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Abstract

Efficient Shape-Improved Bi-cubic Subdivision (ESIS) is a new curvature-bounded bi-cubic subdivision scheme with the same
minimal patch layout as Catmull-Clark surfaces, i.e. 3n patches per subdivision surface ring, but generating far better shape
and using fewer pieces to cover the same n-sided surface region. Fewer pieces means: faster downstream graphics processes
and rendering, smaller files for data exchange, and fewer equations for computing on surfaces and simulation. The key technical
innovations are: a non-uniform refinement and the relaxing of formal smoothness of subdivision surface rings while preserving

good highlight line distributions.

Keywords: subdivision surface, bounded limit curvature, fast
convergence

1. Introduction

(c) wm (d) EsIs

Figure 1: Hole filling by a sequence of nested bi-cubic subdivi-
sion surface rings. (a) 3 standard surface rings of current high-end
subdivision requiring 12n bi-cubics per ring (QAS = [KP24], WM
= [WM23]) vs. (b) 2 ESIS rings with 3n bi-cubics per ring. Note
the non-uniform aspect ratio of the middle patches. The highlight
line distribution on equally fast converging (c) WM vs. (d) ESIS.

Subdivision surfaces model the neighborhood of an extraordi-

nary point, where n # 4 feature merge, as a sequence of contract-
ing surface rings, see Fig. 1 or see the formal exposition by Pe-
ters and Reif [PROS]. While a Catmull-Clark Subdivision (CC) ring
consists of 3n bi-cubic pieces, more recent subdivision algorithms,
[KP23,KP24,WM23,WM24], reviewed in Section 2, use 3n macro-
patches consisting each of 2 x 2 bi-cubic patches; that quadruples
the number of patches. Despite this quadrupling, filling of the hole
by these new, higher-quality subdivision surfaces is as slow as for
CC. To measure hole filling, we define, for a given subdivision al-
gorithm A as v, (A) the number of patches to shrink a flat n-sided
hole to a prescribed size. We can then compare two algorithms A
and B via the coverage ratio rn(A,B) := V,(A)/vn(B). For exam-
ple, Fig. 1a,b indicates r5(QAS, ESIS) > 6 since 36 QAS patches
per sector [KP24] fill the hole a little less than 6 ESIS patches. Ta-
ble 3 confirms r,(QAS,ESIS) > 6 forn=3,5,6,7,8,9,10. Faster
hole-filling not only decreases the number of refinements needed
to visually cover the n-sided hole for more efficient rendering, but
reduces data exchange of models and cost of simulation, say when
computing integrals up to tolerance for engineering analysis. Ma-
nipulating the eigen-spectrum can speed up hole filling and was
advertised as improving convergence for engineering analysis on
subdivision surface using subdivision elements [WM23]. However,
as pointed out, e.g. by Wang and Ma [WM24], the resulting surface
shape suffers from this algebraic approach, see the oscillations of
the highlight lines in Fig. 1 (c) vs. (d).

Here we propose a different approach, that prioritizes uniform
distribution of highlight lines [BC94] over formal, infinitesimal
c? continuity. This approach is motivated in part by Karciauskas
and Peters [KP15] who demonstrated that class A surface qual-
ity in the large can be achieved without exact, formal differen-
tial smoothness. We instead increase hole-filling contraction by
non-uniform refinement and knot spacing.The resulting Efficient
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Shape-Improved Bi-cubic Subdivision, short ESIS, has the follow-
ing properties.

- ESIS generates high-quality surfaces, only slightly worse than
the more complicated bi-cubic surface quality-leader QAS
[KP23], despite the surface rings being formally less smoothly
joined.

- ESIS can be used as a natural companion to QAS by replacing
the QAS matrix with the ESIS matrix that maps control nets to
finer control nets. This yields a more economical structure af-
ter QAS has resolved any highly challenging initial configura-
tions. (By contrast, replacing QAS by Catmull-Clark after the
first step(s) yields deficient shape.)

- ESIS yields curvature-bounded surfaces, i.e. formally maximal
smoothness at the extraordinary point for bi-3 subdivision.

- ESIS has the same, as-simple-as-possible layout (number of
pieces) as Catmull-Clark Subdivision surfaces and can replace
Catmull-Clark Subdivision simply by switching out the subdivi-
sion matrices, resulting in considerably faster hole filling.

The good shape is due to a guiding surface that is hidden in the
derivation and baked into the subdivision matrix. The increased
contraction speed is illustrated in Fig. 1 for n = 5: three rings of
standard (CC-like) contraction fill the hole to a lesser extent than
two rings of ESIS. Indeed, for n = 3,5,...10, the hole left in the
center after three standard refinement steps is larger by a factor
of 1.138 1.128 1.132 1.136 1.139 1.139 1.143 than the hole left after two
steps of ESIS. This faster filling by ESIS while retaining good
shape is possible due to relaxation of formal smoothness, the re-
markable property established in Theorem 1 in Section 5 that the
dominant eigen-rings of ESIS join C?, and two technical innova-
tions:

- ESIS refinement is derived via a non-uniform characteristic map
- ESIS pioneers refinement based on a mixture of Bézier (not B-
spline) control-nets in total degree and tensor-product form.

2. A brief review of recent subdivision algorithms

We focus on bi-cubic subdivision
schemes operating on quad meshes.
Two possible layout structures of such
rings are displayed in Fig. 2a, for
Catmull-Clark ~ Subdivision [CC78]
(CC), and in Fig. 2b, for recent
curvature-bounded subdivision such
as [MM18].The latter quadruples the
number of patches of the simple(st)
layout of Catmull-Clark Subdivision.
Catmull-Clark Subdivision is known
to suffer from artifacts introduced by
the first refinement steps [ADSI11].
Mending these artifacts in the limit is
the goal of ‘tuning’ by choosing more
complex rules in view of the dominating
eigen-components of the subdivision
matrix [MM18, WM23]. However this
focus on the limit easily results in poor
surfaces in the neighborhood of the

(a) 3n bi-3 patches

(b)3n2 2 patches

Figure 2: Subdivi-
sion surface rings.

limit extraordinary point, as shown by

Karciauskas and Peters [KP22, Fig 1d]

and argued in [WM?24], where additional operators are applied to
smooth out the mesh. Indeed, the fast converging method by Wang
and Ma [WM23] results in reduced surface quality.

(d)
highlight lines

©

guided rings

Figure 3: Guided subdivision separates shape-finding from the
mathematical constraints of the final output surface.

Guided Subdivision [KP07] first determines a separate shape, that

is sampled to complete to a surface ring the Hermite extension from
the surrounding surface, see Fig. 3. Specifically (a) a c-net, cf. Sec-
tion 3, provides both a surface ring and a guide shape. These pieces
of geometry are close but do not join consistently as the ‘pixel-
fighting’ in (b) illustrates. Instead Guided Subdivision borrows the
smooth extension or prolongation from the existing surface and
supplements it with data from the guide to complete (c) an new
(bronze) ring that smoothly joins the existing (green) ring and fol-
lows the shape of the guide by sampling the guide for data needed
to complete the new ring. This approach generically yields excel-
lent highlight lines, see (d). Combining the shape construction and
the extension from the previous ring into a single operation, Evolv-
ing Subdivision [KP22] generates a new surface ring exactly as for
classical subdivision — but of better shape. Upgrading the approach
to the quadratic-attraction principle introduced in the shape-quality
leader, bi-cubic QAS [KP23], [KP24] achieves uniform contraction
speed corresponding to a subdominant eigenvalue A := % while pre-
serving good shape.

Yet both tuned bi-cubic subdivision schemes and modern guided
subdivision of degree bi-3 quadrupel the number of polynomial
pieces. Tuning algorithms additionally require that the irregular
points are widely separated. This can be achieved by applying
Catmull-Clark Subdivision but these inital refinements can already
introduce noticeable shape artifacts, such as pinched highlight line
distribution [BC94]. ESIS keeps the simple layout of Catmull-
Clark Subdivision and accelerates surface covering.

2.1. Extraordinary vertices or faces are not rare

Looking at already subdivided meshes, one may form the impres-
sion that the fraction of extraordinary vertices (EVs) or extraor-
dinary faces (EFs) in real life subdivision models is low. How-
ever, quite to the contrary, numbers in Table 1 from [TPC 10] and
[HZN 18], on practical quad mesh simplification show EVs and
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EFs to be quite prominent (see Section 2.1.1) and carefully artist-
curated models can even have higher percentage of non-regular
sub-nets (see Section 2.1.2).

2.1.1. Subdivision meshes from algorithmic meshing

The exact number EVs/EFs in subdivision meshes generated by
algorithmic quad-meshing depends on the topology of the object
being meshed, the meshing algorithm and parameters, and error
bound(s), target number of facets, and more. Some older algo-
rithms [TPC 10, Table 1] and [HZN 18] report on practical, legacy
subdivision meshes. This is excerpted in Table 1. [LWG 25, Table

model %

Moai 56 | model | method | #sing
Pensatore | 52 David [ACSD 03] | 10310
Gargoyle | 54 Rockerarm [JTPSH15] 2708

Igea 52 Fandisk [MKO06] 117

Fertility 53 Bunny [TPC 10] 3438
Rampart | 52

Table 1: (left) from [TPC 10, Table 1] listing % of not non-regular
nodes, (right) from [HZN 18, Table 2] listing the number of singu-
larities.

1] reports a quad-ratio of less than 80% (theirs) and less than 67%
otherwise for recent machine-learning approaches, i.e. at least 20%,
resp. 33% irregularities. Polycube meshes [THCMO04] often have a
large percentage of 3 and 5-valent vertices. The meshes generated
by Topology Optimization or Generative Design have such a high
percentage of extraordinary points, of any valence, that they need
to be re-meshed. Recent algorithms [PNA 21, CSH 25] provide,
at their coarsest level, roughly 10% EVs (parametrization singular-
ities, cones), see Table 2.

Table 2: Low-poly EVs

model | EVs | Verts |
kitten 28 138
fandisk 34 302
indorelax 52 465
dragon 1271 | 3160

Figure 4: Highlighted EVs
and non-quads of Suzanne

2.1.2. Artist-built meshes

The hand-optimized model of ‘Geri’ in Pixar’s short film clas-
sic [Pin97] has regions that are almost entirely irregular, both in
valence and by inserting triangles. An estimate is that ‘Geri’ is at
least 40% irregular. ‘Suzanne’, the Blender model, has 112 irreg-
ular vertices among 507 total and 32 of Suzanne’s 50 facets are
non-quad, cf. Fig. 4. A well-known ‘Monster Frog’ model has 292
irregular vertices out of 1308. A sample of human quad models
with low polygon count for games at ‘turbosquid’ [Men] shows
more than 30% irregular nodes.

2.2. Practical relevance of the cost of coverage ratio

Subdivision is now available in industrial design tools such as
Rhino3D [M 10]. However, due to imperfect shape of the stan-
dard Catmull-Clark subdivision [CC78], see e.g. [KPR04], such
models currently serve only as advanced design sketch, and are
replaced by NURBS models for downstream use. With ESIS ad-
dressing the shape flaws, high-quality capping — by finitely many
Bézier patches after a few subdivision steps — provides a transi-
tion to CAD tools. However, a high cost of coverage complicates
such interchange for all irregular neighborhoods and is very notice-
able in the length of the verbose output .step format CAD files. If
the geometry is used for engineering analysis as illustrated in Sec-
tion 7 a factor r,(QAS,ESIS) > 6 means that the most costly part
of Galerkin’s Method, computing integral inner products to fill the
stiffness matrix, is more than 6x as costly for QAS than for ESIS.

3. Control nets and polynomial pieces

We will refer to three regular types of
meshes that differ by the interpretation
of their nodes/vertices: the B-net, the
BB-net and the de Casteljau-net.

e B-net vertices are interpreted as con-
trol points ¢;; of uniform bi-cubic B-
splines.

With N3(¢) the uniform degree 3 B-
spline [dB78] and ¢;; € R the B-spline
control points, connecting ¢;; t0 €11 ;
and ¢; j;1 wherever possible yields the
B-net of the piecewise polynomials

3 3

f(u,v) = Z%) ) Oc,-jN3(u—i)N3(v—j).
1=0 j=

(b) surface ring
Figure 5: B-spline-
like control net € for
valence n = 5.

A c-net generalizes the B-net by allow-
ing (isolated) points with n # 4 neigh-
bors. Fig. 5a displays as solid lines a
c-net with a central extraordinary node
of valence n = 5, and an extension, to a net ¢, by adding a layer
of quadrilateral facets. Interpreting any (overlapping) 4 x 4 subnet
of € as a set of (uniform bi-cubic tensor-product) B-spline control
points defines a bi-cubic spline ring, green in Fig. 5b,

e BB-net vertices are interpreted as the coefficients b;; of bi-cubic
pieces in tensor-product Bernstein-Bézier form (BB-form);

With BY (1) := Z (1 —1)® k% the Bernstein polynomials of de-
gree d and b;; € R? the BB-coefficients, connecting b;; to by ;
and b; 1 wherever possible yields the BB-net [dB87, Far88] of
the polynomial
3 3 3 3
f(u,v) ::Z b;;B; (u)B;(v), 0<u,v<1.
i=0j=0
The BB-form and the B-spline form provide al-
ternative polynomial bases for surfaces and the
formulas bs; := (¢; |+4¢;i+¢iy1)/6,b3it) =
(2¢; + ¢i41)/3 and bzip = (¢; + 2¢i41)/3
convert the univariate B-form to the BB-form.

Figure 6
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Tensoring (applying in each variable) the uni-

variate rules yields the (bi-variate) B-to-BB

conversion. The EHermite extension of the surface ring in Fig. 5b
yields the gray underlaid portion of the partial BB-net in Fig. 6,
called rst-order tensor-border.

de Casteljau-net vertices are interpreted as the coef cientsrg
total degree Bernstein-Bézier form.

With Bjji(u;v) = m%!(—!(l uv) Kuvl, where d =i+ j+Kk,

the Bernstein-Bézier polynomials of total degree d angd 2

RS the deCasteljau-coef cients, connectingydto di+1;j;k1  and
Oi+1;j1:xk Wherever possible yields the deCasteljau-net of f of total
degree d with associated functions, see [DC63, Far88],

fuv):= & qBik(uv);, 0 u+v 1
i+j+k=d
i;j;k0

Figure 8: One bi-3 ¢ ring consisting of 3n BB-nets de ned by d
andd (displayed as 8n ).

the basic ideas underlying the re nement rules (d;q) ' d).
Since the formulas are linear in (d;q), the relationship can be ex-

Fig. 7 shows in red a pentagon consisting of ve de Casteljau-nets pressed as

(of depth 2) forming the control data g at a central vertex and a
surrounding reduced BB-net d consisting of the gray-underlayed
points in Fig. 6 . The QAC control structure consists of pairs (d; ).

d denotes a net formed by 8n points (marked as ), see Fig. 8a (
essentially the rst-order tensor-border of Fig. 6 ). Each group of
8 form a sub-net of a bi-3 patch in BB-form, that de nes position
and rst derivative of a circular sequence of patches. Between
adjacent patches of this ring transitions areaiter setting the
shared points as averages of their two neighbors . Otherwise,
the 8n BB-coef cients are unconstrained.
is a quadratic expansion (marked light-red) at the central point p
of a C! quartic patch § , see Fig. 25b. p and its two neighbors
de ne the central tangent plane. The remaining n of q are
unconstrained.

4. Derivation of ESIS subdivision

Fig. 7 shows the control data and their re nement. The control data
are initialized according to Section 4.1, re ned according to Sec-

tion 4.2 and interpreted as surface rings according to Section 4.3.

Section 4.1 explains how to initialize the pair (d;q) from a given

standard c-net of Catmull-Clark Subdivision. Section 4.2 describes

Figure 7: ESIS control data (d, ) and its re nemedt ). The 8n
control points d are marked as . The BB-coef cients marked are
implied by c continuity between sectors.

(d:8)' =Mn(d; )" €
where n is the valence of the central point and the matfixsvbf
size m m, m:=n(8+5)+1 (counting the central point once):
per each of the n sectors there are 8 coef cients in d (that are all
independent of each other) and 5 coef cients of q (that are not inde-
pendent — but so-listed to re ect symmetry and enable greater ex-
ibility). Section 4.3 presents the construction of §urface rings
from d and its re nement.

4.1. Initialization of d and q

B-to-BB conversion of the c-net yields in particular the rst or-
der tensor-border (gray-underlaid in Fig. 6 ). Removing the 2n BB-
coef cients shared by adjacent sectors (implied by theo®n-
straints between sectors) leaves 8 independent BB-coef cients per
sector. These 8n coef cient form the initial d. We borrow the ini-
tial quadratic expansioq of [KP23], see the Electronic Supple-
ment, but restate it as g of total degree 4 by the simple formula (see
Fig. 11 for the subscript labeling)

0 0 <1
4 04, o 0 ol
92 315 0 0 00 9z
G ._ 1B 2102 0 0 og [ oN )
qi - 12 3 0 0 15 0O qi .
e 2 50 5200 i
5 2 0 0100 20 5
de de

4.2. Re nement rules

We express the construction process (d;q) 6¢¢) in symbolic
form to arrive at formulas in terms of the input nets, see Fig. 7. The
formulas are obtained by performing all steps of a geometrically
intuitive construction with symbolic control nets and applying a
symbolic solver. That is, (d;q) are input in symbolic form and, at
the end, the formulas of the re nedl{§) in terms of (d; ) form

the rows of a matrix M. The Electronic Supplement provides the
explicit and exact entries of Mor n = 3;5;:::;10.

The construction samples data from a symbolic guiding cap g
that is itself constructed in several steps from the (d; q)-data of the
previous surface ring. This process is not overly complex but is
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lengthy and therefore placed into Appendix A for the interested
reader. For example, the BB-net g enters into the construction of
the guide § and hence the Re nement (d;q) ! d. The formulas

are given in Section 1 of the Electronic Supplement.

4.3. Ct-connected rings of bi-3 patches

The generation of a surface ring in BB-form from two consecutive
control nets d andl is gratifyingly straightforward by combining
the backward &-extension ofi with d.

2:1
(a) d and re nedd (b) C! ring assembly
Figure 9: Construction of the BB-net oflcrings with split ratio
s: 1 s. The illustration shows the default s := % i.e.a2:1 split
that yields the best results.

Fig. 9a shows a sector of the input d-net, slightly extended
to its neighbors, and its re nement Recall that the sector nets
are joined by placing nodes as averages, resulting irtehsor-
borders, dark-gray underlaid in Fig. 9b. As a trade-off between
contraction speed and surface quality, we chose %::as the
default. Choosing s < 2=3 reduces coverage and s > 2=3 in-

q d
4 Mg 0
d Mg
(a) My (b)n=3 (c)n=5 (dn=6
(eyn=7 fHn=8 (9yn=9 (hyn=10

Figure 10: (a) Structure of the subdivision matrix.Mb,c,:::,h):
sector of the ESIS characteristic mapfor n = 3;5;:::10.

Balancing between contraction speed and surface quality, we
chose s := 2 and this is the value used in Appendix A.

3

The resulting characteristic maps of ESIS
are shown in Fig. 10 b-h. The ESIS subdivision

4
matrix M consists of four sub-matrices, as dis- 2 2 42
played in Fig. 10a. O&eggub-matrix has only qSS . q53+1
zero entries, and Y2 R does not depend
on q. (For comparison, the matrix of QASis of ~ Figure 11: q

size 12n 12n.) With the ordering of Fig. 11 ,

creases speed at the cost of deteriorating shape. Co-incidentallynamely

forn=5;6,1s 0:4 and that matches WM, a 12n ring layout with

poorer shape. The tensor-borders are then, by default, split with

ratio 2 : 1 and so match up with the backwardsextended tensor-

border ofd in the sense that the BB-coef cients satisfy the relation
:=3 2. The constructed bi-3 ring is therefore C*-connected

to the re ned bi-3 ring. Remarkably, the actual smoothness is close

to C%: Theorem 1 in Section 5 implies that the dominant eigen-

component of the rings join€

5. Limit Analysis

The speed of re nement and hence of hole lling is, up to rst or-

der, governed by the contraction of an eigen-surface, called charac-
teristic map. The characteristic map corresponds to the two eigen-

vectors of the subdominant eigenvalue of,Me. the next largest
to the mandatory largest eigenvalue 1 of Mat guarantees that

the sub-matrix M is zero above the main diagonal. The diagonal
has entries

2 "Ynesy

These entries are the eigenvalues of. Mlumerical calculation
shows that the largest absolute value of eigenvaluesyaftivht do
not depend on |) is less thargl for | s de ned by (3). This implies
that ESIS generates surfaces with bounded curvature.

The rst two rows of Table 3 list, for irregular valences up to
n =10, the subdominant eigenvalug Ifor s = 5 (CC) and for
s= % (ESIS); the eigenvalues determine the dominant hole- lling
contraction. A value greater than 1/2 indicates a slowing down of

the surface neither collapses nor explodes. An essential moment ofthe hole- lling compared the uniform re nement of the surround-

ESIS is that the symbolic guide g is sampled by a mapkd?09]
that generalizesd, the characteristic map of Catmull-Clark Sub-
division subdivision, by introducing a non-uniform split with ratio
s:1 sforre nement, i.e. s determines the “speed' of hole lling.
This yields a subdominant eigenvalue

q
|S::sE (1+C)s 2+25+s  (L+c) (1+C)s2+45 : (3)

where s := 1 s and c := cos ZJn@ A larger s re-

sults in a smaller §, and hence faster contraction. When
s:= 3 then Is = | ¢c, the subdominant eigenvalue of CC.

2

ing B-spline surface. The third row of Table 3 measures by how
much, after three standard standard re nement steps, the remaining
hole is typically larger than the hole after two steps of ESIS.

Remarkably, the geometric derivation of the re nement rules in
Appendix A allows reasoning about the characteristic mapith-
out referencing the explicit re nement formulas. The rules leave
invariant, except for contraction to the center, a speci c input net d.
The surface ring generated from this d and its re nement according
to Section 4.3 can be uniquely identi ed as de ning the character-
istic map of ESIS. Theorem 1 not only con rms that ESIS isiS
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S n= 3 5 6 7 8 9 10
1=2 | standard| .41009 | .54998 | .57968 | .59851| .61111| .61993| .62634
2=3 ESIS 24613 | .38400| .41467 | .43431| .44754| .45683| .46359
standard/ESIS | 1.138 | 1.128 | 1.132 | 1.136 | 1.139 | 1.139 | 1.143

Table 3: Faster hole- lling/ contraction of ESIS vs. standard | ¢ subdivision [CC78,KP23,WM24]. Entries larger than 1 in the last row
indicate how much more of a valence n con guration is lled by 2 ESIS rings compared to 3 rings of standard subdivision. Since all numbers
are > 1, the corresponding coverage ratioi§éQAS; ESIS) > 6 for all n.

the limit but also that ESIS behaves like a subdivision scheme with comparable hole- lling speed to ESIS) and to the leading guided
characteristic mapsthat has é-joined surface rings. bi-cubic subdivision algorithm QAS [KP23]. To demonstrate the
shape properties of ESIS listed in the Introduction, we focus on ir-
regular neighborhoods. We use as input the extendeciwith one
node of valence n that de nes a surrounding bi-3 ring. The layout
The proof requires maps'g ts, L and the technical construction  is color-coded as:

of the re nement rules (d;q) ! ( d; @), all de ned in Appendix A.

Theorem 1 If | ;=1 s then the characteristic mapgcof
ESIS coincides with g of [KP09].

- green: surrounding bi-3 ring.

Proof Subdivision theory [PRO8] de neszcas a planar map that - red: ESIS rings

can be chose_n rotationally_sy'mme_tric e_md symmetric_across sector-rpq comparison focuses on valences n=3,5,6 since in practice
dla'gonals. With these restncﬂonsqs unique uptoscalingandro-  _ o oy generated quad-dominant and hand-crafted non- at
tation and has the same symmetries as the apFgr the proof, meshes — valence n > 6 is rare. For n =3 n = 5 and convex or

we apply the construction of Appendix A to49as the identity rounded input nets for n = 6, ESIS achieves quality on par with
map and d as the planar partial BB-net tdisplayed magenta in QAS

Fig. 25d,left. Then sampling'gwith t s yields back & ; and sam-

pling the compositionof g:=§ L 1 with|st5 yieldsIsts as For sharply changing input nets and n 6 (and higher than the

the re nement of the input d = . The construction of the next  already fast default speed) ESIS yields less uniform highlight line
ring according to Section 4.3 yieldsl@oined sequence of rings of  distributions than QAS. Due to the structurally compatibility, we

bi-3 patches, as does the-scaled sequence of dscaled g join can insert r QAS rings before switching to ESIS: QAS re nement
in fact CZ), That is, for the particular choice of'gand input net, matrices are available as open source code and the transition from
ce and G agree in the rst-order Hermite data, at both their inner QAS to ESIS is straightforward, see Appendix B. Applying QAS r
and outer boundaries. Since the rings are bi-3, this impliescs. times before continuing with ESIS yields results on par with QAS,
J indicating that ESIS is an ef cient substitute for QAS once the ge-

ometry is suf ciently “'molli ed' via QAS. Of course this comes
at the cost of lower contraction speed and more pieces per ring
For s := % i.e.:=1 s, we label those surfaces E$IS

: . N - : and color QAS rings and bi-3 transition ring . For
comparison with [WM23] we choose | := 0:4. Fig. 12 juxtaposes  q analysis of the extreme speed | := 0:4, we label the surface as

the characteristic mapeco:4, red, and the defaultgg black. Since, ESIS4. Fig. 13— Fig. 21 for n = 3;5;6, demonstrate that typi-

numerically, ficg;0:4 11 vCe:0:4> O by @ good margin, g;0:4 is cally zero steps of QAS are needed for ESIS to achieve QAS-like

injective and the limit surface is'C surface quality — except, and only, for certain sharp saddle con g-
urations that are not common in large models.

We can replace the default Iby a much smaller | such that

12is larger than the largest absolute eigenvalue gf-Misted for

We note that since ESIS converges extremely fast, four levels of
subdivision typically suf ce for rendering. Nevertheless, we show
levels 6,7,8 both to indicate the limit behavior and because other

@ n=6® n=7(@ n=8(@ n=9 (e n=10 subdivision methods contract much slower.

0:0867 0:0617 0:0685 0:0735 0:0774 Valence n = 3 permits only a few distinct con gurations. Neither
) o full view nor magni cation to rings 6,7,8 (f,g,h,m,n,o,p in Fig. 13)
Figure 12: Characteristic maps of ESIS when |:= 0:4 for n = yayeq] major differences in highlight lines, curvature plots or cur-

6;:::;10. Beside the valencies n are listed the correspondinrgylj vature ranges between ESIS, ESthid QAS. Even for the “stair-

— the largest absolute eigenvalue of .MDefault ¢z is black, the case' example, any difference between ESIS and EBIig. 13

accelerated g:4s red. (t) vs (u) is invisible certainly when compared to the correspond-
ing Catmull-Clark surface Fig. 13 (s) where the red arrow points to
highlight line oscillation.

6. Comparisons . .
P The convex n =5 con guration, Fig. 14, does not show ma-

We compare to the most widely-used CC subdivision [CC78], to jor differences between ESIS, ESI8nd QAS, even in the Gauss
the tuned subdivision algorithm WM [WM23] (since WM has curvature (ESI$is not shown since indistinguishable from ESIS).
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@n=3 (b) ESIS layout (@n=5 (b) ESIS layout
(c) Esis (d) Esis Gauss (e) Esis Gauss (c) wm (d) Esis (e) Esis Gauss (f) QAS Gauss
(f) ESIS [3:54:4:21 (9) ESIS (h) QAS [3:74:4:04] (@) wu (h) esis (i) os
Hn=3 (j) ESIS layout (k) Esis (I) ESIS mean
(i) WM [0:64::9:05] (K) ESIS [1:63:2:07) (1) QAS [1:74:1:87)

Figure 14: n =5 convex: comparison of highlight lines and Gaus-
sian curvature of WM, QAS and ESIS. last 2 rows: zoom to rings
6,7,8. The interval [a:::b] indicates the curvature range.

(m) Esis (n) ESIS[:07::0:14] (0) Qas (P) QAS[0:02:0:05]

! is entirely ESIS — compare (i) vs (j). By contrast, WM shape is
de cient both in large (d) and in vicinity of limit point (h). Degree
bi-3 polyhedral-net splines [PLK23] is an open source nite multi-
patch construction. The sharp transitions in Fig. 15 (c), see !, rule

(@n=3 (r) Esig layout (s) cc (t) ESIS (u) Esis.

this algorithm out as competitor to either QAS and ESIS.

Figure 13: Valence n = 3: row 1, 2 highlight lines and Gauss cur- For the convex, n =6 input net, Fig. 16 compares subdivision
vature for convex input; (f,gh) zoom in to rings 6,7,8 of the sur- methods, speeds, preparation of ESIS by QAS. For n = 6, ESIS
face(d) to bring out the ne changes. The interval [a:::b] indicates has Is =:41467. Since WM uses | = 0:4, we set, without appar-
the Gauss curvature range associated with the red-green-blue curent harm to the ESIS surface quality, | = 0:4 for ESIS, to ensure
vature color bar .in curvature. Rows 4 and 5 show high-  a fair comparison. Evidently the highlight line distribution of WM
light lines and mean curvature for hyperbolic input; (m—p) zoom to is poor, see Fig. 16f. On the other hand, the difference between
rings 6,7,8. Row 6 compares highlight lines on a wavy staircase' Fig. 16 (c) and (d) is imperceptible, indicating that no preparation
with n=3. of ESIS by QAS is needed for this valence and shape. This obser-
vation is con rmed also in the strong zoom limit.

By contrast, the sharply turning two-beam input Fig. 17 bene ts
Since ESIS contracts faster than QAS, the remaining hole in (h) is from initial ‘molli cation' by QAS, compare (c) to (d). Indeed,
smaller than in (i) and the highlight lines are denser. The major dif- using two layers sets up ESIS so that the difference in highlight
ference in quality is between the undesirable oscillating highlight lines is imperceptible, except for the miniature hole left by slower
line distribution of WM, corresponding to dips and raise, versus the QAS. The sharp transitions in Fig. 17 (g), see !, rule out [PLK23]
desirable uniform distribution of ESIS. as competitor to either QAS and ESIS. That is, QAS provides a

The sharp corner with n=5, Fig. 15, shows in (e) an undesirable high-quality initial ring that works well for ESIS.

oscillation of highlight lines in the rst subdivision ring of ESIS. The transition from QAS to ESIS is straightforward and de-
One application of QAS followed by ESIS for the remainder, i.e. tailed in Appendix B. The preparation with r steps of QAS, namely
ESIS, removes this oscillation in (e). ESI®xhibits good quality ESIS, reduces ef ciency but achieves excellent results. By con-
throughout and matches the highlight line distribution of QAS both trast, as demonstrated in Fig. 18, preparing with Catmull-Clark
in large — (f) vs (g) — and under extreme zoom where the surface subdivision in place of QAS leads not just to the expected well-






