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Abstract

Rapid reduction in the number of quad-strips, to accommodate narrower surface passages or reduced shape fluctuation, leads to
configurations that challenge existing spline surface constructions. A new spline surface construction for fast contracting polyhedral
control-nets delivers good shape. A nestedly refinable construction of piecewise degree (2,4) is compared with a uniform degree (3,3)

spline construction.
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Figure 1: Configurations for rapid contraction: (a) shows fast contraction ‘in the
wild’. (b) cascading triangles (T-gons), (c) Tp-gon + T';-gon (a pentagon with
3-valent vertex), (d) new A2-net with triangulated gray core as generalization of
(b) and (c): removing one edge yields (b), while removing both bottom edges
yields (c).

1. Introduction

Quadrilateral control-nets for surfaces typically follow a sam-
pled or imagined cross field to capture two orthogonal directions
of shape variation. Where such regular, tensor-product nets meet,
n-gons, polar or star-like configurations arise. These configura-
tions have been the focus of numerous surface constructions (see
the review in Section [I.I). By contrast, when the goal is to ac-
commodate narrower surface passages or reduced shape fluctu-
ation, a rapid reduction in the number of parallel quad-strips is
needed. Patterns like Fig. |Z|b,c achieve slow contraction. How-
ever, fast re-meshing algorithms such as [1} [2] and some hand-
made quad-dominant meshes implement rapid contraction, see
Fig. 3], and pack contracting mesh configurations too tightly for
the meshes to serve as control nets for the existing slow contrac-
tion spline surface algorithms: typically, irregular net configura-
tions need to be separated by a border of quadrilaterals. Available
mitigation range from ad hoc designer intervention, to an im-
proved Doo-Sabin refinement step [3} 4], to special re-meshing
rules for Ty- and T -locations, [5]. The drawback of these ap-
proaches is not just an increase in the number of patches, but a
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(a) 5-3 neighborhood

(b) To-net (c) T1-net

Figure 2: (a) Diagonal 5-3 contraction in quad mesh design.
direction-aligned contraction.

(b,c) Single,

decrease in the surface quality as the natural cross field (flow)
of the geometry is altered to enforce the necessary combinato-
rial structure. Fig. [Ba illustrates, for simplicity in a regular B-
spline mesh, how a change of connectivity causes oscillation in
the highlight line distribution. This change of flow is also a draw-
back of the frequently employed configuration with the nodes of
valencies 5 and 3 in one quad, e.g. Fig.[2a.

)

Figure 3: A re-connection (a) — (b) that ignores the flow of the principle cur-
vature cross field can lead to surface artifacts (c) — (d) already for a regular
tensor-product control net.
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Figure 4: Rapid contraction A%-net with the labels of its 20 nodes d; -

This paper offers a new, rapid contraction option to the set

May 19, 2024

21
22
23
24
25
26
27

28



52
53

54

55

56

57

58

59

60

61

62

63

64

65

66

of admissible irregular control nets within a bi-quadratic (bi-2) FC surfaces fall into the family of geometrically smooth sure
spline control net. The resulting Fast Contraction (FC) surfacéace constructions. Geometrically smooth surface constructiors
pieces join abutting regular tensor-product surface with an emassemble a nite number of polynomial pieces to join smoothlys
pirically good highlight line distribution [6]. after a change of variables. Smoothness ranges from curvature
The underlying fast-contracting net, typeset 4&net, is  continuous surfaces of degree bi7][25] or degree bi-6 [26], to
shown in Fig] #. The internal partition of th&*-core (gray in  lower-degree tangent-continuous splines [27,[28/29, 30]. Note
Fig.[1) can be and is ignored, because the interior partition doehat satisfying the algebraic smoothness constraints does not:by
not enter into the constraints for a smooth join of the FC surfacéefault yield surfaces with acceptable highlight line distributions.
with the surrounding surface. Ignoring the interior partition al-Consequently, several publications focus on empirically good
lows for a joint treatment of the con gurations Fjd. 1 b,c,d. Sincehighlight lines. Examples of bi-5 caps afe [31], and the macros
the outer nodes of thé?-net can have any valencé?-nets can  patch bi-4 caps of [32, 33]. There are even bi-3 caps with very
share quad facets with other irregular con gurations and the resmall normal mismatch [34] that result in good highlight line dis+s
sulting FC surface can share points or boundary segments withibutions. Additionally, there is a hybrid family that combine avo
those of other overlapping non-regular net con gurations. [Hig. 5nite number of subdivision rings with a cap to serve as nestedly

shows some cascade-nets arising “in the wild' as output frome ned space for engineering analysis, e.g. [35]. 81
quad-dominant meshing methods|[[1l, 7, 2]. We focus on geometrically smooth constructions for irregues
In summary, the contributions are larities in aC* bi-quadratic (bi-2) tensor-product surface. Bi-2s:

1 5 L splines have minimal polynomial bi-degree for smoothing out &
» aC* surface FCfor 42-nets consisting of three degree (2,3) quadrilateral mesh. The classic generalization of bi-2 splines [a]
patches and six degree (2,4) patches, forming togetheBa  ¢onsists of an in nite sequence of nested (contracting) bi-2 polys
macro-patch. F€joins by defaulG* with any surrounding  nomjal surface rings but fails to yield good shape due to artifacis
bi-2 (B-)splines or polyhedral-net splines [8]; generated already in the rst steps. Augmented Subdivision [4]
improves shape by adding a carefully chosen central guide poigt.
olyhedral-net splines [8] generalize tensor-product bi-quadratic
(bi-2) splines by combining algorithms from [36, 37, 18] that use:
« an alternativel 1-piece FG surface construction of degree a nite number of polynomial pieces of degree at most bi-cubie
bi-3, suitable for extending the range of polyhedral_net(bi-3). The degree bi-2 construction [38] is degree-wise optimak
splines|[[8]. but has unsatisfactory shape. 04
Another type of non-regular mesh con gurations age, 1-
nets [39, 40], see Fig. 2b,c. Their cores, displayed in grey
are calledTly-gon (a triangle, but with particular vertex valences
4,4,5), respectivelyTi;-gon (a pentagon with vertex valencess
3,4,4,4,4). For the treatment of-nets T-splines [41] come to o
mind, but T-splines are primarily useful to re ne an existing quagh
partition, and are known to fail, due to their global parameterix
zation requirement for the prescribed reductions in the numher
of quad strips, see [42, Fig 2], [43, Fig 6]. Fomnets, smooth 1
surfaces of bi-degre@; 4) ([39]) or bi-3 ([40]) can be produced 104
that, together with a surrounding spline, form a smooth surface
of good quality. 106
The 42 algorithm is partly motivated by the output of quadso
dominant meshing algorithms such as [1, 2], that avoid the com-
plexity and higher quad-count of strict quad-meshing algorithms
by introducing (fast) mesh contractions: while high resolutiom
meshes are almost always avoid rapid contraction, the desirahle
low quad-count typically results i con gurations. 112

 a proof that no analogous surface construction exists th
uses3 3pieces of degree bi-3;

Figure 5: Cascading triangles from quad-dominant meshing methbds([L, 7, 2B- Setup 13

Colors indicate valence 5 and triangle vertices. . . .
9 Classic tensor-product spline control nets have two distin.

guished directions, and so dg, 1 and42? nets. However, for us
i . the latter three, in one direction (vertical in Fig. 6 ) the number af
1.1. FC'and FC surfaces in the zoo of surface constructions mesh lines is reduced or expanded. (In the following, 'verticad
An irregular con guration within an otherwise regular, grid- and 'horizontal' refer to the standard layout in Fig. 6.) Althoughs
like, tensor-product net, can be associated with a variety of suthe output of the4? construction are tensor-product macrors
face representations. The three major families of surface compatches, the changing number of mesh lines forces a changedof
structions are singular surface parameterizations, rational multparameterization to achiegometric continuity Compared to 1z
sided surfaces such as [9] 10] 11], and geometrically continuoug and ; constructions, thé? construction is more challenging 2.
surfaces. Singular surface parameterizations include both clasgice to an increased number of coef cients that do not enter fas
subdivision surfaces [3, 12, 13] and recent algorithms built ormal smoothness constraints but whose careful choice is crugial
the idea of a guide shape ]14.115]; alternative singular paramder good nal shape. Thel? macro-patch partion for the mainizs
terizations use edge collapse, e.g. polar surfaces [16, 17, 18], aattjorithm, FCG, is shown in Fig. 6 b: patches 1,2,3,7,8,9 are afs
vertex singularity[[19], 20, 21, 22]. Other surface algorithms uséi-degree(2; 4), patches 4,5,6 are of bi-degré 3) where the 1
rational singularities [23, 24]. rst degree, 2, refers to the degree in the horizontal direction. 12s
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enter theG! continuity constraints. In the derivation-, v-  1s4
directions can be assigned as convenient. By defaigtused to 1ss

189 parameterize along the boundary anih the orthogonal direc- s
4 5 6 tion of the tensor-border, towards the interior or core. 157
1 2 3
3. The FC* construction 158
(a) Extended net (b) Surface pieces FC? consists of three layers: three patches of bi-de(@p8), s

three of bi-degred2;3) and again three patches of bi-degree.
only the42-net (inner mesh). The ring of quads is used to additionally generate(z.; 4) _ThIS choice of layOUt (red pieces in Fig. 6 b) and degree
(b) a ring of uniform bi-quadratic (bi-2¢* spline patches to allow judging the minimizes the number of free.parameters that need_to b(_a case-
quality of transition to the regular spline complex. The inner, red 9-piece macrofully set for good surface quality as measured by uniformity af
patch corresponds to the FC surface. highlight line distribution [46]. Moreover, degree 4 in the conw.
tracting direction is least to obtain geometrically smooth splines
of good quality that ar@eestedly re nablesee [47, 39] and Sec- 1

Figure 6: (a) A42-net surrounded by a ring of quads. feconstruction requires

2.1. Parameterization tion 5. 167
The macro-patch FC surfaces consist of tensor-product pieces
of polynomial bi-degredd;d® in Bernstein-Ezier form BB-  3.1. Tensor-border frame from input Hermite data 168

form, [44]). That is, for Bernstein ponnomiaEﬁ(t) = ﬁ (1
t)d ktk, the patctp of bi-degreg(d; d°) is de ned as
XX G
p(U;V) = pBYWBY(vY; 0 uv L
i=0 j=0 ~1 41 t4 "1 Vo 4V

&

al =2
— tt
t %5

~)> ~+

t5 ~2 2

With the convention thad denotes the polynomial degree in the
parameter tracing out the horizontal direction, the bi-degrees in ~0 {0 t3 "0 iy i3
addition to the regular bi-2 uniform B-spline patches &gt), 0 ! t2 o

(2;3) for FC* and(3; 3) for FC®. Connecting th&B-coef cients 1 i
pij 2 R3to pi+1;j andp;;j+1 wherever well-de ned yields thEB-
net (a) input bi-2 data (b) nal frame

Figure 8: (a}¥42-net and input bi-2 tensor-border frame obtained fromdthaet
by B- to BB-conversion; (b)Il€ft, right) blue reparameterization with®. The
bottomgreen tensor-border is obtained by degree-raisingtiadpgreen by split
t and degree-raising. Here and in the following guresthandv-arrows indicate
, the bi-2 tensor-border reparameterization directions.
(@)bi-2 (b) tensor-border In the following lets = 0;1;2. The bi-2 tensor-borders areiss

Figure 7: B-to-BB conversion and tensor-bordesas Hermite input data. Circles initialized by partial B-to-BB conversion from control-net pointsro

mark B-spline control points, solid disksmark BB-coef cients of the full  di;j Whose indices are shown in Fig. 4: 17
patch, respectively tensor-border. left distjy 1=1,2,j=1,23 | ts,
right symmetric tdeft S S

top  dis;,i=123j=01 ! t,
2.2. Conversion from B- to BB-form and tensor-borders bottom dsi;j, i =1,2,3,j=12 ! ts.

Any 3 3grid can be interpreted as the control net of a uniformSince they stem fronC* splines, the resulting adjacent bi-2zs
bi-2 spline in uniform knot B-spline form. In Fig. 7 the B-spline tensor-borders a@'-connected, and thez 2 overlapping BB- 17
control points are marked. The B-to-BB conversioffe.g. by ~ COef cients agree at the four corners, marked in Fig. 8a by s
knot insertion) expresses the spline in2oBB-form illustrated ~ While leftandright sides of the tensor-border frame have matchs
by the green BB-nets in Fig. 7. Conversion of a partial subing 3 pieces, thédottomconsists of3 but thetop of only one

grid yields a partial BB-net, calledtensor-borderthat de nes ~ Piece. To match the bottom structure, tbp must be split, hor- s
position and rst derivatives across an edge. izontally, into 3 pieces. This destroys consistency with teg 17

andright tensor-border, to be re-established by reparameteriziiag
the tensor-bordens andts*3, with S(u;v) := (u; a(u)v) where, 1

2.3. Geometric continuity and reparameterization >
y P to match the maximum degree of the @° anda? can be at 1

Two polynomial piecep andq join G along the common

sector—sgparating cun@(:0) = q(u; 0) with BB-coef cients most quadratic and so have BB-coef cients 183
Po = o f, see .. 145, leladial) = (11 ) (e adiadl (5 5 5]
puv):=q (UV); (u;v) := (u+ bUuv;au)y) (1) L L 51 3)
@q(U;0) = aU@p(u; 0) + bU)@p(U;0); (V) 2 [0:11% (2) while a(u) is finear, - {2 &,] := [ 5

Besides the shared BB-coef cients of the common boundarygince the functionsa® are Cl-connected, so are the tensorss
only the layers of BB-coef cient;; andg;; of adjacent patches bordersts := tS S, t3*S := t3*S S Since the tensor-borders:ss

3
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ts and (the split)t are not reparameterized, their degree in hor-
izontal direction is2. Therefore,f°, t2, t3, t° are presented in
bi-degree(4; 2) andt?, t# in bi-degree(3; 2) form. This implies

— A5 28
that tensor-bordert® and (the split}t are presented &, tin

bi-degree(2; 4) form. The resulting tensor-border frameG4. (a) six approach (b) [5] followed by [39] (e FC!
Appendix A lists the explicit formulas.

3.2. Setting the free parameters

Fig. 9a shows as the “spine' of6 BB-coef cients that to-
gether with the surrounding tensor-border surface frame (Fig. 8 b
and, equivalently, the green net in Fig. 9 a) determine a space of
C! macro-patches: The two BB-coef cients markedare de-
ned so that the central vertical curve &', i.e. are set by the ‘
stencil of Fig. 9b. With the vertical spine xed! continuity in (d) re ned net (Gpyoutor olfollowedby
the horizontal direction de nes the remaining BB-coef cients as
averages of their two neighbors, one on the spine and the other
on the tensor-border.

5

4

3 (f) improved (g) [5] followed by [39]

2

1 Figure 10: Improving the initial macro-patch. (b) '[5] followed by [39] is the

0 % % result of re nement according to [5] followed by [39].

(a) BB-coef cients (b) stencil for . .
followed by [39] option. LetC, be the analogous point for thezso

Figure 9: Completion of the FOmacro-patch. (a) BB-coef cients indicate that left-right ipped cascade con guration. Then we set 231
bottom three and top three patches are of bi-de¢2eé) while middle three
patches are of bi-degre@;3). The “spine' of six S, s = 0;:::;5 are uncon- C:= (2Cini +C + Cr):4 (4)

strained. (b) The stencil (rule) to jol" a degree 3 segment with BB-coef cients

to a degree 4 segment with BB-coef cient The shared end-point of the seg- gnd we proceed, as for the sixapproach, to minimiz&,, but 2
ments is marked as the largeand weightr=4 (index (1) or (4) in (a)). now only over ve s since one is symbolically set to ensure zs

interpolation ofC. 23
While formally smooth for any choice, good shape requiresThen fork = 0;:::;5, 235
a careful choice of the six coef cients marked asWe found % e w 56
the best chaqi among many tested, is to minimize the func-
: A -l 4|y o » K= Kdij+  dis+ i dij (5)
tional Fy == " " ivjeaij o i (@@f (s1))* ds dt over all9 I J

patches of macro-patch. The resulting surfaces have good high- o = S

light line distributions for challenging convex shapes, such ass an afne combination of thet?-net nodesd;; as labeled in 2
Fig. 11 aleft, but not for the4?-net Fig. 11 ajght where the sur-  Fig. 4. Without loss of quality, the coef cients each have 5
face looks creased at the meeting of the two orthogonal featuigecimals accuracy and are corrected by less than 0.00009 so they
lines. Another option is to treat the core of thénet asymmet-  form a partition of 1. That is, the weights listed in Appendix zs
rically as in Fig. 1b, i.e. as two cascadifig:gons plus one quad. g gre exact, not approximations of the implementation weightse
Re nement of this net using the rules of [5], see Fig. 10d, yields, \wnile the resulting 9 patches can be jointly encoded into.a

asymmetrically, one additional regular bi-2 patch in Fig. 10€,126 20matrix M, see below, we present the algorithm explicitly:
where regular bi-2 patches are colored green, and additional onggtoyr steps:

from the re nement, colored . Then the algorithm for
o-nhetsin [39]yields 2 2 macro-patch with pieces of bi-degree 4 ]
(2;4) for each o-net, see Fig. 10 e. The global shape in Fig. 100 FC® Algorithm
is reasonable, but slightly dips at same location where the initig
surface Fig. 10 a peaks sharply.
While many other approaches were investigated, the be
choice turned out to merge te, minimization, of the spine of

243

1. Compute the tensor-border frame of Section 3.[L
( in Fig. 9a) by B-to-BB conversion and
Appendix A formulas.

six , with the re ned cascade approach ('[5] followed by [39]'). 2. Compute the spiné( in Fig. 9 a) as an af ne com-

The resulting surface is displayed in Fig. 10c. Good highlight bination of the4?-net nodes by Eq. (5). The weights

line distribution is con rmed by many other challenging inputs ij are listed in Appendix B.

(see Limitations in Section 4 for an exception). 3. Compute the two in Fig. 9 a using stencil Fig. 9b.
Construction summary and precalculated tableset Ci,i = 4. Setall remaining BB-coef cients d@s-2 equal aver-

p(%; 1) be the central point of the sixconstruction, i.e. the cen- ages of neighbor BB-coef cients to enfor€e con-

ter point of the centra(2; 3) patch labeled 5 in Fig. 6 b, and let tinuity in the horizontal direction (see Section 3.2).

C- be the point marked in the layout of Fig. 10 e of the '[5] J o

4
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Running the algorithm in a symbolic solver, in terms of
symbolicly-represented pointt; of the 42-net, yields the BB-
coef cients by as a linear combination of the;;. The linear
combination weights are tabulated in the maivix For easy im-
plementation, give and a generic control net modi er like [8],
the code consists of gathering thé-net in the vector of points _ A .
d 2 R2° 3 gand Computing the vectdr of the BB-coef cients as (a) B-spline control net  (b) bi-2 (B-)spline surface (c) FC*

b= Md. Figure 12: What is the regular counterparédtnet in Fig. 11 top,right?

4. Analysis: Comparisons, Examples and Alternatives

By construction, the8 3 FC* macro-patch is internally at 'diagonal’ to the two preferred directions of the tensor-produet
leastC! andG! connected to the surrounding bi-2 surface. Whensplines, resulting in an undesirable dip. Note that the tenset-
the 42-net is extended as in Fig. 6 aframe (colored green in  product net of Fig. 11 (dght) fully aligns with the preferred di- 27
Fig. 6 b) of regular bi-2 patches surrounds the* BGrface. This rections and therefore succeeds in a sharp turn of the ridge #as
bi-2 frame is important to judge the quality of transition from any does the initial construction displayed in Fig. 10a.) By contrast;
surrounding surface to FC As is customary, we assess good FC* models the diagonal direction well: Fig. 12 ¢ reorients' FGro
shape as uniform highlight line distribution [6]. Extendé#&i  of Fig. 11 (asight) to show a well-preserved ridge. 280
nets allow shape prediction and emphasize aws that large com-
pound nets (e.g. Fig. 22) might hide or cause by poor macro-
scale mesh layout. For visualization, we show a triangutted
netcoreto hint at design intent where features are introduced.

As a baseline, Fig. 11 juxtaposes (a) three challengfget
con gurations (c) with their regular counterparts (c). Remark- (aaznet  (b) regular net (c) 42 surface (d) regular surface
ably the highlight line distributions of the tensor-product and FC
surfaces are alike.

(e)42-net (f) regular net (9) 42 surface (h) regular surface

Figure 13: Top row: crossing features. Bottom row: 'squeezing' feature.
(a) extended?>-nets

Fig. 13 fopshows that crossing features in preferred directions

create bumps both for B-spline surfaces and.FRets (a) and 2

(b) result in similar highlight lines for the more exible PGs 2

well as the regular tensor-product spline, see Fig. 13c,d. The

reduced highlight line variation on top of the ridge advertises

(b) FC* surfaces FC* for changing mesh line density. 286

Fig. 14 systematically reviews the effect on ¥@f feature 2
lines touching or straddling thé2-net core. Row 1 shows ass
partial, spine-aligned ridge (a) at the contracted and (b) at the
spread-out end; both are well-shaped. Row 2 shows a partial,
spine-aligned ridege combined with a horizontal ridge. This
yields a slight bulge where the ridges meet — as do regular tenser-

(c) tensor-product nets product surfaces. Row 3 compares a ridge along the contracting
direction touching vs cutting through the core. Row 4 tests:a
full horizontal feature, see also Fig. 1tragdlg with direction 2
change. We applied plain shading to emphasize the global shape
and so complement the highlight line distributions of other g
ures. 298

Limitations.FC* nicely follows the control net and so models thess
likely design intent in almost all cases of Fig. 14, including theo
Figure 11:Row 1: Extended4?-nets,Row 3: Tensor-product control netRow rogndlng of the f'ght an_gle ridge featyre. Fepems Igss appro-so
2,4: the corresponding surfaces with highlight lines. priate only for a single ridge running in the contraction directios.
through the core, see Fig. 14 k. We focus on this limitation withs
Fig. 15a. Linking to the cross direction causes a dip Fig. 154

The net of Fig. 12a is a slight modi cation of that in 4 . . .
Fig. 11 (cright): the ridge corner has been pulled to the lower I NiS same defect is well-known also féi-junctions and for T- s
splines. It is caused by the support of the spline on the ridge

level to better mimic the ridge rounding of Fig. 11r{ght). The X 4 :
resulting uniform bi-2 tensor-product surface Fig. 12b disap/Ncorporating data from its lower neighbors. 307

point: the tensor-product net Fig. 12 a tries to capture a feature The special case can be (partially) mended by replaCimg s
5

(d) tensor-product bi-2 B-spline surfaces
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(a) 42-net (b) FC* () 42-net (d) Fc* (2)4%-net (b) 42 surface

(c) alternative core (d) alternative net (e) alternative surface
(e)42-net (f) FC* (g) 4%-net (h) FC*

Figure 15: An alternative (rare) triangulation of a core displayed in (c) illustrates
possible treatment of a poor net design.

Lemma 1 (left,right frame) The reparameterization functionssz
a’(u), s = 0;1;2 must be pieces of one uniformly-split lineasso
function™(u) =1 u+ %u. That is, the BB-coef cients of the s
(i) 42-net () FCt (K) 42-net () FC* pieces are 332

[86; 8] = [9: 71-9; [agi a] = [7:51=9; [a5;af] = [5:3]-9: (7)

Proof. Since thd® are to beC'-connected and not exceed degree:
3, thea®(u) must be linear and:f-connected, i.e. are part of oness
linear function'. Consistency of with top and bottom boundary sss
curves at the coef cient marked in Fig. 16 a, imply the form sz
(m) 42-net (n) FC* (0) 42-net (p) FC* (7) L s

Figure 14: Gallery of feature lines touching or straddling the red core. .
9 y 9 9 left piece of the frame are those of the those of the boundasy

quadratics degree-raised3oFor the interior layer of the tensor-z«

(4) by border, omitting the superscripts of the piesesO0; 1; 2, aa1
dsp+ d dys+d for= 1 280 too+ 2aotos;
C:= u + (1 )23—33, ‘= 0:85 (6) 01 - 3a0 00 3aO 01, (8)
? ? t =1 2at v 2 4a0t +2at +4a0t'
inspired by the core connectivity of Fig. 15 c,d. Heravas de- HTg gt 0T 3 gfo o gttt T gt
termined by experiment comparing highlight line distributions. t1,q remaining BB-coef cients,; andts; are de ned by the sym- s
Proceeding as in rst approach (see Section 3.2) miniMiERY  etrvt: $ t, . =012 | = 0: 1 a i 0 h
. . . . . . y” 2 0j» N Ry | y 1a|$ a i, | 0,1-Byte 343
yields the dip reduction shown in Fig. 15e. A better choice May_ e loaic applied alona the right bordes = ~s
be re nement, see Fig. 20 b. gic app 9 9 T 3“
. . %
5. Nonexistence of 8 3 C! bi-3 macro-patch that smoothly 2 e u
joins to a given input bi-2 frame u u
Vi v 2t 8011 -
This section shows that an analog@ishi-3 surface construc- t t t
tion that joins smoothly with a given bi-2 surrounding surface is . s "0 nol "2
not possible when using& 3 macro-patch. Such lower-bound t t o1 201 )
ndings characterize the complexity of the task and are therefore 0 1 2 0 - 2000 - t
of scienti c value. A reader purely interested in algorithms might
skip this section. (a) (b)
) o Figure 16: (a) Mismatch at the locations markedb) Labels and markers, ,
5.1. Left and right reparameterizations for the proof of Theorem 1.

To obtain a3 3 layout, and since the goal is an internally _ ) .
macro-patch, the top bi-2 tensor-border is uniformly split @to =~ Now only a mismatch of BB-coef cients remains at the fouss
pieces, and the top and bottom borders are degree-raised to bil@cations marked asin Fig. 16 a. a4
see Fig. 16 a. To match, the left and right pieces of the tensor- _
border frame must be reparametrized, see Fig. 8as fof; 1;2  5.2. Focus on the corner mismatch a7
To resolve thebottommismatch at , the bottom bi-2 tensor- s
tS:=t5 7S T3S 7S S(uy) = (U ad(u)v): borderst®, s = 0;1;2, (note the under-bar) must be reparametes
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ized: .
=t 7% "S=(u+ b(uvv):

©)
Lemma 2 (bottom frame) The reparameterization functions
bS(u), s = 0;1;2, are of degree 2 and the leftmosf, has BB-
coef cients

1
[bg; bi; 5] = [0; - 5 01: (10)
Proof. ForfS not to exceed degre® b5(u) can have up to degree

2. The BB-coef cientsiiso, i = 0::3, de ne the input quadratic

388

6. A C! bi-3 macro-patch FC?

We now leverage the ndings of Section 5 and allows morgs
pieces to successfully construct a bi-cubic’BQrface. The bi- s
3 macro-patch F&consists of 11 pieces laid out in Fig. 17 bze:
The central patcim is borrowed from the F€construction and se
degree-raised to degree bi-3. This choice turned out superiogsto
any direct construction using functionals or heuristics. Splitting
m uniformly into two patches in the horizontal direction yields as
4 3layout of bi-3 patches. 396

To derive the bi-3 macro-patch we call two adjacent segments

boundary segment in degree-raised form. Omitting the supeps an_dp3+1 of the bi-2 tensor-border franmnnected with ratio s

script, we express the reparameterized BB-coef cients in term
of the bottom tensor-borders:

2

~ 1 2

Ly = 3 ébO Lot éboho + 5201; (11)

- 1 4 2 4 2 2 4
b= 5 gfrloot g gPot ghrlio™ ghota* Glos * ghiv
- 2 4 2 1 4 4 2
t, = §b2'£oo+ 3 §b1 + §b2 tiot 9" §b1 Lot 5!11"' 5321
2 1 )

L = §b2ho + 3 + §b2 Lot 5221-

We now compare the four coef cients with ind@0; 10; 01; 11,

where the left and the bottom frame overlap. In particular, we use
the formulas (8) and (11) and the fact that the input bi-2 tensor-

borders are consistent, itf = tj, i = 0;1, j = 0;1. Since

the outer boundaries of the reparameterized tensor-borders are

degree-raised boundary quadratics, inserting the valueag for
1andal = 7=9, equating the tensor-border BB-coef cierifg =

igl (marked ) in Fig. 16) results in

~ gto = 1-
30173

0 0 2, 2b8 0 041(11) —. 30 .
t10 " §£oo+ 'Eoo"' alont ?Goo"'ho) - 201-

3-01

This impliesb? := 0; furthermore, matching, = T}, (marked
in Fig. 16 a) leads to

13, . 2, 14, 4, _
g1loot gtlont oalie+ 5t
1

and this implied ;= £.

1 440, ..
9-117 § §b1§00+'-

=10

0 ._
ti = ;11

C!-continuity betweeri’ andt” impliest;, := 2f5, T, but
the expression fofgl in (11) contains the term 3b3tJ, that is

missing infgl and no coef cient oft* depends on3,. Hence
0.— 0 _1 2
b := 0andty, 1= 5ty + 5ly- H

We can now prove the promised (sharp) lower bound result.

Theorem 1. There does not exist& 3 C! bi-3 macro-patch

construction that guarantees a smooth join to any given bi-2

frame.

Proof. Lemma 2 and structural left-right symmetry imply
[b3; b2;b2] = [0; §;0] (note the change of sign due to reversal
of direction) Since‘géj = ;gj, j = 0;1, the same argument as
for by = 0 yieldsb} := 0. ThereforeC* continuity of b® with

b* implies [b; b}; b3] = [0; §; 0]: Retracing the arguments @
continuity ofb® with b? impliesb} = £, a contradiction. [

. . .o ~2
For illustration, calculating;, for b2 = % to ensureC* con-

tinuity with the b° yields an inconsistency at the right location
emphasized in Fig. 16 b by replacing the initiddy a larger one.

7

d:

399

Po;t = P Pt i= (14 )p3
As in the preceding section, let ;= (u + bS(u)v; v), whereb3(u)
is a quadratic function with BB-coef cientb?, i = 0;1;2 and o
dene ps:= p% 5. Then retracing the argument in Section 5.2
with the ratiol : proves the following.

p3j; =01

400

403

Lemma 3. Let adjacent segmenp$ andps*! of the bi-2 tensor-
border frame beC!-connected with ratid. : .

Then the re-parameterized tensor-bord@fsand ps** are C*-
connected with ratid. :

404

405

407

mstl

0 = (12)

p3;; f’fjrl =(1+ )B3 P2 1=01

if and only ifb§™t = bS = 0 andbs** = b,

408

Based off this Lemma, the tensor-border frame is adjusted.as
follows.

410

6.1. Adjusting the tensor-border frame

First we consider the bottom part of frame, Fig. 17 a. For the
4 3 Iayout,:0 and:l is de ned as in Section 5.2, arj% = ”O, a3

411

.— . 414

-3 -1

(1

[b5; b3;b3] = [0; g s=0;:::;3

0J; (13)

We sett? := 19, t3 := 2, splitt* uniformly in u into two pieces s

t, t2andde nef*:=t5 "5, s=0;:::;3 116
u
v
wee 0 123
(G &
u u
\' fl f4 \'
m
0 73
~1 ~2 t
'fO 1: ; 'f3
v, -

(b) layout with central

(a) correct bi-3 frame bi-3 patchm (white)

Figure 17: (a) Correct bi-3 tensor-border frame. (b) 11 piece layout of the bi-3
macro-patch: the central patohis not split.

The analogous considerations are applied tottpepart of a7
frame. To match a bottom layout of tensor-border frame in
Fig. 17 a, the input bi-2 tensor-borde(see Fig. 8a) is split in s
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the u-direction with ratio (1 : : % : 1) into four pieces t°,

s =0,...,3. The four bi-2 pieces s = 0,...,3 are reparameter-
ized with

~s ) e (-1D)*

o = (u+b'(wv,v), where [by, by, b;] = [0, T,O].

That is, the explicit formulas for is from t* (respectively for the

top ?Y from t*), for s = 0,...,3 (superscript omitted) are that the
boundary BB-coefficients are obtained by degree-raising and

1 2 1 2
qo1 ‘=5 Poo + ZPo1> Q31 = 5P20 t P21,

3 3 3 3
=1 4 + 2 + 4 + 2 + 4 (14)
qi = 9 9)/ Poo 9 9)’ P1o 9P01 9P11,
2 4

+ 1+4 +4 +2
Y Pio 97P20 9P11 9P21,

where p denotes the BB-coefficients of t* (t) and q of E‘Y ( t )
and
(-1

(_1)s+1
, top: y = .

bottom: y :=
ottom: y 9 3

6.2. C' completion of bi-3 macro-patch

The central patch of FC* (labeled 5 in Fig. 6 b) is degree-raised
to form the central bi-3 patch m of FC?, see Fig. 17 b (where the
tensor-border frame from Fig. 17 a is displayed as ’light green’).
The C'-extension of m towards the frame (displayed cyan) is uni-
formly split in the horizontal direction where needed, i.e. top and
bottom. The resulting bi-3 macro-patch has 11 pieces. Splitting
m yields a tensor-product 4 X 3 layout.

Al

(a) 11 piece bi-3 macro-
patch based on m

(b) direct application of
functional

Figure 18: Comparison of the 11-piece construction and a bi-3 construction based
on functionals. The input net is Fig. 11 top,left.

7. Nested refinement of FC*

A refinement of a spline space is nested if the finer space in-
cludes the coarser space. Refinement is useful, both for geo-
metric manipulations and for engineering analysis since it ex-
poses additional degrees of freedom while preserving the origi-
nal shape or solution. The interior of FC* and FC? are C' splines
that can be nestedly refined by knot insertion. For FC*, the top
and bottom tensor-borders are not reparameterized, only degree-
raised to 4 in the vertical direction and the top is split in the hor-
izontal direction. Hence top and bottom refinement is that of
regular splines.

The G' transition from the input bi-2 tensor-border to FC*
is displayed in Fig. 19. The bi-2 tensor-border bottom-left is
reparametrized with p := (u, a(u)v) yielding a tensor-border of
bi-degree (4, 2), top-left. For reducing the free parameters of the
construction, degree 3 of the middle patch of FC* in the *vertical’
direction was convenient. However, for nested refinement pieces

1-h
i i,
e: l-e
e U
-
e: l—-e

Figure 19: Diagram of nested G'-refinement.

of different bi-degrees complicated the exposition. Therefore the
initial patches of bi-degree (2, 3) are degree-raised to (2,4) and
a(u) is degree-raised to 2 so that all a(u) are formally quadratic.

The input and reparameterized tensor-borders are split in some
ratio e : 1 — e along the boundary (see — in Fig. 19); and with
ratio o : 1 — h into the macro-patch. By definition, nested re-
finement means that there exist reparameterizations p and p sat-
isfying

e (i"") the reparametrized tensor-border t o p, split (as dis-
played in Fig. 19 top-right), equals the union of split in-
put tensor-borders pieces (bottom-right) reparameterized
respectively by p, and p (a commutative diagram); and

* (ii"*") the C'-continuity and bi-degree of the reparameter-
ized tensor-borders are retained when perturbing the split
input bi-2 data.

Properties (i"¢*,ii"*") are satisfied if

p(u,v) := (u, a(u)v), where

a(u) = ale(1 —u) + u),

pu,v) = (u, a(u)v),

a(u) := a(eun),

where the BB-coefficients of a(u) and d(u) are computed from
a(u) by de Casteljau’s algorithm. With the BB-coefficients of the
boundary obtained by degree-raising, the formulas for (x, v) :=
t o p(u,v), p(u,v) := (u, a(u),v) where a(u) has BB-coefficients
ap,dp, az, are

to1 :=(1 — ap)too + aotor;

- 1
ti =3 (I —apte + (1 —ap)tio + artgl + aptyy ;

- 1
(53] =g (1 —ax)too + (1 — ag)tyo +4(1 — aptio (15)

+arty) + aptyy +4aity .

The BB-coefficients t4;, t3; are obtained from to;, t;; by replac-
ing t;; by t,_; ; and a; by a,_;. More details on nested refinement
can be found in [39, Section 3.1].

Fig. 20 ,top demonstrates that refinement in FC* adds flexi-
bility to improve surface quality in the tricky case of Fig. 15.
Fig. 20],bottom shows how a refined layout allows introducing
complex ridges.

For FC3, G'-refinement along left and right boundaries is the
same as for FC*, but for bi-3 tensor-border and patches, and for
a linear a(u), see . However, FC? is not nestedly G'-refinable.

Lemma 4. FC? is not nestedly G'-refinable along its bottom and
top borders.
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