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width = 0.2767 Goals and Outline

(1) SLEFEs: Enclosing Functions

(2) Mid-structures: Quantitatively Coupling Curved and pw Linear Geometry

(3) Constrained Design: One-sided fitting

Improves Robustness (Collision, Rendering, Conversion)



width = 0.2767 SLEFEs: Enclosing Functions

Find an explicit two-sided approximation ����� of a map �
so that � � � � � over the domain of interest.

�
Efficiently (few pieces, easy to compute)

�
Tightly

�
(predictively) Refinable

�
(Affinely) Invariant , ...

Then the pair � � � is a

Subdividable Linear Efficient Function Enclosure (SLEFE) of � .



width = 0.2767 SLEFE construction

Given: space � of functions to be enclosed.

(0) Choose � (domain of interest), 	 enclosure functions.

(1) 
 �
� ����� � � ����� � � 	 � � .
Choose 
 functionals � ��� �� � � so that ���! "� � � � 	 .

(2) Compute new basis # � � � �� � so that � # is identity on � � and each #%$
matches the same ���&� '(� � 	 ) additional independent constraints.

(3) Compute # � *+# , 	 � and # � *-# , 	 � (lower and upper bound)

(4) Compute � . , �/� and assemble . and . .

(0),(1),(2),(3) are offline (4) is cheap



width = 0.2767 Bézier SLEFE Construction
0

= degree 1 2 3 polynomial in Bézier form 4 57698;:
2 <=?>A@%B = 57698C4 =
(0) D 2 [0..1] (domain of interest),E 2 FHGI hat functions with break points at

I
G , J 2 KMLONPNONQL R

(1) S"T&U 0 V S"T&U 0 W E 2 X V Y 2 2=s.
Functionals Z : 0 [\ ] ^

so that _�`OabZ 2 0 W E
:

Z c!4 :d2 4%cfehg V Y 4ickj 4ic!lmg .
(2) New basis n : ] ^ [\ 0

:
S�T&U 5 0 W E 8+2 Y

constraints: first and last coefficient = 0
coefficients of nQgo:p5(KML V Y L V q LrK�8�st3 , nvu :p5(KML V q L V Y LwK�8�sx3 , Z n is identity.

(3) Compute broken line n = V y n = , below and n = V y n = above.

(4) Compute Z 4 z ] ^
and assemble 4 and 4 .

(0),(1),(2),(3) are offline (4) is cheap.
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Given

{�|~}w���d� � �m� �O|~}w��� �m���|~}w��� ���� �
� �� |���� }w���!� � } �

coefficient sequence |�� � � �����O������� � � |� M�?� ���P���w �� .
With ¡ |~}¢�;�
� {H|� ��O|���� }w��� {H|��£�¤} and¥ � �P|~}w���d� � �

� � � �P|~}¢�¦�
�
� � � �§|~}w��� ¥ ���|¨}¢���
� � �

� � � �!|¨}¢�¦�
�
� � � ��|~}¢�©�

{H|~}w�+� ¡ |¨}¢�Q� ª ¥ � � |~}¢��� ª ¥ � � |~}w��«
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¬H­~®w¯+° ±²­¨®¢¯Q³ ´¶µp· ¸P­~®¢¯�¹ ´¶µp·ºf­~®w¯�»

µ · ¸ is strictly convex, easy to bound above (and below)

¬�­¨®¢¯;¼ ¬h­~®w¯ ° ±²­¨®¢¯Q³ ´ µ · ¸ ­~®¢¯�¹ ´¶µp·º ­~®w¯

½�¾
0 1/3 2/3 1¿�À ·?ÁÂ·ÃÁÅÄ�Á ¸ Á�Æ�ÆÈÇ -.0695214343 -.4398918047 -.3153515940 -.0087327217¿�À ·?ÁÂ·ÃÁÂÉmÁ ¸ Á�Æ�ÆÈÇ 0 -.3703703704 -.2962962963 0
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Ê Input Bézier piece of degree Ë : Ì ÍÏÎ9Ð�ÑdÒ ÓÔ?Õ�Ö%× Ô ÍÏÎ9ÐCÌ Ô
Ê ØHÙÚ hat functions with break points at

Ú
Ù , Û Ò Ü�Ý!ÞOÞPÞAÝ ß

Ì Í¨à¢Ð;ÑdÒ
Ù
Ú Õ�Ö

áÌ Ú Ø ÙÚ Í~à¢Ð©Ý where â áÌ Ö ÝPÞOÞ!ÞAÝ áÌ Ùoã ÑdÒ slefe ÍwâäÌ Ö Ý�ÌQå?Ý!ÞPÞOÞAÝ�Ì Ó ã Ý�ß Ý�æ ç£Ð

Ì Í¨à¢Ð;ÑdÒ
Ù
Ú Õ�Ö áÌ

Ú Ø ÙÚ Í~à¢Ð©Ý where â áÌ Ö Ý!ÞOÞPÞAÝ áÌ Ù ã Ñ
Ò slefe ÍwâäÌ Ö Ý�Ì å Ý!Þ!ÞOÞAÝ¢Ì Ó ã Ý�ß Ý!è ç£Ð�Þ
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é ê~ë¢ì�í
î ï
ð�ñ�ò

óé ðõô ïð ê~ëwì�ö where ÷ óé ò öOø!ø!øQö óé ï
ù í
î slefe ê ÷ é ò ö�é�úÃö!ø!ø!øAö�é%û ù ö�ü ö�ý þ£ì

slefe ê ÷ é ò öOøPøOøQö�é û ù ö�ü ö ÿ����hìkí
î ÷�� ò öOø!øOøAö � ï
ù

� ð ídî é ò ê�þ�� 	ü ì�ý éiûxê
	ü ìQý
û��hú

!ñ ú

� 
 é � 
�� ð

� 
 é í
î é 
 ��ú � �¶é 
 ý é 
�� ú ö
� 
��äð í
î � ÷�� ö�ü ö ÿ������-ê � 
 éiì�� ÿ���� ö�� ö 	 ù ø
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For degree � and � segments  ! " ! � ,  ! # ! � and $�%�& ' (*)  ,+.-  0/132 �4+5� +6$�%�&7+8"9+:#3; is a table of numbers

[ to be obtained, for example from the SubLiME web page ]

For example,
<>=

0 1/3 2/3 1?A@CB�DEB�DGFHDGIJDGKLKNM -.0695214343 -.4398918047 -.3153515940 -.0087327217?A@CB�DEB�DPOQDGIRDGKLKCM 0 -.3703703704 -.2962962963 0
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Input:

SUT ,
V3W�X4Y:Z Y\[�]�^7Y\_`YbaUc ,
slefe d WeSgfhY�i�i�ijY:Slk�cmY:Z Y�[�]�^on . 2d(m+1) ops

Output:

S p S p S
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width = 0.2767 SLEFE properties

Near Optimality: the width

qsr tvu w x*yz {}| w x*yz { u ~
xE�3���4�5z � � �J�9� y3� | �����4�5z � | �J�`� yU� {���� �~ w �v�

is close to minimal in the recursively applied ��� norm.



width = 0.2767 SLEFE properties

Near Optimality: the width

�s� �v� � �*�� �}� � �*�� � � �
�E�3���4�5� � � �J�9� �3� � �����4�5� � � �J�`� �U� ����  ¡� � �v¢

Nonlinear problem – cannot expect linear SLEFE construction to be optimal!

(1) optimal for degree � � £¤�¦¥
(2) � � § no inflection, � � § segments:
optimal enclosure can be computed (nontrivial); ratio of minimal width to SLEFE
width is ¨ £ ¢L©*ª .
(3) � � « no inflection, � � « segments: ¨ £ ¢¬© «

General theorem still missing! (It depends on ­ , ® , ¯ , ° )

Difficulty: useful characterization of optimal enclosure (note piecewise!)
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[1] Near Optimality: ± ² ³µ´ ¶�·E¸3¹�º4»:¼ »�½ »¦¾`»b¿3ÀÂÁ ¸3¹�º4»5¼ »ÃÁ »�¾`»:¿3ÀÅÄ�Æ Ç È¶ÊÉ Æ
[2] Invariance under addition of linear terms



width = 0.2767 SLEFE properties

[1] Near Optimality: Ë Ì ÍµÎ Ï�ÐEÑ3Ò�Ó4Ô:Õ Ô�Ö Ô¦×`ÔbØ3ÙÂÚ Ñ3Ò�Ó4Ô5Õ ÔÃÚ Ô�×`Ô:Ø3ÙÅÛ�Ü Ý ÞÏÊß Ü
[2] Translation invariance

[3] Refinement: Increase segments or Subdivide.
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[1] Near Optimality: à á âµã ä�åEæ3ç�è4é:ê é�ë é¦ì`ébí3îÂï æ3ç�è4é5ê éÃï é�ì`é:í3îÅð�ñ ò óäÊô ñ
[2] Translation invariance

[3] Refinement: Increase segments or Subdivide.

In the limit, à á shrinks by õ÷öAø . ( ù úhûýüþñ�ò óä ô ñ shrinks to ÿ õ÷öAø its size).

For specific æ3ç�����î (Bézier), every à á shrinks by at least
�� for è ã � é��>é:ø .
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[1] Near Optimality: � 	 
�� 
������������ ��� ����� ��!#" ���$���%� �&" ��������!('*) + ,
.- )
[2] Translation invariance

[3] Refinement: Increase segments or Subdivide.

If the second differences are replaced by/02143 + 
0 � - '5� + 
0 is � th difference applied to - 0 �76*6&68� - 029 
 9;: 6
then every � 	 shrinks by

:, at every step.

(crucial estimate of proof: <= 143?> = @BADCFE = G E
for HI��JI� K nonegative integers)
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width = 0.0579 

Are SLEFEs nested under subdivision?

(width before subdivision: 0.2767)
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Near Optimality

Translation invariance

Refinement: Increase segments or Subdivide

Not nested:

. How good are SLEFEs compared to other bounding constructs?
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axis-aligned box, bounding circle, Filip bound bounding ellipse

convex hull, oriented bounding box, ‘fat arc’, 3-piece slefe.
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SLEFE (separation) subdivided convex hull (no separation)
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Given: L space of functions to be enclosed.

(0) Choose M (domain of interest),N
enclosure functions.

(1) O PRQ SUTWV L X SUTWV L Y N Z [
.

Choose O functionals \ P]L ^_ ` a so that bdc7ef\ Q L Y N
.

(2) Compute new basis g P ` a ^_ L so that \ g is identity on ` a and each gih
matches the same SUTjV k�L Y N l

additional independent constraints.

(3) Compute g X mng o N
and g X mpg o N

(lower and upper bound)

(4) Compute \ q and assemble q and q .

Note:
(0),(1),(2),(3) are offline

(4) is cheap
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How widely is the construction applicable?
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Rational functions:
Compute SLEFE of components + SLEFE for rational linear function

r s
4-point scheme, t s

cubic splines ( u s
4th differences):



width = 0.2767 3-sided patches

v w
total degree Bézierx

= unit triangley w
bivariate hat functionsz {*| }Rw ~�� � �� � ��� .
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�����]��� ���R� ����2�4� ������4� � �R�5� ���� ����� � ���� ���D��� � �� � ���¡�R� ¢�£� ¢ ¤ ¥ � £�¥i£ �B¦ ¤ �§� �7¨ � � �
for © � ª«�7�7�&�8� ¢­¬ � ®(¯� �W� �°¯� � ¬ �7�&�*�8�d¯� �W± �³² �R� ´�µ·¶�¸ ¶°�¹®º� �W� ��� � ¬ �&�7�*�8�%� � ����² � » ¼½��¾ ¦D�
for ¿ � ªU�&�7�*�8�%» ¼ � ®ÁÀ� �Â� �ÃÀ� ¬ � �7�7�7�8�½À� ± � � ² �R� ´�µ·¶�¸ ¶]��®(¯� �W� �]¯� � ¬ �&�7�7�8�°¯� �j± ��² � » ¬ ��¾ ¦Ã���

� ���]�B� ���R� ± ����4� ± ��2�4� À� �R��Ä ± �� ���D� Ä ± �� �Å� ���



width = 0.2767 Spline Curves

nontrivial!

Error

SLEVE (correct) alternative construction in the literature
(P & Wu 2003)
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width = 0.2767 Spline surfaces

e
e-

+b
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. SLEFE alternative (incorrect!)
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width = 0.2767 Life with SLEFEs


