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Abstract

Shape artifacts, especially for convex input polyhedrgariaoo and Sabin’s generalization of bi-quadratic (bi-2)division
surfaces unattractive for general design. Rather thamguthie eigenstructure of the subdivision matrix, we imprsvape by
adding a point and enriching the refinement rules. Addingidigg point can also yield a polar bi-2 subdivision algonith
Both the augmented and the polar bi-2 subdivision are camghted by a new primal bi-2 subdivision scheme. All surfaces
areC'! and can be combined.

1. Introduction

Primal Catmull-Clark subdivision (CC, [CC78]) and dual D8abin subdivision (DS, [DS78]) surfaces were introduced
back-to-back in 1978 in order to extend smooth surfacesrzbiensor-product control nets. CC subdivision allowsamttli-
nary control points where # 4 quadrilaterals meet. DS subdivision allows extraordirfacets withn # 4 vertices.

CC subdivision has been widely popular with artists in thieainment industry. Interpretation of the vertices oéguiar
CC mesh as control points of bi-cubic (bi-3) tensor-prodtsplines yields a surface with smoothly-varying normatsast
everywhere. By contrast, DS subdivision has not seen niedasa applications. This can be blamed on the underlyingy bi-
tensor-product B-splines whose parameter lines join lessedully: the normals vary only continuously between polyial
pieces and the images of parameter-lines are piecewisb@asaso that inflections along parameter lines can onlyroatu
joints. However, more damaging are the under-documentagestiefects near the facet-center limit points of DS subidini
Fig. 1b,d.

The goal of this paper is to revisit and rehabilitate DooiSanibdivision near these extraordinary points. Soplateid
tuning strategies have been developed in the literatur®@8BlJPU98a, ADS06] to improve the eigenspectrum near extrao
dinary points. By contrast, we aim to improve Doo-Sabin $wibibn by adding a point and enriching the refinement rules.
Our interest was triggered by recent high-quality multiesi spline constructions based on guide surfaces (e.g 3)Pthis
approach uses the characteristic map and the extraordaémy of CC subdivision. Bi-2 subdivision would provide ansi
pler instance, on which to base construction. Unfortunately, the strong artifacts of D®abin subdivision mean that the
subdivision itself has to be improved before its componeatsbe used.

Our second goal was to extend bi-2 subdivision to operategat on quad meshes; and to adapt it to a polar layout deitab
for high valences. That is, the contributions of this sulsiois are:

e Introducing a new point-augmented subdivision approachrmove artifacts present in Doo-Sabin subdivision (Fig; 2a
e Adapting bi-2 subdivision to be primal, quad-based (Fig; 2b

e Introducing bi-2 subdivision for polar configurations (F&g).

N

(a) Convexn = 8 (b) Oscillation near and flatness at (c) Convex;n =6 (d) Highlight lines
central point

Figure 1:Doo-Sabin subdivision artifacts: (b) plain rendering shows artifacts far= 8 and (d) highlight shading reveals them for= 6.
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(a) DS: Doo-Sabin subdivision (b) TPS: Primal Bi-2 Subdivision (c) PolIBS: Polar Bi-2 Subdivision

Figure 2: Neste@haracteristic rings of the three bi-2 subdivision algorithms developed in thiggra

Overview. Section 2 motivates, describes and analyzes the new Paoigitadnted Bi-2 Subdivision devised to improve Doo-
Sabin subdivision. Section 3 adds Polar Bi-2 Subdivisiah@ection 4 presents Primal Bi-2 Subdivision, a varianedliét for
operating directly on quad meshes.
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(a) PGS on input Fig. 1a (b) point added (c) PGS on input Fig. 1c

Figure 3:Point-Augmented Bi-2 Subdivision The control-nets are minimal, defining just one regular biRg.r

2. Point-Augmented Bi-2 Subdivision

The shape artifacts of Doo-Sabin subdivision (DS) inclide convex input, flatness at the extraordinary point and os-
cillation nearby (see Fig. 1). These and many other exangulggest that information is missing near the facet center. O
remedy is to add a central poiptto the original control-net, see e.g. Fig. 3b. Such an amfudi point could be treated as a
user-accessible shape parameter. Howeverextremely difficult to set by hand without damaging thefate quality.

Both for derivation and analysis, we view subdivision as @pe for generating a sequence of nested surface rings (see
Fig. 2). In Fig. 4, black disks denote the standard contatlefi Doo-Sabin subdivision, tHeS-net. Labels per sector, the point
p and one (green) ring of regular bi-2 patches are displayedeiScripts will indicate the subdivision level; but whezeit is
unabiguous, we omit the superscript.

Structural symmetry and simplicity imply thatbe a linear combination of the averages of the control paiosest to the
center:

—0 =0
_ b +d 3/5 n=3
0 0 ) )
=P o= Uy 1- , n = 1
P:=p = @ + (1= p) = I {2%27 n> 4 1)
n—1 . n—1 X n—1
at = E ak/n, b = E b’ /n, d = E d’¥/n. 2)
i=0 i=0 i=0

The key lies in setting:,,. We determined.,, to be simple while matching values that optimize reflectioes over a large set
of challenging input nets. As intended, this choice extlaigs convex DS-nets when> 4.
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sion rule

Figure 4:Labeling Point-Augmented Bi-2 Subdivision. (a) One ring of bi-2 paslis shown in green. (b) The current control poiftaith large labels and
the refined control pointe with small labels.

We derive therefinement rulesof the new Point-Augmented Bi-2 Subdivision (PGS) by sipliftthe regular bi-2 patches
into 2 x 2 subpatches in BernsteinéBier form (BB-form). Their inner BB-coefficients are theiqts of the refined control
net, e.g. those marked as black disks with labels. , 9 in Fig. 4a. New pointd, c, d, labelled2, 3, 4 in Fig. 4a are obtained
as inner BB-coefficients of bi-2 patches tifat-extend the existing bi-2 complex towards the center, e stencils are those
of standard binary refinement. With w,, w, still to be determined by (8), (9), (10), the added pointritdirect neighbora
(labelled1 in Fig. 4a) and its indirect neighbors are set to

p" = (1—a)p+o0a, (3)
a; " = (1 —w; — 2w2)p + wra; + wa(a—1 + a;41). (4)
b?ew = (931 + 3&1'71 + 3bz + difl)/lﬁ, d;zew = (921Z + 3ai+1 + 3d1 + b1+1)/16

Standard analysis of subdivision schemes following [PR&&}lies the Discrete Fourier Transform to the: x 10n

circulant subdivision matrixi (wherep/n is replicated: times). With thek-th Fourier block denoted by, the characteristic
polynomialsDy,(\) of A, are, up to constant scaling, withi\) := (A — )(A — 2)(A — £)A°,

Do(\) = (A — D)dN) (A — wy — 2ws + Q) ; (5)
fork=1...n—1 cj:=cos(2nk/n),
Di(N) = M)A — wy — 2wacy). (6)

The eigenvalue\,,,;, := w; + 2wscy of the blocksA; and A,,_; is subdominant for suitable choice of , w, and the corre-
sponding characteristic ring (map) is injective (as willddear by substituting\s,,, from (10) for A in the expression [PROS,
6.21, p118]). The limit of the central point is computed frtme left eigenvector of the eigenvalue 1 (see e.g. [HKD93)):

@)

(07

= 1 — 71', = .
eop:=(1—-7)p+71a;, 7 T —

We now set the parametefisw,, w2. As shown in the Appendix, the rules for mapping a DS-net tew DS-net in their
current general form are non-stationary. The two choices1 orw = 1 for obtaining stationary rules yield poor shape already
for simple examples. Therefore, to obtain stationary ruesfix

3
a= + pin(wy + 2wy — 1). (8)
By our choice ofw; andws below, this makes formula (3) fgr'** a convex combination, pulling towards, but not interpaigti
p™*. The ratiojﬁ—j = i is the simplest choice to match bi-quadratic subdivisian,whenn = 4. Since),,;, = wi + 2wsc
by the earlier eigenanalysis, our choice
w1 - 2)\sub 2

we = wy 2 c::(zos?, 9)




() DSn =3 (b) DSn =5

(e) PGSh = 3 (f) PGSn =5 (g) PGSn =6 (h) PGSn = 8

Figure 5:Characteristic rings of (top) Doo-Sabin subdivision ppttom) Point-Augmented Bi-2 Subdivision.

is equivalent to prescribing,,;, i.e. the contraction speed of the characteristic ringsmigking the characteristic map of
Catmull-Clark subdivision, we found a good choice to be

3
3 . 27
Asub 1= Z b (z) (1—-c)*'c’, c:=cos - (20)
i=0

1
by := 3 b1 := 0.5519, bs := 0.5985, b3 := 0.64367.
This yields the following subsubdominant eigenvalyiefor valencen: v = 1/4; v5 andiyg arew; + 2ws — «, a root of Dy
of (5); and forn > 6, v, = w1 + 2wacy, @ root of D, of (6). Fig. 5 compares the characteristic rings of DS and PGS. While
the subdominant eigenvalue of DJi$, the subdominant eigenvalue of PGS excdefdor n > 4, slowing down the central
contraction.

2.1. Testing PGS

From a user’s point of view, the input nets of DS and PGS anetici® since the poinp is added automatically. Hence,
except for Fig. 3b, we display standard DS-nets. Compar&HtoPGS improves not only the shape for convex input (Fig. 3),
but also saddle configurations (Fig. 6).

Prisms show shortcomings of both the DS and, to a lesserelegffPGS. The oscillations in the highlight lines in Fig.ge-
are caused by the three-sided faces introduced by the firsefd@ment step (see Fig. 7b). As reported in [DS78], Catmull
and Clark had suggested EfSstencils, different from DS stencils (see Fig. 7d). ©%as a worse eigenstructure at the ex-
traordinary point than its DS improvement, but#3ules appear to be better at pre-processing coarse meskgs.ggessing
the mesh with two steps of [¥S in lieu of DS (see Fig. 7c,d) before applying PGS improveshiigilight lines as illustrated
in Fig. 7e,f,g. Nevertheless, the results for prisms aratisfactory. This motivates the following polar constiant

3. Polar Bi-2 Subdivision

We can redesign prism nets and other cylindrical structbyemtroducing subnets witpolar layout [KPO7], shown in
Fig. 8. Adding the poles as poingsprevents the creation of irregular control-points of vake8 on the prism top and bottom,
see Fig. 8a. The placementptan be as simple as the centroid of the multi-sided face kKBIRIGS, the poinp of the newC'"
Polar Bi-2 Subdivision (PolBS) can be set by hand to modigypghwithout introducing obvious shape artifacts (see FKigl)8



(a) input,n =6 (b) DS (c) PGS

Figure 6:Saddle configurationwith highlight shading.

(@) n = 6 prism (b) DS x1 (c) DSx2 (d) DS*€ x2

- S

(e) DS of (a) ) Dé of (d) (g) PGS of (d)

Figure 7:Prism comparison. (d) Two steps of 5S.

PoIBS is derived by adapting the approach of bi-3 polar stukidn [KPO7]. The net of depth three surroundipgsee
Fig. 9a). defines the green ring of bi-2 patches. Its conoits in each sector are labelladb, c. With the notation of Fig. 9b,
we derive the refinement rules by first radially splitting b patches of the ring; the resulting inner BB-coefficeembarked
as blue disks, are the points of the refined polar control iitbttie label3. C* extension towards the pole yields points of the
refined net with the labél. Since the bi-2 patches were only split radially, both t@@ad3 points result from standard binary
one-dimensional subdivision:

prew = B L e L By
7 '_'4 1 4 (3 i -—-4 i 4 7
Fory,—; =, s =1,...,n — 1 determined in (15), the important new points labelle@ded diskin Fig. 9b) and the poinp
are set to

n—1 n—1

a/ "= (1- Z v)P + Z Vi&itj (11)
§=0 §=0

p*" := (1 —a)p +aa;. (12)

Applying the Discrete Fourier Transform to the x 4n subdivision matrix4 (wherep/n is replicated times), we obtain
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(@) n = 6 prism (b) PoIBS (c) n = 7 prism (d) PolBS

Figure 8:Polar Bi-2 Subdivision: C'! bi-2 polar subdivision surfaces. (c) the default centraitihe 7-sided prism have been moved.
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(a) Polar layout (b) Polar refinement

Figure 9:Polar Bi-2 Subdivision layout and refinement.

characteristic polynomial®;,()) of 4, that are, up to constant scaling

n—1
DoY) = (A=~ DA - AN BHa)  Bi= 3, (3)
7=0
fork=1...n—1,
n—1
D) = (= DO -3, A= 3y eos (2kj). (14)
j=0

Inverting (14) fory, as in [Loo02] and noting that = 4, we set in the spirit of [KPO7]

1/2, je{0,1,n—1}

and this yields
0, else,

1 R
a:zzand'yj :{
1 o 1/1 1
e (Th) = (b he), sl 15
Vi nj_ov’COb(n J 5T 5 5 (15)

The eigenspectrum satisfies thé requirements, sincg, = 4,,_1 = 3 and4; = 0 for k = 2,...,n — 2. In particular, the
subdominant eigenvalue g2 and the subsubdominant eigenvalué ig. The characteristic map is, in the circular direction, a
periodicC'! spline of degree 2, and is linear in the radial directiors ihjective. The eigenanalysis shows the limit extraondina
point to be

2 1
€op := 3p + 35. (16)



(a) g-net-labels (b) ternary refinement

Figure 10:Primal Bi-2 Subdivision. (b) Smaller fonts label refined control points.

4. Primal Bi-2 Subdivision

A single step of CC subdivision converts any mesh into a qeaduitable for Primal Bi-2 Subdivision (TPS). We consider
a net of depth three surrounding the central pqgiand call it g-net (see Fig. 10a). Such a g-net defines one fibigdpatches.
Its control points in each sector are labelied. . . , f;.

To derive the refinement rules of TPS, the bi-2 patches of teergring are split int@ x 3 subpatches. Their new inner
BB-coefficients, marked as black circles, are the pointsllatic, d, e, f of the refined control netC''-extension towards the
center yields points of the refined net with the lakzelndb. The formulas are those of ternary bi-2 subdivision (heheerlt
in TPS):

new

a“" :=(14q + 7a; + 2(a;—1 +a;11) + b; + bi11)/27;
b :=(4q + 2a; + 2a;_1 + b;) /9 ;
" :=(4a;,_1 +2q+2b; +a;)/9; (7)
d?e” :=(4b; + 2a; + 2a,_1 + q)/9;
er :=(4a; + 2b; + 2q +a;_1)/9;
finew 12(1431' +7q+ 2(bZ + bi+1) +a;_1+ ai+1)/27.
We set 5
q" = (1— a1 — a2)q+ aga+ asb. (18)

For the presented scheme, standard analysis of subdigsimmes following [PR08] applies the Discrete Fourier $ran
form to the7n x 7n circulant subdivision matrixi (whereq/n is replicatedr times). The characteristic polynomial, ()
of A;, are, up to constant scaling,

14 1
_ o 4 2 _ _ .
Do(A) = (A =1)A (A + (o1 + a2 —27)A+81(1 3a1+3a2)), (19)
fork=1...n—1, ck::cos@,
n
2 1
— (2 — —
Di(\) = A (A 5 (5. + 2c)A + 81). (20)

From the left eigenvector of the dominant eigenvalue 1, waiolihe limit point

€eop :(1 —T1 — Tg)q —+ ’7'151' —+ TQBZ',
18(201 + ) 3(a + 8a) (21)
To 1= .
3901 + 4205 +20° 27 390y + 420 + 20

wherer; :=

The parameters; andas for n > 4 are chosen by experiment to generalize the regular case nhe:

™m a1
ap = —————— ap i= —.
T ong12 TP 7



Forn :A3, a]so obtained by experiment, we sgt:= %, ag = a1 /7. Then the scheme 8! with subdominant eigenvalue
Afrom Ay, A,

1 2
)\:ﬁ(5+2c+2 c2+5c+4), C::COS%7

and a subsubdominant eigenvaluegf= .082, the larger root oD, in (19) andv,, = (5 + 2co + 24/c% + 5ea + 4) /27 for
higher valences ang, := cos 7. We checked numerically up to valence 100 that the charatiterap is injective. Fig. 11
shows the BB-coefficients of the characteristic rings faewfused valencies. Fig. 12 highlights the shape for coagexell
as for saddle input data.

%@&%

(@) TPSn = 5 (b) TPSn =6 (c) TPSn =8

Figure 11: Bezier coefficients ofharacteristic rings of Primal Bi-2 Subdivision.

1

(a) g-netn =5 (b) TPS convex (c) g-netn =7 (d) TPS saddle

Figure 12:Primal Bi-2 Subdivision surfaces, (b) and (d) in highlight shading.

4.1. Anadjustable TPS

Ternary subdivision contracts fast (see Fig. 2b). Inddeelfést cases indicate that the fast contraction can ressiight
oscillations and faster-than-wanted direction changdsgiflight lines. We can improve the surfaces by adjustirgyrefine-
ment ratio as in [KP09]. Specifically, we split edges nonfarmly in the ratioe : 1 — 2e¢ : e so thate := % yields the uniform
case developed as TPS (cf. Fig. 13). We chose the free paanet o, so that the extraordinary point of adjustable TPS
coincides with that of TPS. This avoids the flatness for camantrol nets, often observed, e.g. when CC subdivisionnsd
to contract more slowly.

The standard analysis of adjustable TPS yields the subdm@igenvalue

A= (1—2€) <e2(1 +20) + (1 — )2 + 2e/(c + 1)(e2c + (1 — e)2)). (22)
Slowing the contraction, by setting:= 0.2 yields the characteristic rings shown in Fig. 13. Fig. 1dsitates adjustment for
n=29.
5. Discussion

We used individualized heuristics for setting parametach@sa andw;, rather than tuning the eigenstructure. Tuning is
tricky due to too many free parameters — and while tuning &lyrsatisfies smoothness constraints at the limit poinftéro
decreases the surface quality in its neighborhood.
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(a) ratio (b) n=5,e=0.2

Figure 13: Splitting ratio and BB-coefficients of charaistée rings ofadjustable TPS

b

(a) g-netn =9 (b) TPS oninput (a) (c) adjustable TP8 = 0.15 on (d) g-net+ DS (e) PGS on input (d)
input (a)

Figure 14: Highlight line comparison aronvex input nets The g-net of (d) is obtained by applying one step of reguil& §ubdivision to (a).

Settinga by (8) simplifies the analysis. It is possible that a nonistatry rule achieves equivalent or better surface quality.

We did test, without success, rules involving more p-nehisofor equation (2). We settled for adding a point since
this provides stable convex combination rules as opposeépmatedly extrapolating with positive and negative coieffits.
Moreover, the augmented rules require fewer operationsitime complex alternatives.

By treating the subdivision surfaces as a sequence of nesteg it is possible to combine binary and ternary subdivis
The input mesh Fig. 15a is specially constructed to show suobmbination, featuring regular bi-2 parts, TPS at the @orn
saddles and the central PGS surface. Since PGS is binaryRfidefnary, it is difficult to imagine how pure mesh refinement
would cope with the situation.

|§i‘__r__

(a) input (b) surface regions (c) highlight shading

Figure 15:Combining bi-2 subdivision schemes: (a) Mesh with multi-sided face and multi-valent eesti (b) regular bi-2 regions are green, PGS-region are
grey, TPS-regions are red.

Overall, the addition of a judiciously chosen pointhas markedly improved the shape of bi-2 subdivision susfdoe
convex control nets compared to classical Doo-Sabin sigddiv. Since no mathematical theory of good shape exists, we
derived by experiment the extrapolation constapnt(as well as the convex combination weightsx: , as, 5, w1 andws of



the various schemesJ.he addition of Primal Bi-2 Subdivision and Polar Bi-2 Sulisiion, increases the applicability of bi-2
subdivision, making it a useful alternative where low palymal degree matters.

Acknowledgements.. This work was supported in part by NSF grant CCF-1117695.

[ADSO06] Ursula H. Augsdrfer, Neil A. Dodgson, and Malcolm A. Sabin. Tuning subsion by minimising gaussian curva-
ture variation near extraordinary vertic&somput. Graph. Forum, 25(3):263-272, 2006.

[CC78] E. Catmull and J. Clark. Recursively generated Bagpurfaces on arbitrary topological mesh€smputer-Aided
Design, 10:350-355, 1978.

[DS78] D. Doo and M. Sabin. Behaviour of recursive divisiamfaces near extraordinary pointSomputer-Aided Design,
10:356—-360, September 1978.

[HKD93] Mark Halstead, Michael Kass, and Tony DeRose. Hfitj fair interpolation using Catmull-Clark surfaces. In
James T. Kajiya, editoomputer Graphics (S GGRAPH '93), volume 27, pages 3544, August 1993.

[KPO7] Kestutis Ka€iauskas andarg Peters. Bicubic polar subdivisioACM Trans. Graph., 26(4):14, 2007.

[KP0O9] K. Kartiauskas and J. Peters. Adjustable speed surface subdividomputer Aided Geometric Design., 26:962—
969, 2009.

[KP13] K.Kartiauskas and J. Peters. Biquintié surfaces14th Itl Conference on Mathematics of Surfaces, pages 213-236,
Sept 2013.

[Loo02] C. Loop. Smooth ternary subdivision of triangle tmes. InProceedings of Curve and Surface Fitting, pages
295-302, Saint-Malo, France, 2002.

[PRO8] J. Peters and U. Reffubdivision Surfaces. Springer, 2008.

[PU98a] Hartmut Prautzsch and Georg Umlauf. A G2-subdivigilgorithm. InProc. Geom. Model., Dagstuhl, Germany,
1996, pages 217-224. Springer, 1998.

[PU98b] Hartmut Prautzsch and Georg Umlauf. Improved gidar subdivision schemes. Romputer Graphics Interna-
tional, pages 626—632. IEEE Computer Society, 1998.

Appendix: Stationarity of Point-Augmented Bi-2 Subdivision

Denotingp? := p"** andw := w; + 2wy, thekth Point-Augmented Bi-2 Subdivision subdivides the avesaas

p"tl = (1 —a)pf +ea®, 3" !.:=1-w)pr+uwa”,

b= (9ab + 33 +3b +d)/16, d = (95" + 38" +3d +b")/16.
Fork = 0 and abbreviating := (1 — w)u + w,
—k —k
b +d
2= (1—w)p? + wd = ka@" + (1 — &) ;r . (23)
For k = 1, we must therefore also have
—k —k
b +d
(1—w)pk +wa® =art!t =ka* + (1 - k) i . (24)

2

By substituting (preferably using a symbolic manipulatimogram)p*, a*, b" andd" in their subdivision form, (24) is
equivalent to
(n—1)(2a° - b - HO)(W -1 (pw —p+3/4—a)=0.

(Further extensive symbolic computation, umte- 40 showed conversely that (8) implies that the rules are statio)
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