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Abstract

For subdivision surfaces, it is important to charactermmal shape near flat spots and points
where the surface is not twice continuously differentiaBlpplying general principles de-
rived in [PROX], this paper characterizes shape near sualsfor the subdivision schemes
devised by Catmull and Clark and by Loop. For generic inptié,diaoth schemes fail to
converge to the hyperbolic or elliptic limit shape suggddty the geometry of the input
mesh: the limit shape is a function of the valence of the extliaary point rather than the
mesh geometry. We characterize the meshes for which thengeshieehave as expected and
indicate modifications of the schemes that prevent connesy¢o the wrong shape. We
also introduce a type of chart that, for a specific schemehelma designer to detect early
when a mesh will lead to undesirable curvature behavior.
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1 Introduction

Due to its conceptual simplicity, generalized subdivisgmemes, in particular
[CC78] for quadrilaterals and [Loo87] for triangulatiortsave found their way
into most graphics modelling packages for the entertainnredustry (see e.g.
[DKT98]). By contrast, providers of CAD/CAM software havaken a more cau-
tious approach and to date, we cannot point to a completgresdia high-end
surface, such as an exterior car panel or an optical lensdb@s standard subdi-
vision algorithms. A common observation is that subdivisinitially does a fine
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Fig. 1.Extraordinary points are the limit points when filling:.-sided holes in a surface by
an infinite sequence of surface rings.

job in smoothing out transitions between primary surfa8es.in the limit, prob-
lems concentrate in the neighborhood of so-called extmaarg points. From the
designer’s point of view, extraordinary points are asdedavith mesh nodes that
do not have the ordinary number of neighbors, i.e. not 4 rmghfor Catmull-
Clark subdivision or not 6 neighbors for Loop’s subdivisiéior the analysis, ex-
traordinary points are best understood as the limit of a esecgl of nested surface
rings as illustrated in Figure 1. The problems observed dtregar such extraor-
dinary points include unbounded increase of curvature aratie fluctuation of
curvature. It appears that the smoother the ordinary regiza made, the more
the shape near extraordinary points deteriorates (se¢Z&61]). A third obser-
vation is that subdivision schemes modified to enforce bednturvature, such
as Loop’s binary curvature-bounded variant [Loo02] andiiBakCatmull-Clark
variant [Sab91] cause flatness and a concentric wave paiteie curvature near
extraordinary points.

The framework for qualitative shape analysis of subdivisiorfaces near extraordi-
nary points developed in [PROXx] allows us to make the statesn@ecise. Applied
to the two most widely-used schemes [CC78,L0087], the aimhgveals intrin-
sic shape problems near extraordinary points for a widegaignput data. We
illustrate the findings for a generic input mesh, shown iruFeg6, where the limit
shape drastically differs from the shape of the controlcttme. We also show how
to minimally modify Catmull-Clark to improve at least onetbe shape character-
istics.

2 Analysis framework near extraordinary points

This section restates the main points of [PROx]. kelbe a subdivision surface
generated by a stationary, linear and symmetric algoritiinthe vicinity of an

extraordinary vertex of valenge > 3, this surface can be regarded as the union of
the extraordinary vertexa and a sequence gspline ringsx,, with domainS,, :=



3 x Z,, whereX := [0,2]%\ [0, 1)? (see Figure 1):

X © S, — RS, U Xn(S,) Um = x. Q)

m&Np

Here spline is understood in the very general sense as aggrlsombination of
real-valued functions defined &, with weights inR?, called control points. For
example, interpolatory subdivision is considered a spdicieeme. Collecting the
functions in a row vector® and the control points in a matrix of three columns
Q... we havex,, = ¢'Q,,. The sequence of control points is generated by iterated
application of a squarsubdivision matrixA to the initial data,. The subdivision
matrix has eigenvaluek,, . . ., A\, ordered by modulus and (possibly generalized)
eigenvectorsy, . . ., v;. We defineeigenfunctions), := ¢*v, and write the coeffi-
cients of the eigendecomposition of the initial d&ig,= Zszo vsby, @S row vectors

b, € R3. Then

L
Xm = g'A"Qo = Y_ AJ"theby, (2
/=0
wherex,, is a row vector of three functions.

To analyze shape at an extraordinary point where the limfidse is not necessarily
C?, we make some generic assumptions.

(a) the functions iy* form a partition of unity, and are, at least piecewiSé,

(b) The eigenfunctions, corresponding ta, # 0 are linearly independent.

@ =1>X=|N|>p:=A3="---= X9 > |A\g+1| for some) > 3.

(d) Thecharacteristic mapl := (v1,,) : S,, — R? is injective and regular.

(e) The initial data argeneric rank(b;, b;,by) =3, 0<i#j#k < Q.

Then thelocal coordinate system

b1><b2

n= ——— 3
oy xbs O

m:b0:0, elzb1/||b1H, € =1n X e, ez =

is well-defined and[ ﬁ; = L[¢!] for the lower triangulaR x 2 matrix L that
orthonormalizes the tangent coordinates. [PROx] shovisiththis coordinate sys-
tem,

Xy = Xe diag(A™, A, 1™) + (o(A™), o(A™), o(u™)), 4)
Q

xe = (U 9), W= WL, =3 ty(bym). (5)
q=3

The spline ringx. : S, — R3 is called thecentral surfaceof the subdivision
surfacex. It depends on the initial data vig,, but not on the iteration index. Its
Gaussian curvature is abbreviatedias

Section 4 of [PROX] defines three subtly different notionstwdpe in the vicinity of
an extraordinary point where the surface is not necesgatilfhese can be verified



shape ain definition verification

elliptic in sign existsNV:xNT, NN =m P >00ry <0
hyperbolic in sign for all V, x has points on both sides @f. | 1 changes sign
elliptic in the limit exists\: K > 0in N\m K.>0
hyperbolic in the limit| exists\: K < 0in A\m K. <0

hybrid for all N, K changes sign K. changes sign
L?-elliptic Ky.>0 Ks.>0
L2-hyperbolic Ky. <0 Ky. <0

Fig. 2. Summary of the shape characterizations developgeRaAx].

based onx. and are summarized in Figure 2. The first measures inteossctif
the subdivision surface with tangent plafige at m = 0 in a sufficiently small
neighborhoodV of m. The second measures the Gaussian curvatum the
subdivision surface wherever it is well defined near The third measures the
L*-Gaussian curvaturef the central surface defined &5 . := det S, whereS

minimizeus — 1w, Sw?

Depending on the input data, any high-quality subdivisicimesne should be able
to generate elliptic or hyperbolic shape and avoid the liybaise. A simple way
to check for deficiencies of a subdivision scheme is basehefdurier index
F(v) = {k € Z, : vis eigenvalue ofi*}. The following theorem from [PROX]
implies that high-quality schemes should have a 3-folddtivirabsolute-value-
largest, or subsub-dominant eigenvalue with Fourier inéigx) = {0,2,n — 2}.

Theorem 2.1 Let F be theFourier indexunction and assumptions (a) through (e)
hold.

If 7(\) # {1,n — 1}, then the subdivision scheme is 6t

If F() ¢ {0,2,n — 2}, then the subdivision scheme is K6t

If 0 & F(u), thenm is hyperbolic in sign and nat?-elliptic.

If {2,n — 2} ¢ F(p) thenm is not L*-hyperbolic.

Another shape criterion is well-known and made precise ROA.

Theorem 2.2 Definep := 45 and assumptions (a) through (e) hold.

If 0 < 1, then both principal curvatures convergeo

If o > 1, then at least one principal curvature diverges.

If o = 1, then both principal curvatures are bounded and at least@fitbem does
not converge to.
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Fig. 3. Three steps of Catmull-Clark subdivision. The extruded pentagon features two
extraordinary points of valenee= 5 and ten of valence = 3.
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Fig. 4. (Unnormalizedjefinement stencils of generalized Catmull-Clark subdivign.

3 Catmull-Clark subdivision

We analyze subdivision schemes with stencils of the typplayed in Figure 4.
First, we look at the standard Catmull-Clark choicesd@nd/.

Lemma 3.1 Let >\§. denote theth largest eigenvalue of thigh Fourier block of the

Catmull-Clark subdivision matrix (see Figure 5) andhe valence of the isolated
extraordinary point. Then

Forn=3,1>A=A=\">p =\ >N =N
Forn=4,1>1=XM=X">1=N=)\"7 =)\> ..

Forn>4, 1> =MN=X">pu=2=)\"2>)\>. .

A Fourier block

Position (by size) in Fourier block

Fig. 5. Notation foreigenvalues.



Proof The eigenvalues of Catmull-Clark subdivision are (se€[B$38,BS90,PR98])

Ao=1,

0= %(404— 1+ (da—1)2+ 85— 4),
A = %(404 —1—/(da —1)2+88—4),
M = (et 54 yf(ns + 9)ens + 1),
A= 1—16(% +5 = /(e + 9)(Cuge + 1)),

1
5 forl = 3,4,5,6 and0,

wherek > 0, cpp = cos(2rk/n), a:=1- L, [:=3 (and\{ = 0 for
k #0).

Forn < 10, the statement is checked directly with the help of a synatssiver.
In particular, forn = 3, A} = A andA) = 0 < Ajandp = A} := i ~
1667 > .1524 ~ A} > 1. In general\{ > A} sincec,; > ¢, 2. Forn > 10, we
first show)\? < )2,i.e. the third largest eigenvalue by modulugiis= \?. Since

n(5+ 3v5) > (2m)2(1 + V5),

1
8\ =3 LB T 3om 149
n n
5435 2
<3+V5— \[<3+\f—(—ﬁ)2(1+\/5)

n n

1
< (e +5 4/ (ens +9)(ens +1) = 8A.

To see thaty = A > (A})? = A2, we observe that for := ¢,; > 1/2,
16¢vVc?2 +4) > (¢ +5)4/(c+9)(c + 1) and therefore

162 = 16(2c + 4+ 2cV 2 +4) > (c+5+1/(c+9)(c+1))* = 162)\2.
The difference: — A\? is monotonically increasing with. I

The ordering of eigenvalues shown in Lemma 3.1 together Wigorem 2.2 im-
plies the following.

Corollary 3.1 For generic input data, and for standard Catmull-Clark subsion
rules

forn =3, p < )%, i.e. the surface has a flat spot at the extraordinary point.

However,p = 1/A\? ~ 0.99, i.e. the flatness manifests itself extremely
weakly.

forn = 4, u = \? and the surface €.



forn >4, p > A2, i.e. the surface has at least one divergent curvature near t
extraordinary point.

The ordering of eigenvalues shown in Lemma 3.1 together Wigorem 2.1 im-
plies the following.

Corollary 3.2 For generic input data,

forn =3, u:= A > A\l = \J7!, i.e. Catmull-Clark subdivision can not model
L2-hyperbolic surfaces;

forn =4, A2 = X772 = X!, i.e. Catmull-Clark subdivision can model both hyper-
bolic and elliptic shape;

forn >4, p:= X\ = A2 > )Y, i.e. Catmull-Clark subdivision can not model
elliptic surfaces in the sense bf ellipticity and ellipticity in sign.

We define the scalar ratio )
_M

)
Forn > 4, the amount by whicle > 1 indicates the level of dominance of the
hyperbolic over the elliptic contributions at the subsumihant level. The first
few numbers are listed in the following table. The maximurattained at» = 10.
Forn =3, \}/\) = .9144.

o

n|4 5 6 7 8 9 10 11 12
o1 1.0547 1.0936 1.1165 1.1285 1.1335 1.1346 1.1332 1.1305 ...

Shape ‘in the limit’ cannot just be decided by looking at tbectrum. The worst
shape characterization in the limit is ‘hybrid’, i.e. thefage erratically alternates
between hyperbolic and elliptic shape characteristicanG:Clark subdivision is
not hybrid butconsistentlyignores any shape clues from the input geometry: for
generic input data, the Gauss curvature is always negddnby. if the designer
can make sure that all extraordinary points intended to lpetiplic (and none
intended to be elliptic) are of valenee> 4 does Catmull-Clark subdivision deliver
the expected shape.

Lemma 3.2 For generic input data and > 4, the extraordinary point of Catmull-
Clark subdivision idyperbolic in the limit

Proof Since the denominator of the Gauss curvatdee ., is positive by regular-
ity, the sign of the Gauss curvature is the sign of the deteantiof the second fun-
damental forndl, of the central surface.. The central surface is parametrized over
n segments and each segment consists of three square doswg pi0)+[0..1]2,
(1,1) 4+ [0..1]* and (0, 1) + [0..1]%. On each piece, the central surface is a polyno-
mial of bidegree (3,3) and can be expressed in Bézier folra.entries oll.. are of

the formdet(0sx., 0;x., 0s0;x.) for s,t € {u,v} anddsx the partial derivative of



x. With respect to the variable Specifically, the entries are the product of partial
derivatives of the eigenfunctions corresponding\tand its sub-dominant eigen-
vectorswv;, v9, and of u and its subsub-dominant eigenvectossy, (c.f. [PUOO]
Section 3, p 457). The entries are polynomials of bidegre®),(67,7) or (8,6).
Thereforedet II. has the form

detII.(u) = Z ¢ig;kij(u). (6)

i,5€{3,4}

where eachk;; is a polynomial of bidegree (14,14) aggdandg; depend on the
eigencoefficients of the decomposition of the input data the eigenvectors,.
Since the input data are generggandg; are not zero. The quadratic fordet II.
in ¢; andg; is negative for all nonzerg;, andg; exactly if the eigenvalues of the

symmetric matrix, "%, “+*/*] are negative, i.e. if the function(s)
q:= kg3 + kyy £ \/(k‘?,s — k)2 + k3, <0 (7)

on the domain piece. if corresponds to theth Fourier block then

v = [W,wkd, ..., w™ Ykp]. Thus, moving from one segment to the next, the
entries ofIl. change byw*. Distributing this change tq; and ¢;, we see that it
suffices to consider one segmentof

Using range arithmetic fon = 5,...,450, we checked thats; + k4 < 0 and
(k33 — k44)* + k3, < 0. The calculations are surprisingly subtle in that one canno
just use larger intervals to include severdiut has to choose the tightest enclosures
of thecos(22.)-values with 20-digit arithmetic. Of course, valence< 450 is more
than enough for any practical application but for complesswe argue the case for
n > 450. If n > 450 thend := 1 — cos(27/n) < 10~*. Treating each eigenvector
v € {vy, v9,v3,v4} as a function o#,

v(1) 4+ 0.v(1)d+M6* > w(e) > v(1)+ dv(1)d — M&?,
M := max [0.0.].
§€[0..10—4]
SinceM = |0.0.v(1)| and, foré = 0, v; = vy andvz = vy, 6 can then be factored
out and cancelled so that range arithmetic can then showtiviégaf the Bézier
coefficients ofy for n > 450. ||

3.1 A sample data set

To illustrate the results, we select the specific, partitylsimple symmetric input
data shown in Figure 6. The andy control points are those of the characteristic
map of Catmull-Clark subdivision and= 1 — 22 — 2y2. This mesh does not hint
at a saddle shape. The valence- 8 of the extraordinary point assures that the hy-
perbolic subsub-dominant terms will be pronounced andsiimanetry inz: makes



Fig. 6. Three views of the input mesh (8-sided, symmetrig,iy). Themesh is convexn
the sense that it admits a choice of diagonals that turngatarconvex triangulation (see
Figure 14 Jeft).

Fig. 7. Catmull-Clark subdivision applied to the convex meshshown in Figure 6.l€ft)
Surface rings 24 to 30 scaled 100-fold in the normal directiap). fight) The surface
rendered transparent with normal needles in place of sugf@ints. The length of each
needle is proportional to the Gauss curvature. The two ldayenward pointing spikes,
below the surface, show the dramatic switch to negative Slaniscurvature in the 5th
subdivision step right after a spike in positive Gaussiawature in the 4th subdivision.

the data generic. Indeed, even though the initial mesh (Eiguadmits a convex
triangulation and the first annulus of patches has positaess curvature, Figure
7, left, shows that the surface turns in to a saddle after sevepa stesubdivision.
The lack of convexity becomes apparent after five subdimisteps when the nee-
dle plot in Figure 7right reverses orientation. By just looking at a given mesh, it
does not appear possible to gauge the magnitude of the elgfioents and thus
guess what mesh configurations may have a faster or slowet oiisyperbolicity.

It is therefore unlikely that designers would develop thd skmanually choosing
control points that reduce the shape problem. However, arenaal test against a
precomputed chart, as in Section 4, may help.



3.2 Modifying the extraordinary vertex rule of Catmull-@tasubdivision

In this section, we consider modifications of Catmull-Cladbdivision by differ-

ent choices ofy, § and~ so that all three numbers are positive and sum to one.
Modifying the weights of the extraordinary vertex rule wagady considered, e.g.

in [BS90]. The purpose here is to illustrate some of the fir@nts of the shape
analysis, not to devise an overall best scheme to replaceu@atlark subdivision

on quadrilateral meshes. For finding such an optimal schemewould want to
additionally modify rules for vertices besides the extdaoary point.

3.2.1 Enforcing: = A\? (bounded curvature)
Forn = 3, solvingu = \? for 3 yields

g1 (13217+ 101717

37 64 256

+ (=49 - 9VI7)). & 1.0626 — 1.3454a.  (8)

Theng < B impliesp < A% i.e. a flat spot3 = 29 yields bounded curvature
(hence the superscrifst) and3 > 324 unbounded curvature. To obtgin= \? and
keep boths and~ in [0..1], « is restricted td).1813 < a < 0.7898. The standard
values,a = % andg = % almost meet the boundedness constraint! The value
corresponding tec = 2 should be35? ~ 0.5020.

Forn > 4, A = Al but \? = \!~? do not depend on and3. Since)? < A2, we
cannot find a subsub-dominant eigenvaluguch thay:, = \2.

3.2.2 Enforcing triple subsub-dominant eigenvalues (&)

Forn = 3, solving\? = \} for 3 yields

1
flex . 6—4(117 —13V17 + a(—144 4 16V/17)) &~ 9906 — 1.21920.  (9)

Evidently, we cannot enforce both= \? and\? = A} simultaneously. To obtain
triple subsub-dominant eigenvalues and keep < [0..1], « can vary ina €
[0..0.8125].

Forn > 4, valid choices are

1
oflex ¢ la..al, flex . 3_2(16 +4(1 — 4a)k + K?), (20)
where
16 + 4k + K2 16 + 4k + 17
:: 1 A2 :: o = - . 11

10



Fig. 8. Normal needles proportional to Gauss curvatureof (from left to righ) Cat-
mull-Clark, Sabin’s bounded curvature variant [Sab91¢ @atmull-Clark variant with
a = (a + @)/2 applied to the mesh shown in Figure 6. The length of each adsdI
proportional to the Gauss curvature. The color scale is pthbetween -1 and +1 and
uniformly distributed from blue to green to red. The boundedvature variant exhibits a
concentric wave-pattern of the Gauss curvature and hasdtatu.

Fig. 9. Rings 24 to 30 of the Catmull-Clark surfabeft) vs. the Catmull-Clark variant with
a := (a+a)/2 (right), both scaled by 100 in the direction of the normatiddle: flat top
of [Sab91] when applied to the mesh shown in Figure 6 (at ezcadale).

n(d 6 7 8 9 10 11 12
«|.64247 73029 .790479 .83333 .86470 .88822 .90624 .92032 ...
. 77387 .81250 .84718 .87500 .89670 .91362 .92692 .93750 ...

The effect of setting: := (a+@)/2 isillustrated in Figures 8 and 9. The curvature
grows faster than for the standard Catmull-Clark schemedmgins positive as
expected. The increasing valuecoWith n, however, means that the old position of
the extraordinary point is weighted ever stronger in deteirmg the new position
of the extraordinary point. For higherthis yields undesirable shape.

11
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Fig. 10. Shape characterization chartsfor the modified Catmull-Clark scheme with
a = (a+ @)/2, (left) shape in signif 1» > 0 or ¢» < 0 a black pixel is drawn; other-
wise a grey pixel.rfight) L? shapegrey: K» . > 0, black: K5 . < 0.

adtdaddad

Fig. 11. Shape-in-the-limit charts for the modified Catmull-Clark scheme with
a = (a + @)/2, for valence 5 through 10. Each pixel corresponds to onaseirf white:
K. > 0, black: K. < 0, grey: hybrid).

4 A technique for characterizing the quality of schemes withtriple subsub-
dominant eigenvalues

If the spectrum of a scheme is not deficient, but the subdinignatrix has triple
subsub-dominant eigenvalues stemming from the correctiéroblocks then we
can analyse its behavior in more detail. The idea is to plotetch of the three
shape characterizations, the shape classification of @geptative set of input
meshes. Specifically, for each mesh in the representativaf sgput meshes, we
plot a grey, black (or white) pixel according to how the shabparacteristic evalu-
ates. The resulting pattern, see Figures 10 and 11, canlsetivéo prevent a poor
choice of mesh for a particular subdivision scheme and, esaly, if the unde-
sirable regions are small, to support the claim that a susidivscheme is good.
At the end of this section, we use diagram 11 to pick out a sarfhat illustrates
hybrid shape-in-the-limit.

For triple subsub-dominant eigenvalues, the central seran be written as

5
X, 1= (\IIC, ¢), 1ﬂ = Z ¢q <bq, 1’1) =: a0¢0 + a2¢2 + an—2¢n—2 (12)

q=3

whereg, is the eigenfunction belonging to théh Fourier block and:; is the nor-
mal component of the eigencoefficidnt of the input mesh. Since uniform scaling
of the z-direction does not change the shape classification, we s®ynee, with-
out loss of generality, thal_ |a;| = 1 anda, > 0. Then we can evaluate each

12



Fig. 12. Hybrid shape in the limit of the modified Catmull-Clark scheme with
a := (a+@)/2 and one input mesh defined by weighgs= 0.6, a; = 0.2 anda,,—2 = 0.2.
(from left to right) Visible pinchpoint; Gauss curvature; mean curvature.

of the shape characteristics on a rectangujar,_, grid such that the barycentric
coordinatgag, as, a,—2) = (1,0, 0) corresponds to the origin.

Off hand the resulting grid covers a diamond-shaped regidhea,, a,,_» space
of input meshes. But in our computations, with a grid-spaah1/40, we found
the shape classification symmetric with respect todther,,_» and thea; = a,_»

axes. (This holds e.qg. if, with the rotation byr /4, ¢,,_o = ¢ 07, g = ¢pg o r and
—g¢y = ¢ o r2.) Figures 10 and 11 therefore only show the relevaisth of the
diamond, namely the wedge with vertiogs0), (1,0) and(1/2,1/2).

For shape in signwe converted), for each choice ofiy, a,_», to Bézier form
and subdivided the control mesh twice. If all Bézier coédfits were positive or
all were negative, we marked the corresponding pixel blattherwise grey. The
results forn = 5, ..., 10 are all equal and are shown in Figure &,

For L*-shape, we evaluated each Bézier patck 0bn a grid with(u, v) parame-

ter spacing of).1 and fit the best quadratic functigfiz, y) to the resultinge, y, =
values. If the Hessian gof had a positive determinant, we marked the correspond-
ing pixel grey, otherwise black. Again the results fo= 5, ..., 10 were almost
indistinguishable except that the grey region shrinks low

For shape in the limjtwe evaluated the Gauss curvature of each patch in 16 loca-
tions per Bézier patch. If the Gauss curvature was evergayesitive, we marked

the corresponding pixel white, if it turned out to be evergndnegative, we marked

it black and otherwise, if it was mixed, we marked it grey. Shndesirable grey
hybrid region grows with. To illustrate the problem with ‘hybrid in the limit’ sur-
faces, we picked one hybrid surface corresponding te 8, ap = 0.6, a; = 0.2
anda,,_» = 0.2. This surface is shown in Figure 12.

13
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Fig. 13.Stencils of Loops subdivision schemeldft:) extraordinary point stencilright:)
edge stencil.

5 Loop’s subdivision

The analysis of subdivisions with the stencils of Figuresl8horter then the earlier
analysis of Catmull-Clark-like surfaces. The eigenvaligsoop’s subdivision are
Ay =1, § (n-fold), = (n-fold), O ((4n — 1)-fold) and

3 1 5 (3+2¢)?
Nea— 2 (3422 l—qi=2_ 2T
1=a- g =Bt 4T 64

1
A= §(3 2chk), k>0, ¢, = cos(2rk/n), andc := ¢, ;.

Here« is the weight associated with the extraordinary node in thacil of the
extraordinary node.

Lemmab5.1 Let >\§- denote theth largest eigenvalue of thigh Fourier block of the
Loop subdivision matrix.

Forn=3, 1>XA=XA=X""=1>p:=1 >\ =&,

Forn e {4,5}, 1> X:= X = \/! >pe=A =2 >A=N"T>1>
Forn = 6, 1>1=X=N" >I=M=X"7 =N>1>.

Forn > 6, I> M= =X" >pi=A=ANT>N> 1>

Proof For alln, A{ > & andA} > A} = (A{)? andA] > A} for & > 1. The
difference

64N\ — A)) =8(3+2(2¢* — 1)) — (3+2¢)* = (l4e + 1)(2c — 1)

implies that
forn=3: {>XN==L (M=X"=)],
forn=4,5: 20 > \? (A3 >1),
forn>6: X\2>\ (AY > ).

14



Forn > 6, ¢ > 1/2 and therefore
64(p — A =8(3+2(2¢* — 1)) — (34+2¢)* =28¢* —12c — 1 >0,
increasing withn. I

The ordering of eigenvalues shown in Lemma 5 together wittofém 2.2 implies
that, for generic input data,

valence p= {3 curvature near the extraordinary point

3 > 1 divergent
456 =1 bounded
> 6 > 1 divergent

The ordering of eigenvalues shown in Lemma 5 together wittofém 2.1 implies
the following table for generic input data. Far= 3, the hyperbolic terms come
from lower Fourier components.

valence shape

3 3-fold i := % one from each Fourier component

4,5 =) >\ =" can not model?-hyperbolic surfaces.

6 =X =X ="' can model hyperbolic and elliptic surfaces.

> 6 =X =M1 >\ can not modeL2-elliptic and surfaces elliptic in sign.
Forn = 4, we get = X ~ A2 = & Forn = 5, we get\) — \? = Y2U-0V0)

2.4834 - 107* That IS, forn =1 andn = 5, the ratioo ~ 1. Whlle the éarvatures
are dominated by the elliptic term, the hyperbolic termsarly slightly smaller.
This explains why the lack of flexibility would not easily bbserved when only a
few iterations of the algorithm are used.

The ratiooc = A}/)\{ is monotonically increasing with but has a supremum of
only 1.6. Therefore, if the mesh has a large eigencomporeergsponding to\}
and a small one correspondingXpand\} 2, the onset of hyperbolic dominance
may only occur after many iterations. This is exactly theecaken we triangulate
the mesh of Figure 8 by inserting quad-bisectors in a cirdalshion around the
extraordinary node as shown in Figure 1eft. We record (with Maple’s 20-digit
arithmetic) a sequence of convex surface rings up to sutidivilevel 17. From
level 18 onwards, a ‘channel’ of negative, and fast decngg&iauss curvature ap-
pears.

Finally, we can determine: to obtain the full complement of subsub-dominant
eigenvectors fom > 3, i.e. to have\? = \). However, the solutiong™* :=
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Fig. 14. (eft:) Convex triangulation of the quad-mesh in Figure 8n{ddle) Curvature
needle plot confirms late, but certain dominance of negdgvms inLoop’s scheme.
(right:) Channel of negative curvature visible in subdivision levir—20.

(1 + ¢*)/2, increases quickly with; that is, the weight of the extraordinary node
increases, rather than decreases, as the number of nesghbarases and the re-
sulting surfaces show an undesirable curvature distobuti
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