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Abstract. An algorithm is presented for approximating a rational irsilled M-
patch by aC? spline surface. The motivation is that the multi-sided patan be
assumed to have good shape but is in nonstandard représemiaof too high
a degree. The algorithm generates a finite approximatiomeM-patch, by a
sequence of patches of bideg(&e5) capped off by patches of bidegréel, 11)
surrounding the extraordinary point.

The philosophy of the approach is (i) that intricate repagtizations are permis-
sible if they improve the surface parametrization sincg tten be precomputed
and thereby do not reduce the time efficiency at runtime; anthét high patch
degree is acceptable if the shape is controlled by a guiditchp

1 Introduction

When constructing>? spline surfaces using a finite number of tensor-producteéBéz
patches such as [4, 11, 13, 7], the shape is often unsatisfatar extraordinary points
where more or less than four patches meet since the cunisituseevenly distributed or
shows local extrema not implied by the surrounding data. [R6j subdivision schemes,
the cause of shape artifacts has recently been analyzedaae explicit (see [9], [6]).

By contrast, rational multisided M-patches [5], joined siidy to a surrounding
B-spline complex, appear to consistently yield good shapés paper does not verify
the emperical observation of good shape but explores thaited challenge of how to
transfer a good M-patch into a standard spline framework.

M-patches are rational and can therefore be representedakeetion of rational
tensor-product Bézier subpatches. If the number of sidésar 6, a variant of the
M-patch can be represented as a collection of rational tgmemluct Bézier patches of
bidegred8, 8). But for a generaln-sided M-patch, the bidegree(i$(m—2), 4(m—2)).

The idea pursued in this paper is to capture the shape of tipath with aC?
approximation of moderate bidegree. We describe a finiteceqapation of the M-
patch, by a sequence of patches of bidedre®) but with patches adjacent to the
extraordinary point of bidegre@ 1, 11). A key point is the definition of reparametriza-
tions that improve the surface parametrization when appratng the M-patch. These
reparametrization, maf®?> — R?, decompose the domain-gon into C2-connected



annuli or rings and a central piece. The surface approxanabnsists correspondingly
of nested annuli and a final cap. Each annulus and the cap pis&aond order Hermite
data from the M-patch.

The bidegree of the central, extraordinary patches istsgh, but all experiments
with constructions of lower the bidegree have so far redutte considerably reduction
of the surface quality. The paper focuses on the techniclesige of creating &
surface that Hermite-interpolates a given M-patch.

One of the key ideas, construction of good reparametrizatmd composition with
a polynomial patch that determines the shape is a logicansidn of similar ideas
proposedin[11,13,7].

The paper is organized as follows.

Section 2 defines M-patches and the transition of the M-patah existing spline com-
plex.

Section 3 defines the transitional reparametrizationslamg@atches of bidegrés, 5).
Section 4 describes the cap of patches of bidegree (11,af pfiproximates the M-
patch near the extraordinary point.

The exposition expects familiarity with standard représtons of geometric de-
sign. The tensor-product Bernstein-Bézier and (unifaBagpline representations (see
[1,3,12]) have the formy - S92 e;;b% (u)b? (v), whereb is theith basis func-
tion. In the case of the Bernstein-Bézier forfi(u) := (%)(1 — u)?~*u’. In particular,
one can choose the domain as a unit square and then assagetedf coefficients,;,

j < k with kth derivatives perpendicular to an edge of the square. Iridit@ving,
we will often refer to the three boundary layer®f a polynomial to mean the layers
of coefficientsc;;, j < 3 that determine position, first and second derivative acaoss
boundary. Catmull-Clark subdivision [2] generalizes tbfrrement of bicubic uniform
splines to control nets with nodes of arbtrary valence astilated in Fig. 1

Fig. 1. Three steps of Catmull-Clark subdivision.

2 M-patches and their tensor-border

In this section, we review the construction of rational rasiiled patches, called M-
patches [5]. First, M-patches are defined. Then a contnattre, called tensor-border,
is defined that mimicks the behavior of tensor-product pegeiong the boundary. Such



a control structure can be derived from an M-patch by comigimil-patch basis func-
tions as in [5] or, as in our context, by reparametrizatiorihitd subsection sketches
such areparametrization. That is, the M-patch composéttidtreparametrization has
tensor-border structure, suitable for smoothly joining gatch to a an existing spline
complex and filling ann-sided hole.

2.1 Definition of M-patches

(n,055—1)=(0,0;5) (1,0;5) (n,05s)

Fig. 2. A nested polygon neV/Py.

Let P, be a regularm-gon,m > 4, with center0 and vertices
v, := (cos sa,sinsa), «a=2w/m,s=0,1,...,m— 1.

Subscripts are assigned in a cyclic fashion, 4., = vo if s =m — 1 andv,_; =
V-1 if s = 0. We abbreviate := cos a.
An m-sidednested polygon neYP”, of depthn is a set of points ifR?,
P )y 4 ivin+ 20, 0<s<m—1,0<i+j<n
n n n
connected as shown in Fig.2. That is, each triangle,v,, 10 is triangulated in the
manner of Greville abscissae of the Bézier form. Thereratén + 1)/2 + 1 points in
NPy, Itis convenient to refer to the point

((n—1—j)vs +1ivsr1 +70)/n by the triple(, j; s)

where(n — j,7;s — 1) = (0, j; 5).
An edgeFE; is a line through the vertices;, vs;. We set

ls(z,y) := —x cos(sa + %) — ysin(sa + %) + cos g.



The linear functior{, is zero on the edgg; and positive at the other points 8f,. The
edgest;_; andF,y; intersect at a poirit,.

SetC(z,y) = %af) — 22 — y2. The equationC(z,y) = 0 defines a circle

cos2

passing through the poinks. Forq = (4, j; s) we define
fq:::ki} ?_j_jgi+19ja
where -
gs :=C H by, g:= H ly.
o#ts—1,s =0

andk;; are positive numbers that satisty, = k;_,_, ; andkj, = (). Examples are

given in [5]. The functiong, are thebasisfunctions ofA/-patch.

Definition 1. Them-sided)M -patch with thecontrol pointsy, € R3 and theirweights
wy, 0 € NP, is the image of the mapping : P,, — R defined by the formula

ZUGNP% waqafa
Soenry Wols

F= (1)

2.2 Tensor-border structure

To be able to tie an M-patch into a tensor-product spline derand fill anm-sided
hole, we define tensor-border netvith quadrilateral mesh cells. In fact, a tensor-border
netis a collection of overlapping quadrilateral nets aswshion Fig. 3. The connectivity
and enumeration is as follows.

For fixed integersn, n, k < [n/2] anm-sidedtensor-border nef,,, (n, k) of degree
n andorder k is indexed by the set of triples

[i,j;8], s=0,....om—1, i=0,....n, j=0,...,k
The triples are identified via
[i,7;8] = [j,n —i;5 + 1], fori > n — k.

Here, we use the notatidn j; s] to avoid confusion with the subscripts of the basis
functions of M-patches.

Definition 2. A patchF' has atensor-bordeof orderk and of degreen with thever-
ticesq,, o = [i,J; 8] € Tmm(n, k), if, along each edgé, it can be locally reparametrized
by maps** : R? — R? with parametergu, t) in such a way that the crossderivatives
Oy up to orderk,
K k;s
OFop
ort t=0

coincide with the crossderivatives of the tensor-prodwattip of bidegredn, n) with
the control pointsy;; :=q

)

[4,758] -

The reparametrizatiop’™s* is defined in the next subsection.



[0,0]  [1,0] [2,0] [n,0]

Fig. 3. Tensor-border net of ordéx

2.3 Reparametrizations to form a tensor-border

It is convenient to construct the reparametrizatipi§ in Bézier form. Since we are
interested in crossderivatives up to ordethe first three layers of Bézier control points
are calculated. We construct the reparametrizatidridbased on two simpler map§:*
andp’*, as follows.
(1) p%% :=vs(1 — u) + ver1u for u on the edgers;
(2) p'® is of bidegred3, 3) (see Fig. 4eft) and its Bézier coefficient@lgs,i =0,...,3

represenp® in degree-raised form;

the coefficientg;,” andpy;” are defined by symmetry;
pﬁs = SC1 Vs, péf :=sc1vsi1, Where

3+ 12¢ +4c? + 8¢3
SC1 =
9(1 + 2¢)

(3) p** is of bidegree(5,5) (see Fig. 4right) and its Bézier coefficientg
0,...,5,5 =0,1, represenp’* in degree-raised form;
the coefficientsgég, Py, ey, pey are defined by symmetry;
Pah = SCaVs, P53y 1= 5CaVei1, Where

5+ 4lc + 129¢2 + 168¢® + 132¢* + 120¢° + 48¢° + 32¢7

25(1 + 2¢)3

255 .
ij v =

SCo 1=

Theorem 1. After reparametrization wittp?* an M-patch of deptht has a tensor-
border of order2 and of degre€.

The proof is analoguous to Proposition 11 of [5].

One further challenge of the construction is that the tebsoder isC> along the
domain edgé’; while the corresponding edge in the spline complex is a siftfinite
smoothness. The two can be joined by a annulus of patchemttah the spline data
on the outside and form, along each inside edge, a singlepuoiial.



(0,0) (1,0)  (2,0) (3,0) (0,0) (1,0) (2,0 (5,0)
Vs Vs+1 Vs Vs+1

Fig. 4. Reparametrizations af/-patchespi* for the first cross-derivativegi® := p%* for the
first and second cross-derivatives.

3 Approximating the M-patch by successive annuli of bidegre
(5,5)

We now assume that the M-patch has been constructed by fixentehsor-border to
match the given spline complex in& fashion and fill itsn-sided hole. The goal of the
following construction is to approximate thd-patch by annuli of the tensor-product
patches of bidegre€, 5). Degree(5,5) allows matching second order data from an
outer annulus and, independently, using three inner lafdézier coefficients to pick
up second order Hermite data from concentric curves sudiagrthe central poing)

of the M-patch. An infinite sequence of these annuli can bsttoated in the spirit of
subdivision surfaces, but here we will generate only a femudirbefore capping off
with the construction detailed in Section 4.

3.1 Outline of the construction

The control points of Bézier pateHi(u, v) of bidegree (5,5) are fully determined by the
values of its Taylor expansions

DAG, 0<i,j<2,

atthe corner§0, 0), (1,0), (0, 1), (1, 1). These (Hermite) data are derived by reparametriz-
ing the domain polygor,, and calculating the derivatives of the reparametrized M-
patch. Calculating the derivatives of this compositionriswine job if the reparametriza-
tions is given.

Free parameters are determined by minimizing the folloviimgtional.



Definition 3. For a functionh with parametergu, v) in the unit squard? = [0..1]2,
we define the functional

) i a7 p\2
Fo(h) :://12_ > (i)(auagh).
i+7j=5,4,7>0
For a mappingh = (hy, ho) : 12 — R?,

Fs(h) := Fs(h1) + Fs(he).

3.2 TheC? transition between the reparametrizationsp?* and a bicubic C?
reparametrization

(©) (d)

Fig. 5. Three inner layers, corresponding to second-order boyrdizta, of the bidegree (3,3)
reparametrization; are constructed in (b),(c),(d). Three outer layers of th&)(partitioned
tensor-border reparametrizatipfi® are shown (a). The reparametrizatighof bidegree (5,5) in
Figure (e) is the result of juxtaposing the three inner arnérdayers.

The reparametrizatiopf® : R? — R? is of bidegree (5,5). This is an unnecessarily
high bidegree for forming am-sidedC? annulus. Since the bidegree of the innermost
patches increases with the degree of the reparametrizatisgonvenient to transition
to a C? annulus of bidegree (3,3) whose properties are well-knomahthat can be
refined by the well-known Catmull-Clark rules.

To transition between the high-degree reparametrizafisrand a (piecewise) bicu-
bic C? reparametrization : R2 — R? of the first annulus, a reparametrizatigh of
bidegree (5,5) is stitched together from the boundary EpémBézier coefficients of
p%% andr: the outer three layers Hermite-interpolaté® up to second order and the
inner three layers are taken from

If, as is natural, we choose a bicubicwith m-fold symmetry, we can define its
relevant part by five spline control points B,C,D,E, each inR? (see Fig. 5 b). Here,
we say relevant part, since we only need the innermost thyeed of Bézier coefficients
of the bicubic annulus fo°. A third annulus would only be needed if we wanted
to define the complete bicubic The innermost three layers are defined by a central



spline control poin = (0,0) and two surrounding annuli of spline control points.
Under symmetry, with4 fixed to establish scale, there are a total of 5 scalar degfees
freedom. Due to symmetry, it suffices to describe one seéto?.o

(@) The reparametrization?:* (u, v) (for s = 0) of bidegreg(5, 5) is subdivided into
four parts

pp = pQ;S(Z(l —u)+ #u, iv), k=20,...,3.
Two piecesy$, pj of p?* and two pieces of5 ', p5 ! of p%*~! form anL-shape.
Of this (outer)L-shape, we need only calculate three layers in Bézier fersihawn
in Fig. 5 a. By construction g%, the overlap o andpg‘1 is consistent.
(b,c) The (undetermined) control points. .., E (Fig. 5 b) determine the three bound-
ary layers of a second (innek}shape made up of bicubic patches (Fig. 5 c).
(d) The three layers of Bézier coefficients in (c) are degegsed to bidegreés, 5)
(Fig. 5 d).
(e) Now the partial Bézier control nets of the t@ioshapes constructed in (a) and (d)
are simply juxtaposed to form a compositshape, consisting of three pasts 19,
9 of bidegre€5, 5) (Fig. 5 €). The control pointd, . . ., E are chosen to minimize
the functionalFs (1) + F5(m2) + F5(13) of these parts.

One sector of the first annulus of the biquintic reparamation~° for m = 8 is shown
in Fig. 6 as the rightmost triple of patches. By construgtighis non-singular along
inner and outer annulus edges.

3.3 Subsequent annuli of bidegree (5,5)

The first annulus of reparametrizations was created with#ie of B-spline control
pointsA, ..., E. We apply Catmull-Clark subdivision rules to these poimtd aonvert
the contracting control point nets to contracting annubiofibicC2-reparametrization
7" (Fig. 6).

The subdividedB-spline control point nets converge rapidly to the charastie
configuration. The characteristic configuration definesaltic annulus/¢, the charac-
teristic map. At thegth iteration, we transition from* to v¢ using a second single an-
nulus of reparametrizations of bidegree (5,5) that Herbliénds inner and outer parts
of the two annuli exactly as in the constructiom8f Thenth subsequent reparametriza-
tion can then be chosen a&§ ™" = A\"~¢ where

e 11—6(c—|—5+ NCETICESY))

is the subdominant eigenvalue of Catmull-Clark subdivisio
From basic facts of Catmull-Clark subdivision, it folloviwt the constructed reparametriza-
tionsy* areC? within each annulus and joii? with adjacent annuli.



Fig. 6. A sector of the contracting sequence of reparametrizatiéndhe grey parameter lines
reveal the bidegre€3, 3) except for the outermost layer shown on the right which isidégree
(5,5).

3.4 Annuli of Bézier patches
We now construct annuli of Bézier patches of bidegree ({h&)

— are internallyC? and and joinC? with the adjacent annuli and that
— approximate the M-patch.

Every reparametrization® is composed with the map' that defines the M-patch.
Denote the compositio&¥ with parametergu, v). Each bidegre€5, 5) patch is con-
structed as follows.

Fig. 7. Grouping of the Bernstein-Bézier coefficients of a patchidégree(5, 5).

(1) the values ob: /G for 0 < i,j < 2. are calculated at the verticés, 0), (1,0),
(0,1), (1,1);

(2) the calculated data are converted to Bézier form as agbar patch of bidegree
(5,5);

(3) the four parts are merged into one patch of bide¢seg) (see Fig. 7);
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(4) the first three layers — marked in Figle8t — of a new, inner annulus are replaced
by the subdivided'? extension of the last three layers — marked in Figg@t — of
the old, outer annulus.

Fig. 8. C? extension of the data to inner annulus.

Since the reparametrizations are (parametrical®and non-singular across patch
boundaries,

e the patches ar€? in each annulus and
¢ adjacent annuli joirC2.

Remark 1.If we make the sequence of patches infinite, we obtajnided subdivision
construction of degree (5,5). Such a construction can berstmhave a limit point),
that is the image of the center of the domain polygon undeitpatch. Furthermore,
the surface isG* and the limit of the tangent planes is the tangent plane oMhe
patch atQ. Experiments show that any curvature oscillation is verglsni similar
construction of bidegree (6,6) can be shown to be curvatméraious with the limit
of Gaussian and mean curvatures equal the correspondivatates of the M-patch at
Q. However, here, we are concerned only with the finite cootityo.

4 A spline cap of bidegree (11,11)

In this section, we will develop a ‘cap’ of: patches of bidegre@ 1, 11) that areG?2-
joined around?, the central point of the M-patch. While this bidegree ishgigthan
recentC? constructions in the literature, it has well-controlledigl. Following the
approach from [7], the three boundary layers of the patchetaiten from the compo-
sition PW5 o 7° where”® : R?2 — R? is a reparametrization an@lV, : R? — R3
defines the shape. The construction of the relevant layaheahaps is as follows (see
Fig.s 9, 11):

(1) Set

v, = (cos (s — %)aSin (sa - %))’ Vs = (;Zif%%’ 62:((;72)))
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(2) the (three boundary layers of the) symmetric tensodipcbreparametrizatioris’
are defined in each sectofOv’  ;

(3) an auxiliary piecewis€? mappingPW; of degre€7 is constructed in each of the
trianglesAOvV, v, and A0V, v, {;

(4) the compositioW; o4* is a tensor-product of bidegréel, 11); its three bound-
ary layers are well-defined from the earlier constructioca@mbe extracted.

We now describe the relevant layers of m&pid’z and4* in detail.

4.1 Thel35-reparametrizations 4*

In this section, we construct the reparametrizaidehown in Fig. 9. The reparametriza-
tion is almost completely pinned down by the requiremerds th

— 4% is a piece of a control net with-fold symmetry and
— theith boundary layer of/® in Bézier form represents a curve of degiet- 1.

The remaining degrees of freedom are denoted! layd are set by minimizing a func-
tional. Note that this calculation is done once and for atl x@ get specific Bernstein-
Bézier coefficients;;; that define the first three layers of a polynomijalof bidegree
(5,5).

Fig. 9. Boundary layers of Bernstein-Bézier coefficients of tB88-reparametrizatiory®.

e 75 = (1 -14/5)0+ (i/5)v,, i = 0,...,5; the pointsig;, i = 1,...,5, are
symmetric to the points3,;

e the pointsy?, i = 0,...,5, represent a cubic with the control poiris := 7§,
ar = (2/3)0+ (1/3)v, + (1/5) tan(a/2) Ny, as := (1/3)0 + (2/3)V. + toN,
ag == v, + tlﬁs in degree-raised form wheﬁs = (—sin(sa — «/2), cos(sa —
a/2)) is the normal perpendicular to the edge v, 1 ; the pointsy;,,i = 2, ..., 5,
are symmetric to the pointg;;
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° ’3/52 = (1 — tQ)O + oV, ’;/152 = (1 — tl)O + tiV; + 2(’3/151 — ’;/1-50), = 3, ceey 5; the
points¥s,, ¢ = 3, ..., 5, are symmetric to the pointg,.

The three boundary layers of the reparametrization justtcocted define curves of
degred, 3 and5. Thereforey® is denoted a$35-reparametrization. The reparametriza-
tions p%* from Section 2.3 are also of tydg5.

SupposeR > 2 annuli of Bézier surfaces of bidegrég, 5) are to be generated
before the final cap of bidegréel, 11). We now fix the free parametetsand adjust
the contracting reparametrizations of the last two anfitilis procedure is explained
below and illustrated for the cage = 3 in Fig. 10. As usual, due to symmetry, only
one sector need be considered.

Fig. 10.Finite sequence of reparametrizations.

(1) The contracting reparametrization’, defined in Section 3, are degree-raised to
bidegreg(5, 5); the control points of these reparametrizations are ddrlnye/ilf,
71_2]_;7" 713],7‘

. k;r H .

(2) the pointsy,;", r < R — 2, remain unchanged;

(3) the part ofwfj;R_l that guarantees @2 join to the previoug R — 2)-th annulus
remain unchanged;

(4) the pointsy;; are denoted; ;

(5) the pointsﬁij, 3 <i,j < 5, are changed to Hermite-interpolate the three bound-
ary layers ofwf}“; this guarantees &2 join betweemy!'i® and~f+! for those

. . 3R .
layers; the points;;™ are changed analoguously;

(6) the remaining points}; ™", 7" are changed to satisfy the conditions of symme-
try and of aC? join;

(7) the reparametrizations defined by the new poiit§ ' and~"* arey*%-1 and
¥ respectively; the remaining coefficientsdf?~! and~*® and the parame-
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terst;, i € {0,1,3, 4,5} are determined by minimizing the functional

3
D (F(H + Fs (5 )
k=1

(8) the pointSyf;?“, 3 <i,j <5, are determined via th€? conditions for joiningy”
to ,yRJrl_ ’

(9) the parametef, is calculated by minimizing a functionds (y%+1), wherey#+1
is the reparametrization controled by the poinfs™*, 0 < 4,5 < 5.

4.2 Atotal degree7 C? approximation of the geometry

Fig. 11.Schematic view of the Bernstein-Bézier coefficients oféhpieces of the auxiliary map-
ping PW> of total degre€.

The sectow,0v/, , ; is splitinto the triangleg\0v, ¥, and A0V, v/, ;. The control
points of a piecewis€? mappingPW; of degree? over AOV.¥,, respectively over
AOV,v,,,, are denoted by?;, andq;,"", i + j + k = 7. The common central point
is a2y = a7o) -

Letrep := uy25™ + vy + (1 —u—v)0 andG = F o rep, whereF defines the
M-patch. The values of

0L0IG, 0<i+j<4 at(0,0)
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are calculated and converted to Bézier form of total dedreehese define a quartic
mapping7y. The pointsy;;,, ¢ > 3, (in Fig. 11 marked as the small disks) are control
points of T, after raising the degree to 7.

The remaining control points insureG2 join between adjacent sectors and are
marked as big disks in Fig. 9. For these points the conditiéi® join are the same as
for the control points of tensor-product surfaces. Theyuariguely determined by the
requirement that data derived fraRIV; o 4° be joinedC? to the patches of bidegree
(5,5) from the R-th annulus.

The control points marked as the circles do not affect thetraation.

Remark 2.Splitting the sectow,0v/, into the trianglesA0v,v, and AOV,v,
simplifies the intermediate expressions so that a compldebea system can derive
explicit formulas.

4.3 Capping patches of bidegre¢11,11)

We now describe how the Bézier patcl&s, s = 1,...,m of bidegreg(11,11) are
constructed that cap off the construction at the extraargipoint(.

(4) ©)

— 9 —

Fig. 12. Construction of the capping pat€ly,.

The cross-derivatives d?W; o 3°(u, v),
PW’T o ’75|v:01 (PW'T o ﬁ/s)vlv:m (PW7 o ﬁs)vvlvzo

are of degrees, 9 and11 respectively. For each edge Gf, emmanating frond), this
data defines the first three layers of Bézier coe1‘ficienti;|atﬂ!§2_1 andG¢, are joined
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with curvature continuity, i.e. the cap is internally cumve continuous. Fig. 12 (1)
shows these layers colored black.

The data of the ordinary patches from tReth annulus, adjacent to the extraordi-
nary patches, are colored grey. These data, degree-raisedegree11,11) andC?
extended, define three new layers for the remaining two ealy€$, that are not con-
nected taR. The cap is thereby joined? to the innermost ordinary annulus.

In Fig. 12 (2), the layers of both types are colored black &ltlile remaining6
inner control pointsy;;, 3 < 4, j, < 8 are colored grey. Thes¥$ inner control points
are determined by the guiding M-patch as follows.

e The four corners of already defined control points (markeBiqm 12 (3) by the
dashed lines) are each rerepresented in bidegr&g form;

¢ the degree-decreased corners are connected to form a papatth of bidegree
(9,9); this part is displayed via black lines in Fig. 12 (4);

e the remainingl6 inner control pointsq;?j (marked as grey circles in Fig. 12 (4))
are in1 — 1 corresponence to thi corner control points of one quartérof the
patch; these corner control points are marked in Fig. 12g4hablack circles and
in turn they are defined by the values of

DG, 0<i,j<3

at the corresponding corner;

¢ the just mentioned control pointgg_j are fixed using the M-patch:
(a) the reparametrization’**! from Section 4.1 corresponding to the same sector
asGy, is selected;
(b) the compositiod o v+ is subdivided into four;
(c) the control pointsﬁj are calculated to match the compositions;

e The auxiliary patch of bidegre@, 9) is degree-raised to bidegréel, 11); its 36
inner control points (with indicesj, 3 < 4, < 8) are taken as the inner control
pointsq;; of GF,.

Remark 3.The orderl part of a tensor-border structure of an extraordinary pestctf
degred. Hence no information is lost when an auxilary patch of bideg9, 9) is built.
The remaining tensor-border structure is defined eithehbytecewise mappingW-
of degre€r or by adjacent ordinary patches of bidegtgss). Thus the tensor-border of
an extraordinary patch is controlled by the auxiliary patsh auxiliary patch of bide-
gree(9, 9) simplifies the implementation of the algorithm since onlytighderivatives
of lower order must be calculated for the guide surface.

5 Conclusion

We have presented the construction of a polynofifaspline surface that approximates
a rational multi-sided M-patch. The key of the approach & ¢bnstruction of aC?
reparametrization to transmit the data of a guiding M-paddine spline surface.

The method can be applied to other surfaces, not neceseatidpal and it can be
used to construct an infinte sequence of annuli in the spstbéivision algorithms.
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Fig. 13. A sample surface based on an unsymmetric monkey saddle dencean = 8. (a)
shows the initial data, three annuli of bidegree (5,5) areddap of bidegree (11,11). (b) is a
bitmap placed as an environment map onto the surface (cpwte only interactive, detailed
(sectional) curvature analysis and reflection lines caambéish the claim of good shape which, in
turn, depends on the assumption that the M-patch has gope sha
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