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@ Correct resolution rendering of trimmed spline surfaces e same
accuracy as ray casting, but much faster!

@ Solving Poisson’s equation with Box Splines
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Overview

Poisson’s equation on
@ e classical finite elements,
e discrete differential approach and
e four iso-geometric constructions
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Overview

Poisson’s equation on

@ e classical finite elements,
e discrete differential approach and
e four iso-geometric constructions
@ IgA: singular polar parameterization; O(h®) convergence

@ IgA using C' functions on complex domains based on G'
constructions; ¢ O(h%) L2 convergence, O(h?) L> convergence.
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C° quadratic triangular elements

Linear Strain Triangle (LST) or Veubeke triangle:
O0<uv<1,0<u+v<i

2! oo ..
b>(u,v) = Z c,-jkmﬁ —u—v)Uvk i j keN.
i+jth=2

Nodal basis BB-piece Mid-edge basis BB-piece
function function

T Nguyen, K. Karciauskas, J. Peters (UF, VU, [gleaMis]olCHleANT{¢=Te[V]ETg O(hs) convergence 5/27



C' Hsieh-Clough-Tocher Elements

o015

A i H A ¢ : ; AL
b;; : nodal basis function  bj; ,: x-derivative basis  bg,, ,: mid-edge normal

function derivative function
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The discrete differential geometry approach

cotan operator [Pinkall+Polthier,Desbrun,...]
3 cot i + cot 3

Apf(vi) ZZW Z f[f(vj)—f(vi)]

JEN1(i)

AVA
VAV

o

Top view of the linear ’hat’ function
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The Iso-parametric (iso-geometric) approach and finite elements

The Iso-geometric approach

T to physical domain 2
bj := bi ox1

Basis function bX on T, basis on Q

@ IgA = iso-parametric analysis using splines both to describe the
domain and the approximate PDE solution.
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The Iso-parametric (iso-geometric) approach and finite elements

CO bi-3 element

control net and C? extension C° bi-3 basis function
in BB-form
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The Iso-parametric (iso-geometric) approach and finite elements

Subdivision (Catmull-Clark) elements

Level 3 Level 7 A Catmull-Clark
subdivision function

[Barendrecht 2014]
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The Iso-parametric (iso-geometric) approach and finite elements

Subdivision (Catmull-Clark) elements

Level 3 Level 7 A Catmull-Clark
subdivision function

[Barendrecht 2014]
Quadrature: [Halstead, Kass, DeRose 1993]
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The Iso-parametric (iso-geometric) approach and finite elements

G' bi-3/bi-5 elements [KP 2013]

Two G' bi-3/bi-5 basis functions (G? at G' bi-3/bi-5 basis function — one
eop) BB-patch lifted up
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The Iso-parametric (iso-geometric) approach and finite elements

Matched G-continuity yields C-continuity

Q := physical domain parameterized piecewise by n maps

x;:T — RY, T:=[0.1]2, de {23},
(37 t) = X,'(S, t) = (Xi(37 t),y,-(s, t)) .
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The Iso-parametric (iso-geometric) approach and finite elements

Matched G-continuity yields C-continuity
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xi:T—RY  T:=[0.1 de{23]},

(s, 1) = Xi(s, t) =: (xi(s, 1), yi(s, 1))
x; and x; join G¥ along E := x,(s, 0) = X;(p(s,0)) = x;(0, t)

9"xi(s,0) = 9"%;(p(s,0))  p:=R% = R2 9" =k —jet

If also 0" u; = 8'(uj o p) then C' continuity of uox~" across E 0, - (e):

T Nguyen, K. Karciauskas, J. Peters (UF, VU, [z[eaMis]olCHleANT{¢=Te[VIETg O(hs) convergence 12/27
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Matched G-continuity yields C-continuity
Q := physical domain parameterized piecewise by n maps
xi:T—RY  T:=[0.1 de{23]},

(37 t) '_>Xi(37 t) = (XI(S7 t)7yi(37 t)) '
x; and x; join G¥ along E := x,(s, 0) = X;(p(s,0)) = x;(0, t)

9"xi(s,0) = 9"%;(p(s,0))  p:=R% = R2 9" =k —jet

If also 0" u; = 8'(uj o p) then C' continuity of uox~' across E

— Every G construction yields a C iso-geometric construction.
— arXiv 1406.4229 (math.NA)
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The Iso-parametric (iso-geometric) approach and finite elements

Polar elements for polar configurations

Modeling with C' polar functions A C' polar basis function
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Solving Poisson’s equation

Poisson’s equation: find u such that
—Au=f, u(0Q) = 0.

DDG: directly as —Apu = f.
Other methods: solve weak form. Find u € H] such that for all v € H]

/Vu-Vde:/fde.
Q Q

We seek an approximate solution in terms of functions b; : Q — R by
determining the coefficients ¢; € R in

N
up = ZC,‘b,‘. (1)
1

T Nguyen, K. Karciauskas, J. Peters (UF, VU, [gleaMis]olCHleANT{¢=Te[V]ETg O(hs) convergence 14/27



Solving Poisson’s equation

Using Galerkin’s method, we set v := b; and obtain the constraints

N
/ V(Y b)) VbdQ = / b d Q.
Q " Q
This yields a system of linear equations
Ke =1, where Kj; := / Vb;-Vb;dQ, and f;:= / fb;dQ
Q Q

The vector of coefficients ¢ :=[cy, - - - , cy" is to be determined.
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Solving Poisson’s equation

For IgA: physical domain Q := Ux,(T),

Kj = V(b ox 1) V(b ox)dQ = ...
X(T)

_ O —1 —1 ]
—/T(Vb,- Vo[]S (VbE) | det | d T

J =transpose of Jacobian of x : (s,t) € T — [x(s, V) y(s, v)]-.
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Solving Poisson’s equation

For IgA: physical domain Q := Ux,(T),

Kj = V(b ox 1) V(b ox)dQ = ...
X(T)

- /T(VbF)t[J—1]tJ—1(VbjD)ydetJ|d T
J =transpose of Jacobian of x : (s,t) € T — [x(s, V) y(s, v)]-.

| Xs Vs _ _ —1 1 Yo —Ys
J = [Xt yt] , detdJ = Xsy; — Xt Vs, J = detJ [ Xe ]

[J_1]tJ_1|detJ| _ 1 |: Xt2+yt2 _XSXt }’s}’t]
|detd| [—xsXt — Ysyt X5+ Y&

Similarly, for the right hand side term,

/fbdQ /fox)bD\detJldT

L7 ETETE CERNAE N TEN(UISAYIEN HCT, DDG, IgA irregular O(hs)convergenoe 16/27



Numerical results and comparison

C° quadratic, HCT, DDG elements: 384,  bi-3 C°, CC, G' bi-3/bi-5 elements: 120,
x4, x16 x4, x16
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Poisson’s equation: exact - computed.

g
- =

C°, bi-3 G' bi-3/bi-5

Catmull-Clark C' polar, bi-3

When f := 1 the exact solution is u := (1 — x% — y?)/4.
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G' bi-3/bi-5 elements: elastic plate with circular hole

F ! |
el | el | e |
h-refinement Contour plots of o«
|
L2-error L>-error

exact solution: .
ow(r,8) = T — T (3/2cos(20) + cos(46)) + T3E cos(46) where

r(x,y) = +/x?+y?and6(x,y) := atan(y/x).
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G’ bi-3/bi-5 elements: Poisson’s equation on L-shape

LT
L: Ml I

h-refinement Exact - Computed.
L2-error L°°-error

exact solution: u(x, y) = rs sin(2a/3 + 7 /3), where
r(x,y) := v/x%+y2and a(x, y) := atan(x/y).
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Heat equation on surfaces
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Summary

@ G construction yields C isogeometric element
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Summary
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Summary

@ G construction yields C isogeometric element

@ G' construction: O(h®) L? convergence, O(h?) L™ convergence.
@ useful for surfaces, bihormonic equations

@ Supported by NSF CCF 1117695
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G* construction yields C* isogeometric element

Faa di Bruno’s law (chain and product rules) yields a complex
combination of derivatives, but only terms up to kth order.
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G* construction yields C* isogeometric element

Faa di Bruno’s law (chain and product rules) yields a complex
combination of derivatives, but only terms up to kth order.

By geometric continuity, derivatives up to kth order evaluated along
e; ' agree.

(e,‘1 is the pre-image of the edge e common to x;(0J) and x;(0J)).
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By geometric continuity, derivatives up to kth order evaluated along
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(e,‘1 is the pre-image of the edge e common to x;(0J) and x;(0J)).

(U0 x;")(8) = 9 (uy0 po (X0 ) 1)(€) = (w0 pop o (x)")(e)

=" (yox;")(e)
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G' construction yields C' isogeometric element

p e e oxi(e; ) =0(x;jop)(e ") oui(e ") =0d(ujop)(e )
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G' construction yields C' isogeometric element

p e e oxi(e; ) =0(x;jop)(e ") oui(e ") =0d(ujop)(e )

x Tox=id

=1 = (ox)T=0x"1
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G' construction yields C' isogeometric element

p e e oxi(e; ) =0(x;jop)(e ") oui(e ") =0d(ujop)(e )

x Tox=id

x'(x)-ox=1 = (9x)' =ax"
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G' construction yields C' isogeometric element

pre = e oxi(e ") = d(x;op)(e) Ou(e ) =d(ujop)(e)

x Tox=id

x'(x)-ox=1 = (9x)' =ax"

druiox; ' (e) = dui(e;)dix; ()
= (ujo p)(e; (0L 0 p)(e; )
= du;(e; )p(e; ")(0p(e; 1) (Orxi(e )

_aJ_UjOXj 1(6)

T Nguyen, K. Karciauskas, J. Peters (UF, VU, [gleaMis]plcHleANT{¢=Te[V]ETg O(hs) convergence 26/27



G' construction yields C' isogeometric element

pre = e oxi(e ") = d(x;op)(e) Ou(e ) =d(ujop)(e)

x Tox=id

x'(x)-ox=1 = (9x)' =ax"

diujox;'(e) = oui(e; oL x; " (e) = dui(e; 1) (9L xi(e )
= 9(ujop)(e; " )(AL(x0p)(67 1))
= ouj(e; )op(e; ) (9p(e; ™)) (Ox(e))

_aJ_UjOXj 1(6)

T Nguyen, K. Karciauskas, J. Peters (UF, VU, [gleaMis]plcHleANT{¢=Te[V]ETg O(hs) convergence 26/27



G' construction yields C' isogeometric element

pre = e oxi(e ") = d(x;op)(e) Ou(e ) =d(ujop)(e)

x Tox=id

x'(x)-ox=1 = (9x)' =ax"

diujox;'(e) = oui(e; oL x; " (e) = dui(e; 1) (9L xi(e )
= 9(ujop)(e; " )(AL(x0p)(67 1))
= ouj(e; )op(e; ) (9p(er ™)) (Ox(e))

_aJ_UjOXj 1(6)

T Nguyen, K. Karciauskas, J. Peters (UF, VU, [zleaMis]slCHleANT{¢=Te[V]ETg O(hs) convergence 26/27



G' construction yields C' isogeometric element

pre = e oxi(e ") = d(x;op)(e) Ou(e ) =d(ujop)(e)

x Tox=id

x'(x)-ox=1 = (9x)' =ax"

dpujo X; ( ) = aul( )8LX (e) 8Ul(e, 1)(6LXI( ))_1
= d(ujop)(e; )(OL(x0p)(e ")) = dui(e; Nop(e ) (D1 xi(e Np(e;
= oui(e; )ap(e; ) 9p(er ")) (91 x(e )

_aJ_UjOXj 1(6)

T Nguyen, K. Karciauskas, J. Peters (UF, VU, [zleaMis]slcHleANT{(=Te[V]ETg O(hs) convergence 26/27



G' construction yields C' isogeometric element

pre = e oxi(e ") = d(x;op)(e) Ou(e ) =d(ujop)(e)

x Tox=id

x'(x)-ox=1 = (9x)' =ax"

dpujo X; ( ) = aul( )8LX (e) 8Ul(e, 1)(6LXI( ))_1
= d(ujop)(e; )(OL(x0p)(e ")) = dui(e; Nop(e ) (D1 xi(e Np(e;
= oui(e; )ap(e; ) 9p(er ")) (91 x(e )

_aJ_UjOXj 1(6)

LN ETETE CERNAE N TEN(UISAYIEN HCT, DDG, IgA irregular O(hs) convergence 26/27



G' construction yields C' isogeometric element
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L, error — more players

10 "¢ —DDG linear element
Nonconforming C* HST
k- - - ~Nonconforming c? quadratic
5 <~ —One patch Bi2 IGA
10°F Five-patch Bi2 IGA
Conforming c?
rational quadratic
107k Catmull-Clark
Bi5 C*
””””” Bi3 polar C*
~
L
= -5
5 10 "¢
I
10°F
107E
10 L L
10" 10°

Mesh size
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