231

cally have the structure of ac-net as in Fig. 5 d and only thisc-net 232

will be exposed to the designer. 233

The initial d- net is obtained fromc by uniform bi-3C2 B- 234

spline re�nement (knot insertion at the midpoint) applied wher-235

ever possible. Thed-net labels are shown in Fig. 9 b. 236

Given ac-net with central irregular nodee, we compute the 237

central point qs
1 := p, s = 0; : : : ;n � 1 as the limit point of 238

Catmull-Clark subdivision [26], slightly improved only forn = 3 239

as in [11], and theinitial quadratic expansion as an average of 240

e and the surroundingc-net nodescs+ j
i where the superscript is 241

modulon: 242

qs
k := (1 �

6X

i=1

n� 1X

j=0

� k
i j ) e +

6X

i=1

n� 1X

j=0

� k
i j cs+ j

i ; k = 2;3;5; (2)

qs� 1
4 := qs

2, qs� 1
6 := qs

3, s = 0; : : : ;n � 1, and� listed in Ap- 243

pendix 9.2. This explicit formula is derived just as in [8, Steps244

S1,S2,S3], and hence is equally able to produce high-quality245

limit surfaces. However, (2) is more succinct. Thisq is the de- 246

fault for FASt. We refer to it asC2, even though, formally, thisq 247

is C1 andC2 only to5 decimal accuracy. Sinceq serves only as a 248

guide, this slight deviation does not affect the surface quality or249

smoothness of the FASt surface. 250

(a)C2 (b) C1 (c) C0

Figure 8: Types of quadratic expansions
q at the central extraordinary pointp.
Bullets � , � and � mark unconstrained
BB-coef�cients;� and� de�ne a tangent
plane atp.

By removing constraints 251

on q, FASt offers three 252

choices, see Fig. 8 : 253

(a)q is C2. 254

(b) q is C1. 255

(c) q isC1 only at the center 256

andC0 otherwise. 257

The �rst option (a) is that of 258

(2), the second (b) frees up 259

the mixed derivatives and 260

the last option (c) offers the 261

designer the most freedom, 262

see Fig. 23 . The non-smooth choice ofq is permissible since the 263

subdivision surface construction takes care of smoothness within264

and between the rings andq only provides samples that guide the265

overall shape. Notablyq can even be discontinuous, but disconti-266

nuity does not bene�t design and the construction becomes more267

cumbersome. 268

1 2 3

4 5 6
cs

4

5

6

cs+1

e
3

5

6

2
cs� 1

6

cs� 2

!

(a) c-net labels
00 10 20 30
01 11 21 31
02

12 22 32

ds
02

12

22

ds+1

30
31

3220
21

22ds� 1

(b) d-net labels

Figure 9: Initializationc-net! d-net.
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3.3. Derivation of the FASt rules269

This sub-section motivates and derives the FASt rules. It is in-270

tended for the expert. Implementation of the rules is much sim-271

pler, see the gray underlaid FASt Algorithm at the end of this272

sub-section. Usage is identical to (or more �exible if modifying273

q than) Catmull-Clark subdivision.274

Fig. 10 a shows the initiald-net with the length-ratios '1' of275

neighboring knot intervals (in directions marked! and " in276

Fig. 10 b). Here ratios '1' indicate uniformly-spaced knots. This277

uniformd-net isnon-uniformlyre�ned to the neth� . The intent278

of halving the knot intervals where the next, contracted ring is to279

be attached, is to anticipate the split of the next ring ( seej and280

– in Fig. 10 a ) and distribute the structural change between the281

rings. The new nodes ofh� are displayed as� in Fig. 10 b. The282

explicit formulas of this non-uniform re�nement are presented in283

Appendix 9.3. (Only) the nodes marked as� 1 and� 2 in Fig. 10 b284

are de�ned by special rules in terms ofd andq with the best out-285

come when set as in Appendix 9.1, essentially identical to [8].286

For the larger picture, markers 1,2 are also displayed in Fig. 6 b.287

Together,h� and� form one sector's neth. We see thath contains288

�ve overlapping4� 4 sub-nets of non-uniform bi-cubic B-splines289

with knot sequences:290

f(1; 1; 1
2; 1); (1; 1; 1

2; 1)g, f (in ! direction), (in" direction)g291

f(1; 1
2; 1; 1); (1; 1; 1

2; 1)g, f( 1
2; 1; 1; 1); (1; 1; 1

2; 1)g,292

f(1; 1; 1
2; 1); (1; 1

2; 1; 1)g, f(1; 1; 1
2; 1); ( 1

2; 1; 1; 1)g.293

Each4� 4 sub-net de�nes a bi-cubic patch (as in Fig. 5 ). Consid-294

ering alln sectors this yields5n bi-3 patches of one surface ring.295

By B-to-BB conversion for non-uniform B-splines [27] these296

patches have the BB-nets illustrated as thin grids in Fig. 10 c.297

1 1 1 1 1

1

1

1

1

1

d

(a)d-net

1 2

h�

h

1 1 1=2 1 1 1

1

1

1=2

1

1

1

!

"

(b) h� � h

h

00 10 20 30

01 11 31

02 22 32

d̂

d̃t
�!

 �

(c) B-to-BB, d̂ ! d̃

Figure 10: Derivation of FASt re�nement step rulesd ! d̃. (a) Uniformd-net
wherej and – indicate knot insertion at interval midpoints to obtain (b) the non-
uniform B-spline neth� . The extension ofh� by � – de�ned by the special rules of
Appendix 9.1 – yieldsh. (c, left) Non-uniform B-to-BB conversion of the sub-net
d̂ (with nodes� ) to the BB-nets (light gray lines) of BB-patches (outlined in solid
black). The green BB-net is the tensor-bordert. (c,right) The transformation to
the uniform net� : d̂ ! d̃. The green-cyan back-arrow indicates the extraction of
a tensor-bordert from d̃ by uniform B-to-BB conversion (whose agreement with
the tensor-bordert obtained fromd̂ provides the constraints that determined̃).

The second step prepares for the next re�nement by removing298

the non-uniformity. The non-uniform subnetd̂ of h, formed by299

the nodes marked as� in Fig. 10 c, is transformed, as detailed in300

Eqs. (3), into the uniform net̃d preservingthe tensor bordert 301

de�ned byd̂ and colored green in Fig. 10 c. The labels shown in302

Fig. 10 (c,right) apply to bothd̂ andd̃. Enforcing that the tensor- 303

border (obtained from̃d by uniform B-to-BB rules) coincides 304

with the tensor-bordert (obtained fromd̂ via B-to-BB rules for 305

non-uniform B-splines) uniquely de�nes the transformation� of 306

d̂ to d̃: 307

d̃i2 := d̂i2; d̃i1 :=
3d̂i1 + d̂i2

4
; d̃i0 :=

2d̂i0 + 3d̂i1

5
; i = 2;3;

d̃11 :=
9d̂11 + 3(d̂21 + d̂12) + d̂22

16
;

d̃00 :=
4d̂00 + 6(d̂10 + d̂01) + 9d̂11

25
;

d̃10 :=
6d̂10 + 2d̂20 + 9d̂11 + 3d̂21

20
:

(3)

The remaining̃di j are de�ned byi j to ji `diagonal' symmetry. 308

Sincet is retained, the just-constructed surface ring joins the309

next, still to be constructed bi-3 ringC2 along their common 310

boundary (marked as thick green lines in Fig. 10 c). We sum-311

marize: 312

FASt Algorithm 313

If the input is ac-net, generated andq according to Section 3.2. 314

Iterate(q;d) ! (q̃; d̃): 315

a. d ! h := h� [ � : Determine 316

the neth� by the formulas of Appendix 9.3 and 317

the nodes� by the formulas in Appendix 9.1. 318

b. h ! b: Convert 319

the non-uniform B-spline neth into 5n bi-cubic patchesb. 320

c. d̂ ! d̃: by formulas (3). Note:̂d � h. 321

q ! q̃: by formulas (1). 322

d. Update(q;d) := (q̃; d̃). 323

We re-iterate that the exposition in this section serves exclu-324

sively to derive and justifythe FASt algorithm. The individual 325

steps need not be implemented since the resulting linear trans-326

formation (q;d) ! (q̃; d̃) is compactly available as a family 327

of matricesMn of sizen̄ � n̄, wheren denotes the valence and328

n̄ := 1 + (12 + 5)n. The sequence of control netsq suf�ces if, 329

as is common for Catmull-Clark subdivision, we only want to330

display the re�ned, faceted mesh. 331

To generate the sequence of surface rings in BB-form,332

(q; d) ! b has been encoded as a family of matricesBn, of size 333

(5n)16� n̄. 334

Two matrix multiplications therefore summarize the 335

FASt Algorithm : Iterate

i Output a surface ring:b = Bn[q; d]t.
ii Re�ne the control net:[q; d]t  Mn[q; d]t.

336

The non-zero entries of the matrices are listed in the Appendix.337
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q

Mq

Md

d
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d̃

(a) matrixM (b) characteristic maps

Figure 11: (a) Subdivision matrixM for limit analysis. (b) Characteristic maps:
FASt in black; CCS, with patches split to have the same partition, in green. (For
n = 3 andn = 5 the FASt characteristic map is visually identical to split CCS.)

4. Limit analysis338

The split of the control net intod andq endows the subdivi-339

sion matrixMn with the structure displayed in Fig. 11 a. For a340

given n, let M := Mn. Since the upper right submatrix ofM is341

zero, the eigen-analysis ofM splits into the eigen-analysis of the342

submatricesMq andMd. The absolute maximal eigenvaluesmn343

of Md (computed numerically) are344 �
n 3 5 6 7 8 9 10

mn 0:151 0:179 0:196 0:214 0:225 0:232 0:238

�
.345

For Mq, we can read off the re�nement relation (1) that the346

leading terms of the eigenspectrum are ( for each of three options347

of q with C0 denoting theq that isC1 only at the central point):348

349

(a)q is C2 : eigenvalues1; �; �; � 2 (3-fold);

(b) q is C1 : eigenvalues1; �; �; � 2 (n-fold);

(c) q is C0 : eigenvalues1; �; �; � 2 (2n-fold):

Recall that� is free to choose. When� � 1=2 thenmn is less350

than� 2 and the eigenvalues ofMq strictly dominate those ofMd.351

That is, for� � 1=2 the subdivision surface is curvature-bounded352

[7]. Note that� := 1
2 corresponds to uniform bi-cubic B-spline353

subdivision. However, for empiricallybest shape. we set the354

FASt default as355

� :=

8
>><
>>:
� CC; for n = 3;5;
� FAS t := 0:57; for n = 6; : : : ;10:

(4)

(For comparison: the� in PAS and QAS increases and is close to356

that of CCS. Forn = 3;5, � CC < 0:57. )357

The limit analysis is completed by numerically establishing358

injectivity of the characteristic maps of FASt, black in Fig. 11 b.359

The outcome is not surprising given the injectivity of the charac-360

teristic map� CC of CCS and the fact that both maps look very361

similar, see Fig. 11 b, after two of the bi-3 pieces in each sec-362

tor of � CC are uniformly split to yield the same layout of5n bi-363

cubics, as for the FASt characteristic map. As intended, the lower364

value� = 0:57 for n > 5 results in higher contraction speed that365

stretches the maps compared to CCS.366

5. Speed Comparison: Merging Consecutive Rings367

One way to visualize the savings of5n pieces per ring for368

FASt, compared to alternative tuned subdivision [9] (MA18),369

[28] (MA19) and [29] (WM23) or QAS that each require12n370

pieces, is to join two consecutive FASt rings to obtain10n371

(FASt2, Fig. 12 a,b), respectively three rings yielding15n pieces 372

for the triple ring (FASt3, Fig. 12 c). Fig. 12 illustrates the very373

fast multi-step convergence using roughly the same number of374

pieces as the alternatives. 375

(a) FASt2 (b) 2� FASt2 (c) 2� FASt3
(d) 12n with
split j

Figure 12: Alternative point of view: merging FASt rings. (a) Merging consecu-
tive FASt surface rings to yield10n patches of one FASt2 ring, i.e. fewer patches
than the12n patches for alternative algorithms. (b) Two FASt2 rings. (c) Two
FASt3 rings, i.e.15n pieces. (d) The blue uniform split (in one direction) gives
FASt2 the same12n patch layout as tuned or QAS alternatives, to mix and match.

The eigen-structure of FASt2 corresponds to the subdivision376

matrix M2, i.e. the eigenvalues are squared and two nested rings377

form the characteristic map of FASt2. FASt2 produces the same 378

curvature-bounded subdivision surfaces as FASt but with faster379

contraction due to� FASt2 = � 2
EAs < 1

3 for all n � 10. For n = 3, 380

� FASt2 � 0:1682; for n = 5, � FASt2 � 0:3025; for n = 6; : : : ;10 381

� FASt2 � 0:3249. That is FASt2 achieves high contraction speed,382

useful for (isogeometric) engineering analysis, see Fig. 26 , while383

maintaining the good shape and even compatibility with the12n 384

framework of other curvature-bounded bi-cubic subdivision al-385

gorithms: Fig. 12 d shows how10n patches can be split into12n 386

patches with the required structure. 387

(a)n = 5 (b) n = 6 (c) n = 7

(d) n = 7 (e)n = 8 (f) n = 9

(g) n = 10 (h) n = 10 (i) n = 3

Figure 13: Challengingc-nets: convexity preservation and higher-order-saddles.

6. Comparison to QAS and tuned subdivision 388

Since artistic perception is not universal, there are no agreed-389

upon worst case input scenarios. However, systematic testing390

points to the cases interrogated in the following shape gallery:391

convex input that should result in uniformly varying convex sur-392

faces and higher-order, high-valence saddles, that should avoid393

pinching of highlight lines. Speci�cally, we compare FASt394

surfaces on the9 challenging�c-nets, displayed in Fig. 13 , to 395

surfaces generated by CCS, QAS, MA18 [9], MA19 [28] and396
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