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Abstract

Fast bi-3 Quadratic-Attraction Subdivision (FASt) offers noticeable shape improvement over Catmull-Clark subdivision and its tuned
variants, yet is equally easy to implement as repeated multiplication of the control net vertices by an explicit subdivision matrix. FASt
achieves maximal smoothness for degree bi-3 (bi-cubic) surfaces: C? everywhere except for the extraordinary limit point where the
surface curvature is bounded and a unique normal exists. Remarkably, FASt surfaces have highlight line distributions comparable to
Quadratic-Attraction Subdivision (QAS), the shape-quality leader among bi-3 subdivision algorithms. But while QAS and recent
‘tuned subdivision’ algorithms, generate one surface ring consisting of 12n bi-3 pieces per refinement step, FASt requires just 5n bi-
cubic pieces per refinement step. This economy of pieces is possible due to a technical innovation in the derivation of FASt: combining
regular but non-uniform refinement with irregular but uniform quadratic-attraction subdivision.

And, whereas Quadratic-Attraction and Catmull-Clark subdivision fill n-sided holes ever more slowly as n increases, FASt fills
holes with a fixed contraction speed 0.57 forn = 6,..., 10 (and faster for n < 6). That is, two steps of FASt shrink the unfilled area by
an order of magnitude. Faster contraction not only improves rendering efficiency, but fewer pieces reduce the cost of data exchange

and engineering analysis, such as computing integrals up to tolerance.
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1. Introduction

The generalization of uniform knot insertion to refine bi-cubic
B-spline control nets, a.k.a. bi-cubic subdivision, is the main ge-
ometry representation in Computer Graphics and Animation, and
is widely used in shape design for initial ideation and visualiza-
tion. The ability of quadrilateral meshes to follow a cross field of
principal curvature or feature lines, with degree 3 in each direc-
tion to allow for curvature continuity between the pieces almost
everywhere; and intuitive local averaging rules, where n # 4
quadrilaterals meet at so-called extraordinary nodes, have led to
widespread use of bi-cubic subdivision. Implementations in all
major modeling packages and availability of efficient GPU-based
open source code [1]] has placed Catmull-Clark subdivision [2] at
everyone’s finger tip. Yet, especially for higher n, i.e. more than 5
quadrilaterals meeting in the control net outline of the shape, var-
ious shape artifacts were observed early on, and later formalized
in [13,14,15]. Shape artifacts led [6] to pioneer manipulation of the
eigenstructure of the subdivision matrix that groups together the
local averaging rules. Multiplication with this matrix refines the
control points that generate one n-sided surface ring, see Fig. [I].
The sequence of rings contract, at the speed of a subdominant
eigenvalue A < 1, to jointly form the subdivision surface. Sabin
et al’s and subsequent tuning focuses on the limit point and con-
sists of adjusting one or more averaging rules. Since bi-3 (bi-
cubic) subdivision surfaces cannot generically be C? at extraor-
dinary points [[7, Thm 7.19], and since Catmull-Clark curvatures
dramatically diverge near the extraordinary point, an important
aim is to bound the curvature.

Key to the superior shape of an alternative class of iterative
surface generation algorithms is the initial, separate construc-
tion of a guiding surface. Avoiding a separate construction,
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Quadratic-Attraction Subdivision (QAS) [8] bakes an evolving
guide into the explicit linear formulas operating on the control
nets. The guide surface appears, in terms of an abstract control
net, only virtually during the derivation of the refinement rules,
so that QAS requires only the classical implementation of multi-
plying the control net with a fixed subdivision matrix per refine-
ment step. Fast bi-3 Quadratic-Attraction Subdivision (FASt)
shares this advantage and

* FASt produces surfaces of the similar top quality as the
quality-leader QAS, using less than 1/2 the resources: FASt
requires only 57 bi-cubic pieces per ring vs 12n for QAS.
Compare Fig. [T]b to Fig.[T]c.

This reduction is possible due to a key technical innovation in the
derivation of the refinement formulas:

* combining regular non-uniform refinement with irregular
uniform quadratic-attraction subdivision.

Moreover,

* combining two consecutive rings into one leads to 10n bi-3
patches per ring and extremely fast convergence: the sub-
dominant eigenvalue of the combined subdivision is less
than 0.325 , i.e. the hole diameter shrinks to 1/3rd in a
single step and the unfilled area shrinks by an order of mag-
nitude.

* FASt has the same single-ring structure as Catmull Clark
Subdivision (CCS) and is easily implemented by replacing
the CCS refinement matrices (collection of rules for extraor-
dinary points) by FASt matrices whose non-zero entries are
given in the Appendix.

» FASt surfaces are of higher quality than CCS- despite being
faster at filling n-sided holes by subdivision surface rings.
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e Compared to [8], FASt offers the choice from three types of
quadratic attraction: attraction towards (i) a C> expansion
at the extraordinary point, (ii) a C' expansion, (iii) an ex-
pansion that is C' only at the center and C° otherwise — and
is thereby maximally flexible in the shape without compro-
mising the final smoothness.

(a) 3n bi-cubics CCS

(b) 12n bi-cubics

(c) 5n bi-cubics FASt

Figure 1: Surface rings with n = 5 sectors: each quadrilateral corresponds to one
bi-cubic surface patch. (a) 3 patches per sector in the ring layout of CCS. (b)
12 patches per sector for ‘tuned subdivision’ [9} [10], PAS [11], QAS [8]); (c) 5
patches per sector for FASt.

1.1. Tuned and Guided Subdivision Algorithms

For almost 50 years, bi-cubic sub-
division has been synonymous with
Catmull-Clark subdivision (CCS) [2].
Improvements have focused on the
poor behavior of CCS near extraordi-
nary nodes, by adjusting or tuning the
control net averaging rules that char-
acterize the subdivision algorithm
near extraordinary nodes, where more
or fewer than n = 4 quadrilaterals
meet. In parallel, Guided Subdivision
has been developed to more explic-
itly control and improve smoothness of the overall limit shape.
Neither tuned, nor guided subdivision have been widely adopted
since the shape improvement via tuning has been modest and the
original guided approach departed from the simple matrix-of-
stencils structure of established bi-cubic subdivision.

Tuning addresses shape problems near the limit extraordinary
point by introducing new, additional refinement rules for the ex-
traordinary node i.e. nodes with n # 4 neighbors. The larger
footprint of the rules than CCS require wider separation of ex-
traordinary nodes by regular 4-valent nodes. Quad-meshing al-
gorithms [12} [13] [14] typically do not separate sufficiently
when the output has to have a low number of quads to be suit-
able for design. Therefore one or more initial CCS refinement
steps need to be applied, cf. Fig. J]. However CCS is prone to
artifacts introduced by the first refinement steps [[16]. Funda-
mentally, the large scale ’first step artifacts’ are not mended by
algorithms focused on limit tuning [9] as demonstrated, e.g.
in Fig 1d] for [9]]; see also the eigen-polyhedron approach
of to address shape problems of NURCCS in the dif-
ficult context of irregular knot sequences. While the repeated
averaging in [10] improves the shape, this comes at the cost of
increasing polynomial degree.

Guided Subdivision [19] harnesses a larger number of degrees
of freedom by first computing, from the control net, a fixed pro-
totype shape called the guide. A refinement step can then be
viewed as smooth prolongation of an existing spline surface to-
wards the guide shape with any remaining degrees of freedom
set by shape information from smartly sampling of the guide.

Figure 2:
Catmull-Clark step.

Separating

(98-

(a) 1 ring (b) 2 rings
(d) L ring+p

(i) 3 rings + q

(g) lring+q (h) 2 rings +
Figure 3: Evolution of subdivision algorithms. (Note: these are structure dia-
grams not flattened surfaces.) Row I: Catmull-Clark (CCS) surface as a sequence
of contracting rings. Row 2: [I1]]: adds a carefully-chosen fixed central point p,
marked as e. This point becomes a limit point of the subdivision surface. Row
3: [8] introduces a quadratic central expansion q, marked as O that evolves and
attracts the surface.

Fig.[]. This approach can be traced back, for polynomial guides
to [20, 211 and for piecewise polynomial guides to [[19]. While
Guided Subdivision improves the shape, it consists of two dis-
tinct stages: the guide construction followed by the construction
of contracting rings. In more detail, (a) a c-net, see Fig.[3|d, pro-

guided rings

highlight lines

Figure 4: Guided subdivision separates shape-finding from the mathematical con-
straints of the final output surface.

vides both a surface ring and a guide shape. These pieces of ge-
ometry are close but do not join consistently as the pixel-fighting
in (b) illustrates. Instead Guided Subdivision smoothly prolongs
the existing surface and supplements it with data from the guide
to complete (c) a new (bronze) ring that smoothly joins the exist-
ing (green) ring and follows the shape of the guide by sampling
the guide for data needed to complete the new ring. This ap-
proach generically yields excellent highlight lines, see (d).

[11] fold the guide and prolongation into a single refinement
step. This refined control net is interpreted, where possible, as
a bi-cubic spline control net. Repeating this process defines a
sequence of surface rings that contract towards the limit extraor-
dinary point, see Fig. [3. That is, the algorithm behaves ex-
actly like classical subdivision, but yields better shape without a
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separately-constructed explicit guide: Replacing the augmentin@d; + di.+1)=3 (all other formulas follow by shift and rotationalis:

limit point p in row 2 of Fig[3 by a quadratic expansiqrin row

symmetry). 152

3, the algorithm in[[8] improves smoothness and increases design Fig. 5 b illustrates how a partial B-net still determines a BB-nes

exibility at the extraordinary point.[[22] additionally achieves a
uniform contraction speed. FASt combines these advances in

that de nes aC? expansion at the central edge (black solid BBs.
twet). Other expansions fully de ned by the B-net are indicated as

an ef cient, bounded curvature subdivision algorithm at less thargreen BB-nets. Fig. 5 ¢ shows the same BB-net constructed beth

half the cost in spline ring pieces.

(c) non-uniform , uni-

form B-net points and

tensor border in BB-
(b) C? tensor-borders  form

(a) B-net and BB-net of
a patch

(e) output ring and
(d)c-net c-net tensor-bordet
Figure 5: B-to-BB conversion. (a) A4 4 B-net with control points (irR3
indicated as de nes one bi-cubic patch whose BB-net is shown as the solid
inner4 4 grid. (b) A partial B-net still de nes &2 expansion at the central

from a non-uniform and a uniform B-net.

Thec-net in Fig. 5d enlarges the classic Catmull-Clarket 1ss
by one ring of quadrilaterals so that B-to-BB conversion de nes
3n pieces of &2 uniform bi-cubic B-spline surface ring and theirieo
C? prolongation across edges, the tensor-botder

157

161

3. The FASt Construction

162

This section contains thechnical derivatiorof the FASt al- 163
gorithm. An end user can skip this section since the design
control-net remains the familiar Catmull-Clark control ret ies
Moreover, the derivation is not needed for implementation singe
FASt re nement can, for each valence be expressed as a lin-s
ear transformation, namely a mat, of sizen n, where i
n:= 1+ (12+ 5)n, All non-zeroM,, entries (other than (1)) for e
implementation up to = 10are provided in TableBQ" andD" 1
of the Appendix. The FASt control net is re ned by multiplyingin
its control net byM,. An initial step, also a matrix multiplica- 17
tion, converts the Catmull-Clark control neto the FASt control 173
net. 174

For the specialist, this section offers some, possibly surpris-
ing, technical innovations — such as the non-smooth choice of the

edge (black solid BB-net) as well as its green counterpart below. Expansions &€ntral guide and an intermediate non-uniform re nement stepz

the endpoints of the edge aBe 3 BB-nets. (c) Thaon-uniformknot
spacing B-spline net is transformed to the uniform B-spline net with nodes

marked . Both nets de ne the same tensor-border. (d) The central irregular node

of valencenis labelede. The quad-framed enlargementf a (Catmull-Clark)c-
net containsn overlappingd 4 B-spline control nets. A&-net therefore de nes
(e) a surface o8n C2 hi-3 patches and the tensor-border

2. Control nets and Piecewise Polynomials

This section reviews basic control structures for subdivision

surfaces, summarized in Fig. 5, and so introduces the notation

for the derivation of FASt in Sectidn 3. Fif] 5a illustrates the

(a) control netg, d

well-established B-to-BB conversion, that changes the basis from

the control net of uniform bi-cubic B-splines (short B-nét)!|[23]

X e
f(u;v) := dijN3(u DN3(v j); O
i=0 j=0

uv 1

to the Bernstein-Bzier form (short BB-net) [24, 25]):

x
f(u;v) = fiiBYWBjv); 0 uv L
i=0 j=0

HereN?3(t) is the uniform degree 3 B-spline, thig 2 R* (marked

in Fig. 5) areB-spline control pointsB(t) := £ (1 1) k< are
Bernstein polynomials of degrek andf;; 2 R® are calledBB-
coef cients Connectingd;j to di+1;j andd;.j+1 wherever possible
yields theB-netof f, displayed as thin grid in Fig. 5a,b,c,d; and
connectingy; to fi+1.j andfi;;+1 wherever possible yields tH&B-

netof f, displayed as solid black or green grids in Fig. 5 a,b,c,eof the resulting surface in Section 4.
The B-to-BB conversion formulas are the tensor-product of the The design control-net is still the familiar Catmull-Clarket.

univariate formulas that s&j} := (d; 1+4d;+dj+1)=6 andfs;1 =

o
o

(b) QAS: uniform (c) FASt: non-uniform

Figure 6: Subdivision control nets. (&2n nodes of the FASt control netand
then sectors of the quadrati. (b) Re nement of [8] (resulting irl2n patches
per re nement step). (c) FASt: intermittent non-uniform re nement (resulting in
only 5n patches per step).

The (internal) FASt control net consists of two sub-ndtand 17
g, see Fig. 6a. The two sub-nets collaborate to yield the contrel
netsd andd of the next nested surface ring. This two-net struaso
ture was introduced in [8] to separate prolongation of the surfage
and its convergence and attraction towards the limit shape. Keep-
ing the two netgq; d) separate also simpli es the limit analysisiss
184
185

That is, shape manipulation is at the level of theet and this s
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automatically initializesd, q), see Section 3.2. That is, thé,(  This recalculation ofy on the scaled domain leaves unchange¢
q) pair is typically not exposed for modeling. In each subdivisionthe quadratic expansiget at the central point. Therefore thexs
step, @, q) is re ned and generates one surface ring. subdivision algorithm is stationary, and hence easy to implement

and analyze, see Section 4. 228

3.1. Overview of the FASt derivation

The d-net re nement. The d-net re nement is non-uniform
see Fig. 6 ¢. This non-uniformity distinguishes FASt from earlier While the subdivision algorithm is perfectly well-de ned inzz
quadratic-attraction subdivision algorithms where, cf. Fig. 6 bterms of the contracting andd nets, quad-faceted models typi=z
24n re ned nodes are obtained by uniform re nement rules, cally have the structure of@net as in Fig. 5d and only thisnet 2z

3.2. Initialization ofg andd from ac-net 229

i.e. new knots are inserted as midpoints into each interval, angill be exposed to the designer. 233
6n new nodes are calculated bg special rules. Thén and Theinitial d- net is obtained fromc by uniform bi-3C2 B-  2u
the6ninnermost form a net denoted byt that is the re ned net  spline re nement (knot insertion at the midpoint) applied whekss
and serves as the input for next re nement step. ever possible. Thd-net labels are shown in Fig. 9 b. 2

By contrast, FAS, cf. Fig. 6 ¢, generatin new points via Given ac-net with central irregular node, we compute the 2

non-uniformre nement rules. New knots are inserted as mid-central point q¢ == p,s=0;:::;n 1 as the limit point of s

points only in some intervals anzh new are calculated by  Catmull-Clark subdivision [26], slightly improved only for= 3 2
2 special rules. Th@n and thelOn innermost form a net  as in [11], and thénitial quadratic expansion as an average of o

denotedd. Unlike the uniform case (b)d has a non-uniform g and the surrounding-net node<™ where the superscript is 2«

structure and therefore can neither be the ingumet for next  modulon: 22
re nement step nor de ne the surface rings wfiform bi-cubic
B-splines. Section 3.3 will explain how to conveirto d. X X1 X X1 _
g =01 K)e + Kl k=235 (2
i=1 j=0 i=1 j=0

a5t =093 95t:=0q3s=0;:::;;n 1, and listed in Ap- s

®'s 2 p | G 1P pendix 9.2. This explicit formula is derived just as in [8, Steps.
3 2} 4 6 ' & gt Sl,_SZ,SS], and hence is equally able to produc_:_e high-quality
%6 limit surfaces. However, (2) is more succinct. Thiss the de- 2
fault for FASt. We refer to it a€?, even though, formally, thig 24
is C! andC? only to 5 decimal accuracy. Sinagserves only as a 2
guide, this slight deviation does not affect the surface quality o
. smoothness of the FASt surface. 250

(a) labeling (b) re nement . .
By removing constraints 251
Figure 7: A quadratic expansiapwith central pointp = g%, s= 1;:::;5. (a) on ¢, FASt offers three 252
Indexing. (b) Re nementy !  § according to (1), choices, see Fig. 8: 253
(a) q is C2. 254
The g-net re nement. The g-net of the quadratic expansion (P)qisC". o - - 255
connects the BB-coef cients of the inner brick-red underlaid 2-(C) 4 is C* only at the center @ ) © 256
link of the polynomial pieces in Fig. 7a. Fig. 7 a displays theandC® otherwise. Figure 8: Types of quadratic expansions?>’
BB-nets ofn = 5 polynomials of degreel = 5 in total degree  The rstoption (a) is that of ¢ at the central extraordinary poipt 25
Bernstein-Bzier form [25], (2), the second (b) frees up Bullets , and mark unconstrained 25
X the mixed derivatives and BIB-coelfp cients; and deneatangent 2
o d! i ) the last option (c) offers the p'ane ap. 261
b(uv) = biikm(l u VUV 0 utv L designer the most freedom, 22
'Hlkzd see Fig. 23. The non-smooth choicegdf permissible since the 2

subdivision surface construction takes care of smoothness within
rland between the rings annly provides samples that guide thess

overall shape. Notablg can even be discontinuous, but disconties

nuity does not bene t design and the construction becomes matxe

(Degree 5 stems from bi-5 guide construction in [8] that, whe
baked into the rules, yields high-quality subdivision surfaces.)
Connecting the quadratic piecs only at the central poirp

andC? otherwise is permissible and adds exibility over joining cumbersome. 208
the pieces<C?. Notably, this lack of smoothness qdoes not 6c5 2
harm the nal surface quality sincg only guides the shape ¢s1
whereas the smoothness of the surface is determined by otfer 5 ¢ ds 2,
algorithmic steps that encod8? prolongation of the existing 3 6 20, 31
surface. Fig. 7 illustrates how to obtain the BB-coef cieffs 6 5 -
of the re ned quadratic expansion in terms gty scaling the (:45: S 34:1 02 12 = 22
domain ofb towards the origin by a factor 1 2 3 £ op 11 203 lés+l
ads 20 30 02
i 1 0o 0o o o0 olg% 00 10
s 1 0 0 0 0 5 (a) c-net labels (b) d-net labels
s 1 )220 ) 2 0 00 s
H 1 v (10) 8 @) 028 R (1) Figure 9: Initializationc-net! d-net.
5 e0s
: @)y o o021) 0 2 :
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3.3. Derivation of the FASt rules the nodes marked asin Fig. 10 c, is transformed, as detailed ino

This sub-section motivates and derives the FASt rules. Itis inEgs. (3), into the uniform nei preservingthe tensor border
tended for the expert. Implementation of the rules is much simee ned by d and colored green in Fig. 10 c. The labels shown i
pler, see the gray underlaid FASt Algorithm at the end of thisFig. 10 (cright) apply to bothd andd. Enforcing that the tensor- s
sub-section. Usage is identical to (or more exible if modifying border (obtained frondl by uniform B-to-BB rules) coincides o

301

g than) Catmull-Clark subdivision.

Fig. 10 a shows the initiad-net with the length-ratios '1' of
neighboring knot intervals (in directions markéd and " in
Fig. 10 b). Here ratiosl" indicate uniformly-spaced knots. This
uniformd-net isnon-uniformlyre ned to the net. The intent

of halving the knot intervals where the next, contracted ring is to

with the tensor-borderr (obtained fromd via B-to-BB rules for s
non-uniform B-splines) uniquely de nes the transformatioof
dtod:

306

307

be attached, is to anticipate the split of the next ring (jsae dio := dip; diq = M;aio = M; i=2:3;

—in Fig. 10a ) and distribute the structural change between the ) o4 5

rings. The new nodes df are displayed asin Fig. 10b. The ~ 9di1+ 3(dyy +dio) +dyy.

explicit formulas of this non-uniform re nement are presented in diy 2= 16 ' 3)
Appendix 9.3. (Only) the nodes marked gsand ; in Fig. 10b o A A o

are de ned by special rules in terms @faindq with the best out-  dgg := 4doo + 6(d10 + doy) + 9d11;

come when set as in Appendix 9.1, essentially identical to [8]. . . 25 . .

For the larger picture, markers 1,2 are also displayed in Fig. 6b. 5 ._ 6d10 + 2dp0 + 9d13 + 3dog

Togetherh and form one sector's nét. We see thalh contains 10-= 20 '

ve overlapping4 4 sub-nets of non-uniform bi-cubic B-splines
with knot sequences:

f(1; 1, 2,1) (1,1, 2,1)gf(in direction), (in" directionp

f(1; 2,1 (L1509 f(3:411)(L L 35 1)g

f(L1 314 5L gL L 41311 1)

Each4 4sub-netde nes a bi-cubic patch (as in Fig. 5). Consid-
ering alln sectors this yieldsn bi-3 patches of one surface ring.
By B-to-BB conversion for non-uniform B-splines [27] these
patches have the BB-nets illustrated as thin grids in Fig. 10 c.

1

1 h
1 1
1 1 2
1 1=2
d h
1 1
1 1
1 1 1 1 1 1 1 =2 1 1 1
(a)d-net ()h h
h
02 22 32
¢ -
. 01 lld 31
00 10 20 30

(c)B-to-BB,d! d

Figure 10: Derivation of FASt re nement step rulds!  d. (a) Uniformd-net
wherej and — indicate knot insertion at interval midpoints to obtain (b) the non-
uniform B-spline neh. The extension ofi by — de ned by the special rules of
Appendix 9.1 —yield$. (c, left) Non-uniform B-to-BB conversion of the sub-net

(with nodes ) to the BB-nets (light gray lines) of BB-patches (outlined in solid
black). The green BB-net is the tensor-borde(cright) The transformation to
the uniformnet : d! d. The green-cyan back-arrow indicates the extraction of
a tensor-bordetr from d by uniform B-to-BB conversion (whose agreement with
the tensor-borderobtained fromtl provides the constraints that determif)e

The second step prepares for the next re nement by removin
the non-uniformity. The non-uniform subneétof h, formed by

5

The remainingﬁij are de ned byij to ji “diagonal' symmetry. s

Sincet is retained, the just-constructed surface ring joins the
next, still to be constructed bi-3 rinG? along their common s
boundary (marked as thick lines in Fig. 10c). We sumr

marize: 312

FASt Algorithm

313

If the input is ac-net, generatd andq according to Section 3.2.
Iterate(q;d) ! (§;d):

a.d! h:=h[ : Determine
the neth by the formulas of Appendix 9.3 and
the nodes by the formulas in Appendix 9.1.
b. h! b: Convert
the non-uniform B-spline nét into 5n bi-cubic patches.
c. d! d: byformulas (3). Noted h.
g! §: byformulas (1).
d. Update(q; d) := (§; d).

314

315

316
317

318

319

320

321

322

323

We re-iterate that the exposition in this section serves exch-
sively to derive and justifthe FASt algorithm. The individual s
steps need not be implemented since the resulting linear trass-
formation (g;d) ! (§; d) is compactly available as a familys
of matricesM,, of sizen n, wheren denotes the valence ands:s
n:=1+ (12+ 5)n. The sequence of control negssuf ces if, a2
as is common for Catmull-Clark subdivision, we only want teo
display the re ned, faceted mesh.

To generate the sequence of surface rings in BB-foray
(q;d) ! b has been encoded as a family of matriBgsof size

(5n)16 n.
Two matrix multiplications therefore summarize the

331

333

334

335

FASt Algorithm : Iterate

i Output a surface ringb = B,[q; d]".
i Re ne the control net]q;d]' My[q;d]".

336

The non-zero entries of the matrices are listed in the Appendix.

Y
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a d (FASE, Fig. 12 a,b), respectively three rings yieldihfn pieces s
~ for the triple ring (FAS}, Fig. 12¢c). Fig. 12 illustrates the veryas

9 Mg 0 fast multi-step convergence using roughly the same numbersof
pieces as the alternatives. a7s
d My
(a) matrixM (b) characteristic maps (@ 12 with
(a) FASE (b)2 FASE (c)2 FASS splitj

Figure 11: (a) Subdivision matrik for limit analysis. (b) Characteristic maps:
FASt in black; CCS, with patches split to have the same partition, in green. (Fo,

n = 3 andn = 5the FASt characteristic map is visually identical to split CCS.) lglgure 12: Alternative point of view: merging FASt rings. (a) Merging consecu-

tive FASt surface rings to yielflon patches of one FASting, i.e. fewer patches
than thel2n patches for alternative algorithms. (b) Two FASings. (c) Two
o ) FASE rings, i.e.15n pieces. (d) The blue uniform split (in one direction) gives
4. Limit analysis FASE the samel 2n patch layout as tuned or QAS alternatives, to mix and match.

The split of the control net intd andq endows the subdivi-
sion matrixM, with the structure displayed in Fig. 11a. For a
givenn, let M := M. Since the upper right submatrix & is
zero, the eigen-analysis M splits into the eigen-analysis of the
submatricesMy and My. The absolute maximal eigenvalues

i 3
of Mg (Cog‘p”teg ”“mgr'ca”37’) . 1 e 01682 fOr N = 5, rpee - 0:3025 forn = 6;::::10 s

nqn 0:151 Q179 Q196 Q214 Q225 Q232 0238 - mase  0:3249 That is FASt achieves high contraction speedss:
For My, we can read off the re nement relation (1) that the useful for (isogeometric) engineering analysis, see Fig. 26 , white

leading terms of the eigenspectrum are ( for each of three optiof§@intaining the good shape and even compatibility withlifre s
of g with C° denoting theg that isCt only at the central point): framework of other curvature-bounded bi-cubic subdivision abs

gorithms: Fig. 12 d shows ho®On patches can be split intn  sss

The eigen-structure of FAStorresponds to the subdivision:s
matrix M?, i.e. the eigenvalues are squared and two nested rings
form the characteristic map of FAStFASE produces the same s
curvature-bounded subdivision surfaces as FASt but with faster
contraction due togage = 2, < % foralln 10 Forn =3, o

patches with the required structure. ag7
(a)q isC?: eigenvalued; ; ; 2 (3-fold);
(b)q isC!: eigenvalueq; ; ; 2 (n-fold);
(c)q isCY: eigenvalued; ; ; 2 (2n-fold):
Recall that is free to choose. When 1=2 thenm, is less
than 2 and the eigenvalues ol strictly dominate those dfly. (@n=5 (b)n=86 (©n=7
Thatis, for ~ 1=2the subdivision surface is curvature-bounded
[7]. Note that := % corresponds to uniform bi-cubic B-spline
subdivision. However, for empiricallpest shape we set the
FASt default as
8
3 forn= 35
=B (4) (dn=7 (e)n=8 Hn=9
© past:= 057, forn=6;:::;10

(For comparison: the in PAS and QAS increases and is close to
that of CCS. Fon = 3;5, ¢c < 0:57.)

The limit analysis is completed by numerically establishing
injectivity of the characteristic maps of FASt, black in Fig. 11b. (@n=10 (n=10 ()n=3
The outcome is not surprising given the injectivity of the charac-
teristic map cc of CCS and the fact that both maps look very
similar, see Fig. 11b, after two of the bi-3 pieces in each sec-
tor of ¢ are uniformly split to yield the same layout b bi-
cubics, as for the FASt characteristic map. As intended, the Ioweé
value = 0:57for n > 5results in higher contraction speed that ="
stretches the maps compared to CCS.

Figure 13: Challenging-nets: convexity preservation and higher-order-saddles.

Comparison to QAS and tuned subdivision ass

Since artistic perception is not universal, there are no agreed-
upon worst case input scenarios. However, systematic testing
5. Speed Comparison: Merging Consecutive Rings points to the cases interrogated in the following shape gallesy:

convex input that should result in uniformly varying convex Suss:

One way to visualize the savings Bh pieces per ring for faces and higher-order, high-valence saddles, that should aweid
FASt, compared to alternative tuned subdivision [9] (MA18), pinching of highlight lines.  Speci cally, we compare FAStou
[28] (MA19) and [29] (WM23) or QAS that each requien  surfaces on th® challengingc-nets, displayed in Fig. 13, t0as
pieces, is to join two consecutive FASt rings to obtdion  surfaces generated by CCS, QAS, MA18 [9], MA19 [28] and:
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