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Abstract

Curvature continuous surfaces with subdivision strucinesconstructed
by higher-order sampling of a piecewise polynomial guidéage, at posi-
tions defined and derivatives weighted by a special, salagarametriza-
tion. Two variants are developed. One variant applies tactmwentional
sprocket subdivision layout, say of Catmull-Clark subsimn, i.e. nested
rings consisting ofV copies ofL-shaped segments with three patches. The
curvature continuous surfaces are of degree (6,6). A secamaint, called
polar guided subdivision, is particularly suitable forigalencesV and to
cap cylindrical structures. It yields curvature contins@urfaces of degree
(4,3). Additionally, we discuss a scheme that samples witheiasing den-
sity to generate &2 surface of piecewise degree (3,3). Curvature continuity
is verified by showing convergence of anchored osculatisalqmdoids.

1 Introduction

Guided subdivision is a stationary subdivision procedwaeable of generating,
in principle arbitrarily smooth, surfaces by sampling tleenposition of aguide
surfacewith a scalable reparametrizationWhile the guide surface captures the
shape implied by pre-existing data, the reparametrizasianucial to orient and
scale higher-order derivatives taken off the guide surfabile just about any
guide surface representation works, e.g. rational or tignpmial constructions
of [Pra97, Rei98], we choose a piecewise polynomial guidgeibgood shape
reproduction at low degree. In contrast to [Pra97, Rei98}, composition of
guide and reparametrization is not used directly garpled This allows us to
use the economy of spline constructions to trade more piecagduced poly-
nomial degree. Applying several steps of guided subdimibefore capping with
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Figure 1: Gauss-curvature-colored subdivision surfaog consisting of 18 seg-
ments for [eft) sprocket (Ger. Zahnkranz) layout of Catmull-Clark sulsion,
(right) polar layout.

polynomial pieces is an important ingredient in the corgdtam of high-quality

multi-sided surface blends, explained in the sequel [KROxhis paper, since
guided subdivision surface rings introduce fewer shape amdature artifacts
than an equal number of conventional subdivision rings dejpg only on the

input mesh without guide. The publication [KPOx] also expsahow guide sur-
faces are derived from boundary data. In the present pdpeguide surface is
assumed to be given so that only its structure needs to baieggl

A key new contribution of this paper is the introductionpaflar guided sub-
division Polar subdivision has a different patch layout than theventional
sprocket-shaped arrangementofL-shaped segments (Figure 1). While the ba-
sic structure of subdivision is the same in both layouts,qiredrilateral domain
pieces, from which the underlying topological space istbaile glued together
differently. This polar layout is particularly suitablerfmmodeling high valence
configurations and allows for polynomial subdivision sue® of lower degree,
namely (4,3), to achieve curvature continuity.

At first sight, guided subdivision appears to be more comihlear subdivision
based on the control mesh alone. However, guided subdivisia stationary
procedure that matches the structure of subdivision asdaice.g. in [RPO5].
Guided subdivision is also a stable procedure. Due to thaegaurface, the proof
of smoothness at the extraordinary point, i.e. the limihpaihereN +# 4 surface
segment meet, is simpler than for conventional subdivisioar proof is based
on showing convergence of a sequencarathored osculating paraboloidkcal
guadratic functions over the tangent plane). This allowtugiantify deviation
from curvature continuityvhen using constructions of degree lower than (6,6) in



the sprocket layout, respectively (4,3) in the polar layout

Guided subdivision is explained in the following steps.
Section 2 defines the layout of the guided subdivision pat¢igrocket or polar).
Section 3 defines scalable reparametrizatjans
Section 4 defines thé? guide splinez whose free parameters can be set to match
boundary data.
Section 5 defines the patche% := H(g, o p}') as Hermite interpolant of the
composition of theath piece of the guide surfagewith thenth piece of then-
times refined reparametrizatipn This defines the guided subdivision.
Section 6 assembles the pies&sinto surface rings™; a union of rings forms a
C? (G?) guided patchwork.
Section 7 analyzes the infinite union of surface rings, {.eharacterizes guided
subdivision.
Section 8 provides curvature estimates for guided subdivief lower degree
than is needed for curvature continuity, with the help ofheared osculating
paraboloids.
Section 9 discusses a modification of guided subdivisianattcelerated bicubic
guidedC? scheme.
Section 10 discusses rational guided subdivision.

2 The structure of guided subdivision surfaces

Locally, a subdivision surface € R is the union of a sequence of nesgeaiface
ringsx™ converging to an extraordinary oentral pointx®:

X = UmexC.

meN

Each surface ring™ in turn is the union ofV segments)*, n =0,...,N — 1 (a
segmenk" can consist of several Bézier patches):

N-1
m o m
X = U X, -
n=0

The domainS° of each ringx™ is obtained fromN copies of a basic domain
¥ c R? (see Figures 2(b), 3(b)) by setting edgesXf, n) and(X°, n+ 1) equal
(see Figures 2(c), 3(c)):

S*.=%"xZy, Zy:=7Z modN.
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(a) (©)
Figure 2: (a) sprocket layout; (b) basic domaif ; (c) gluing copies of basic
domain to forms°.

The ringsx™ of guided subdivision are special in that they are constdiby sam-
pling position and derivatives of guidesurfaceg with respect to a parametriza-
tion p™ that, itself, has subdivision structure (as a map Rtod = 2). That s, to
definex™, we Hermite-samplg o p™ where

pPm S = QC R (s,t,n) — (u,v),
g: Q=R (u,v) (z,y,2).
We distinguish two cases of reparametrization that difigheir patch layout.
sprocket layout The basic domain is (Figure 2 (b))
¥ :=10,2]*\[0,1)%.
Edges of copies of” are set equal according to
(0,s,n) =(s,0,n+1), se[l.2], ne€Zy.

The consecutive rings™ yield the layout of Figure 2 (a), familiar from the char-
acteristic map of Catmull-Clark subdivision. In the spreclkayout, segments
will consist of patches of degréé, k), i.e. degree: in each variable.

polar layout: The basic domain is (Figure 3 (b))

0 = [0..1]?
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Figure 3: (a) polar layout; (b) basic domaifi ; (c) gluing copies of basic domain
to form S°.

Edges of copies of” are set equal according to
(1, t,n) = (0,t,n+1), tel0.1], n € Zy.

The consecutive rings™ yield the layout of Figure 3 (a). In this polar layout,
segmentx!” consist of patches of degree (degree circular, degreelyadia
parametrize theircular direction bys and theradial direction byz.

3 Scalable reparametrizations

In this section, we describe two mapsndy that alternatively define the coordi-
nates in which the guide surfageis Hermite sampled. They are associated with
different patch layouts

sprocket layout The reparametrizatiof is associated with multi-sided gaps
in standard spline constructions. It consists of scaledesopf the characteristic
mapp® of Catmull-Clark subdivision (see e.g. [PR98}¥; mapsN copies of the
L-shaped domaiix’ in Figure 2 (b) to an annulus or ring R?. If we fix scaling
and rotation is uniquely determined. The reparametrizatifiis C? and scaling
it by

A= (c+5++/(c+9)(c+1))/16, c:=cosa, «:=27/N,

(the subdominant eigenvalue of the Catmull-Clark subdivignatrix) results in
a copyp! that joinsp® C? in the same fashion as do rings of a Catmull-Clark
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Figure 4: Alternative bicubi€? reparametrization scalable by?2.

subdivision surface. (Alternatively, a good bicubic regaetrizations scalable by
1/2 for sprocket layout can be constructed if we split each bidio four as
shown in Figure 4. However, for the constructions in thisgrapre will not need
this more complex reparametrization.)

polar layout: Next, we define th€'! polar reparametrizatiomof degree (2,1)
which isG? due to symmetry. The Bézier coefficient$, i = 0.2, j = 0,1 of
one segment of a ring are shown in Figure 5. &o¢ 27 /N,

,580 = (170) ) pu(l)O = (latan(a/2))> ﬁgo = (COSQvSinO‘) ) pugl = )‘:5?0
The coefficients of segment are defined by rotating by« about the origin.
Unlike p, there is no unique choice of scaling factoto obtain the next inner,
adjacent ringy™*! from p™. To see this, consider the singular mafy? of degree
(2,1) with coefficientsp;™ = 5o andps;™ = (0,0), i = 0,1,2. The ringsp™
are nested pieces pf™ since

p(s,t) = p (s, (L= ") (1 =) + (L= A" F)e).
The simplest choice) = 1/2, yields equicontraction but results in radially elon-
gated segments. The choice
I
1+ 2sin(a/2)

creates circular and radial boundaries of roughly equajtlen

Since the mapg™ are the parts of one map"9, adjacent ringg™ and ™!
join C*° after rescaling. Simple direct verification proves also sthoess in the
circular direction as summarized in the following lemma.
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Figure 5: One segment of thi¢? polar reparametrizatiop of degreg(2, 1).

Lemma 1 The segments ¢f" are G? connected:

O2pm 1(0,8) = O2p (1, 1) + kol (1, 1), ky :=2cosa — 2.

n

4 (C? guide spline

This section explains the structure af'a spline of total degreé, consisting ofV
(C-joined polynomial pieces in total degree Bézier form epiglte defined over
a unit triangleA:

g:Q:AXZNCRzHRg.

The degreel will be chosen so that the construction is sufficiently fléxito
well-approximate boundary data up to the second derivafitfe0x] will explain
in more detail how to set the free parameters of this guidiaseg to best match
pre-existingC? boundary data. The construction is similar to [Pet02]. Eidse
polynomial representation yields more flexibility at a lovdegree than the con-
structions in [Pra97, Rei98, YZ04].

The rays from the centér:= (0, 0) through the vertices

v, := (cosna,sinna), n=0,1,...,N—1,

subdivide a plane int&/ sectorsv,,0v,, ;. In each sectog is represented in total
degree, triangular Bézier form with coefficies,, i + j + k = d, labelled as
shown in Figure 6. If the boundary curves of the polynomiakcps match, the
well-known conditions for a! join (1) and for aC? join (2) are ¢ := 27/N,

C := CoS V).

gZ(—i’_—li—l,l = —8iai1 280 T 2(1 — )8l 0a i1 (1)

n+1 _.n n 2.n n
8l i 00 =8i24 248 41 T48 a0 — 41— )81 ia

n 2.n (2)
+8c(1 —c)gl10a-i—1 +4(1 =)0 0a-i 2
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Figure 6: Structure of the piecewise degidaguide splineg that defines the shape
near the extraordinary point.

By elementary computation§? smoothness implies the following.

(@) The six coefficients nearest to the extraordinary paifit, g7 11,0, 871,01
81 2200 84 2117 81202 all have to match a single quadratic polynomial.
(in degree-raised form) defined, without loss of genergtijythe six coef-
ficients withn = 0.

(b) The coefficientg;; 5 ,, satisfy the circulant system
gg:§,2,1 +4cgy 301+ ggj—?},ll =2R,, (3)
where
R, = 2c2gg_3,370 +cgy 303 +4c(1 —c)gy 500 —2(1 = )81 211
+ (1 - C)gg—z,o,z +2(1 - C)zgg—m,o-

(c) If the coefficientsgy 5, satisfy (3) then the the coefficiengg , , , are
calculated using equation (1).

(d) The coefficientg;; ; ;, can be chosen freely.

Lemma?2 For N > 5, N #6,

N-1N-1
R;cos(n —1i)ja

n 1
8d-321 7y  — cosja+t2c
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Figure 7: Hermite data merged to define polynomial paict{left) Second or-
der Hermite data defining a degree (5,5) patcight) Averaged third order data
defining a degree (6,6) patch.

is the unique solution of the system (3).

Proof We apply the discrete Fourier transform (DFT), solve andyaperse
DFT. I
For N = 3 the coefficientg?, ,, i > d — 3, are a part of a single cubic polyno-
mial, in degree-raised form. F@¥ = 4 there are two additional free coefficients
that can be chosen &3 ., ,, g;_s5,, and from this an explicit solution can be
constructed. FoN = 6 there is one additional free coefficient that can be chosen
asgj_s,, and from this an explicit solution can be constructed.

The interplay between the coefficients outside the 3-rirayad 0, namely
betweeng;', ,, i < d — 3, is simple: the coefficients;’, ,,, 87"y ; ;;,J = 2..d —
i — 2, are free and the coefficiengs, , ,_,, g/';',_, | are derived by solving the
two equations (1) and (2).

5 Pointwise Hermite sampling

This section reviews a simple procedure for creating a glaaeiral Bézier patch
b that matches a map : [0..1]> — R up to 2nd order at the corners 6f.1)%,
For degree (5,5) patch, we construct

b = H(/)
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Figure 8: Hermite data merged to define macropatches of d€igjjeand smooth-
nessC~ %=1, Formulas a) through d) define unkown Bézier coefficientslow
circles) in terms of the coefficients6lid black disksdefined by the// data. For-
mulas a) and b) define coefficients af'd cubic spline. Formulas c¢) and d) define
coefficients of a*? spline of degree 4.

by sampling, at each of the four corners[0f1]?, the partial derivatives up to
second order
fooof  Oif

Of 0s0f O30 f
0f 0.0;f 00/ f

and placing the Bézier coefficients that define the paréeldtives into one quad-
rant of an array as illustrated in Figures 7. To constrbct= H(f) of degree
(6,6), we average the 3rd derivatives in overlapping pasgtias illustrated in Fig-
ure 7,right. We can reduce the degree of the sampled patch by choosis@it a
spline rather than as a single polynomial. Figure 8 showsrakwptions. Posi-
tion, first and second derivative at the ends, define a uni¢uspline consisting
of three cubic segments. The formulas for the unknown Bgmnts are given
in a) and b). Tensoring this procedure yields a Hermite pakamnt consisting of
nine C? connected bicubic patches as shown in Figure 8 (3,3). Silyilae can
construct a2 spline consisting of two degrelepieces by the formulas c) and d),
and combine the univariate to tensored bivariate constmns:t

6 Guided patchworks

In this section, the sampled? segments™, n = 0,..., N — 1 are joined to form
a(C? (sprocket layout) o6 (polar layout) surface rings iR3. The rings, in turn,
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are joined into a guided patchwork. First, we conspaar case which is simpler
than the sprocket layout. We s€f := H(g o p").

Lemma 3 For p = g, the segments” andx!" , join C* andG*.

Proof by Lemma 15 is C! and hence

ds(g o ppi1)(0,1) = Os(g o py)(1,1) .

Sincek, is a constant (hence independent of the transversal diregti

D2(gopr1)(0,t) = 2(gop)(1,t) + koOs(g o p)(1,1)

i.e. circularly adjacent segments@b p areC' andG? connected. Neighboring
patches< andx’,;, match the expansion df (g o p) at the two endpoints and
the transversal expansions have the same structure. Simge@ constant (hence
independent of),

83X:Ln+1(07 t) = 8SXZL<17 t) ’

92X 1(0,1) = 92X (1, ) + koOsx? (1, 1)
and the claim follows. I

v

Since adjacent reparametrizatigis, 5™ join C?, similar arguments show
that adjacent rings™ andx™*! are alsoG? connected.

The sprocket layout construction, based gn= /5, samples the guide sur-
face at the corners of the three elementary patches that opakachL-shaped
segment. We explain this as a two-step procedure althoughnitplemented as
a single sampling. Witk := |JH(g o p}*") for a degreg6,6) or a degree
(5,5) patchwork arguments as in Lemma 3 show that adjatestiapes ar€?
connected (and are internaliy?). But, although actual difference is very small,
adjacent rings™ ! andx™ are not even everywhere connected (see Figleé)9
The finalx™ is therefore obtained from™ by replacing the three outermost lay-
ers of Bézier coefficients by@? extension of the patck”~! (once subdivided to
match the granularity), as shown in Figuren®ddle right. Form = 0, boundary
data, if any, are extended.

We summarize.

Lemma 4 For p = p any finite union of segments and ring§, . ez, Xn (@
patchworl is a C? surface. Forp = j the union is curvature continuous.

The (3, 3) patchwork is constructed analogously, inheritityextended data
from an outer ring before forming tfex 3 macro-patch.
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Figure 9: Three steps @f? joining the )-sampled patches of a segment.

7 Guided subdivision surfaces

Joining aninfinite sequence of spline rings results in a surface with subodiisi
structure (e.g. [RP05, Zo00, Pra98]. Since their constracnd, in the polar
case, even the layout differs from conventional subdivisize call these surfaces
guided subdivision surfaceb particular, the first step of the subdivision process,
constructing a guide, sets guided subdivision apart froenusual procedure of
refining meshes. But after the first step, the subdivisiongss is stationary in the
sense that the refinement rules in terms of the control poirtse guide surface

g do not change with each step.

Observation 1 Guided subdivision based on the reparametrizatipns: p or
p = p is stationary in terms of the control points of the guide aoélg and it is a
numerically stable procedure.

Proof Computing the restriction af,, to AA involves only convex combinations,
hence is numerically stable. Singep™ = (g\™)p°, the expression fok (gop™)
and hence of the sampled patchk&sin terms of the control points of triangular
Bézier patcheg, \"" is independent of the subdivision step. I

To analyze the surface in the limit, we choose the coordiggséem so that
x¢ = g(0,0) = (0,0,0). Denote the homogeneous part of degreeith respect
to the parameter@., v) of g, by ... Theng,; A" = Mg, andx),, = H(guu o
M%) = M H (g, o p°) and we obtain the homogeneous decomposition

d
Xy = Z A" X - (4)
k=1
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Expression (4) immediately implies the following.

Theorem 1 The limit pointm — oo of x™ exists and coincides with the center
pointx© of the guide surface.

Now we turn to the more delicate task of showing that guidddiatsion surfaces
areC'' manifolds atx® (if the guide surface is such a manifold) and that some of
them (namely degreg, 6) sprocket and degre@, 3) polar) are even curvature
continuous. It is tempting to use the curvilinear coordinggstem defined by
and expand in terms ofp to show agreement of the quadratic expansiom of
with the quadratic expansion gfat x°. However, the reparametrizatiopsare,
by design, singular at the origin and therefore not admisslh the constructions
[Pra97, Rei98, YZ04], this singularity does not matter,ceiall points in the
domain are mapped onto the guide surface. Due to samplingawesto be more
careful, but can still use a similar argument. The followieghma states that
application of H not only results in approximation but also in reproductibthe
lower expansion of the composition.

Lemma 5 For the patchworks defined in Section 6, ﬂ)fl = g,1 0 p™. For
degree(6,6) sprocket and degreél, 3) polar patchworksx, additionally (ii)

Xml + Xnm;2 = (gn,l + gn,2) © pm.

Proof By definition, degreg,, , = k, and the degree of” is either(3, 3) or
(2,1). Therefore,

(i) degredg,, 1 o p™) = degre¢p™) < degreex,).

(ii) degre€(g,.. + g.2) o o) = 2 degreép™) < degreéx, +x11,). ||
That is, guided subdivision reproduces compositions withdr and quadratic
guide surfaces. We denote by

Tsk(S1, .-, Sirte, ..o, t5)

(piecewise) polynomial terms of degree greater than each of the variables
s1,...,s; and with the coefficients depending an. . ., ¢;. If the coefficients are
constant, we writer-(s1, ..., s;).

For the remainder, we assume that the tangent plangsad well-defined in
the vicinity of (0, 0).

Theorem 2 For the patchworks defined in Section 6, a unique limit of the tan-
gent planes of the surface ringg” exists asn — oo and equals the tangent
plane of the guide surface at.
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Proof We definen™ := J,x™ x 9,x™ and note thag,,, depends om only for
k > 2, i.e. we can defin@™ below independent of. From (4) and Lemma 5 (i),

n"(s,t) = A" (0s(g.1 0 p°) X O(g.10p°))(s,t) + N Ts0(s, 15 A), 7> 3.
Then

D Oylga0s%) X OEar 0 ) + AT (s 1)
[ [|0s(g.1 0 p°) X Di(g.1 0 p°) + AT=2mmso(s, 5 N)||

so thatlim,, . HE—:H is normal to the tangent plane gfat x°. I

We may now assume that the coordinate systeny, ) in R3 is chosen so
that
x¢ = (0,0,0) and the tangent plane &t is {z = 0}. (5)

Sincep is injective (see e.g. [PR98]) and the injectivityofollows directly from
its definition, the projectiom — (=, y) is locally injective neak®. Then standard
arguments based on the mean value theorem show that theenvep isC! at
the origin (cf. [RP05] p.105 (4)). Hence the following thewor holds.

Theorem 3 The guided subdivision surfaseis C'! at x° and the tangent plane
of x at x® coincides with that of guide surface.

The rest of this Section is devoted to the proof of curvatamiauity for degree
(6,6) sprocket and degrgé, 3) polar guided subdivision surfaces.

Definition 1 (curvature continuity) Letf : R> — R? be tangent plane continu-
ous atf, := £(0,0). We choose a coordinate system (5) so that the tangent plane
atf, = (0,0,0) is {z = 0}. Assume further that for evely,t) # (0,0) there
exists a unigque (elliptic or hyperbolig)sculating paraboloid := (qo, ..., q5)"
anchored ats, t), i.e. with theg; continuous functions df, t) such that

for (z,y,2) = f(s+5,t+1),  z= (2% 2y, 9% 2,9, 1)A(s, ) + 72(5,; 5, 1).

(6)
Then the surfacgis curvature continuouat f; if the anchored osculating paraboloids
have a unique limit af;,.

The advantage of fixing the coordinate system of the osagigtaraboloid at
(s,t) over defining it at(s + s,¢ + t) as is common in differential geometry is
that the anchored osculating paraboloid does not vary & disg sampled from the
paraboloid (see Figure 10).
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Figure 10: The osculating parabolaaéhedl vary with the local coordinate sys-
tem at points;,., 21, 0N an anchored osculating parabdalid).

Theorem 4 (curvature continuity) sprocketdegreé, 6) and polar degreé4, 3)
guided subdivision surfacesare curvature continuous at the extraordinary point
x¢ if the guide surfacg has a unique osculating paraboloigat x¢. The limit of
the osculating paraboloids of at x° is q.

Proof We fix a coordinate system (5) so that, n&&r
g = (u+ms1(u,v),v+ 71 (u,v), au® + buv + cv? + 759 (u,v)) .
With (s+ s, ¢+ 1) a point neass, t) € 3°, we expand? to second degree &, t)

Py =(u(s +5,t+1),v(s +5t+1))
=(u(5,t;8,t) + ms2(5, 85 8,1),0(5, 85 8, ) + m=2(5, E5 8, 1)) ;
J1:5,t) :==ug + ho5 + hot + hy5” 4 he5t + hst?,
5, t) :=vg + h15 + hst + hs5® + hy5t + hot? .

N
]

(
(

Note thatug, vy andh; are piecewise polynomials inandt. Sincep® is injective
on the compact domaii® x Zy, hohs —hihe > const > 0. By the homogeneous
expansion (4),

]
[l

d

0 _ k.0 _\m
xn—g "X 1es = \",

k=1
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and by Lemma 5 (ii),

X, = l(gn;1 0 pg) + ZQ(gm2 o pg) + lg(- »
= (la + PEy, 10 + 1P By, *(at® 4 buv + cv?) + PEs) + 1-4(5,1; 5,1, 1)

(7)
where E, are some polynomials of total degreen (s,¢) with coefficients de-
pending ons, ¢, [. This expression fok]" = (x,y, z) is substituted into the
anchored osculating paraboloids>af Nearx¢, with q := (a, b, ¢, 0,0, 0)T con-
stant, independent ¢§,¢) andd := (dy, . .., ds)”, each term depending @, t),
the osculating paraboloid has the form

z= (2%, 2y, %, z,y,1)(q + d). (8)

Equating the coefficients df, 5, , 52, 5, £* to 0, we get the system of six linear
equations in the six unknowrms(s, t),

Md=r (9)

where the first three columns &f have a facto#?, the next two a factarand M is
of full rank apart from(0, 0) since ded/ = —I8((hohz —hihy)* +7=g(l; s,t) # 0.
Since the right hand sidehas a factoi?, hence vanishes faster than the matrix
entries lim;_., d; = 0. This satisfies Definition 1. ||

The lower degree bound for curvature continuous subdivisiofaces [Rei96]
applies to guided subdivision surfaces with sprocket Iyt curvature contin-
uous polar surfaces of degrég 3) do not contradict this bound since the patch
layout is different from the one assumed in [Rei96]. The iayalows reducing
the radial degree t8 and replacingC? continuity by geometricz? continuity
allows reducing the circular degree4o

To see that curvature continuous guided subdivision sesfareC? from
the point of view of differential geometry, we consider adbparametrization
(x,y, h(z,y)) of the surface at®. The height functiork is C'* by Theorem 3 and
the partial derivatives,, 1, areC* apart from(0, 0), by construction (and since
the limit osculating paraboloid is anchored at® and therefore, in particular, the
constant component ef vanishes faster than the othgy. TheG? connection for
polar layout does not create a problem since@Reconstraints reparametrize a
C? join. Theorem 4 shows that first partial derivativesiof &, are well defined
aslim, 4 (0,0 The mean value theorem implies tlat ~, areC" at the origin.
Henceh is C? at the origin.
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Figure 11: Gauss curvature shadintppj sprocket layout subdivision of degree
(6,6) (eft), (5,5) (middle and (3,3) (ight). (botton) Polar layout subdivision of
degree (4,3)Iéft), and (3,3) (hiddle). (bottomright) juxtaposes the sprocket (top)
and polar (bottom{’? surfaces.

8 Curvature estimates for lower-degree guided sub-
division

Here we bound the curvature at the extraordinary point wherdegree ok is

chosen lower thar6, 6) in the sprocket case and, 3) in the polar case. The

trade-off between quality and degree will be discussed inengetail in a later

report although Figure 11 gives a first impression. Lowerreeds often required

by an application and we will give an algorithm for practigatomputing the

bounds. Also, the discussion highlights the computatieaale of introducing
anchored osculating paraboloids.

Theorem 5 Guided subdivision surfaces of degree (3,3) and higher bavaded
curvature at the extraordinary point.
Proof We follow the proof of Theorem 4 but replace formula (7) by

x™ =(lu +~Z2E1,~w + leg, l2~z + l3bj3) + 7r52(§, ts,t,1), (10)
Z:= hg + h15 + hot + h35> + hy5t + hst?

and the paraboloid by = (2%, zy, y?, x,y, 1)d since Lemma 5 (ii) may not hold
and no osculating paraboloid exists anchoref} athose perturbation we would
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consider. We obtain a constraint matrix M of full rank andhtihe same factors
of [ as (9). However, the right hand sidenow has a factor of?, enough only to
conclude

%iirédj =0forj=3,4,5.

We will compute bounds od, d;, d» by applying Cramer’s rule. Since the factor
12 appears both in and the relevant first three columns/af, we can remove the
factors from the matrix and the right hand and write themeetypely as

ul+. UV v+ uo+. vo+. 1 ho+.
2houg+. hovo+hiuo+. 2h1vo+. ho+. h1+. 0 f’zl+~
2h2uo+. havo+h3zuo+. 2h3vo+. ho+. h3+. 0 ho+. (11)
h3+2hgug+. hoh1+hqvo+hsuo+. h24+2hsvo+. ha+. hs+. 0 L
2hoh2+2heuo+. hohs+hiha+hevo+hrug+. 2h1h3+2h7vo+. he+. h7+. 0 Rt
h2+2hguo+. hahs+hgvo+houo+. h3+2hgvo+. hg+. ho+. 0 hus+.

where+. is a shorthand for polynomial termso(/; s, t) that will vanish ag — 0.
Elimination of the first row and multilinearity of determimiz yields a simpler
system

0+. 0+. 0+. ho+. h1+. do }}1"‘-

0+. 0+. 0+. hao+. h3+. d1 ho+.

h2+. hoh1i+. hi+. hat. hs+. da = | hs+. . 12)
2hoh2+. hohs+hiho+. 2h1hs+. he+. h7+. da Pt

h3+. hohz+. h3+. hs+. ho+. ds Frot.

Sincehghs — hihs is bounded away from zero due to the injectivitypptetV =
(hohs — hihy)* 4+ . > const > 0 andD := detlim; ., M is well-defined. LetD;
be the determinant of the matrix obtained by replacingthe1)th column of M
by r and by taking the limit fof — 0 to drop the terms-., we have by Cramer’s
rule

D;

dzzﬁ,Z:O,l,Q

Since the denominator is well-defined, tfieare bounded. I
The practical calculation of the bounds on the coefficiel{sd; andd, of

the osculating paraboloid is simplified sinBeand D; share factoréghs — hihs.

Specifically, we compute as follows.

(i) Bounding the coefficients,, d,, d, for functionnsf; := u?, fy := uv, f3 := v*

in turn yields nine intervals that allow computing the bosiridr any function

f=mu® + yuv + y30%.

(ii) If (z,v, 2) is anorthogonalcoordinate system if®? with x¢ = (0,0, 0), tan-

gent plane{z = 0} atx® andg = (ej1u + €120 + m=1(u,v), e91u + €900 +

mo1(u,v), au® + buv + cv? + m=9(u,v)), then the bounds of coefficients of
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osculating paraboloid in such system are calculated fraptkvious bounds of
coefficientsd;, as

dlo :doeg + d16061 + d26% s dlz = doeg + d16263 + d26§

13
dll :2d0€062 —+ d1 (6063 —+ 6162) -+ 2d261€3 s ( )

where( & &) = (& &) .

(iif) To bound Gaussian and mean curvaturese observe that for an osculating
paraboloid(z, y, djz* + djzy + dyy*) the meand and Gaussia curvatures at
the origin(0, 0, 0) are

H=dy+d,, K =4dyd, — d .
substituting formulas (13), we get

H :(6(2) + 62)2d0 + (epeq + ege3)dy + (e% + eg)d2 )

14
K :(6063 — 6162)2(4d0d2 — d%) . ( )

For Gaussian curvatur&, we get a tighter estimate if, in formula (14), the part
4dyds — d3 is precomputed with respect basis functiginsfs, f3. The result are,
consistent with [Pet01], six precomputed intervals ane mitervals forH.

(iv) Defining f; := u® + 2, fy := uv, f3 := v? gives an immediate impression of
how guided subdivision reproduces canonical elliptic, dnpplic and parabolic
shapes. We list some bounds on the Gaussian curvature &e fiepes when

N =8.
(3,3)°¢ (5,5)¢ (3,3)7!
u? +0v?  [3.87501,4.22213] 3.96505, 4.02945] 3.98505, 4.03352)]
uv  [~1.06493, —0.96478] [—~1.00426, —0.99261] [—1.05229, —0.97047
v? [—0.15738,0.15644]  [—0.02054,0.02241]  [—0.09641, 0.05184]

9 The accelerated bicubic guided”? scheme

We consider a sampling scheme that is no longer stationagg,sin each step,
we sample with increasing density. Each quaB8ins evenly subdivided intd™
subquads at leveh and H is applied over each subquad creatifigof pieces of

3 x 3 bicubic patches that are joinétf as explained in Section 5. We call this
schemeacceleratedbicubic and observe that the sampled data will be suffigrent!
dense after a couple of steps to meet the bounds needed fprabkbelow so
that we can switch to a fixed density, pseudostationary sampl
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Theorem 6 Accelerated bicubic guided subdivision surfagese curvature con-
tinuous atx®. Moreover, the limit of osculating paraboloids wfat x° coincide
with that of guide surfacg.

Proof The proof follows that of Theorem 5. By Theorem 2, acceleraseibdi-
vision inherits the tangent plane of the guide surface‘atTo show curvature
continuity, we observe that if a polynomiglo p : [0..1]> — R is bicubically
sampled at the corne(s, t) of 4™ subquads to define a segmefjt consisting of
4™ patches then, for a fixed> 0 andm sufficiently large, the value and partial
derivatives ofg o p andx]" differ everywhere by less than Since the domain is
compact, also the functioris, B]— in (12) deviate from their value at the corners
by less than a fixed and all expressionst-.) are bounded and converge to zero
with m. With q := (a,b,¢,0,0,0)T the osculating paraboloid @f at (0,0), d;
converges t@;: limy_ody = a, limy_od; = b, lim;_ody = c. I

As in Section 7, one can argue that the accelerated sulmhidsifaces ar€?
in the sense of differential geometry.

10 Rational guided subdivision

If the guide surface is rational, eg.= (f1/f1, f2/ [, f3/ f1), we can either sam-
ple inIR3 (and all proofs and theorems apply to the resulting poly@bguiided
subdivision surface) or, we sample the homogeneous difidg>, f3, f1) in R?

and project the result f&3. The latter allows reproducing, e.g. the sphere, exactly.
As a stationary construction, this differs from the apploac[MWWO01] (which

is akin to accelerated scheme in that the density increasbks poles) and from
[SZSS98, SZBNO3].

11 Conclusions

This paper definetbcal subdivision constructiortbat, for practical applications,
would be embedded in a larger scheme that separates lochVisidn regions by
constructing and pairwise blending primary surfaces. Satlemes, for example
one or more steps of Catmull-Clark subdivision, are dised$s [KPOx]. [KPOXx]
also explains how to choose the free parameters of the gurtecseg to transi-
tion from primary surfaces to the local subdivision surfaegthout introducing
unnecessary shape artifacts, and how to stop the subdiypsazess to fill in the
remaining multi-sided hole with polynomial pieces of maaterdegree.
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Here we established that any finite number of surface rinigstgoform aC?
surface (2-manifold with boundary) with a gap at the cengerd, in the limit,
the construction yields curvature continuous subdivisiorfaces of low degree.
A generalization to higher-order smoothness looks stttoghiard although the
details, e.g. the choice of reparametrizations, requitestion.
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