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Abstract

The quest for a finite number of bicubic (bi-3) polynomial pieces to smoothly fill multi-sided holes after a fixed number of surface
subdivision steps has motivated a number of constructions of finite surface caps. Recent bi-3 and bi-4 subdivision algorithms have
improved surface shape compared to classic Catmull-Clark and curvature-bounded ‘tuned’ subdivision. Since the older subdivision
algorithms exhibit artifacts that obscure the shortcomings of corresponding caps, it is worth re-visiting their multi-sided fill surfaces.
The improved caps address the challenge so that either bi-3 or bi-4 data can be accommodated, as needed. The derivation illustrates
the subtle fundamental trade off between formal algebraic mathematical smoothness constraints and good shape in the large.

Keywords: subdivision surface, finitely-many patches, surface shape, smoothness

1. Introduction

For computer-aided design, an infinite sequence of surface
rings as in Fig. [T]b is not just impractical but complicates down-
stream operations such as computing exact integrals, moments,
and deformation under force. This motivates investigating how
to smoothly cap multi-sided holes after a fixed number of subdi-
vision steps. While, for visual effects, covering the hole with a
triangle fan may suffice, geometric design aims to fill with a cap
of the same high quality as the surrounding surface. Given re-
cent improvements of subdivision surfaces, shortcomings in the
existing panoply of caps become more visible (see Fig.[3]). Since
caps have to respond to different objectives: uniform highlight
lines, exact C! transitions, low degree or low number of pieces,
capping a bi-4 or bi-3 subdivision sequence of rings, we present
a family of options to cater towards the desired set of properties,
see Fig.[2]. The common ancestor, cap™*, consists of n patches of
degree bi-4 that provide good initial shape and approximate first-
order Hermite data of the innermost subdivision ring.

New splits and reparameterizations improve formal smooth-
ness and lower the polynomial degree. This completeness of op-
tions to address the variety of needs with new types of macro-
patch layouts is the main contribution: older caps require transi-
tions that introduce shape artifacts.

While "tuned’ subdivision algorithms, like [3], have a control
net of the type Fig.[I]a, just like their classical ancestor [1]] and
multi-sided constructions, see e.g. [7], recent high-quality sub-
division algorithms take advantage of a slightly different control
net that can be obtained from Fig.[T|a by the conversion explained
in [4] Egs 1,2], respectively [2, Sect 3]. This net also provides a
regular bi-cubic ring that surrounds the cap and so allows judging
the quality of the transition from regular bi-3 splines to the cap.
The first r subdivision steps generate a sequence of r contracting
rings as illustrated in Fig. [T]b. Catmull-Clark [1] generates three
bi-cubic patches per sector of such a ring, [2] three bi-4 patches.
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(c) single layer [1]], [2] (d) double layer [3], [4]

Figure 1: (a) Catmull-Clark input control net plus one layer of control points.
(b) A nested sequence structure of subdivision rings with central limit point ¢o
shown as e: (c) single layer ring, (d) double-layer (macro-patch) ring. Each ring
consists of an L-shaped collection of patches in each of the n sectors.

Both cases are illustrated by Fig. c. [3] and [4] both produce
three 2 X 2 bi-3 macro-patches per sector, as sketched in Fig.[T|d.
The family of caps addresses all such types of subdivision rings.
To judge the quality of the transition and the cap, note that in
Fig. B3] we zoom into a small area around the cap and display
highlight lines [8]. Evidently, an object-level view of a large,
complex surface would prevent any serious analysis of surface
artifacts.

Overview After a focused literature review in Section [2} Sec-
tion |3| introduces the toolkit for deriving the caps. Since this
section is necessarily technical, some readers may want to skip

ahead to Fig. [§|(b), Fig. [I0](a), Fig. [[2)(b), Fig. [[3](a) to take
in the structure of the caps and appreciate the executive sum-
mary of Fig.2]. Section[d]defines the progenitor bi-4 cap™* and
the smooth completion cap®™. (We adhere strictly to the cap-
with-superscript notation to avoid confusion between the con-

structions.)  Section [5| derives the bi-3 Eﬁf)EE, cap’ and cap®,
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optimized (tuned) subdivision eigen-expansion of [3]. Howeves;

i 1
bi-3,C in contrast to [25] these recent subdivision surfaces have the cen-
o Sec(5.3 struction of a guide surface built into their explicit re nementos
cap stencils. 94
bi-4,Ccl’ Hybrids of a nite number of subdivision rings completed withes
capx . Sec{Z® gapg a cap are particularl_y usef_ul as _the nal stage of nes_tedly re nes
. o 7/ . 1 ing spaces for use in engineering analysis. The nite polyna~
bi-4,C & bi-3,C mial formulation yields exact volume and moment formulas [26¢s
Sec(4.1 gap Sec{5.2 caf’ and simpli es the integration compared even to optimized subs
bi-3, C* T ct division [27]. Realistically, six steps of subdivision suf ce foro
Sec{Bl Sec(® such applications; and ti@! or C2 transitions between subdivi- 1o:
sion rings are simpler to work with thaa® re nable construc- 1o
11 2 2 9piece rational tions (see [28]). Section 7 illustrates why many of mentioned
Figure 2: Genealogy of improved caps for improved subdivision surfaces. Iconschemes fail to complete high-quality subdivision surfaces maig-
depict one ofi sectors of the cap. The central podgtis always in the upper right  taining the high quality. 105

hand corner. Cyan lower left edges of sector sketches indidate aransition,
i.e. a tiny normal mismatch, from the last subdivision surface ring to the cap.

boundaries indicate a proj@ transition. Internally, all cap sectors are 3. Tools of the cap maker
C! and adjacent sectors & connected. Bi-4 patches are brick red, bi-3 pink;
gray indicates Gregory-type patches with 4 coef cients, some of which are
rational expressions i, v. (The true rational degree of c3is bi-7.)

106

To de ne cap constructions that work both for bi-3 and bixwyr
4 subdivision, the input net is not assumed to be the classigal
Catmull-Clark control net o6n+ 1 nodes shown in Fig. 1 a, but aios

. . more general control net (that can be generated from the classigal
and_Secthl[]G d'.a nes the Gregory type r_atlonal%aplotably, -contro% net if needed) tha(t consistsli?n + 1 nodes[cy;d3] as 1
the implementations amount to assembling a matrix and multi- X i i ; " )
plying it by the input control structur{aco;disj] consisting of a explained in Section 3.2. The output surface is representeduin

central pointcy and the ned that encapsulates the rst-order BB-form, see Section 3.1. All caps can be generated by applyiag

Hermite data across the boundary of the innermost subdivisioﬁflﬁ]rgijfirtssamag'icetg EEZ Sgﬁ;{:eetdtgéﬁl\?e?ﬁfn?;ﬁg?;C':’:[nt&
ring. Focusing on the interplay of smoothness, surface qualit)Pata in Sgction % ! smoothness between adjacent sectoprs OE;
polynomial degree and layout complexity, Sectjign 7 compareg : J

the caps to alternatives and each other and shows that transitioﬁgp and with respect to target points obtained from an auxiliay

to accommodate older cap constructions harm surface quality. -4 surface are explained in Section 3.3. 18
3.1. Output surface representatiprand jets of typgy | 119
2. Prior work The rings of subdivision surfaces and the cap can be repre-

) _ . sented as tensor-product patches of bi-degtée Bernstein- 1

Alignment of patch boundaries with features for better shap@gzier form (BB-form, [29, 30]). That is, for Bernstein poly-iz
and fundamental facts of topology imply that control nets of freenomiaIsBd(t) = 41 )9 kk
form surfaces with quadrilateral facets must allow for nodes with KAk '
n, 4 neighbors. Looking at this challenge in general, a large
number of solutions of good shape, measured as uniform high-
light line distribution [8], exist in the literature, e.g. the curvature
continuous polynomial constructions of degree Kii7 [9] of degree
bi-6 [10], rational blending constructions |11, 12], curved knot- : . 3
in spies [13] and manfoldspines [14]. Here we fous on COITECING BB coelcenp, 2% 01 andhy s i -
geomemcally continuous sphn_e caps (G—spllne caps) that asserﬁie caps of bi-degre= 3 (bi-3) andd = 4 (bi-4) to complet&? 1.
ble a nite number of polynomial pieces to join smoothly after a ubdivision surfaces of degree bi-3 or bi-4. Fig. 4 demonstrates
change of variables. For downstream processing and uniformir% BB-subnets assem%le 1o form bi-4 .atgﬁes
of polynomial degree, constructions of lower degree are advan 0" ubnetys s 3P : 2
tageous. A number of constructions of degree as low as bi-3 . .
solve the algebraic smoothness constraints [15, 16, 17] but d&2- Hermite datd and the input datdco; di] 129

not necessarily yield surfaces with acceptable highlight line dis- For c2 pj-4 subdivision surfaces with the layout of Fig. 1 aso
tributions. Conversely, several publication focus on empiricallyandc? bi-3 subdivision surface with the layout of Fig. 1d, rst-
good highlight lines. Examples of bi-5 caps are [18] and théyrger Hermite prolongation of the nest subdivision ring along:
macro-patch bi-4 caps of [19] and [7] developed to serve botiach houndary curve are expressed as the tensor-bardirs
geometry and solving partial differential equations on the geomyy andi®, t* (bi-3), see Fig. 5a,b. There is a natural one-to-one

etry. Thlere are even bi-3 caps with very small normal mismatchyorespondence between a piirtt andt that preserves, at theiss
calledC* (almostC-) constructions: the surfaces of [20] do not o end—pointst_go andt®, marked as big in Fig. 5, the3 2

match the rings of an improved subdivision ring, but serves as in- @f @@f @@f

123

X xd
p(u; V) := piBlWBl(VW; 0 uv I
i=0 j=0

136

spiration forgap andgap. The construction of c@fi*is akinto ~ Hermite data = “a¢" "¢ : the end-point jetgs » are scaled wr
the bi-4 cap construction in [21], whereas €4dp a new variant by 2 in each variable and presented in bi-4 form by applying the
of the classical Gregory-patch approach [22] but different fromprocess of Fig. 4. EXxplicitly, since fgr= 0; 1, 139

[23] and the rational multi-sided surfaces of [24, 12].
The recent subdivision surfaces [4] and [2] build on the idea 1 .. .- 4 }(fo' &)t
of guided subdivision. They improve on the arguably best- 0~ 3I"2i " 731 © g4l 2i2 i

2

i g



140

141

142

143

144

145

146

147

148

(a) input net (b) layout (c) [5] (d) cap (e) AS + cap
X
(f) layout (g) AS* + GZ (h) CC* + cap (i) AS* + cap

Figure 3: Bi-3 caps added after norosubdivision steps. The number of surface ringsindicated as superscript for €1] and AS [4]. The bi-cubic caps are: c&p

the construction of Section 5.3; (c) [5], a 12 year old construction; (h) a cap construction GZ based on the constraints formulated 30 years ago in [6], see also Fig. 1

In (b,f) indicates the surrounding regular bi-3 surface. Flaws are pointed tg'bgnd#. (h) Combining the improved c8with CC? leads to poor outcomes:

the good cap cannot x the structural problems of the underlying subdivision algorithm (the same is illustrated in Fig. 21 for [3]). (g) Conversely applying an old ca

construction, here GZ, to a high-quality surrounding surfacé fais to produce a good highlight line distribution. (d,e,i) Fewer visual oscillations when an improved
subdivision, here AS is completed with cab

yields truncated L-shaped tensor-borders whose coef cients ase

denoted by (see Fig. 6) 150
|
f Q@f fr .
g aglaal d?is=0;:n L 2)
f @f af
@js 3 (b) bi4 (These contain the fulC! information since the removed BB-is:

coef cients are de ned as averages to enforce@igoin). Each 1=
Figure 4: Corner jets and composing the bi-4 patches. (a) Partial derivatives &ector s now retains12 BB-coef cients that we mdexds as s
corner point are converted to BB-form of xed degreedyithe BB-coef cients shown on the left side of Flg 6 for derivation. For |mplemens4
form BB-subnegs s, called jet. (b) Ford = 4 the four suchis 3 are merged  a1inn it is more convenient to use the single-digit indexing e

to form bi-4 patch by averaging the overlapping BB-coef cients. Restricting the . . . sl
construction to the two bottom rows in (a) and (b) shows how to combine Jet@ vector, shown for the secter+ 1 on the ”ght side, I'edk v 156

j3 2 at the corners to form a tensor-border of degree bi-4. = 1;:::;12 The control pointgl®, s = 0;:::;n 1, and the 1
pomt Co derlved from the subdivision algorithm form the inpuiss
data for constructing the auxiliary bi-4 cap. 159

t® andt® are de ned by BB-coef cientd ;3 T} ;i = 0,1 j =
0;1 and theC? bi-4 tensor-border by 3.3. G! smoothness between adjacent secend p and the 1
use of target points;; anda;; 161
too ::fgo; tio = } 3?1)0 too ’ 2t30 } f(l)o_,_ {%O : _ This section collates a number of technical chts for the dgriv]az
2 2 tion and a number of formulas for the concrete implementation &f

1) the algorithm. The polynomial piecgsandp of adjacent sectors e
(see Fig. 7 a) joirG* along the common sector-separating curves
p(u; 0) = p(u; 0) with BB-coef cients pip = pjo if, see e.g. [31], e

1 1
tor =5 3Moy o3 ta:= 7 1o 30+ o) + 93y 5

ty 1=3tg; + 1 Bo+tz 3(h+t) after reparameterizatiqu(u;v) == p  (u;V), (u;V) 2 [0::1]?, 167
The remaining BB-coef cient$, i.j, i; j = O; L are obtained from p p: (3)
t by replacing(} by ; ;. @ = aW@ +bU@;  (U) = U+ UV

Tensor- borderi; along the two outer boundary curves of one
sector are joined to forrh-shaped bi-4 tensor-borders, see Fig. 6By settinga(u) := 1the sectors are treated symmetrically (withres
since they agree in their overlap data. Due to the shared Hermitaut bias). Besides the shared BB-coef cients of common boung-
data, the tensor-borders of neighboring sector€areonnected.  ary, only the next layerp;; andp;; of adjacent patches enter thao
Removing the BB-coef cients shared by neighboring sectorsG! continuity constraints. i

3



172

173

174

175

176

177

178

179

180

t 0 t!
(a) single bi-4 (b)2 2hi-3
01 21 3101 11 31
t0 tl
00 10 30 00 20 30
#
01 11 31 41
t
00 20 40

(©)ft%tig! t

Figure 5: Correspondence of tensor bordefisi-4) andt®, t! (bi-3): (a) Struc-
ture of the innermost ring of &2 bi-4 subdivision surface, say [2], a@f ex-
tensiont. (b) The innermost ring of €2 bi-3 subdivision surface, say [4] at
extensions (tensor-border®)t1. (c) Transformation of th€2-connected bi-3
tensor-bordert® andt? to the bi-4 tensor-border

dS 1
00 03
13
30 31
Co
03 13 e 4
02 12 s
01 11 21 31 12 10 ,
ds dst
00 10 20 30 1127 9 5 1

Figure 6: Input dateico;dfj] for constructing cap™: 12n control points parti-
tioned intoL-shaped sectord®, s = 0;:::;n 1, and a limit pointcy of the
subdivision surface.

In this following, b(u) is either the linear function(1 u)+ u
or the quadratic function(1 u)?; in latter case, considering the
caps of degree li-we assume that along the boundafyo is
of degreed 1. Hence in either case the functibtu)@p is of
degredal. Denoting its BB-coef cients, we get

, 1
Pi1 = Pirt 2P0+ & 4)
and write out, for lineab(u),
d=3:[ee]:=[2 (P20 P10)+ (P30 P20);3 (P30 P20)];
d=4:[ey;es 4] :=[2 (P20 P10) +2 (P30 P20);
3 (P30 P20)+ (Pao P30);4 (Pao  P30)];

noting thate, i = 0;1 are obtained from ey by exchanging
$ andpg ko$ pro, k= 0;1. Forquadratib(u) := (1 u)?
we only need

d=4: e :=5 (psao P30):

Wi N

00

00
01 v v 01
u, u 0 v v o
10
1 1 u-u
. 10
P P 1 1
“ p P
d1 d1 20
21 21

(a) general solution (b) 'top' case

d 11 d L0 4 11 g,

di do di

(c) 'bottom’ case (d) targets points

Figure 7: BB-subnets involved in th@!'-constraints between adjacent sectors.
(a) General structure: solid arrows indicate parameterizatian bgllow ones by

v. (b) BB-subnet attached @@ (‘top’), (c) BB-subnet adjacent to the innermost
subdivision surface ring (‘bottom’). (d) Guiding the cap by target points

At the “top', i.e. at the central poirty = poo, see Fig. 7bb(u) s
isdened by := 2c:= 2cos(2=n) so (4) implies fori = Othat 1
Po1 := Por+ 2cpio+ 2(1 c)poo. By recurrence, alpg, and
p3, for s> 0 can be expressed in termsprgl, p3, andco. This
yields a well-de ned tangent plane. Wher 1, we rearrange

183

184

185

1 ,
= m p00+ d(p11+ pll) + 2 dC Cc d E plO (5)

P20 :
to treat BB-coef cientspi; and pi; as unconstrained (free).ss
Therefore the circulant system of equationsgis satis ed and  1e7
we can concentrate on lodat-constraints between sectors.

At the 'bottom’, connecting to the last subdivision ringsee s
Fig. 7 c, we choose(u) either linear as (1 u) or quadratic as 1%

(1 w? Inthe linear casegy := 0 and (4) impliespgo := 1o

3(pa1 + Par). Since := 0, in (4), asolutionfoi = d  1is 192

188

1 ,
Pd 101= 55— d(Pd 11+ Pd 11)  Pdo : (6)

In the quadratic casey 1 := 0 =: y; that ispq i0 1= 3(Pg i1 + 1
[’)d i;l) fori=0;1. 194

The “middle' sections are under-constrained and are seti¢0
closely match target points; and &, see Fig. 7d. Minimiz- s

ing (pir  &1)?>+ (Pi1 &1)? for the BB-coef cientsp;; andpj;  1o7
while enforcing (4) for xedpyo yields the formula 198
L= 1‘( I ’_)+ . +i . A — . ( . '_). (7)
Pi1 = > a  a) T Pio Zde Pi1 =P @& a):

To apply the results local to two patchgandp to then-sided 19
1 Flg 8a,b 20
illustrates this re-labelling for the auxiliary bi-4 cap by juxtaposo:
ing local and global indices. 202
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The tensor-border (gray in Fig. 8) satis es th&!-constraints o

o1V V o1 34 44 43 . . . -
Ulou 24 4334 42 between sectors. As explained in Appendix 9.1, the remaining
1 , 1 33 33 BB-coef cients of caj§** are also af ne weighted combinationszs:
p20 P 04 3042 24 54 40 of the input pointsdf’j and cp. Therefore the algorithm can 2z
21 21 22 22 be implemented by computing the BB-coefcients of the 2
a 30 4 pS . ps*! bi-4 output patches by muItipIyingco;dS] by the matrix that 2ss
t 40 04 encapsulates the cap construction. 235
1 0 n 00 00 236
(a) G! constraints, local indexing (b) patch layout, global indexing Algorithm cap awx: 237

The bi-4 patch of each sector is obtained as follows, see Fig. 8:

Figure 8: caf" (a) localG? constraints; (b) structure of 3.

4. Bi-4 caps

We now specialize the basic ideas of Section 3 to arrive at vari-
ants of bi-4 caps with different layout or formal smoothness prop-
erties. This section introduces é4fin Section 4.1 that encapsu-

lates the shape of all subsequent caps of this paper, but meets thg

innermost surface ring of bi-4 subdivision or@y. This section

the diagonally symmetric ones) by (9).

. Appendix Section 9.1 presents the formulagfprandpy,.

:4g j 2 f0; 1g(and

. The input tensor-borddr de nes the gray underlaid BB- 23
subnets in Fig. 8a,b, i.qaisj fori 2 f0;::

240

241

242

P3, = P20 is de ned by (5) (note the switch to local in- 2

dices).

3. With target points set by (17) formula (7) de ng$, := p21.
By symmetry, onlyp3, remains, and is de ned by (18).

also de nes cap in Section 4.2 that achievesGd connectionto ~ We summarize the properties of ¢&p

the innermost bi-4 subdivision ring at the cost of using a2
macro-patch for each of thesectors of the-sided cap.

4.1. The auxiliary bi-4 cafy*

The construction of the c&¥ is inspired by the bi-4 cap con- 4.2. TheCl bi-4 cap

struction in [21]. The constructions differ since, in our set-
ting, the input data are differend®, s = 0;:::;n 1 of (2)
and an undetermined central poicy. Followmg the frame-
work of Section 3.3, Fig. 8 a shows the BB-subnets contributing
to the G-constraints between sectors, witu) := 2c(1 u).
B-coef cients, marked as black bullets in Fig. 8a are uncon-
strainedpogis xed by (5). Fig. 8 b shows the structure of é4p
SinceC! smoothness of input tensor-bordeis not consistent
with (6),t is re-parameterized to ~ where

(U V) = (U a(u)v); c:= cos(2: n):
alu) = B3(u) + B + 5 B3(U) ®)

The BB-coefcients of the rst-order expansion along the

01 11 21 41
01 11— 21 31
t t
# #
# #
01 4 01 11 21 31
21 'fk
00 20 1 40 00 10 20 30
(a) bi-4 (b) bi-3

Figure 9: Transformation of input tensor-bordets fandtk! .

boundary curve form a tensor-border of degdekig. 9 amiddle

01
11
21
31
41

21
31
41

44=c,
43
38 42
40
~g 32 a1 23,641
31 13
11 3040 03
00 00
ps ps;+1
(@ 2 2 layout,
00 global indexing
01
o1 s s
P 30 P a1 .
31 |33
40
n J3 3
p 20 p 21
30 31
40
41 (c) fourjs 3 jets for
(b) G* sampling

Figure 10: cap: (a) global structure. (bf! constraints with local indices. (c)
Constructing the 4 corner jets 3 for sampling the central quadrant of édp

In the top,right quadrant of the left square of (c), the 4 jets overlap in almost
identical BB-coef cients and so, misleadingly, appear to form a bi-4 patch.

244

245

246

247

Summary 1. The outer boundary of c&p matches the last ring 24
of bi-4 subdivision surface. c&f consists oh bi-4 patches that 24
join G,

250

251

The3 2corner-jets, marked by cyan and blue dashed boxes, are Quadrupling the number of patches to2a 2 layout, see 2
expressed in bi-4 form and merged by averaging at overlappingig. 10 a, the gray-underlaid BB-coef cients represent the inpest
locations. The result is the tensor-borti@reserving the bound- tensor-bordet, split into two. Therefore capis C!-connected s

ary t|0 - t|0,| - 0 ..... 4 Lett| = t|l t|0 Then

- ~ ~ c(to+ 6ty 8tz + 3ty)
Tor 1= tog; Taa 1= tag; Tor 1= tog + ;
01 01, t11 11, t21 21 12(2 C)

C(2t3 t4) cty

t—t+ :
22 o MM 2 ¢

)

ta1:=tar +

top:p pwithb(u) :=2c(1 u)+ %cu;

bottom:p  p with b(u) :=

to the last bi-4 subdivision ring. We choose, see Fig. 10b,

:_Zsc(l u?  c:=cos(2=n): (11)

(10)

255
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The BB-coef cients marked are locally unconstrained (free)
and coincide with the corresponding BB-coef cients of the
split tensor-bordet.

The key to good shape is central bi-4 pigcattached tac.
We compute the foujz 3 corner jets of one sector at the corner
pointsof ' ~, where :R?! R?Zisthe planar ca}* whose
tensor-borded stems from the degree-raised characteristic map
of Catmull-Clark subdivision andy coincides with the origin;
" is taken from [28] adjusting for the input data, see Fig. 10c.
Then the center piecg of cap is assembled, as illustrated in 51 The almost smootp a1

Fig. 4, from cap** composed with each of the fo@r 3 corner . . o .
jets jz 3. All BB-coefcients are afne combinations of the Ve transform capyinto a cap withiz  2bi-3 pieces Fig. 12b s

BB-coef cients of cag"* and Appendix 9.2 lists all the derived and applyT, to each piece. Choosing f@! constraints between s

() Ty bi-4! bi-3 (b) Tz bi-4! 2 2bi-3

Figure 11: Transformation; andTs>.

weights explicitly to facilitate implementation. sectors, see Fig. 123, a4
Algorithm cap top:p pwithb(u) :=2c(1 wu)+cy; (12)
Each sector's BB-nets is obtained as, see Fig. 10a,b: bottom:p pwith b(u) ;== c(1 u); c:=cos(2=n) (13)
1. The split input tensor-borddrde nes the gray underlaid
BB-subnets in Fig. 10 a,b. yields the BB-coef cients ofgjap , marked in Fig. 12basand as
2. poois calculated as (5) and we retain in Fig. 12 a. 316
1 . 00
Pao = 75 6p20+ 20p30+ 4p, P, 01 01
L 11 0 10 b 11
3. Setp = Pao, P, = 2Pa0 P30, Ezo,:z_ 5Py TP T 2 BTy
%(910 + Eso)' Then (7) de negj; andpi, i = 2;3; 4. 31 30 2

4. The yellow-underlaid BB-subnet in Fig. 10a is ta8-
extension of the central bi-4 piece. The BB-coef cients
marked as serve as target points for de nirlc_ty21 andp

X LS
via formula (7).

21 21 ps - fl ps+1
31 30 a3

. . (a)G! (b)2 2layout

We summarize the properties of cap

.. . . Figure 12: Almost smooth bi- . (a)G! constraints; (b) global structure.
Summary 2. The outer boundary of capjoins C* with the in- 9 %p - (@ ®)g

nermost bi-4 subdivision ring. Each sector of theectors of

= 1 ) A, = O
cap consists 0P 2 Cl-joined bi-4 patches, and abutting sec- V€ S€tPso = P20+ z(P,,  P1o), de ne pig andpig, i = 23, av

tors of cap join GL. by formula (7) with in Fig. 12 b as target points; and set thoses
marked as by C!-extension op andp. 319

_ The2 2bi-3 sectors ar&!-connected but need to be joined:o

5. Bi-3 caps to the last subdivision ring. For 221

We derive three types of bi-3 caps. All three are internally
smooth.gap in Section 5.1 has the simplest layout, consisting
of 2 2patches per sector; as Section 7 clarigeg empirically a’(u) = a(E); al(u) := a(} + E);
has excellent highlight line distributions despite a slight normal 2 2 2
discontinuity with the innermost bi-3 subdivision ring. A vari-

ant ofgap is introduced in Section 5.Zgap9 features a novel
9-piece layout (but not @ 3 split) of each sector, and reduces

K(u;v) = (u; au)v); (14)

andaj, a, a the BB-coef cients ofak(u), the transformations
hk: t<1 X of the bi-3 tensor-borders analogous to the bi-4 case

. ; X . are
the normal mismatch still further. Section 5.3 derives’dapm e
cap : cap guarantees &!-connection to the innermost bi-3 =ti=0::3 o=t

subdivision ring and introduces a different 9-piece layout. Since ' ' ! ) b

the bi-4 cap**is the starting point for all three bi-3 cap construc- T =tk + Akt T = R+ S@ Atk + Atk (15)
tions to complete bi-3 subdivision surfaces, we transfornCthe 01+ oo™ &for H1 = Hao 3+ %0 %

connected bi-3 tensor-bordefsandt? to a bi-4 tensor-border
as described in Section 3.2, Equation (1).

In the derivations we use two transformatiohsand T, that .
map bi-4 patches to bi-3 patches, see Fig. Ilh.maps a bi- The transformed tensor-bordets form the gray-underlaid =
4 patch to a single bi-3 patch preservigg 2 corner-jetsjs » BB-subnet in Fig. 12b. G! continuity between the sectorsss
marked and in Fig. 11a in bi-4 form and merged to form is preserved since the transformation retained the BB-subget
the bi-3 patch T, splits the bi-4 patch int@ 2 and retains the underlaid-gray in Fig. 13 a.
3 3corner jetgs 3 with BB-coef cients and in bi-3 form ) o )
to de ne the corners of th@ 2 macro-patch that is completed Summary 3. gap consists of sectors o2 2 C'-joined bi-3 =
by internalC? joining (that fortuitously turns out to b&?), see  patches. Abutting sectors jo*. gap isC* -connected to the =0
Fig. 11b. last subdivision ring. 331

- o 2
K oo Tk o akek. Tk . 3K K akyk o akek
3 = 3o+ Aty 15 =t + 5(31 )t + ats:
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5.2. The almost smootj;apq that one half of the BB-net of two adjacent sector&iscon-
nected, cf. the BB-coef cients markedin Fig. 14 b. The chal- s
nal smoothness and good shape, the small normal discrepancy!?@.ge is the uniformity of highlight lines. Various experimentss

the last subdivision ring is further reduced as explained in seddicate that uniformity improves when strict constraints are s
tion 7 pushed away from the central poigt Therefore capuses four zes

pieces along the sector boundary di(l) := 2c(1 u) + 3cu, s
Co Co b(u) := 2c(1 u)+ 3cu, bP(u) := Zc(1 u)+!cu bP(U) = e
I ¢(1 u)? which con nes the stricC! pairs to those marked s
in the gray underlaid BB-subnet. (The parametérsgc and e
%c are inherited by subdivision from cap Further experiments sz
. (& . tt 0t s s indicate that setting close to the midpoint of intervdii; 7] as o
- h . h h™ h* h= h t = 3¢+ 1) = 2 yields empirically the best highlight lines.
t t Denoting the BB-nets alongasp* andp¥, the BB-coef cients a7
@2 2 (b) 9 pieces marked as are de ned byC! extension of adjacent upper pieces
The BB-coef cients marked are for now unconstrained (free)ss
Figure 13: Transformatioris* for theC'  gag? construction. and the BB-coef cients marked asare obtained from the input =7
tensor-borderpg0 is de ned by (5). Once the BB-coef cients a7
In each sector all patches ghp see Fig. 13 a, except for the ons and the target points have been decided upon, the BB
central piece, are uniformly split as displayed in Fig. 13b: forcoef cients p¥, p%, i = 2;3, k = 0;1;2, follow from (7). In
two patches the split in one direction, for one patch in both disummary, thé&s* constraints hold for 380
rections. The correspondingly split tensor-borders are detfted 1 0 0 0.
k=0;1;2;3. Thengap9 is obtained replacing the gray-underlaid P20 =P10  4P20 * 4P30:
BB-coef cients byr:(k(fk), k :kO; 1i2;3 Whekrea(';, ak, af are the P3o =" opY+ ! 10+ ! 2P0+ ! 3PS+ ! 4Py
SeB—nceodeL;:/u(a{]g;ofa (U) == a(z + zu) andh® the transformation pgo 2=!"1p20+ f'ngo T 3ng+ !"4p§0;

By increasing number of sector piece®tand retaining inter-

P30 :=1"1Po+ 2P+ 3P+ "ap3o + I"sp30 + 63y
Summary 4. (\;k";tp'9 consists ofn sectors of 9C!-joined bi-3 where
patches. Abutting sectors joi@! and gap’ is C! -connected L o
to the last subdivision ring. P 1= 121(332 147 + 10)
=992 414 +32 Y (33 ' )
5.3. The smooth cdp l,:=41 (99 2 408 +28)!3:= 6L (23 2)
Thegap andgapg surfaces have good highlight line distribu- |22 (33 2y 1.=1 X P
tions. Here we investigate what price must be paid to enforce a=20 (33 ) o= o
formal smoothness constraints, and this leads to a novel split into 16 r=1
9 patches, see Fig. 15c. ry== R Foi=15 3 I'gi=1 [y l,= Iy
Co Co Co - _9, 1_2; (=g g!; [y im 1y §;
20 5 5 5
0 . e 3 .. 1
. (o b "y = !1;!5::5;!6.: '
bt We now adjust the construction of capo bi-3 input replacing s
N the gray-underlaid BB-net in Fig. 10 a by the input bi-3 tensofs
b borders degree-raised to degree bi-4. An intermediate collectian
b2 of smoothly-joined bi-3 patches is constructed by applfingo  sss
bl the central bi-4 piece antl, to the three others. Keeping thess
b2 resulting BB-coef cients marked or gray-underlaid in Fig. 15 a zs7
b? xed, those marked serve as target points in (7). Finally thess
S S S BB-coef cients marked are obtained byC! extension of the s
@ 16] ®) 18] (c) ca? adjacent single bi-3 patch. 300

To reduce the number of patches per sector fi@wo 9 and  za
improve the cap, thd pairs”, r of bi-3 patches are merged and..
transformed tal bi-3 patchesnin a following way, see Fig. 15b: s
eset :=2 1 ;the remain xed. This transformation pre- s
erves rst order Hermite data along the boundaries de ned.by s
The yellow underlaid BB-coef cients are obtained By exten- zo
sion and a subsequent split of twopatches to restore internalssr
smoothness of the sector. 308

Figure 14:G! constraints with reparameterizatibh across the sector boundary
s for smooth bi-3 caps.

We start with the observation that smooth transitions are ng
algebraically tricky: following [6], we can cover a sector with
2 2 macro-patches by choosibg(u) := 2c(1  u)?, bl(u) := 0;
that is, two thirds of the BB-net straddling the sector boundary
is parametricallyC! connected, cf. the BB-coef cients marked

in Fig. 14a that are equidistant and opposite from the BB-Summary 5. cap’ consists ofn sectors of 9C'-joined bi-3 s
coef cient ons. [5] covers a sector witB 3 patches and uses patches. Abutting sectors joi@!. cap’ is Cl-connected to the s
b°(u) := 2¢(1 u) + cu, bX(u) = c(1 u)? b?(u) := 0so lastsubdivision ring. a01



more economic alternative, see Fig. 16 b, is to degree-rais&cap:
to bi-5 and split the sectors in® 2 pieces, reparameterize thea:
input bi-3 tensor-borders @:= t* X with the * of (14). See s
Appendix 9.3 for the construction of c&pillustrated in Fig. 9b. .
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(b)>,r!' m (c) C! correction

Figure 15: Construction of the smooth bi-3 &agith 9 pieces per sector.

6. Gregory-type cag® and polynomial counterpart cap’®

Gregory's approach [22] for combining inconsistent data wadow. Fig. 17 illustrates the re-
used in [32]. [33] generalized the approach to construct a smootulting poor surface quality.
multi-sided surface by rationally averaging a series of interior Increasing the complexity

BB-coef cients. cay uses this approach to combine the BB-
coef cients pj; of gap andpjj of the input tensor-bordets, t*.

Fig. 16 a shows the cyan BB-netgdp and, in black, the tensor-
border and of increasing size mark locations of inconsistency
for one direction. Then setting

__bo1u? + po1v._ _ b+ puv,
0= ———; 1= —5———

uz+v uz+v
_ba(l u)? + pagv, . bai(1 u)? + pa1v .
2t 1 uZ+v 1 uZ+v

yields C1 2 2 macro patches per sector, that j& to one
another andC? to the last subdivision ring. (The diagonally sym-
metric rational BB-coef cients hava $ v exchanged.)

1121 31
01
2131

u

(a) caP® (b) cap’™®
Figure 16: Sector of the smooth rational €zgnd its polynomial single piece per
sector bi-5 alternative.

While Gregory's rational averaging reconciliates inconsisten

data so that the resulting caps have reasonable shape, the i

7. Interplay of smoothness, quality, degree and complexity

415

Referring back to the comparison of inter-sector constraints.ig
Fig. 14, we observe that simple construction can yield low de-
gree bi-3, but at a noticeable cost to shape: the constraint pattern
in Fig. 14 a from [6] yields simple? 2 per sector bi-3 surfaces s
that join the input ringC!, but, as Fig. 3 g illustrates, yields a0
poor highlight line distribution. a1

The construction [19], with it 2 sector layout of de- .
gree bi-4 pieces, requires structure adjustment via a transitien
ring, namely to match the subdivision rings and reduce the intex-
sector constraints to the structure in Fig. 14 a, in degree bi:4
form. The analysis of Fig. 20 indicates that such a transition
already by itself harms the shape of high-quality subdivision:
To be sure that the structural
transition causes shape prob-
lems, we also extended the GZ
construction (cf. Fig. 3g) to
degree bi-4, denoted GZ4 be-

428
429
430
431
432
433
434
435
of the reparameterization to 436
yield the constraint pattern of
Fig. 14 b fails to improve high-
light lines substantially, see
Fig. 3¢ (a slightly unfair com-
parison, due to not having ap-
plied any subdivision steps, but a2
still indicative). The discussion of Fig. 20 shows that adding.a
transition ring to accommodate the data also fails. Only the mase
complex constraint pattern of Fig. 14 ¢, used by°capd hidden s
in its pre-calculated formulas, leads to formal smoothness aad
good quality for degree bi-3. Increasing the degree to bi-4, cap-
also yields uniform highlight lines and has the additional advans
tage that these bi-4 surfaces @tre nable whereas bi-3 caps us
can not beG!-re nable [28]. Another option to design theso
high quality multi-sided bi-3 internally smooth caps wRh 2
patches per sector comes at the cost of mismatch of normalssan
the boundary. In [20] a maximal normal mismatch<o®:1° was 3
reported, suf cient for automobile class A surfaces. We call this:
C! continuity. Initial subdivision steps reduce the mismatchs
below relevance for most applications.
For a convex net and = 8, Fig. 18 compares capping AS
including with GZ4. The highlight lines of c8p are on par with s

gap and cap; cap has slight oscillations at the transition toss
the last AS ring, and these are more accentuated foPcaprtly o
because the BB-coef cients averaged differ more than for the
low valencies. From afar, both cdpand GZ4 surfaces look s
good, but the drastic difference in the highlight lines under zooma
demonstrates the in uence of the reparameterizations even im.a
small area after many re nement steps.
Fig. 19 juxtaposes the caps after sifleft column) and6 4
1(right column) of bi-3 AS subdivision, corresponding to minizs
mglly, respectively maximally many steps in practice. The nogs

437
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440
Figure 17: GZ4 capping ASwith

input Fig. 3a.

441
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465

plementation and conversion to rational BB-form is non-trivial: Mal mismatch fogap is < 0:1° in all tested cases and the highse
cap® patches are rational of degreedand require special care light line distribution is on par with the strictly smooth cap o
at the corners where both numerator and denominator vanish. Ahe highlight lines ofgap9 are also visually indistinguishable.
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