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Rapidly contracting subdivision yields finite, effectively C?
surfaces

Kestutis Kar¢iauskas and Jorg Peters

August 24, 2018

Abstract

Tools of subdivision theory allow constructing surfaces
that are effectively C2? and have a good highlight line
distribution also near irregularities where more or fewer
than four quadrilateral patches meet. Here, effectively C?
means that transitions that are only first-order smooth are
confined to a tiny multi-sided cap. The cap can be cho-
sen smaller than any refinement required for geometric
modeling or computing on surfaces. The remainder of the
surface parameterization is C2. The resulting surface is
of degree bi-5 and consists of three or fewer surface rings
that are rapidly converging towards the tiny central cap.
keywords: rapid contraction, subdivision, C2 surface,
good highlight line distribution, total degree guide surface

1 Introduction

Classical subdivision algorithms, such as Catmull-Clark
subdivision or Doo-Sabin subdivision [I} 2] appeal to
artists due to their simple local refinement rules that cut
the edges of an initial polyhedron to arrive at a smooth
limit surface. Another property that is useful when com-
puting, say physical fields, on the resulting surfaces is that
patches join with a fixed re-parameterization, namely the
identity between pieces of the same subdivision level; and
a binary scaling between pieces of the next finer level at
the T-joints between subdivision rings. But the simplicity
of the construction comes at a price: subdivision surfaces
are known to have artifacts [3} 4] that prevent their use for
class A styling design (see e.g. [3, [6] for early work to
improve shape.) Also practitioners that have to deal with
the surfaces downstream complain about the large num-

(b) surface

(a) input polyhedron

(c) embossed fine features

Figure 1: Rapid, effectively C? surfaces offer model-
ing and analysis at several scales. Although subdivision-
based, they can be treated as surfaces with finitely many
patches: the green piece in (b) consists of three bi-5 C?-
connected rings plus a tiny G bi-5 cap. Fig. [19| shows
additional detail.
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ber of polynomial pieces. While the number of nested
subdivision surface rings is theoretically infinite, in prac-
tice refinement is stopped at a level that requires extreme
enlargement if one wanted to notice the remaining tiny
hole that would be filled by the infinite sequence of sub-
division rings. The hole may then simply be triangulated.
Yet, the number of refinements in practice often reaches
six or more, taxing downstream operations.

It is therefore tempting, and in line with actual practice,
to replace pure subdivision with a hybrid construction that
switches after a few steps to a finite, geometrically contin-
uous surface cap. Recent constructions, such as [[7, 8] blur
the line between subdivision surfaces and such finite G*
surfaces.

We improve on these approaches by accelerating the
subdivision to require fewer subdivision rings. In place
of six rings, three or fewer achieve sufficient contraction,
even for high valences. The key to such rapid subdivi-
sion is a characteristic subdivision map (see e.g. [9, Ch.
5]) with accelerated contraction [10]. Notably, the new
hybrid construction is stabilized by referencing a guide
surface, an idea proposed in [6]]. (The guide of the new
construction differs however considerably from [6]]: it is
C! with a unique cubic expansion at the center point in-
stead of C? with a unique quadratic expansion.)

2 Definitions and Setup

2.1 A B-spline-like control net for irregular
layout

We consider as input a network of quadrilateral facets,
short quads. Nodes where four quads meet are regular,
else irregular. We assume that each irregular node is sur-
rounded by at least one layer of regular nodes, i.e. the all
other nodes of the quads meeting at the irregular node are
regular. Fig. Bh shows the c-net (bullets) of an isolated
node of valence n = 5. The c-net consists of the irregu-
lar node plus 6n nodes forming two layers of quads sur-
rounding it. Typically a third layer is added for evaluation
of local shape (yielding the surface in Fig.[3p). This
allows assessing the highlight line distribution [[11]] across
the transition which is as important as the internal quality
of the cap.

Each 4 x 4 sub-grid of nodes is interpreted as the B-
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(b) rapid contraction (right: zoom)

Figure 2: The contraction of (a) two steps at the speed of
Catmull-Clark subdivision approximately equals that of
(b) one rapid subdivision step. The center is filled with a
tiny red G surface cap.

spline control points of a bicubic tensor-product spline
surface. Except at the irregular node, well-known for-
mulas can be applied to convert the B-spline form to
Bernstein-Bézier form (see e.g. [12} [13]). The tensor-
product Bernstein-Bézier (BB) form of bi-degree d is

d d
p(u,v) =Y Y pi;Bi(w) B (v),

i=0 j=0

(u,v) € O:=[0..1]% d

are the BB-polynomials of degree d and p,; are the BB
coefficients. Fig. [3b also shows the C? prolongation of
this surface ring, i.e. Hermite data represented as a grid
(black) of bi-3 BB-coefficients. Specifically, the BB-
coefficients p;;, 7 = 0,...,3, 7 = 0,...,2, represent
Hermite data of order 2 along one boundary curve v = 0.
We call these data toc. More generally, in the remain-
der of this paper, we refer to second-order Hermite data
of degree 5 along the loop of boundary curves as t.

where B (t) := <k) (1 —t)d=Fke#
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(a) c-net extended by 1 layer (b) bi-3 ring + tensor-border
Figure 3:  B-spline-like irregular control net and its
tensor-border. (a) Extended c-net for n = 5. (b) Schema
of surface ring ( ) and its tensor-border (mesh of BB-
coefficients) of degree 3 and depth 2. The tensor-border
is the input for the surface construction.

2.2 Corner jet constructor |f]

We will construct tensor-product patches and tensor-
borders with a help of corner jet constructor [f] that ex-
presses, at a corner of the domain square [0..1]%, the ex-
pansion of function f order 2 in both w and v directions
in BB-form of bi-degree 5. That is, [f] outputs 3 x 3 BB-
coefficients (see Fig. Bp,b). Fig. @ displays four corner
jet constructors merged to form a bi-5 patch while Fig. fd
illustrates the analogous assembly of an L-shaped sector
of the tensor-border by applying a jet constructor at three
corners.

Several steps of the surface construction enforce a sim-
ple linear relationship, called C2-rule: two curve seg-
ments (of the same degree) in BB-form join C? at their
common end-point (marked as a big bullet) if and only if
the BB-coefficient immediately its left (small circle indi-
cated by | in Fig.|3)) is defined as the weighted average of
the BB-coefficients marked as bullets with the weights in-
dicated above. The right circled BB-coefficient in Fig. [3]
is defined by the mirrored formula.

3 A guide surface g of total degree 6

The domain of the map b% of total degree d is a regular n-
gon D composed from n equal triangles with a common
vertex O at the origin. Fig. [6h shows one such triangle
with sides defined by /; = 0, ¢ = 0,1,2. Each linear
function /; is equal to 1 at the vertex opposite to [; = 0.

G2 0.0 020 o oo
Ouf 0u0uf 020,f | —
fooouf %f *-o-e
o o o
(a) Hermite data (b) BB-form
(c) bi-5 patch (d) tensor-
border t

Figure 4: (a) Hermite data as partial derivatives con-
verted to (b) BB-form; (c) a patch of degree bi-5; (d) the
L-shaped sector of the tensor-border t.

1/4 i 1 -1/4
- —— o @ o —e—

Figure 5: Symmetric rule of C? join.

On the triangle we define a map b of fotal degree d in
Bernstein-Bézier form as

d

bi= > byBly, ijkz0, By = (ijk>lél{l’§.

i+j+k=d
ey
Fig. [6b labels the BB-coefficients rotationally symmetric.
Let

2T

c:=cos—, wy:=—1, wy :=2c, wg:=2(1—c).
n
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Pieces on adjacent sectors b* and b**! join

C?if b?lj,i,o = bfifi,o,ia i=0,...,d 2)
Clif bflﬂ,i—m ==woby_; 1,1 Twibg_;o; (3)
+waby ;10415 i=1,..d lo=0
C?if bzt%,z;z,z = wibl_ 0 0+ 2wowibi_; 1,y (@ domain
4)
+ w%b(si—i,o,i + 2wowabg_; 11,0 + 2wrw2bg_; 11 0,4
+wiby 0020 i=2..d-
C% if bzt%,z;:s,s = wobf_; 5,5 + 3wgwiby_; 0, o

&)

21.8 31.8 2 s
+ 3wowibg_; 1 ;1 +wibg_; o + 3wiwabg_; 1103

s 2 s
+ 6wowiwaby_; 411,02 + 3wiw2bg ;14 01
21,8 2s
+ 3w0w2bd,i+271’i,3 + 3w1w2bd4+2,0,i—2

31.8
+wiby_ii50i-3s  i=3,..d-

across the sector boundary between patch s and patch
s + 1 (modulo n). In the following,
— superscript s denotes the sector, i.e. s € {0,1,...,n —
1} and
— superscript r denotes the refinement level, i.e. r =
0,1,....
The ten BB-coefficients b?j i (indicated as red bullets in
Fig. [6) define a cubic expansion q at the central point
bgoo. This local expansion is propagated to the neigh-
boring sectors by repeatedly enforcing Eq. (2) for i =
0,1,2,3, Eq. @) fori = 1,2,3 and Eq. @) fori = 2,3
and Eq. (®) for ¢ = 3. That is, the bgj i define a unique
cubic expansion of the C'! map b® at bY.

With the cubic expansion fixed, the C' constraints (]3[)
can be rewritten as

1

S s+1
27c( d—il,i—1 T bd—i,i—l,l)

1
+01- E) d—i+1,0,i—15

@n

b(Si—i,O,i =
1=4,...,d.
leaving the BB-coefficients

b§137 b;;)rllv bia[14v bi]ﬁl, b(s)157 b(s);rl1

of b® unrestricted by the C'! continuity constraints (see
Fig. [6b; coefficients unrestricted due to their distances
from the sector boundary are underlaid gold).

Figure 6: (a) Domain of total degree d map. (b) The
n = 5 sectors of the C'! map b® of total degree 6. The
coefficients of the cubic expansion at the center are under-
laid light red. BB-coefficients unrestricted after enforcing
the C'! constraints are marked as black and red bullets.
The gold underlaid BB-coefficients do not affect C* con-
tinuity between sectors.

The resulting map b® is a piecewise C'* map of to-
tal degree 6 with a unique cubic expansion at the central
point and 12n + 10 free parameters: 10 defining the cu-
bic expansion, 6n marked as black bullets and 6n gold-
underlaid in Fig.[6] When serving as a guide surface, we
will denote the piecewise C'' map by g.
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4 Bi-5 guided subdivision

4.1 Rapid characteristic parameterizations
Xo and X,

The subdominant eigenvalue of bi-3 adjustable speed sub-
division [10] with ’speed’ parameter o is

Ao 1=

| Qe

c=1—-0, 0<o<l.

When o = % then )\, is the subdominant eigenvalue
of Catmull-Clark subdivision, o > % yields faster and
o < % yields slower contraction. Already for o ~ %,
analogous to Catmull-Clark subdivision, the subdivision
surfaces of [10] do not qualify for high-end design; and
the shape deteriorates with increasing o.

Fig. [Trop displays, for n = 5 and one sector, several
characteristic maps x, Fig. [Tportom displays the corre-
sponding characteristic tensor-borders . of degree 3 and
depth 2. In the classical analysis of Catmull-Clark sub-
division these tensor-borders are hidden as the maps x,
contain the key analytic information, while for construc-
tion of rapid subdivision these C? prolongations are in
the forefront. The gray underlaid BB-coefficients of x,
are the result of splitting x,, in the ratio o : 1 — o (see
Fig.[7Tp). Clearly different o result in different maps, ac-
cording to the speed. By contrast the (normalized) cor-
responding tensor-borders X, in Fig.[7d,e,f look almost
identical. This explains why we do not observe artifacts
when switching from one choice of o to another in con-
secutive subdivision steps.

4.2 Determining the guide g

In particular, we form the contracting bi-5 guided subdivi-
sion rings from tensor-borders t (see Fig. ) assembled,
as in Fig.[4d, from corner jets

[go(uXo)], forO<pu<l1 (6)

that sample g in each sector at the locations marked as
crosses in Fig. . The sectors of t are automatically C''-
connected and applying the C2-rule C2-connects the up-
dated sectors of t shown in Fig. . Fig. |8a juxtaposes
Xo and its scaled copy px. Specifically, we initialize the

(1+)0®+26+0 /(1 +0)((1+c)o? +45)), @ o := 3 (CO)

(d) o= 3 (CO) (© o=}

®o:=7

Figure 7: (top row) x; (bottom row) X .

guide using o := % and set, in terms of the c-net nodes
c¥ (see Fig.[9} ¢¥, k = 0,...,n — 1, is the central node),

the central BB-coefficient b, to

n—1
. n .
ifn>4, ——ch+ ’;)(’Yscs]f +76¢6), ™
V5 = n(n+5>7 V6 1= 75,

2
ifn =3 (1-3y —37)ch + Y (3¢t +6cf),

V5 1= 96’ Y6 1= G

k

0

®)



® N o g A W N =

(b) t

Figure 8: (a) Map x,, for sampling the guide g; (b) sam-
pled C'! tensor-border t; (c) upgrade from C! t to C? t.

i.e. as the extraordinary point of Catmull-Clark subdi-
vision except for a small perturbation to improve shape
when n = 3. The remaining set I' of 12n 4 9 free param-
eters is fixed by minimizing the sum of squared distances
between corresponding control points of the input tensor-
border t-¢ degree-raised to 5 and the tensor-border t as-
sembled from corner jets [g o X, (that depend linearly
on I via (6)). In short, the c-net fully determines g.

Figure 9: Rotationally-symmetric labelling of the c-net
nodes cﬁl, m =1,...,7of one sector k.

Implementation of g via generating functions The
initialization works for each coordinate separately. When

all nodes of c-net have value 0, except that c?n = 1 for
one of m =1,...,7 (see Fig.[9), we obtain the 28 scalar-
valued total degree 6 coefficients

A eR E=0,...,n—1,m=1,...,7,i=1,...,28,

where h)"" = ... = h""7. Then the BB-coefficients of
sector s of g are

n—1 6
s._ 10,70 km _s—k
gi :=hier + E E hivem ™,

k=0 m=1

where the superscript of ¢ ¥ is interpreted modulo 7.

Repeated sampling of contracted guide Computing
[go(1X,)] is equivalent to linearly mapping S : D — uD
and sampling (g o S) o x,. DeCasteljau’s algorithm (see
Appendix) yields the BB-coefficients of g o S as affine
combinations of the BB-coefficients of g. Due to combi-
natorial symmetry of the construction we need only pre-
compute one 28 x 28 matrix for de Casteljau refinement

and,

per o (typically o € {%7 %, }—g}), one 27 x 28 ma-

trix for the BB-coefficients of t. Taking in to account that
the sampled tensor-border t is automatically C* and the
updated tensor-border t joins sectors C? (see Fig. ) we
only need to store an 18 x 28 matrix per o.

4.3

Construction of bi-5 rings

With superscripts denoting the refinement level (scaling)
of the ring, the Construction Algorithm is as follows.

Choose the maximal anticipated refinement level ¢

and the sequence of speeds o,., r = 1,...,£. The
defaultis (01, 02,03) :== (3,1, %).

Initialize g° := g and t° as to¢ degree-raised to 5.

Per sector, apply the (pre-computed) deCasteljau
split with p := )\, to obtain the BB-coefficients of
g" from g" L.

Applying the pre-computed sampling formulas to
g" o o, followed by C2-rule-upgrade yields t".

Split t"~1 in the ratio o, : &, to define the outer three
layers of BB-coefficients of the three bi-5 patches of
a sector (dark-gray underlaid in Fig.[T0).
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Figure 10: Merging the tensor-borders t"~* and t” to
form a bi-5 ring (for comparison two different o, cases
are shown).

- Choose the inner (closer to the center) BB-
coefficients of x" ! (light-gray underlaid in Fig.
as a C? prolongation of t".

Due to the last step, consecutive rings join C?2.

5 The eigen-structure of guided bi-5
subdivision limit surfaces

While, for applications, a few steps of rapid subdivision
typically suffice, a complete theoretical analysis of the
subdivision limit surface is possible.

5.1 The guide g as a superposition of homo-
geneous functions

Since the Bernstein polynomials ngk = (O?k) l{l’g are

homogeneous of degree d, B, (A\z) = AB{;; () for

any A. The homogeneity is not affected by constraints
(2}3). If we set one unconstrained BB-coefficient to 1
and the others to 0, the resulting g is homogeneous in
all sectors. These simple observations yield an efficient
explicit decomposition of the guide g into homogeneous
functions. We count

- 10 functions corresponding to cubic expansion: the
function 1, two linear functions of degree 1, three of
degree 2 and four of degree 3.

- 6n functions that are non-zero on two adjacent sec-
tors: 2n of degree 4, 2n of degree 5 and 2n of degree
6.

- 6n functions (n groups of 6) that are non-zero only in
one sector: Bgyy of degree 4, Bis,, Bias of degree
5, BS19, Blss. BSoy of degree 6.

5.2 The eigen-structure of guided subdivi-
sion surfaces

If all o, = o, the bi-5 guided subdivision surfaces inherit
the homogeneous decomposition of the guide g. For ana-
lyzing the eigenstructure, we denote as x° the first ring us-
ing the final fixed constant o, and by x; , the rth ring ob-
tained applying the Construction Algorithm to the pth ho-
mogeneous function fy ;, of degree d of Section[5.1 Then
Xgp = ()\g)’"x&p. (This implies that we can, analogous
to [14]], pre-compute the initial 12n + 10 eigen-rings Xg,p
and compute eigen-functions xy , simply by scaling by
(A4)". Since homogeneous functions are closely related
to monomials of the power form, it is clear that they serve
subdivision analysis whereas the BB-form should be used
for modelling.)

Smoothness at the extraordinary point The linear
combination of the two homogeneous eigen-functions of
degree 1 re-produce x,. Since X, is injective [10]], the
eigen-spectrum of g implies that the bi-5 guided subdi-
vision surfaces are generically at least C'! and curvature-
bounded.
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(a) bi-5 cap

(b) G1

(© 7

Figure 11: (a) The structure of the bi-5 cap. (b) G* con-
straints. (c) The parameterization 7.

6 The central cap

The central cap p is formed by n G'-connected bi-5
patches that join C'' with the last ring x‘~*. The C*
prolongation of x‘~! defines the creen underlaid BB-
coefficients of p in Fig. [[Th. The light-gray underlaid
BB-coefficients enforce

of, + of, — 2c(1 — u)?0f, =0, 9)

symmetric G' constraints between the adjacent patches

(see Fig.[TIp).

Planar reparameterization 7 First, for (each) fixed
o we construct a symmetric planar parameterization T
(Fig.[TTk shows one sector when n = 5) so that

- the adjacent sectors of T satisfy the constraints (9));

- the BB-coefficients that are green underlaid in
Fig.[TTk stem from Y, degree-raised to degree bi-5;

- 7 is rotationally symmetric and symmetric with re-
spect to the sector-diagonal.

Then 7 has 7 remaining parameters that we abbreviate I
and determine by minimizing

n—1,%

H}‘in E F5(17),
s=0 itj=k
1,520

(10
where * indicates that the sum is over both coordinates

of 7. Due to symmetry, this minimization is local to one
sector.

The subsequent calculations work with symbolic coef-
ficients of g to obtain a general formula in terms of any
geometric realization of the guide g.

(c) layout

(d) highlight lines

(e) ’rapid’ BB-net

Figure 12: Valence n = 3 and choice ¢ = 1, 0 = (32).
The central cap is red.

- Assemble a map a from corner jets [go7] as in Fig.El
(The red BB-coefficients f a at the center are then
consistent with the G constraints ().)

- Replace the green underlaid BB-coefficients of a
with those of the tensor-border t.

- Enforce the G constraints (9) along the sector sepa-
rators by expressing the five BB-coefficients marked
by black squares in Fig. [TTh as an affine combina-
tions of the local tensor-border, the quadratic expan-
sion and two free BB-coefficients.

- Set the two free BB-coefficients by minimizing the
sum of squared distances between the five square

11
kL g
Fif = / / E i j,(aéag f)?dsdt, BB-coefficients and their counterparts in a.
0 U o)

The resulting formulas are applied to g* and t*. Since
the red BB-coefficients in Fig. [TTh represent a reparam-
eterized quadratic expansion of g’ at the extraordinary
point, the G cap has well-defined curvature at the cen-
ter.

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40



(a) input (b) layout (c) BB-net

weiQ

(d) highlight (e) Gauss curvature (f) embossed

(a) n = 7 c-net (b) layout

Figure 13: High speed single subdivision o := (35) for

@ a (c) highlight lines

(@n=>5c- b) layou highlight li £ )

a) c-net (b) layout (c) highlight lines — ‘ ’ yﬂjjj
A/ ey

15
6

\

=

-
“I ) x3 + cap (e) Gauss (f) Mean (2) highlight
‘ lines
‘ Figure 15: Rapid surface for £ = 3, 0 := (3, L, 1). (d)

(d) zoom to 2nd ring  (e) Gauss curvature  (f) highlight lines BB-net of last ring x3 plus red central cap, cf. (b). (e.,f)
Gauss and Mean curvature and highlight lines of this ring
and the cap.

(g) zoom to cap (h) highlight lines

Figure 14: Rapid surface for ¢ = 2,07 = %, o9 = % with
(b) red central cap. Innermost (second) ring x! in blue.



(a) n = 10 c-net (b) layout 'E:\Eg;'z'é":z C
GOSN
A aniiillinggy

w1 B

(c) max curvature
(c) layout (d) rapid construction

Figure 17: Rapid surface for £ = 2, o := (2, ) with red
central cap. (b,d) BB-net and highlight lines of the (b) the

’naive’ and (d) the default rapid construction.

Figure 16: Rapid surface for default ¢ = 3: o :=
(%, g, %) with (b) tiny central red cap. (e,f) compare
choices for o3.

10
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7 Examples and discussion

In the following, when the layout of the polynomial pieces
is displayed, the surrounding bi-3 ring is colored green.
When n > 4, choosing the default

377
speed sequence o as (01,09, 03) := (4, 3 8)
yields a central cap smaller than 8 CC-refinements! Set-
ting also o1 := % typically yields good quality but results
in minor flaws in some extreme higher valence configura-
tions. Similarly, setting o3 := % yields a slightly worse
highlight line distribution, albeit only under the micro-
scope ( Fig.[16).

The case n = 3 is special: o : (%) yields high-
quality surfaces with a tiny cap, see Fig.[I2]and Fig.[T3]
Fig.[12b.d advertises improved shape of the new construc-
tion over Catmull-Clark subdivision for n = 3 and Fig.[23]
forn = 6.

Although the central G! cap construction assumes that
the cap is so tiny that no more refinements are needed
for geometry or analysis (see e.g. Fig.[I4p). Nevertheless
the shape requirements are high: the central cap should
not be noticeable in the highlight line distribution. To see
this compare Fig. @ (a) vs (b). While we can improve
the Gauss curvature Fig. [T4 by splitting each cap sector
as a 2 x 2 macro patch, we prefer the simpler cap, see
Fig. [T4k.f.h.

For n = 7, Fig. [I3] demonstrates the quality of the
default choice ¢ = 3, 0 := (3,1,%). The red cen-
tral cap does not disrupt the highlight line distribution.
Fig. (16| demonstrates that o3 : }—2 can still work even
for n = 10.

Fig. [I'/|demonstrates failure when implementing rapid
surfaces without the characteristic parameterizations of
[10]. For the example, for n = 6, we chose { = 2,
o= (%, %) when splitting the tensor-borders t”, i.e. a
consecutive A\?, \? scaling of the guide g by deCastel-
jau, and sampling with )Z% of Catmull-Clark subdivision.
While the first ring shows only minor flaws, choosing
o9 = % for the second ring leads to a disastrous highlight
line distribution. As Fig. |L7|:,d demonstrate, this is not a
problem of the geometric data but of the parameterization.

Fig. [T8]illustrates why we chose a guide g of total de-
gree 6 rather than 5. Degree 5 works in most cases, but
the ‘isolated cliff” input configuration of Fig. I8 results

11

in a noticeable dip for the lower degree option. Note that
the degree of the guide is not reflected in the degree of the
final surface.

Fig.[T9)interogates the structure and quality of the piece
of Fig. [T]that was embossed with two patterns.

Fig.[20|shows the that even extreme convergence speed
can be a useful design component when the emerging
shape flaws are irrelevant because local editing is ex-
pected. Fig. 22] shows rapid surfaces in a larger design
context. The highlight lines include parts of the regular
green neighborhood.

(a) n = 6 c-net

(b) total degree 5 guide: structure and re-
sulting highlight line distribution

A

(c) layout

(d) total degree 6 guide

Figure 18: Failure of a total degree 5 guide for a chal-
lenging c-net.

>

(a) layout (c) Gauss curvature

(b) highlight lines

Figure 19: Green part of the dodecahedral surface of

Fig.[T}
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(c) deficient highlight lines

(d) editing

Figure 20: Extreme speed o := (33), one bi-5 ring +
red cap (cf. Fig.[T9), resulting in deficient highlight line
distribution (c) across the narrow corridor between corner
patches (b). The corridor is narrow due to the extremely
rapid refinement (a). After editing (lifting the free coeffi-

cients in the corridor) this deficiency is irrelevant (d).

8 Conclusion

The idea of rapid subdivision is simple and natural: rapid
subdivsion generalizes the split ¢ : 1 — o of the tensor-
product case n = 4. Compared to Catmull-Clark subdivi-
sion with its subdominant eigenvalue A and o := %, this
analogy predicts a doubling of the contraction speed when
o= % to approximately A\2; and a tripling of the speed
when o = % to approximately A%. Rapid subdivision re-
alizes this prediction, also for higher speed o, by leverag-
ing the characteristic parameterization of adjustable speed
subdivision [10], constructing a new piecewise C'* guide
of total degree 6 with a unique cubic expansion at the cen-
ter point; and by stabilizing the process with a guide sur-
face [6]. Rapid subdivision can stand on its own: it is easy
to analyze and guarantees smoothness in the limit. We
turn rapid subdivision into a finite construction by com-
pleting the otherwise C? surface by a tiny central G* cap
of degree bi-5. Since the tiny cap preserves and prolongs
the highlight line distribution of the main surface body,
this construction satisfies both shape and refinability re-
quirements of modeling and analysis.

We think it unlikely that equally high surface quality
can be achieved by simple averaging formulas of the input
net, or without the carefully chosen rapid characteristic
parametrizations.
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Appendix: BB-coefficients of a scaled
triangular domain

It is well known that if Bézier curve with BB-coefficients
pi» @ = 0,...,d of degree d defined over unit interval
[0..1] is restricted to subinterval [0..)], BB-coefficients p;
of restriction can be computed via formula

pi =Y Bi(\px
k=0

where B} are the Bernstein polynomials. Applying this
formula first in one parameter and then in a second yields
the BB-coefficients of the restriction to scaled triangular

domain (see Fig. 2Th,b and [15]).
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Figure 21: Domain restriction: D — SD.
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Figure 22: Model of a tow hitch with three rapid subdivi-
sion surfaces.

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55


http://doi.acm.org/10.1145/1141911.1141990
http://doi.acm.org/10.1145/1141911.1141990
http://doi.acm.org/10.1145/1141911.1141990
http://doi.acm.org/10.1145/1141911.1141990
http://doi.acm.org/10.1145/1141911.1141990
http://doi.acm.org/10.1145/1141911.1141990

(b) layout
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(c) Catmull-Clark subdivision (d) rapid

Figure 23: (c) Pinching in the highlight line distribution
in standard Catmull-Clark subdivision. (d) Rapid surface

with ¢ =3,0:= (3, %, 1).
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Figure 24: The importance of carefully selecting a high-
quality cap. Surface of Fig. [I9] zoom in to the last two
rings plus cap. (a) C°-connected n = 6 Coons patches
interpolating the boundary and straight lines to the cen-
ter point. The defect in the highlight line distribution is
visible even for this very small cap. (b) Cap constructed
according to Section [6]
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