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Abstract

We develop a rational biquadrati@' analogue of the non-unifori@’ B-spline paradigm. Thes&"' splines can exactly reproduce parts of
multiple basic shapes, such as cyclides and quadrics, and combine tleeaménsmoothly-connected structure. This enables a design process
that starts with basic shapes, re-pepresents them in spline form andhessgline form to provide shape handles for localized free-form
modification that can preserve, in the large, the initial fair, basic shapes.
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1. Introduction — the (inner) weightsw; > 0 of segmentf;.

We introduce a simple, yet surprisingly rich set of rational
biquadraticG* spline constructions. The resulting class of sur-
faces can replicate pieces of quadrics and cyclides as glarts
a free-formspline complex. This combination of reproduction
and smoothness improves on classi¢albiquadratic NURBS,
which provide smoothness only, and formulas for the ratio-
nal Bézier form that provide exact representation of individual
pieces only. And they give a practical application of thesela
sical discussion of smoothness constraints for rationkhesp
curves, e.g. [Boe87,GB88,Bar93]. The design workflow pro-
posed below emphasises that the control net is no longer the
primary creation tool. The net and its rational weights aie i
tialized by the designer’s choice of basic shapes. Manimga
this initialized net allows localized free-form design. funl _ o _ _ _
analogy to standard splines, we derive the rational bicatagr 9 1+ €ontrol structure and scalars defining a rationadeatic Gt spline

. . curve with pieced; defined by affine Bzier control pointan®, p?, m**
splines as a tensor-product of a curve construction and thefq 5 middie weights; and a parametes;.
enrich it to include sphere-like shapes and quadrics.

This control structure, itself initialized by the designnko
flow below, defines the pieces of degree 2 in rational Bemstei

. - :
2. Rational quadratic G* curves Bézier formf; : [0..1] — R? with affine coefficientdb’ € R?

2 iHi B2
As illustrated in Fig. 1, the control structure of our ratio- £ (u) = 2 _k—o Wby By () (1)
nal quadratiaz! curves extends that of quadratit¢ NURBS S _owiB2(u)
[Far88,PBPO02]. It consists of 2
theaffineB-spline-|i intp’ € R Biu) = () (1 —w? k.
— theaffineB-spline-like control pointp* € R*. For example, k k
the dimension isl = 2 for planar curves. We will also use
d = 3 for surface representation in 3-space ahe- 4 for
construction in projective space; we uge= 1 when we

The construction (3) in Theorem 1 below shows how the affine
coefficientsb], € R? and scalar weights);, are derived from

. ioin 1
discuss the coordinate functions of the construction. the control structure so théi, andf; join G* at the common

— the parameters; > 0 of G'! continuity between consecutive pointf;_; (1) = £:(0). i.. so that, for a scalaf; > 0,
rational quadratic segmenfs ; andf; and £/(0) = B:£/_,(1). (2)
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(a) designer (b) algorithm (c) designer (d) algorithm

Fig. 2. Design work-flow for modeling with circle pieces asoagl quadratic splines. (a) The designer partitions theesi (b) the algorithm creates the control
netp’ and sets the parametes, w;; (c) the designer modifies the net; (d) the algorithm credtestirve using (3) so that the red portion remains on the circle

This stretching of first-order derivatives can represem-no form of Theorem 1: The curve pieces ireBer form (1) are
uniform B-spline knot-sequences when we express the splinenormalized and reparametrized so thét = wi = 1. Then
piecemeal in Bzier form and sef; := Z“fl “ for a knot  tangent continuity allows enforcing (3) by choiceofands;.

equenceu; 1 < u; < ui+q [Joe89]. (However given thg;, Fig. 2 illustrates the proposedesign work-flowlater ex-
the equations for finding the knots of a non-uniform periodictended to tensor-product constructions. Starting withveleia
spline generically have no admissible solution.) designer marks points1’ in (a), or, alternatively, a starting an-

Theorem 1 If f;,_;, f; are rational quadratic curves with gle and angle increments, to prepare the design for localized
Bézier control pointsbi := p?, bZ;l = b) := m’ and change. Applying the reversing process (4), (5), the algari
wh = w;, wh = wh =1, computes the control ngt’ (see (b)) and sets the parameters
Bi, w;. The designer then freely modifies the net locally as in

i— i Wi . . .
= (1= p)p" ™"+ pip’, i = W 1Bt w; (3)  (c). Finally the algorithm re-creates the curve using (3jhsu,
, / e as in (d), the segments, that are not among the three retated t
thenf;(0) = B;f;_,(1). each moved control point, remain on the circle.
Proof Since
£ (1) =2((m —w;1p™ ") = (1 —w;_1)m’), 3. Biquadratic G splines

£1(0) = 2 ((w;ip' — m’) — (w; — m'),
the claim amounts to showing ‘We teinsor the_curve construction to derive control points
_ _ , , b, € R* and weightsw!’, of biquadratic patchef that are

Bi(—wi—1p" " + w;mym’) = w;p’ — w;m’, controlled by a regular quadrilateral grid of (B-splinkel) con-

d
which holds due to (3). I trol pointsp®”’ € R —"Wlth essouated scelars7 ; in the
u-direction and scalarg?, 3; in the v-direction.

2.1. Circular arcs, control net from shape and design

In particular, as illustrated in Fig. 2 (a), ar€sof a circle
with the opening angles; can be represented in our rational
quadratic Ezier form with its end-weights equal to 1. Starting p
with pointsm® on the circle with cente(0,0), we obtain the
spline coefficients of the circle as
1,]—
p' = L(mz +m’th). (4  ptli-t P
@p—h (b)h—b

i

1+ cosa;

In effect, this yields areverse proces$o (3). Since rational _ _ _

quadratics parameterize circle arcs by chord length [Favas Flg._ 3. Bi-quadratic construcnon_ of Theorem 2. The greenasg roughly
. ) 1 . . outlines the extent of one resulting patch.

obtain rationalG* splines with

Theorem 2 Rational biquadratic function” : [0..1]2 — R,

2 2
| | pii . Lro Lsmo WADA B () B (v)
We note for later use, that, since we can express the cirée, w = D)

; . . Yor_o Yao wikB2(u) B2 (v)
can expressos andsin terms in ourGG* spline form. Generally, ’
any tangent continuous, rational quadratic spline curvih wi form aG* spline complex if we set weights and control points
positive weights can be converted to the ratioadl spline by the followingBiquadratic Construction: (cf. Fig. 3)

Q; sin &
w; :==cos — and B; = —2. (5)
2 sin —5—

(6)
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(a) designer (b) algorithm (c) designer (d) algorithm

Fig. 4. Surface design work-flow: (a) designer marks regidnthe two torus halves. The regions will serve as either items (gray), for later modification
(orange) or remain on the torus (green, red). The modificatgions are partitioned into three equal sub-sectors, iti@msegions into two. The algorithm
creates the control ngé’/ and sets the parametets., B; andw?, BJ (c) the designer modifies the net. The transition betweertdhes pieces has been
tempered as in Fig. 7; (d) the algorithm creates the surfacg ike formulas of Theorem 2.

setw? := wiw?, fi; for theu-direction and;i; for v-direction 4. Reproducing classical shapes
as in(3),
hé] = (1—jij)p ij—1 4 ji;p", h;,j—l — héﬂ' , hij = p", A numtb(i_r of_ basilc, cl_::ls?_icalg,shapes have a trigon[Po3metric
representation in real projective 3-spac€@asrs, 73, 74) € P-.
ahd then for the other direction ‘ Thpe torus and cyclidez aJre in the f{il)milf;éls w Ty
by = (1 — )i + by, by M =Dy, by, = hY. . .
Tk ‘=Qko + Qg1 COSU + k2 SIN U + A3 COSV + A4 SINV

+ (a5 cosu + agg sin u) cos v (8)

The result is unchanged if we reverse the ordering of dasti
Proof We show for theu-derivatived, f := % that

0,£7(0,v) = B;0, £ (1, v).

Thend, £ (u,0) = 3;0,£%7~"(u, 1) follows from the analo-
gous argument. Since?, := i,

+ (a7 cosu + agg sinw) sin v, k=1,2,3,4,
(see e.g. [DMP93]) and all quadric surfaces except for the
hyperbolic paraboloid are in the family

2

T = Z(aklo + ap1 cos U + agoe Sin u)vl. 9)
1=0

ij B2 2 _ -iB2 jB2 )
ZZw B () ;w” r(®) ;ws 2(v)- () For example, a cyclide may be parameterized in the form (8)

r=0 s=0
i _ . 5 , by choosing the nonzer,; to be
Let j be fixed and definey, (v) := @y, BE (v)/ >, W) B2(v).
Thenzi wg(v) =1 and aip = pS, a1 ‘= acQ, als = —M, G22 1= ac g ‘= —HC,

as4 1= —[IC, @37 ‘= aCS, G40 ‘= 1, ag5 := —S,

Do (im0 Ws (v)D) BE (1)

£ (u,v) ==
(.0) Soro i B2 (1)

C:=cCo0s7,s = sinv,

where~ is fixed to match the general form in [DMP93]. If
additionallya = 2, p = 1, v = 0, we get the radius 2 torus

With the abbreviations

2 2
V) = @ (V)b | P, (v V)i | with unit circle sections:
Z% Z:: (2 ) cos u, (2 )si inv, 1]
2 T 2 — COSv) cosu, (2 —cosv)sinu, —sinv, 1.
£ (u,v) = 2o 02w b.”f( )Br(u), To parameterize (8) in spline form, we representitssin-
> o Wi B (u) pairs piecemeal as rational quadratics as in Section 2.4t Th
bio(v) = (1 — 1,)P;_1 (v) + 1 D; (v) , is, we choose, first in the-direction, a partition represented by

bi_12(v) = bio(v) , by (v) = p;(v). anglesy; starting with some free-to-choose but fixed parameter

u = ug and set
The proof then follows from Theorem End of proof

. . ; ) 1 cos(n; 1+ %4 . . .
Using (7) and following the steps of tensoring procedure, we pi = [ i1+ )] = — i, (10)

get the important Corollary 1. U cos & [sin(hioat )

Corollary 1 Considering one coordinate at atimé € 1), let ~ wherec; are the opening angles. Analoguously, we choose a
f;(u) be a rational quadratic piece of &' spline with control  partitionij; andp] in thev-direction. Equation (5) defines the
pointsp; as in Theorem 1; and let; (v) be another piece with  scalars3;, 1, ﬁ] w;. Now Corollary 1 applies.

control pointsp;. To parameterize (9) in spline form, thedirection is treated
(8) Then the functions™ (u,v) := fi(u)g;(v) form a bi-  asfor (8), and* is converted to &' spline with knot sequence
quadraticG" spline with control pointp™ := p;p;. {v;}, Bj = “Jl# and weights equal 1; hene€’, = !

(b) If all p*7 := 1 thenf® = 1. Then Corollary 1 applies.



Biquadratic homogeneoysarameterizations, including the hy-
perbolic paraboloid, are treated analogously, with noifieam
biquadratic polynomial splines as a special case. Here nve si
ply set all weights tol and all scalars3;, §; to the ratio of
the lengths of consecutive knot intervals [Joe89]. The robnt
mesh is the spline control net.

Surfaces of revolutiomre naturally parameterized by rotating
aprofile curve e.g. aG* curve splinef (v) := [z(v),0, z(v)],
around thez-axis (c.f. Fig. 23 (a)). For simplicity, we assume
that the profile is in the plane containing the axis of rotatio
A corresponding parameterization is
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[z(v) cosu, z(v) sinu, z(v), 1] € R*. (11)

This can be represented as in Corollary 1: the profile previde
the v-spline and formulas (5) and (10) define the spline:in
Fig. 23 (b) and (c) make the point that while standard modf 9. 5. One spline combining a cyclide (green) and a one-sbewtperboloid
eling with surfaces of revolution allows only modificatioh o (red).

the profile, our rational quadratiG® splines invite free-form
modifications.

Trigonometric modelingWe can not expect the designer
to work directly with (cos, sin)-parametrizations even though
such modeling, followed by the automatic conversion tcorati
nal biquadratiaG! splines, would open up another set of ele-
gant shapes. Fig. 8 shows two suct® shapes that fall outside
the usual list of basic shapes. Shapes as in Fig. 8 would be dif
ficult, if not impossible, to design by starting with a cydidnd
adding deformationsvillarceau-parameterization of the torus
Fig. 9Jeft, distributes control points and hence shape hand|e§ig. 6._Splines combining torus and cylinder pieces to somgthiore
Fig. 9right, differently from, say, Fig. 4 or Fig. 7. Similarly, interesting.

cylindersallow redistributing the control net along the axes so

that, e.g., direct smooth transitions between torus anit-cyl

der are possible as illustrated in Fig. 21 (b). Our suggesso

to create a design interface that offers families of suctiaini

shapes and meshes to the practitioner for further editing. a

From 4-tuples of G splines to 3-tuples ofG! splines.In all (@) input (b) direct transition
the above cases, we have classic shapes represented éess4-tup

of rational G splines with pieces;’ := ik:  k=1,2,3,4of
the form (6) (and identical denominatot’ per piece, hence no
subscriptk). For each coordinate, f; '/ andf,’ join G* with
identical scalar; > 0 and similarly in thev-direction. Now
we use the fact that if andh join G* with scalarg, andg and
h join G* with the same scalas, then% and% join G* with

scalarj. This implies that also the 3-tuples of rational pieces (c) tempered transition

£ _ el . o ; 1 epli
ﬁ T k =1,2,3, join to form a rational>" spline. Fig. 7. Transition adjustment (cf. Fig. 4): (a) Input marked fop design
changes. The transition areas are grey. (b) Direct transitif the control
meshes of the two torus halves. (c) Tempered transition withdding control
5. Design withG* splines points: only the vertices of the dark quads are modified.
py py p§
. . . . . ij . 1 2 3 3 A -
As illustrated in Fig. 4, the design work-flow carries over ~ a“ := ( T i ij) er’,  WvY:=pji. (12

from the curve setting of Fig. 2 to the surface setting: the de Pi Pg Py

signer selects and positions the basic shapes and markssegi The algorithm reverses (12) to obtain, fraiff and Wi, the

in anticipation of modifications; the algorithm of Sectiothén  modified 4-tuplep®’; and the Biquadratic Construction of The-
creates the control ngt”/ and sets the parameteis, B; and  orem 2 generates the smooth surface.

W, 6J Then the designer can change the shape as usual byIn the examples of Fig. 5, Fig. 6 and Fig. 7, parts of @ie
manipulating control points and weights meshesp® of several basic shapes are merged into 6He



form. For example, the twisted half-tori in Fig. 10 (b) join
smoothly since they share the same tangent cylinder. Ths tor
pieces of (b) induce the control polyhedron Fig. 10 (c) and al
parametersi?, 3; and!, 3; except possibly; of the dark
grey segments. That i = ﬁ] = 1. Symmetry then also forces
the 3; of the dark grey segments to be 1. Applying the Bi-
quadratic Construction of Theorem 2 to these data yields (d)
which is subtly different from (b) at the transition betwebe
pieces. (The surface (d) is also shorter by the end segments.
The ends are not fully defined by the control net (c), but, as
torus pieces, can be represented by extending the contjol ne
Fig. 8. Design with trigonometric parameterizations. Since both solutions are smooth, why would one choose one
over the other? The advantage of (b) is that it has as rational
offset [Pra89] while (d) has not. The advantage of (d) is that
the surface will stay>! even after local redesign, whereas the
approach in (b) will not.

Fig. 9. A Villarceau parameterization of the torus offerdefiént mesh layout 6. Free-form spheres

and hence manipulation handles compared to Fig. 4 or 6.
We model the sphere as a collection of biquadratic patches

with a regular tensor-product control mesh. The poles are
boundaries collapsed into a point as illustrated in Fig.Tie

fan of triangles surrounding the collapsed point is called a
polar configuration[KPO7].

(a) torus (b) twisted by /2
(a) polar mesh unfolded and (b) polar mesh
poles split
Fig. 11. Mesh with two polar configurations.
To exactly reproduce a sphere, we reparameterize the &wvers
(c) control net from (b) (d) G* spline stereographlc projection

-1._ 22 2 2
Fig. 10. (@) A uniformly partitioned torus is (b) opened andsted. The s = (2$’ 2y,1 196 yo 1 —|—1x +y°) by
result is still aC! surface. The initial uniform partition of (b) induces the o L ( —v —U . )
control net (c): all data corresponding to light grey are rkadi by the torus (,y) = plu,v) := cos, S J, (13)
pieces. The control net (c) yields the rational biquadrétic spline surface
(d): the red and the green pieces are exactly on the torugiefc(b).

the parameterization of the punctured plane. That is, wa for
v?s71(p) where multiplication byv? clears the common de-
mesh, without adding control points. While more subtle tran-nominator of the 4-tupley = 0 corresponds to south pole and
sitions can potentially be designed by adding transitigeds, v = 1 to the north pole and to the latitudinal direction.

the examples show that even straightforward use of newesplin
representation yields satisfactory results. Fig. 22 stemdar
designs combining quadrics.

Free-form design with sphere parts.Fig. 12 (b) displays the
control pointsp”/ = b} of the G! spline near the pole. Sym-
bolic calculation shows that the lines through paits andp??
intersect at one poind?°'® Fig. 12 (d). Conversely, for a con-
Limitations In the curve case, every tangent continuous obstants independent of, p'! = (1 —o)p?? + op?°c. Therefore

ject can be transformed into our ratior@l spline represen- a designer can manipulate the mesh shown in Fig. 11 (b), and
tation. In the surface case, we restricted ourselves toteds we can restore the poings’ in (d) from p?? and p?°¢. The
constructions. Therefore not every tangent plane contisua-  procedure of Theorem 2 then creates all layers of the sphere
tional biquadratic patchwork can be represented in ounspli (grey in (c)) except for the pole caps.

5



(a) sphere (b) control pointsp®/ = b (c) grey = layers on sphere;
11
control-net =9fbody

Fig. 12. Sphere: (b) Bi-quadratic polar mesp?/ with circular indexi andj = 0 for the south pole. (c) showsé&Rier coefficients of the affine 1-jétf?o%y
resulting from the Biquadratic Construction wit! := p?! (the construction yields patches with the pole layer missi(@) construction of the pole.

General Polar Caps.To construct free-form caps at the poles,
assume that the south-to-north direction is parametebyed
with the knot sequend®, v, va, . . . , U1, Um, 1], thatp*euth
corresponds te = 0 andp™°"*" to v = 1. If we associate the
mesh layer surrounding®°“*" with v, and the one surrounding
p"orth with v,,_,, we can add an interim layer at (south)
and one for,,, (north) as

pil ::(1 _ O_south)pi2 + o_southpsouth ,

p"i=(1-0 p
If we set the polar control points and constants as

north) z,m71+0_northpnorth.

1 —2v; + 202
th 1 1
psou ::(0,0,ﬁ71),
gsouth . vz(1 — 201) (a) 2frole red, ofPodv black (b) 2 patch strips
T vy g — 20109 (14)

north . 1—2v, + 21}72” Fig. 13. Capping construction: we denotel’® the sth circular sequence of

p :=(0,0, 2. —1 1), coefficentsb?%'®*, with » = 0, 1,2 andi the circular index. (a) Overlapping
(1 m(2 1) expansions)fedy and §2frele; (b) from 1-jets to twoC'l-connected strips

ghorth . — Um—1)(20m — of patches.

._rUm—l + vm — 2rUm—lvm ’

with £t A simple remedy is to build the cap from two patch
strips, one extending the body and the other surrounding the
pole (cf. Fig. 13 (b)).

then the following construction of free-forr@! spline caps
defaults to the sphere. We generalizé by setting

q ::(Q1aQQaQ37Q4)7 (15) 2-Strip C t ti R i th ffi tl é‘pole
_ 2 o -Strip Construction. Removing the coefficent layd? ¢, we
G =0k0 + @1 + dr2y + ara(2”+y7), truncated>f7o'° to 9frele. We scaledfr*'e andof**® by 1 in
with, of yet, undetermined coefficientg;, and form, for the 5 the radial direction, see Fig. 13 (b):

south pole (cf. Fig. 12), 1 1 1 1
r.pole . *{ pole [ pole rbody . ‘i bod " bod.
a(p(u, 0(1 — B) + v19)), (16) bl = §b€ + Ebf , by .= §b2 Y4 §b1 Y

replace thecos-sin-pairs by rational quadratic splines and re- e then join both strips parametricaly* as 4-tuples in thé
move the common denominator of the 4-tuple. This yields bi-jrection by setting

quadratic expansion (bi-2 jef)*fr°! illustrated in Fig. 13 (a)

in red. We determine the coefficienis; to best match, in 512’016 — 1511’016 + lf,flmdy ’Bgody — ]3129016 )

the two-norm, for each of the four coordinates separathgy, t 2 2

Bézier coefficients of the 1-j¢if*>? (black disks in Fig. 13 By construction the patches joii! in the circular direction.
(a)) by the corresponding coefficients @#f7°' (red disks).  Since the mapy can in particular represent the inverse stereo-
For exz}mpleafb"dy near the south pole is represented by thegraphic projectios !, the cap construction completes a sphere
pointsbil := wilbil r =0,1,2, s = 1,2, with i the circular  if the dataf®°?¥ come from a sphere.

index. (After projection tdR?3 the pointﬂf)ffgle’i collapse to form An analoguous capping procedure applies also to the ellipti
the pole.) As a reparameterization of a quadratic, the cap is paraboloid and two-sheeted hyperboloid (see the smalkgold

finitely smooth at the pole, but typically does not join snidpt  caps in Fig. 22).

6



(1 —02)(1 — 201 + 20%)

south 2
:=(2b,0 b 1
p ( s Yy 201 — 1 ) + )7 17
th (1- bg)(l — 2up + 2”72n) 2 7
p"th :=(20,0, ST B2+ 1)
m

generalizes (14). Fig. 14, 15 and 16 show examples of models
using Mobius-adjusted parameterizations.

(a) cyclide + sphere (b) merged
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(c) alternative design

Fig. 14. Merging cyclide and sphere whose iso-lines haven lzeiusted by
a Mobius transformation.
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(a) exact sphere (b) G join with (modified) cylinders

Fig. 15. Mobius-reparameterized sphere merged with cylinders.

y @ Fig. 17. (eft) Profile G' spline: circles (red), ellipse (blue), hyperbolas (green
and gold). (ight) Its control polygon transformed into form suitable for

(a) control mesh (b) sphere + torus  (c) iso-parameter lines  free-form polar modeling; (cf. Fig. 12(d)).

Fig. 16. Mobius-reparameterized sphere and torus.

Design using Mbbius Transformations. To join a cyclide with

a sphere, as illustrated in Fig. 14, adblus transformation
needs to be applied. This changes the location of the poles —
otherwise cyclide iso-lines would not match up with sphere-
isolines. Similarly, such adjustment is needed in Fig. 1&. T
adjust the poles, we use thedlius transformationd\/(z) :=

2
£, b € R that move the north pole t0:2%;,0, {5z ) and

the south pole to( 25z, 0, —L‘T’;i) We apply it in the form
soMos L,

In general, we composg M op to obtain for each coordinate
(hence dropping the indeX)

q:=qob”> + q1b + q3 + (CI1C + @25 — 2q3 Fig. 18. Surface of revolution corresponding to the profile axis of Fig. 17.
+2(goc — 1 + 43¢)b — (20 — q1¢ + q25)b°)v
+ (90 — 1€ — 25 + g3 — 2(qoc — q1 + gsc)b

+( )b2) ) 6.1. Free-form surfaces of revolution
qo — 1€+ q2s + g3 V7,

wherec := cosu, s := sinu. With the scalars?;, o*°*“*"* and Our goal now is to turn the earlier construction of surfades o
o"°rth unchanged, revolution into one that can be freely modified also at thegol



For smoothness at the poles, the pole-most curve segmests m@'! in P3 along the gap boundary. For example, the design of
meet the axis of rotation orthogonally (cf. Fig. 17). We @med
as in the earlier construction of surfaces of revolutiondegve
a polar control mesh from the control polygon of the profile
spline, assuming that the line through the control pairitand
p? intersects the-axis. For example, ib? := (z;,0, z;) then

21Ty — T1 2

ole . 172 122

prle = (0,0, 2112
T2 — 1

(18)

(a) torus+cyclide (b) patch layout (c) highlight lines

and we can calculate the parametdrom p! := (1 —o)p? +
opP°e. Then, for alli, p*! = (1 —0)p® + opP°® and (10)  Fig. 20. G' surface (a) built from a torus and a cyclide handle using (b)
defines all other control pOinﬁSij. multiple patches. (c) shows the quality of the transition.

For the capping, however, unless we enforce that theg 20 requires: = 5-sided blends, uniformly laid out. One
quadratic expansion of the end of the profile curves rema"ibossible switch from ouf! join in R3 to aC' join in P? can be
symmetric with respect to the-axis, we can no longer assume gchieved as in [BP97,Fan02]. This approach allows a canstru
that the curve expansions in pole vicinity can be parametelijon  itself outside the scope of this paper, that uses2 x 2
ize_d as part of a single quadratic map. We therefore use Onlpiatches of degree bi-4 as shown in Fig. 20 (b). Alternatjfely
a linearg, the same layout, we can even support a bi-3 construction such

0 := (01, 02,03, 04), Qk(S,t) := qro + qr1s + qrat as [FP11]_ as follows. We_ transform the ratior_lal bi-2 paj[ches
representing theos-sin-pairs with uniform opening angle, into
2 x 2 bi-3 splines that ar€’! connected in homogeneous space,
qroBo(v) + (qro + qr1 cosu + qrasinu)wi By (v).  (19)  rather thanG! in Euclidean space. First we consider the curve
construction, then form the tensor-product.

Curve ConstructiontWe adapt the approach of [Zhe09] since
it originally does not apply to closed curves. Given the gqatd
curve withw) = wj = 1, w} := w, in homogeneous form,

and form, at the south pole, the map

(The map at the north pole replacesby 1 — v andwi by
w]™".) As in the earlier constructions, we replaeg u, sin u by
rational quadratic splines and remove the common denoatinat
of the 4-tuple. This yields the first-order expansifit®'c. As

in the construction of General Polar Caps, we determine the ; 2 PR 2 i o
coefficientsgy; by minimizing the two-norm distance between f*(u) == (Zwkkak(u) ’ Zkak(“)>7 (20)
the Bézier coefficient$?”'* andb?*? and then apply the 2- k Sk _
Strip Construction. we create, by reparameterization, pre-scaling to canoefroan

denominators and linearly post-scaling that increaseddgeee

The cap is tangent plane continuous at the pole, 95@8@ _ , _ ; .
to 3, a left piece; and a right piecd;

andb?’'* are in the plane defined by the linear mapAnd, 1

if the datab®% come from surface of revolution, the cap ., \ 2pi 5HU

construction completes it. Fig. 18 shows the standard seidé fi(w) = (1 —w) + pu)°t ((1 —u) + pu

revolution obtained from the profile and axis of Fig. 17. Hig. 7 = M 1)

illustrates the advantage of our new construction overdstah 3u—2’

surfaces of revolution: based on the circle segmentatignl©i £ily) - 2pi %M(l —u)+u

shows a localized re-design of Fig. 18. (u) = (u(l —u) +u) (m)(n(l —u) + u).
The close relation of surfaces of revolution and the spher

construction at the beginning of Section 6 raises the questi

why not construct free-form spheres directly as surfaceswef , 2 o 2 ,

olution? While such a construction is clearly possible durees bj ;=Y Tibj, bl ;=Y Tibs_y, (22)

the design flexibility since now the &bius transformation can k=0 k=0

only be applied to the circular direction.

)(1 = u+nu),

The explicit Bezier coefficients and weights §f andf’ are

3
i dopt wh o = dapt Wi = wt
dl ’ 1,2 2d1 ) 1,3 1,2

7. From G in R3to C' in P83 w” = wl.,3—j7

It has been argued, e.g. in [Zhe09], that for loftiny, conti- do
nuity in homogeneous space is more appropriate Gtagon-

. . . . To0:=1, 101 =702 :=0
tinuity in R3. We are interested in such a reparameterization *° ' 0t~ 02

at the boundaries of multi-sided blends. The literaturersff -, .=""_~ .= — 7,:=0, (23)
many such constructions. Their details are not importarg,he do do

only that the simpler constructions prefgf-connected surface ., _3ut 2’ o= 2 gy = i,

layers surrounding the multi-sided gap. We therefore fanus 6d2 da 6dz st

converting ourG' patchwork, arising from thecs, sin)-pair 50 ::L P w Tao = T30.

conversion to rational biquadratic form, to a patchwork tka 2dy’ do’

8
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Fig. 19. Localized free-form re-design of the surface ofoletion Fig. 18 based on the designer’s circle segmentation.

Theorem 3 states that this curve construction yields homogelender C++ andBezierview

neousC' transitions as is verified by substitution.

Theorem 3 For any y, f/ and f! join C' in homogeneous
space. Ifu is any (real) root of the equatiod(1 +w)u? —2(5+
w)p + 6 = 0 then alsof’~! and f/ join C' in homogeneous
space:ff (0) = £:-1(1) and (£/)/(0) = (£:71)'(1).

This paper focused on a simple bi-quadratic construction.
The corresponding bi-cubic ration@? construction [KP11] is
more complex. At the moment, it does not seem practical to
derive analogous rational splines of degree higher thambie
for yet smoother constructions. Conversely, the simplioit
the presented! construction recommends itself where the low
polynomial degree is advantageous and first-order smosshne

Analoguously, to prepar€! data for the multi-sided con-

struction, we transform biquadrat@! splines to bicubiqc?  suffices.
splines in homogenous space by tensoring (22).
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(a) cylinders joined

(d) cylinders+tori (e) cylinders+tori+ free-form (f) cylinders+tori+free-form

Fig. 21. Design with cylinders: (a) cylinder pieces (greang joined in aG' spline with transitions (grey). (b) Transitions using ®mpieces (red) defined
by two segments. (c) Free-form sections are in orange. (d)nMihmeshes are not always suitable for subtle design. Buhagts can easily be segmented
more finely, without changing the geometry, to enable the degagiants (e) and (f).

VI

(a) cylinder + elliptic paraboloid (b) design variant
(c) circular two-sheeted hyperboloid + elliptic cylin- (d) design variant

der + circular cone

Fig. 22. Designs with quadrics.

(a) axis and profile curve (b) initial design (c) free-form design

Fig. 23. Design with surfaces of revolution: (&jaxis and profile, (b) the profile’s sweep surface aboutzfaxis and (c) free-form design preserving part of
the surface of revolution.
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