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a b s t r a c t

Many geographical applications deal with objects in space that cannot be adequately

described by determinate, crisp spatial concepts because of their intrinsically

indeterminate and vague nature. Geographical information systems and spatial

database systems are currently unable to cope with this kind of data. To support the

efficient representation, querying, and manipulation of vague spatial data in a database

context, we present a formal data model called vague spatial algebra (VASA). This algebra

comprises a set of vague spatial data types for vague points, vague lines, and vague regions

together with a comprehensive collection of vague spatial operations and vague

topological predicates. One of VASA’s main benefits is that its formal framework is

based on well known, general, and exact models of crisp spatial data types. This enables

an exact definition of the vague spatial model since we can build upon an already

existing theory of spatial data types. In particular, crisp spatial data types turn out to be

a special case of their vague counterparts. In addition, our approach enables executable

specifications for the operations, which can be immediately used as implementations.

The article offers a precise and conceptually clean foundation for implementing a DBMS

extension for vague spatial data and demonstrates the embedding of these new data

types as attribute data types in a database schema as well as the incorporation of vague

spatial operations and predicates into queries formulated in an SQL-like query language.

All concepts have been verified in a prototype implementation.

& 2009 Elsevier B.V. All rights reserved.

1. Introduction

In the literature about spatial database systems and
geographical information systems (GIS) the general
opinion prevails that special data types are necessary to
adequately model geometry and to efficiently represent
geometric data in database systems. These data types are
commonly denoted as spatial data types [38] such as point,
line, and region. We speak of spatial objects as occurrences
of spatial data types. So far, the mapping of spatial
phenomena of the real world leads almost exclusively to

precisely defined spatial objects. Spatial data modeling
implicitly assumes that the positions of points, the
locations and routes of lines, and the extent and hence
the boundary of regions are precisely determined and
universally recognized. This leads to exact object models.
Examples are especially man-made spatial objects repre-
senting engineered artifacts (like monuments, highways,
buildings, bridges) and predominantly immaterial spatial
objects exerting social control (like countries, districts,
and land parcels with their political, administrative, and
cadastral boundaries). We denote this kind of entities as
crisp or determinate spatial objects.

But for many geometric applications, the mapping into
crisp spatial objects is an insufficient abstraction process
since many geographic objects show the inherent feature
of spatial vagueness or spatial indeterminacy [4]. Current
GIS and spatial database systems are not capable of
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supporting applications based on vague geometric data. In
these applications, the positions of points are not exactly
known, the locations and routes of lines are unclear, and
regions do not have sharp boundaries, or their boundaries
cannot be precisely determined. Examples are natural
phenomena (like soil quality, vegetation, oceans, valleys,
mountains, oil fields, biotopes, deserts, clouds, sand-
banks), cultural phenomena (like a Rhaeto-Romanic
language speaking area) and social phenomena
(like population density, unemployment rate, terrorists’
refuges, and escape routes). We denote this kind of
entities as vague or indeterminate spatial objects.

The goal of this article is the design, definition, and
implementation of an object model for two-dimensional,
vague spatial data, called vague spatial algebra (VASA), such
that a DBMS data model and its query language
are enabled to handle vague geometries. Our algebra
(type system) framework provides a set of vague spatial

data types for vague points, vague lines, and vague regions

together with a comprehensive collection of vague spatial

operations and vague topological predicates. All data
types are closed under operations, and all data types
and a number of operations are defined generically, i.e.,
without taking into account type-specific properties and
constraints.

In contrast to other approaches that are based, e.g., on
fuzzy set theory or probability theory, our approach is
conservative in the sense that it makes use of a three-
valued (and not a multi-valued) logic; this gives us the
chance to learn about spatial vagueness. Further, it
provides us with the advantage of conceptual simplicity,
ease of understanding, ease of use, ease of implementa-
tion, and efficiency. One of VASA’s main benefits is that its
formal framework is based on well known, ‘‘traditional’’,
general, and exact models of crisp spatial data types. That
is, vague spatial data types and operations are based on
their crisp counterparts and can be expressed by them so
that we obtain executable specifications. These specifica-
tions can be directly used as implementations and
minimize the needed implementation effort. Moving from
an exact to a vague domain does not necessarily invalidate
conventional (computational) geometry; in our case, it is
merely an extension. VASA offers a precise and concep-
tually clean foundation for implementing a DBMS exten-
sion for vague spatial data. We propose to design vague
spatial data types as abstract data types such that they can
be leveraged as attribute data types in a database schema
and to incorporate vague operations and predicates into
the DBMS query language. This enables their use as
column types in conventional relational DBMSs, or they
may be integrated into object-oriented or object-rela-
tional DBMSs. In general, it is possible for a user or a third-
party developer to implement abstract data types based
on this article’s definitions in an extensible DBMS. By
posing example queries, we demonstrate the expressive-
ness of VASA and show the integration of its operations
and predicates into an SQL-like query language. Seen from
this standpoint, we extend, rather than replace, current
spatial type systems in spatial database systems and GIS.
In particular, crisp spatial data types turn out to be a
special case of their vague counterparts. The restriction

that has to be accepted for all these benefits is that our
model cannot capture all potential applications dealing
with vague spatial data. Fuzzy and probabilistic ap-
proaches allow the distinction and consideration of
different degrees of spatial vagueness due to their multi-
valued logic. However, this requires more and especially
precise knowledge about uncertainty distributions that is
frequently not available. Other problems of these ap-
proaches are lacking design concepts (e.g., for topological
predicates) and lacking implementation concepts (e.g.,
with respect to data structures). This is the reason why we
see VASA as a good starting point with many practical
applications and as the basis for further research.

Section 2 discusses related work. Section 3 begins with
an informal introduction of vague spatial objects and
motivates them by application examples. Then a defini-
tion of vague spatial data types is given. In Section 4, we
focus on vague spatial operations. This includes set
operations, type-dependent operations, and numerical
operations. In Section 5, we present our concept and
definition of vague topological predicates. In Section 6, we
address VASA’s implementation concept, illustrate the
embedding of vague spatial data types into an SQL-like
query language, and give example queries. Finally, Section
7 draws some conclusions and addresses future work.

2. Related work

In this section, we discuss related work that is relevant
for the design and construction of VASA. In Section 2.1 we
deal with crisp, determinate spatial data types, operations,
and topological relationships that serve as the basis of
their vague counterparts. Section 2.2 delineates the
phenomenon of spatial vagueness in general and gives a
classification of current models for representing it. Finally,
Section 2.3 gives an overview of the existing exact models
of vague spatial objects.

2.1. Crisp spatial data types, operations,

and topological relationships

In the spatial database and GIS community, spatial data

types like point, line, or region have found wide acceptance
as fundamental abstractions for modeling the structure of
geometric entities, their relationships, properties, and
operations. They form the basis of a large number of data
models and query languages for processing spatial data
and have gained access into commercial software pro-
ducts. The literature distinguishes simple spatial data
types (e.g., [11,17,30]) and complex spatial data types (e.g.,
[5,18,21,28,38,40,47]), depending on the spatial complex-
ity they are able to model. Simple spatial data types
(Fig. 1(a)–(c)) only provide simple object structures like
single points, continuous lines, and simple regions.
However, from an application perspective, they are
insufficient to cope with the variety and complexity of
geographic reality. From a formal perspective, they are not
closed under the geometric set operations intersection,
union, and difference. Complex spatial data types
(Fig. 1(d)–(f)) solve these problems. They provide
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universal and versatile spatial objects with multiple
components, permit regions with holes, are closed under
geometric set operations, and form the basis of our vague
spatial data types.

A special emphasis of (even interdisciplinary) spatial
research has been put on the exploration of topological

relationships (e.g., overlap, inside, disjoint, meet) between
crisp spatial objects in the two-dimensional space. They
describe purely qualitative properties that characterize
the relative positions of spatial objects towards each other
and that are preserved under certain continuous transfor-
mations including all affine transformations. From a
database and GIS perspective, their investigation has been
motivated by the necessity of formally defined topological
predicates as filter conditions for spatial selections and
spatial joins in spatial query languages and as a support
for spatial data retrieval and analysis tasks.

An important approach for characterizing them rests
on the well known 9-intersection model (e.g., [12]), which
employs point set theory and point set topology. The
model is based on the nine possible intersections of the
boundary ð@AÞ, interior ðA�Þ, and exterior ðA�Þ of a spatial
object1 A with the corresponding components of another
object B. The nine intersections are usually represented by
a 3� 3-matrix called the 9-intersection matrix (Fig. 14(a)).
Each intersection is tested with regard to the topologically
invariant criteria of emptiness and non-emptiness. 29

¼

512 different configurations are possible from which only
a certain subset makes sense depending on the combina-
tion of spatial data types just considered. A complete
collection of mutually exclusive topological relationships
can be determined for each combination of simple spatial
data types [13] and, as a generalization, for each
combination of complex spatial data types [40]. A unique
(9-intersection) matrix number has been assigned to each
topological relationship [40]. Table 1 shows the numbers
of topological predicates for each type combination.

Implementations of complex spatial data types are
available in a number of commercial and public domain
software systems. Examples are ESRI’s Spatial Database
Engine (ArcSDE) [15], the Informix Geodetic DataBlade

[19], Oracle Spatial [29], DB2’s Spatial Extender [20],
PostGIS [35], and the JTS Topology Suite [43]. All these
implementations (at least partially) support the specifica-
tions of the Open Geospatial Consortium [28,21] and
can be used as a basis for implementing VASA (see
Section 6.1).

2.2. A classification of models for vague spatial objects

So far, spatial data modeling has represented spatial
objects as entities with sharply determined boundaries
emphasizing abrupt changes of spatial phenomena. The
assumption of crisp boundaries harmonizes very well
with the internal representation and processing of spatial
objects in a computer which require precise and unique
structures. Hence, in the past, there has been a tendency
to force geographical reality into determinate spatial
objects. In practice, however, there is no apparent reason
for the whole contour of a line or the boundary of a region
to be sharp. Numerous geographical application examples
illustrate that the extent and the boundaries of spatial
objects can be indeterminate (see, e.g., [1,3,4,22,23,44]).
For instance, boundaries of geological, soil, and vegetation
units are often crisp in some places and vague in others;
concepts like the ‘‘Indian Ocean’’, ‘‘South England’’, or a
biotope are intrinsically vague.

In the real, non-artifactual world, we can essentially
find two categories of indeterminate boundaries: sharp
boundaries whose position and shape are unknown or
cannot be measured precisely, and boundaries which are
not well defined or which are useless (e.g., between a
mountain and a valley) and where essentially the
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Fig. 1. Examples of a simple point object (a), a simple line object (b), a simple region object (c), a complex point object (d), a complex line object (e), and a

complex region object (f).

Table 1
Numbers of topological predicates between two simple spatial objects

(a) and between two complex spatial objects (b).

Simple point Simple line Simple region

(a)

Simple point 2 3 3

Simple line 3 33 19

Simple region 3 19 8

Complex point Complex line Complex region

(b)

Complex point 5 14 7

Complex line 14 82 43

Complex region 7 43 33

1 In case of a point object, its boundary is empty, and its interior is

the finite set of points defining it. In case of a line object, its boundary

consists of all end points from which exactly one curve emanates, and its

interior is the object without its end points. In case of a region object, its

boundary comprises the contours of all components and holes, and its

interior is the object without its boundary. In all cases, the exterior of a

spatial object is the Euclidean plane without the object. See [40] for a

formal definition.

A. Pauly, M. Schneider / Information Systems 35 (2010) 111–138 113



Author's personal copy

topological relationship between spatial objects is of
interest. Spatial objects with indeterminate boundaries
are difficult to represent and are so far not supported in
spatial database systems and GIS. Spatial vagueness

describes the feature of a spatial object that we cannot
be sure whether certain components belong completely or
partially to the object or not. According to the two
categories of boundaries, mainly two kinds of spatial
vagueness can be identified: spatial uncertainty and
spatial fuzziness. Spatial uncertainty is traditionally equa-
ted with randomness and chance occurrence and relates
either to a lack of knowledge about the position and shape
of a spatial object with an existing, real boundary
(positional uncertainty) or to the inability of measuring
such an object precisely (measurement uncertainty).
Spatial fuzziness is an intrinsic feature of a spatial object
itself and describes the vagueness of such an object which
certainly has an extent but which inherently cannot or
does not have a precisely definable boundary.

At least four alternatives have been proposed as
general design methods of spatial vagueness: (1) fuzzy

models (e.g., [1,3,9,23,39,45]) which are all based on fuzzy
set theory and predominantly model fuzziness, (2)
probabilistic models [2,3,16,41,48] which are based on
probability theory and predominantly model positional
and measurement uncertainty, (3) rough models [46]
which are based on rough set theory and model both
uncertainty and fuzziness but in a restricted way, and (4)
exact models [6–8,14,31,37] which transfer type systems
and concepts of spatial objects with sharp boundaries to
objects with unclear boundaries and which model both
uncertainty and fuzziness but in a restricted way.

Probability theory is able to represent uncertainty and
defines the probability of an entity in a set by a
statistically defined probability function. It deals with
the expectation of a future event, based on something
known now. Examples are the uncertainty about the
spatial extent of regions defined by some property such as
temperature, or the water level of a lake.

Fuzzy set theory deals only with fuzziness, i.e., it
describes the admission of the possibility (given by a so-
called membership function) that an individual is a
member of a set or that a given statement is true. Hence,
the vagueness represented by fuzziness is not the
uncertainty of expectation. It is the vagueness resulting
from the imprecision of the meaning of a concept.
Examples of fuzzy spatial objects include mountains,
valleys, biotopes, and oceans, which cannot be rigorously
bounded by a sharp line.

Both theories require much more knowledge in terms
of probability and membership functions than we assume
or have in VASA. Hence, they allow a much more fine-
grained modeling of vague spatial objects than VASA,
which only assumes a three-valued logic. But drawbacks
of both theories are the necessary successful and precise
determination of appropriate probability and membership
functions and the computationally much higher cost for
the design and implementation of data structures and
algorithms.

Rough set theory deals with lower and upper approx-
imations of objects. This is similar to our approach but the

terminology and formal framework used are rather
different from ours. The lower approximation is always a
subset of the upper approximation; we model known and
vague parts as disjoint spatial objects.

Exact models, to which VASA belongs, extend data
models, type systems, and concepts for crisp spatial
objects to vague spatial objects. We will discuss the
existing approaches in more detail in the next subsection.

2.3. Exact models for vague spatial objects

The attractiveness and benefit of exact models for
modeling vague spatial objects rests on the wide range of
existing definitions, techniques, data structures, and
algorithms for crisp spatial objects that need not be
redeveloped but only modified and extended, or simply
used. The first models have been proposed for simplified
vague regions and employed some kind of zone concept,
either on the basis of simple regions without holes [6,8] or
on the basis of simple regions with holes [37]. The central
idea is to consider determined zones surrounding the
indeterminate boundaries of a region and expressing its
minimal and maximal extension. The zones serve as a
description and separation of the space that certainly
belongs to the region, the space that possibly belongs to
the region, and the space that is certainly outside the
region. They are modeled by a crisp simple region which
represents the area that definitely belongs to the vague
region and that is located in another larger crisp simple
region. The geometric difference between the larger crisp
region and the smaller one is considered to be the vague
zone in which the actual boundary is situated. These
simplified vague regions are called regions with broad

boundaries in [6] and egg-yolk regions in [8]. The model in
[37] proposes a model of simple vague regions with vague
holes and focuses on their formal definition. Unfortu-
nately, the three approaches do not satisfy closure
properties. Two precursors of this article introduce our
core concept of vague regions [14] and an extension to
vague points and vague lines [31]. They are generalizations
of the object specifications in [6,8,37] and satisfy closure
properties. Their definitions leverage complex spatial
objects and make the concept of vague spatial objects
much more expressive and their handling much simpler.
In this article, we further generalize the definitions of
these data types and their operations and predicates, and,
in particular, define precisely their semantics.

The primary goal in [6,8] is the exploration of
topological predicates for simple regions with broad
boundaries and egg-yolk regions, respectively. Their
studies result in 44 and 46 different topological relation-
ships, respectively. The result in [6] rests on considering
the nine intersections of the interior, broad boundary, and
exterior of a simple region with broad boundaries with the
corresponding components of another simple region with
broad boundaries. The work in [8] employs spatial logic.
The approach in [6] is extended to composite regions with

broad boundaries in [7] and leads to 56 topological
relationships. Our concept of identifying topological
predicates (see Section 5) is quite different since our
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object model is much more general. We allow complex
regions and do not impose the constraint that the
determinate region must be a subset of the indeterminate
region. We even require that the determinate region and
the indeterminate region are either disjoint or that they
meet. We have described preliminary designs of vague
topological predicates in [32–34]. In [32,33] we make use
of so-called cancelation rules that filter out invalid
constellations that definitely cannot lead to vague topo-
logical predicates. However, the problem is here to
determine a complete set of cancelation rules. Our work
in [34] sketches another idea that leverages binary

constraint networks (BCN) for a definition of vague
topological predicates. In this article, we largely extend,
formalize, and generalize this approach to all combina-
tions of vague spatial data types.

3. Vague spatial data types

Our type system VASA (short hand for vague spatial

algebra) comprises a set of vague spatial data types
together with a set of operations between these types.2

A few operations are applicable to several types and are
thus overloaded. We do not aim at developing a type
system with a ‘‘complete’’ set of data types and operations
(topological predicates are an exception (see Section 5)). It
is common consensus in the spatial database community
that this is impossible since always new data types,
operations, and predicates can be designed. It is then more
favorable to retroactively add them to the algebra; hence,
we take an extensible approach. A feature of VASA is that it
is both a descriptive algebra and an executable algebra. On
the one hand, VASA offers a descriptive design of a type
system with the specialty that vague spatial data types,
operations, and predicates are all based on their crisp
counterparts and can thus be expressed exclusively in
terms of them. On the other hand, this fact means that we
can leverage available implementations of crisp spatial
algebras, realize VASA on top of them with only minimal
effort, and directly execute vague geometric set operations
and predicates without being forced to design and
implement new algorithms for them. In other words, we

obtain executable specifications that can be directly
leveraged as an implementation.

In this section, we describe, illustrate, and formally
define our concept of vague spatial objects as the first
fundamental part of VASA. Regarding the classification of
object models for vague spatial data in Section 2.2, our
model belongs to the category of exact object models.
Section 3.1 motivates our concept by several application
scenarios. Section 3.2 provides the formal definition of
vague spatial data types.

3.1. What are vague spatial objects?

The central idea of vague spatial objects is to base their
definition on already well defined, geometric modeling
techniques. Our algebra leverages general exact object
models incorporating the crisp spatial data types point2D,
line2D, and region2D, as they have been reviewed in
Section 2.1. We assume that these data types are closed
under (appropriately defined) geometric union, intersec-
tion, and difference operations.

Vague spatial objects can, e.g., represent the uncer-
tainty about the precise paths or the spatial extent of
phenomena in space; i.e., objects can shrink and extend
and hence have a minimal and maximal extent. An
example is a lake whose water level depends on the
degree of evaporation and on the amount of precipitation.
High evaporation implies dry periods and thus a minimal
water level. High precipitation entails rainy periods and
thus a maximal water level. Islands in the lake are less
flooded by water in dry periods and more flooded in rainy
periods. If an island can never be completely flooded by
water, it forms a ‘‘hole’’ in the lake. But if an island like a
sandbank can be flooded completely, it belongs to the
vague part of the lake. Hence, we have confident
information about the minimal and maximal extent of a
lake. But the actual extent of a lake, which is somewhere
between these two extreme limits, is vague. Fig. 2
illustrates this spatial constellation. Dark-gray shading
shows areas that definitely belong to the lake. Light-gray
shading indicates areas that perhaps belong to the lake.
White color indicates areas that do definitely not belong
to the lake.

Another example is a map of natural resources like iron
ore. For some areas experts know the existence of iron ore
with certainty because of soil samples and boreholes. For
other areas experts are not sure and only assume the
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Fig. 2. The extent of a lake depending on the degree of evaporation and on the amount of precipitation.

2 We assume that other needed, well known data types (e.g.,

alphanumerical data types and crisp spatial data types) with corre-

sponding operations are provided by other algebras (type systems).
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incidence of this mineral. These are the kinds of vague
spatial objects (in this case: vague regions) we are
especially interested in. On the other hand, our concept
is also able to model the aspect of fuzziness that
areal objects have an extent but cannot be bounded
by a precise border like the transition between a mountain
and a valley. Continuous changes of features (like air
pollution continuously decreasing from city centers to
rural areas) cannot be modeled by this concept. This
is a predestined application of fuzzy object models
(see Section 2.2).

A further example are oil spills. For environmental
authorities it is very important to obtain information
about the spread of oil slicks in order to be able to
take measures for their removal, assess the consequences
for the marina flora and fauna, and implement rescue
measures. Due to radar and helicopter observations
it is possible to determine the minimal distribution of
oil slicks. Mathematical models fed by parameters
like wind velocity and current enable the prediction
of the movement and the possible extent of the oil
pollution.

As a final illustrating example, which we also use to
introduce our terminology deployed in VASA, we consider
a homeland security scenario. Secret services (should)
have knowledge of the whereabouts of terrorists. For each
terrorist, some of their refuges are precisely known; some
others are assumed and thus only conjectures. We can
model all these locations as a single vague point object
where the precisely known locations are called the kernel

point object and the assumed locations are denoted as the
conjecture point object. Secret services are also interested
in the routes a terrorist takes to move from one refuge to
another. These routes can be modeled as a single vague

line object. Some routes collected in a kernel line object
have been identified with certainty. Other routes can only
be assumed to be taken by a terrorist; they are gathered in
a conjecture line object. Knowledge about areas of
terroristic activities is also important for secret services.
From some areas it is well known that a terrorist operates
in them; we summarize them in a kernel region object.
From other areas we can only assume that they are the
target of terroristic activity; we denote them as a
conjecture region object. Fig. 3 gives some examples.
Dark-gray shaded areas, straight curves, and dark-gray
points indicate kernel parts. Areas with light-gray inter-
iors, dashed lines, and light-gray points refer to conjecture

parts. White areas describe exterior parts. In this sense,
many application scenarios can be found that could
leverage our concept of vague spatial objects.

3.2. A generic definition of vague spatial data types

Based on the motivation in the previous subsection, we
now give formal definitions of our vague spatial data types.
An interesting observation is that these definitions can be
given in a generic manner in the sense that type-specific
considerations and distinctions are unnecessary. For the
definition of vague points, vague lines, and vague regions
we make use of the data types point2D for (complex) crisp
points, line2D for (complex) crisp lines, and region2D for
(complex) crisp regions (see Section 2.1), which are
defined as special point sets (Section 2.1, [40]) and closed
under the geometric set operations � (union), � (inter-

section), � (difference), and 0 (complement). Given a type
a 2 fpoint2D; line2D; region2Dg, the signatures of the op-
erations are �;�;� : a� a! a and 0 : a! a. Each type
a together with the operations � and � forms a Boolean
algebra. We denote the identity of � by 1, which
corresponds to R2. We represent the identity of � by 0,
which corresponds to the empty spatial object (empty
point set ;). Further, we leverage the three point set
topological notions of boundary ð@AÞ, interior ðA�Þ, and
exterior ðA�Þ of a spatial object A (see Section 2.1). The use
of an exact model for constructing vague spatial data
types leads to the benefit that existing definitions,
techniques, data structures, and algorithms need not be
redeveloped but can simply be used or in the worst case
slightly modified or extended as necessary. This leads to
the following generic definition of vague spatial data
types:

Definition 1. Let a 2 fpoint2D; line2D; region2Dg.A vague

spatial data type is given by a type constructor v as a pair
of equal crisp spatial data types a, i.e.,

vðaÞ ¼ a� a

such that for w ¼ ðwk;wcÞ 2 vðaÞ and an auxiliary function
points : vðaÞ ! 2R2

, which yields the (unknown) point set
of a vague spatial object, holds:

(i) w�k \w�c ¼ ;

(ii) wk � pointsðwÞ � wk �wc

(iii) pointsðwÞ 2 a

ARTICLE IN PRESS

Fig. 3. Examples of a (complex) vague point object (a), a (complex) vague line object (b), and a (complex) vague region object (c). The term ‘‘complex’’

indicates that each collection of components forms a single vague spatial object.
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We call w 2 vðaÞ a (two-dimensional) vague spatial

object with kernel part wk and conjecture part wc . Further,
we call wo:¼0ðwk �wcÞ the outside part of w. If a ¼
point2D holds, an element of vðpoint2DÞ ¼ point2D�

point2D¼:vpoint2D is called a vague point object. Corre-
spondingly, an element of vðline2DÞ¼:vline2D is called a
vague line object, and an element of vðregion2DÞ¼:

vregion2D is called a vague region object. If wk ¼ 0 and
wc ¼ 0, we call w ¼ ð0;0Þ the empty vague spatial object.

Syntactically, a vague spatial object is described as a
pair of crisp complex spatial objects of the same type.
Semantically, four constraints have to be satisfied. In
condition (i) we require that the kernel part and the
conjecture part have disjoint interiors, since a point of the
same object cannot belong to both parts.

Condition (ii) makes two statements. First, it states
that the kernel part wk describes the determinate
component of the vague spatial object, that is, the
component that definitely and always belongs to the
vague spatial object. Second, it states that the conjecture
part wc describes the vague component of the vague
spatial object, that is, the component from which we
cannot say with any certainty whether it or pieces of it
belong to the vague spatial object or not. Maybe the
conjecture part or pieces of it belong to the vague object;
maybe this is not the case. We could also say that this is
unknown. Another, related view is to regard wk as a lower

(minimal, guaranteed) approximation of w and wk �wc as
an upper (maximally possible, speculative) approximation

of w. This brings us near to a rough set theoretical view.
Condition (iii) requires that even if we do not know the

exact point set of w, the actual point set pointsðwÞmay not
be arbitrary but must be compatible to type a. A direct
conclusion from this requirement is that pointsðwÞ �wk 2

a since wk 2 a.
We conclude this section with two definitions. The first

definition provides us with an alternative formulation of
the disjointedness criterion in Definition 1(i). The dis-
jointedness is here expressed on the basis of point set
topological notions. We can also specify this constraint by
means of topological cluster predicates on complex crisp
spatial objects [40].

Definition 2. An alternative specification of the seman-
tical constraint in Definition 1(i) in terms of topological
cluster predicates is

8a 2 fpoint2D; line2D; region2Dg 8w ¼ ðwk;wcÞ 2 vðaÞ:
disjointðwk;wcÞ _meetðwk;wcÞ

The cluster predicates disjoint and meet are overloaded
twofold. First, for each combination of crisp spatial data
types, they summarize several similar basic topological
predicates identified in [40]. Second, these predicate
names are used independently of a particular type
combination.

Finally, we give the definition of the characteristic

function of a vague spatial object. This function decides
about existence or non-existence of a point in a vague
spatial object.

Definition 3. The characteristic function wwðpÞ for a point
p 2 R2 and a vague spatial object w 2 vðaÞ is defined as

wwðpÞ 2

f1g if p 2 wk

f0g if p 2 R2
� ðwk [wcÞ

f0;1g if p 2 wc �wk

8><
>:

Note the deliberate use of set-theoretic operations.
Especially the common boundary points of wk and wc

(wk \wca;) are mapped to 1. Further, we especially
obtain that wwðpÞ ¼ 1 for all p 2 pointsðwÞ.

4. Vague spatial operations

In this section, we describe, illustrate, and formally
define vague spatial operations as the second fundamen-
tal part of VASA. Section 4.1 motivates them by a few
application scenarios. In Section 4.2 we give a formal
definition of the vague spatial set operations union,
intersection, and difference. An interesting aspect is that
we define them generically, i.e., independently of the
underlying data types. Section 4.3 introduces other
generic vague spatial operations and predicates. Type-
dependent vague spatial operations are discussed in
Section 4.4. Finally, Section 4.5 deals with vague numeric
operations.

4.1. What are vague spatial operations?

Unsurprisingly, vague spatial operations are spatial
operations operating on vague spatial objects. That is,
these operations take vague spatial objects as argu-
ments and yield vague objects as a result. A resulting
vague object can again be a vague spatial object, or it is a
vague number or a vague Boolean. We will later specify
what we mean by the latter two types. It is common
consensus in the spatial database field that a spatial
algebra is never complete since always new operations
can be designed and added to it. Hence, we take an
extensible approach and assume that VASA will be
extended if necessary. Because of their particular im-
portance, vague topological predicates will be dealt with
in Section 5.

We now briefly present two real life applications and
motivate the use of vague spatial operations. The first
example is taken from the animal kingdom. We view the
living spaces of different animal species and distinguish
kernel parts where they mainly live and conjecture parts
like peripheral areas or corridors where they in particular
hunt for food or which they cross in order to migrate from
one kernel part to another one. We consider the following
example queries regarding their living spaces: (1) Find the
animal species that (partially) share their living spaces. (2)
Determine hunters that penetrate into the living space of
other animals. (3) Ascertain the areas where two species
can only meet by accident. For two animal species u and v,
the interesting situations for the queries are illustrated in
Fig. 4. The common task of all three queries is to compute
the common living spaces of two animal species, i.e., to
calculate the intersection of two vague regions. But the
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nature of the intersection is different in all three cases.
The first query asks for an intersection between two
kernel parts (Fig. 4(a)). The (non-empty) result is
definitely a kernel part. The second query amounts to
an intersection between a kernel part and a conjecture
part but not between two kernel parts (Fig. 4(b)). Since a
conjecture part is involved that describes a vague part,
we cannot make a definite statement whether this
intersection belongs to the kernel part. It only remains
to regard this intersection as a conjecture part. The third
query exclusively asks for an intersection between two
conjecture parts (Fig. 4(c)); it is definitely a conjecture
part. In total, we see that the ‘‘strength of intersection’’
decreases from left to right in Fig. 4. We show later that
for any two vague spatial objects we are able to express
both the general, overall intersection operation as well as
the special intersection operations addressed in the above
three queries. Last but not least, we mention that the
intersection of an exterior part with anything else is an
exterior part.

The second example refers to our homeland security
scenario from Section 3.1. Taking into account spatial
vagueness, we are able to pose interesting queries. We
can ask for the locations where any two terrorists
have definitely, perhaps, and/or never taken the same
refuge. We can determine those terrorists that definitely,
perhaps, and/or never operated in the same area. We
can compute the locations where routes taken by different
terrorists definitely, perhaps, and/or never crossed
each other. We can find out the sphere of a number of
terrorists on the basis of their locations as a vague convex

hull.
Many further application scenarios and queries are

conceivable. Vague concepts offer a greater flexibility and
more nuances for modeling and computing properties of
spatial phenomena in the real world than determinate
‘‘black or white’’ concepts do. Still, vague concepts
comprise the modeling power of determinate concepts
as a special case.

4.2. A generic definition of vague spatial set operations

The three vague geometric set operations union,
intersection, and difference have all the same signature
vðaÞ � vðaÞ ! vðaÞ with a 2 fpoint; line; regiong. In addi-
tion, we define the operation complement with the

signature vðaÞ ! vðaÞ. It is our goal to define these
operations in a type-independent and thus generic
manner. In order to define them for two vague
spatial objects u and w, it is helpful to consider mean-
ingful relationships between the kernel part, the con-
jecture part, and the outside part of u and w (Table 2).
For each operation we give a table where a column/
row labeled by , , or denotes the kernel
part, conjecture part, or outside part of u and w,
respectively. Each entry of the table denotes a possible
combination, i.e., non-empty intersection, of kernel
parts, conjecture parts, and outside parts of both
objects, and the label in each entry specifies whether
the corresponding intersection belongs to the kernel part,
conjecture part, or outside part of the operation’s result
object.
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Fig. 4. Example scenarios with a focus on the intersection between two kernel parts (a), a kernel part and a conjecture part (b), and two conjecture parts

(c) of two vague regions.

Table 2
Components resulting from intersecting kernel parts, conjecture parts,

and outside parts of two vague spatial objects with each other for the

four vague geometric set operations union (a), intersection (b), differ-
ence (c), and complement (d).
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Regarding the union operation (Table 2(a)), the inter-
section component of a kernel part with any other part
belongs to the kernel part of the resulting vague spatial
object r since the union operation asks for the definite
membership in either part only. Likewise, the intersection
component of the two conjecture parts or the intersection
component of a conjecture part with an outside part
belongs to the conjecture part of r, and only the
intersection component of the two outside parts belongs
to the outside part of r. Regarding the intersection

operation (Table 2(b)), the intersection component of an
outside part with any other part belongs to the outside
part of r because intersection requires at least potential
membership in both parts. The kernel part of r only
contains components which definitely belong to the
kernel parts of both operand objects. The intersection
component of both conjecture parts or of a conjecture part
and a kernel part contribute to the conjecture part
of r. Obviously, the complement (Table 2(d)) of the
kernel part is the outside part, and vice versa. With
respect to the conjecture part, anything inside the vague
part of an object might or might not belong to the object;
hence, the result is the conjecture part itself. The difference

(Table 2(c)) between any two parts is equal to the
intersection of the first part with the complement of the
second part.

Table 2 enables us now to formally define the four
operations. An interesting aspect is that these definitions
can be based solely on already known crisp geometric set
operations on well-understood exact spatial objects.
Hence, we are able to give executable specifications for
the vague geometric set operations. This means, by
employing an available crisp spatial algebra, we can
directly execute the vague geometric set operations with-
out being forced to design and implement new algorithms
for them (see Section 6.1).

Definition 4. Let u;w 2 vðaÞ, and let uk and wk denote
their kernel parts and uc and wc their conjecture parts.
We define

(i) u union w :¼ ðuk �wk; ðuc �wcÞ � ðuk �wkÞÞ

(ii) u intersection w :¼ ðuk �wk; ðuc �wcÞ � ðuk �wcÞ

�ðuc �wkÞÞ

(iii) u difference w :¼ ðuk � ð0ðwk �wcÞÞ; ðuc �wcÞ

�ðuk �wcÞ

�ðuc � ð0ðwk �wcÞÞÞÞ

(iv) complement u :¼ ð0ðuk � ucÞ;ucÞ

According to Definition 4(ii) the intersection of two
vague line objects yields again a vague line object. This is
in contrast to most definitions of its crisp counterpart
which is usually specified as � : line2D� line2D!

point2D [38]. However, our specification stresses the
aspects of generic definition, maintenance of closure
properties, and consistency among the three instances of
the intersection operation. An operation named com-
mon_points that computes the shared points of two
vague lines is introduced in Section 4.3.

If u and v are vague spatial objects with empty
conjecture parts, i.e., uc ¼ 0 and vc ¼ 0, the
operations behave exactly like their crisp counterparts.
This holds for all vague spatial operations defined in this
article.

We introduce juxtaposition as an abbreviating notation
for the intersection of two crisp spatial objects and assign
intersection higher associativity than union and differ-
ence. Hence, the above definition for u difference w could
also be specified more concisely as ðukð0ðwk �wcÞÞ;

ucwc � ukwc � ucð0ðwk �wcÞÞÞ.
The following lemma shows that the specifications of

Definition 4 fit to the specifications in Table 2.

Lemma 1. The specifications of Definition 4 realize

the behavior of and are consistent to the specifications in

Table 2.

Proof. According to Table 2(a), for z ¼ u union w in
Definition 4(i), we have to show the three identities

ð1Þ zk ¼ ukwk � ukwc � ukwo � ucwk � uowk

ð2Þ zc ¼ ucwc � ucwo � uowc

ð3Þ zo ¼ uowo

The proof for (1) leverages that � is idempotent. We can
therefore duplicate the first term ukwk. Then, using the
fact that� distributes over�, we can factorize both uk and
wk and obtain:

zk ¼ ðukðwk �wc �woÞÞ � ððuk � uc � uoÞwkÞ

Since wk �wc �wo ¼ 1 ¼ R2 and uk � uc � uo ¼ 1, we get

zk ¼ ðuk � 1Þ � ðwk � 1Þ ¼ uk �wk

which corresponds to the definition of the kernel part of
union. For proving Eq. (2) we know that for r; s 2 a holds:

r � s ¼ rs� rð0sÞ � ð0rÞs

We can use this identity to rewrite the conjecture part
specification in Definition 4(i) as

ðucwc � ucð0wcÞ � ð0ucÞwcÞ

� ðukwk � ukð0wkÞ � ð0ukÞwkÞ

Next we evaluate all complements by using that 0wc ¼

wk �wo and 0wk ¼ wc �wo. This leads to

ðucwc � ucðwk �woÞ � ðuk � uoÞwcÞ

� ðukwk � ukðwc �woÞ � ðuc � uoÞwkÞ

Applying distributivity of � we obtain

ðucwc � ucwk � ucwo � ukwc � uowcÞ

� ðukwk � ukwc � ukwo � ucwk � uowkÞ

In this term, only ucwk and ukwc appear in both parts of
the difference; all other intersections to be subtracted
have no effect at all since all intersections are pairwise
disjoint due to the definition of vague spatial objects.
We obtain

ucwc � ucwo � uowc

which corresponds exactly to the condition required for zc.
For proving Eq. (3) we note that in a Boolean lattice for
r; s 2 a holds: 1� s ¼ s, 1� s ¼ 1, and 1 ¼ r � ð0rÞ. There-
fore, we know that s ¼ ðr � ð0rÞÞs ¼ rs� ð0rÞs, and it
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follows that r � s ¼ r � rs� ð0rÞs. We also know that r �

rs ¼ rð1� sÞ ¼ r so that r � s ¼ r � ð0rÞs. Since ð0rÞs

is another way of denoting the difference s� r,
we get: r � ðs� rÞ ¼ r � s. Now we have by definition
that

zo ¼0ðzk � zcÞ ¼0ðuk �wk � ððuc �wcÞ � ðuk �wkÞÞÞ

¼0ðuk �wk � uc �wcÞ

By commutativity and de Morgan’s law this reduces to

ð0ðuk � ucÞÞ � ð0ðwk �wcÞÞ

which is by the definition of complement equal to uo �wo,
the condition required for zo.

According to Table 2(b), for z ¼ u intersection w in

Definition 4(ii), we have to show the three identities

ð1Þ zk ¼ ukwk

ð2Þ zc ¼ ucwk � ucwc � ukwc

ð3Þ zo ¼ uowk � uowc � uowo � ukwo � ucwo

The right-hand sides of the Eqs. (1) and (2) correspond

directly to the specifications of the kernel part and the

conjecture part of intersection. For proving Eq. (3) we

duplicate the term uo �wo, factorize both uo and wo, and

simplify the equation to

zo ¼ uoðwk �wc �woÞ � ðuk � uc � uoÞwo

¼ ðuo � 1Þ � ð1�woÞ ¼ uo �wo

On the other hand, we know by definition that

zo ¼0ðzk � zcÞ ¼0ðukwk � ucwk � ucwc � ukwcÞ

Again we use the fact that � distributes over � and

factorize first both wk and wc and then wk �wc . After-

wards, by de Morgan’s law, we obtain

zo ¼0ððuk � ucÞwk � ðuk � ucÞwcÞ

¼0ððuk � ucÞ � ðwk �wcÞÞ

¼ ð0ðuk � ucÞÞ � ð0ðwk �wcÞÞ

which is by the definition of complement equal to

uo �wo.

According to Table 2(c), for z ¼ u difference w in

Definition 4(iii), we have to show the three identities

ð1Þ zk ¼ ukwo

ð2Þ zc ¼ ukwc � ucwc � ucwo

ð3Þ zo ¼ ukwk � ucwk � uowk � uowc � uowo

With wo ¼0ðwk �wcÞ, the right-hand sides of the Eqs. (1)

and (2) correspond directly to the specifications of the

kernel part and the conjecture part of difference. For

proving Eq. (3) we duplicate the term uo �wk, factorize

both wk and uo, and simplify the equation to

zo ¼ ðuk � uc � uoÞwk � uoðwk �wc �woÞ

¼ ð1�wkÞ � ðuo � 1Þ ¼ uo �wk

On the other hand, we know by definition that

zo ¼0ðzk � zcÞ ¼0ðukwo � ukwc � ucwc � ucwoÞ

Again we use the fact that � distributes over �

and factorize first both uk and uc and then wc �wo.

Afterwards, by de Morgan’s law, we obtain:

zo ¼0ðukðwc �woÞ � ucðwc �woÞ

¼0ððuk � ucÞ � ðwc �woÞÞ

¼ ð0ðuk � ucÞÞ � ð0ðwc �woÞÞ

which is by the definition of complement equal to

uo �wk.

According to Table 2(d), for z ¼ complement u in

Definition 4(iv), we have to show the three identities

ð1Þ zk ¼ uo

ð2Þ zc ¼ uc

ð3Þ zo ¼ uk

Since uo ¼0ðuk � ucÞ holds, the right-hand side of Eq. (1)

corresponds to the specification of the kernel part of

complement. The right-hand side of Eq. (2) is equal to the

conjecture part of complement. For proving Eq. (3) we

have by definition that

zo ¼0ðzk � zcÞ ¼0ðuo � ucÞ ¼ uk

This concludes the consideration of the correctness of all

four operations. &

4.3. Other generic vague spatial operations and predicates

In Section 4.2, we have defined the operation inter-
section for two vague spatial objects of the same type. We
extend this definition now to all mixed type combinations
such that two vague spatial objects have a different
dimension. This allows us, e.g., to determine the compo-
nents of a vague line that intersect (i.e., lie in) a vague
region, or the components of a vague point located on a
vague line. The result is always an object of the lower
dimension. Let ‘‘oT ’’ be an order relation on the
three vague spatial data types that is defined as
vpoint2DoT vline2DoT vregion2D. The signatures of inter-
section are then either vðaÞ � vðbÞ ! vðaÞ or vðbÞ �
vðaÞ ! vðaÞ with vðaÞoT vðbÞ. To enable this extension,
we generalize the crisp intersection operation � to all
corresponding crisp variants of the just mentioned
signatures. These crisp variants are well defined [38].
The already known Definition 4(ii) for intersection
can then also be applied in case of the mixed type
combinations.

Sometimes it is helpful to be able to only deal with the
kernel part or the conjecture part of a vague spatial object
and thus to suppress the other part, or to swap its kernel
part and conjecture part.

Definition 5. Let u ¼ ðuk;ucÞ 2 vðaÞ. We define the follow-
ing operations with the signature vðaÞ ! vðaÞ:

(i) kernelðuÞ :¼ ðuk;0Þ

(ii) conjectureðuÞ :¼ ð0;ucÞ

(iii) invertðuÞ :¼ ðuc ;ukÞ

The following operations give access to the compo-
nents of vague spatial objects and enable structural
comparisons.
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Definition 6. Let u ¼ ðuk;ucÞ 2 vðaÞ and w ¼ ðwk;wcÞ 2

vðaÞ. We define

(i) k-projðuÞ :¼ uk

(ii) c-projðuÞ :¼ uc

(iii) u ¼ w :¼ ðuk ¼ wk ^ uc ¼ wcÞ

(iv) uaw :¼ ðukawk _ ucawcÞ

The first two operations with the signature vðaÞ ! a
map the kernel part or the conjecture part of a vague
spatial object to the corresponding crisp spatial object and
hence leave VASA. The equality and inequality predicates
with the signature vðaÞ ! bool compare the structural
definition of both vague spatial objects. Note that the
predicate ‘‘¼’’ is different from the topological predicate
equal defined in Section 5.

4.4. Type-dependent vague spatial operations

Type-dependent spatial operations only permit a
limited subset of the available types as domain and
codomain. We first introduce a few operations that either
give access to object components of lower dimension
(Definition 7(i)–(iv)) or produce an object of higher
dimension (Definition 7(v)–(viii)). To keep the balance
between kernel part and conjecture part, each operation is
available in two versions in which either the kernel part or
the conjecture part of the argument object dominates. The
structure of the definitions is rather similar for both the
‘‘kernel versions’’ and the ‘‘conjecture versions’’ of all
operations.

Definition 7. Let p 2 vpoint2D, l 2 vline2D, m 2 fvline2D;

vregion2Dg, and r 2 vregion2D. We define

(i) k-verticesðmÞ :¼ ðverticesðmkÞ;verticesðmcÞ

�verticesðmkÞÞ

(ii) c-verticesðmÞ :¼ ðverticesðmkÞ

�verticesðmcÞ;verticesðmcÞÞ

(iii) k-boundaryðrÞ :¼ ðboundaryðrkÞ; boundaryðrcÞ

�boundaryðrkÞÞ

(iv) c-boundaryðrÞ :¼ ðboundaryðrkÞ

�boundaryðrcÞ; boundaryðrcÞÞ

(v) k-interiorðlÞ :¼ ðinteriorðlkÞ; interiorðlcÞ

�interiorðlkÞÞ

(vi) c-interiorðlÞ :¼ ðinteriorðlkÞ � interiorðlcÞ;

interiorðlcÞÞ

(vii) k-convex_hullðpÞ :¼ ðconvex_hullðpkÞ;

convex_hullðpk � pcÞ

�convex_hullðpkÞÞ

(viii) c-convex_hullðpÞ :¼ ðconvex_hullðpk � pcÞ

�convex_hullðpcÞ;

convex_hullðpcÞÞ

All definitions make use of the representation of crisp
and vague lines and regions as linear approximations and
leverage well defined crisp spatial operations. The spatial
operation vertices with the signatures line2D! point2D

and region2D! point2D collects the segment end points
of a crisp line or crisp region boundary, respectively. The

operation boundary with the signature region2D! line2D

determines the boundary of a crisp region object and
represents it as a closed crisp line object. The operation
interior with the signature line2D! region2D calcu-
lates the ‘‘outmost’’ cycles of a crisp line object and
collects them into a crisp region object. That is, all
segments of a cycle that lie within some other cycle are
removed. The well known operation convex_hull with the
signature point2D! region2D computes the smallest
convex region that contains all points of a given point2D

object.

If op 2 fvertices; boundary; interior; convex_hullg with
op : a! b, then, by vague lifting, we obtain the vague
counterparts k-op; c-op : vðaÞ ! vðbÞ with their seman-
tics given in Definition 7. We get a kernel version
and a conjecture version for each crisp spatial opera-
tion since, according to Definition 1(i), the intersection
of the interiors of the kernel part and the conjecture
part of the resulting vague spatial object must be empty.
Hence, the interior of the common components of the
kernel part and the conjecture part of the resulting
vague spatial object can and has to be either assigned
to its kernel part or its conjecture part. A few examples
of the vague spatial operations are given in Figs. 5
and 6.

Finally in Definition 8, we define two further inter-
section operations. The operation common_points
with the signature vline2D� vline2D! vpoint2D

computes the point intersections between two
vague line objects. It leverages the crisp operation
common_points with the signature line2D� line2D!

point2D that determines the intersection points of
two crisp line objects. The operation common_border
computes the shared boundary of two extended
vague spatial objects where at least one operand is a
vague region object; the result is a vague line object.
Its possible signatures are vline2D� vregion2D! vline2D,
vregion2D�vline2D! vline2D, and vregion2D� vregion2D

! vline2D.

Definition 8. Let l;m 2 vline2D and r; s 2 vregion2D.
We define

(i) common_pointsðl;mÞ :¼ ðcommon_pointsðlk;mkÞ;

common_pointsðlc ;mcÞ

�common_pointsðlk;mcÞ

� common_pointsðlc ;mkÞÞ

(ii) common_borderðl; rÞ :¼ intersectionðl;k-boundaryðrÞÞ

(iii) common_borderðr; lÞ :¼ common_borderðl; rÞ

(iv) common_borderðr; sÞ :¼ intersectionðk-boundaryðrÞ;

k-boundaryðsÞÞ

4.5. Vague numeric operations

Spatial operators returning numerical values
provide information about metric features of spatial
objects. Examples are the area of a region or the length

of a line. These operations are well understood and
defined in the crisp spatial domain [38]. However, we
will see in this subsection that vague numeric operations

turn out to be more complicated than perhaps expected.
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The reason is that the vague character of the spatial
argument objects leads to vague numerical results.
For example, the area of a vague region is at least
equal to the area of the kernel part and at most equal
to the area of the kernel part and the conjecture part,
i.e., it is somewhere in between. We cannot express
the vague area value by a single scalar number only.
But an appropriate representation could be an interval

given by the minimum and maximum area values.
However, this leads to the problem that we have to
introduce a data type for intervals together with an
interval arithmetic [27] as a separate algebra into
DBMSs. Further, interval arithmetic can be slow and
often gives overly pessimistic results for real-world
computations since chained operations on intervals
often cause the size of the intervals to grow rapidly.
In our case of VASA, the introduction of interval arith-
metic would lead to a large overhead. We thus decide
to keep things simple and instead define two operations
for computing the lower bound and the upper bound of
such intervals. This enables us to keep ordinary numeric
operations.

Definition 9 specifies several unary vague
spatial operators yielding numerical values. Minimal
numerical result values are guaranteed by taking
into account the kernel part of a vague spatial object
only. Maximal numerical result values are bounded by
considering the kernel part and the conjecture
part together. The definitions of these operators are
based on the well known crisp spatial operators
length : line2D! real, area : region2D! real, diameter :
a! real with a 2 fpoint2D; line2D; region2Dg, and
no_of _comp : point2D! real. The vague spatial
operators are obtained by vague lifting of the
crisp operators. They exist both in a ‘‘lower bound’’
version and an ‘‘upper bound’’ version and are self-
explanatory.

Definition 9. Let p 2 vpoint2D, l 2 vline2D, r 2 vregion2D,
and t 2 fvpoint2D;vline2D;vregion2Dg. Then:

(i) min-lengthðlÞ :¼ lengthðlkÞ

(ii) max-lengthðlÞ :¼ lengthðlk � lcÞ ¼ lengthðlkÞ

þlengthðlc � lkÞ

(iii) min-areaðrÞ :¼ areaðrkÞ

(iv) max-areaðrÞ :¼ areaðrk � rcÞ

¼ areaðrkÞ þ areaðrcÞ

(v) min-diameterðtÞ :¼ diameterðtkÞ

(vi) max-diameterðtÞ :¼ diameterðtk � tcÞ

(vii) min-no_of_compðpÞ :¼ no_of _compðpkÞ

(viii) max-no_of_compðpÞ :¼ no_of _compðpkÞ

þno_of _compðpcÞ

There are other useful operations on crisp spatial
objects for which a generalization to the vague case
is surprisingly not quite so simple or even impossible.
We illustrate this for two desired operations for which
we can neither define a lower bound version nor an
upper bound version. An operation returning the num-
ber of connected components of a vague line or region
object depends heavily on the semantics of the conjec-
ture part. Since vague line and region objects need
not be connected, their conjecture parts, which express a
‘‘possibly line’’ and ‘‘possibly region’’-semantics, respec-
tively, might well allow several unconnected compo-
nents. Fig. 7 shows possible instances of a vague line
and a vague region and demonstrates the unpredict-
ability of the number of components. Hence, we cannot
give an upper bound on the number of components.
We also cannot give a non-trivial lower bound, e.g., for
the number of kernel part components since kernel
part components might be connected by conjecture
part components. In Fig. 8 the minimal number of
components is 1 although there are three kernel part
components.

If we consider the calculation of the perimeter of
a vague region, in a first approach one could be attemp-
ted to define lower bound and upper bound versions
similar to the definitions of area or length. However,
this leads to wrong results. The conjecture part des-
cribes possible locations of the region’s contour (and
thus the region itself). This makes it impossible to
determine any upper bound on the length of such a
boundary contour. In particular, the actual contour might
be much longer than the perimeter of the conjecture
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Fig. 5. Examples for the operations k-boundary (a) and c-interior (b).

Fig. 6. A vague point object p (a), k-convex_hullðpÞ (b), and

c-convex_hullðpÞ (c).
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region. Fig. 9(a) illustrates this situation. Moreover, we
cannot simply take the perimeter of the kernel part as the
minimal perimeter. Fig. 9(b) illustrates this. Usually, holes
contribute to the perimeter of a region. If, e.g., a kernel
part of a vague region v contains a hole which is equal to
the conjecture part of v, the perimeter of the hole is not
counted for the perimeter of the maximal possible region.
In Fig. 9(b), the minimal possible region has the maximal
possible perimeter lengthðCÞ þ lengthðcÞ whereas the max-
imal possible region has the minimal possible perimeter
of lengthðCÞ.

Definition 10 presents two distance operators with
the common signature vðaÞ � vðbÞ ! real where a;b 2
fpoint2D; line2D; region2Dg. Again, these operators exist
both in a lower bound version and an upper bound
version. The operations make use of the highly overloaded
crisp distance functions mindist;maxdist : a� b! real

that compute the nearest and farthest distance between
any two crisp spatial objects.

Definition 10. Let a;b 2 fvpoint2D;vline2D;vregion2Dg,
u 2 a, and v 2 b. We define

(i) min-min-distðu;vÞ :¼ mindistðuk � uc;vk � vcÞ

(ii) max-min-distðu;vÞ :¼ mindistðuk;vkÞ

(iii) min-max-distðu;vÞ :¼ maxdistðuk;vkÞ

(iv) max-max-distðu;vÞ :¼ maxdistðuk � uc ;vk � vcÞ

If we consider the aspect of minimum distance first, an
upper bound is obtained by the distance between the
kernel parts of two vague spatial objects, say u and v. That
is, we are sure that the distance is at most the distance
between the kernel parts (operation max-min-dist). The
distance might be smaller, but it is at least as large as
the distance between the maximal extensions of u

and v (operation min-min-dist). If max-min-distðu;vÞ ¼
min-min-distðu;vÞ holds, we can conclude that the
minimum distance is exact since the conjecture parts
have no effect on the distance computation.

If we consider the aspect of maximum distance,
an assured lower bound is given by the maximal
distance between the kernel parts of u and v (operation
min-max-dist). The maximal distance might be larger if
we in addition take into account the conjecture parts of u

and v (operation max-max-dist). If min-max-distðu;vÞ ¼
max-min-distðu;vÞ holds, the maximum distance is exact
since the conjecture parts have no influence on the
distance computation.

5. Vague topological predicates

In this section, we describe and formally define our
concept of vague topological predicates as the third
fundamental part of VASA. Similarly to the definition of
vague spatial objects and operations, we define vague
topological predicates on the basis of well defined crisp
topological predicates. Our goal is to obtain a complete set
of mutually exclusive vague topological predicates. Sec-
tion 5.1 gives a motivation for vague topological pre-
dicates and illustrates their properties. For the formal
determination of these predicates, we employ a three-step
method introduced in Section 5.2. The remaining subsec-
tions detail its three steps. The first step leverages a
concept for representing vague topological predicates by
means of crisp topological predicates and is described in
Section 5.3. The second step delineated in Section 5.4
explicitly identifies all possible representations for vague
topological predicates. The third and last step presented in
Section 5.5 gives semantics to the possible representa-
tions and results in a set of vague topological predicates.

5.1. What are vague topological predicates?

A topological relationship characterizes the relative
position of two spatial objects. If these objects are crisp,
topological predicates operating on them can precisely
answer questions like ‘‘Do states A and B share a common
border?’’ or ‘‘Do two roads cross?’’ by means of a binary
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Fig. 7. A possible instance of a vague line (a) and a vague region (b) showing the impossibility to determine an upper bound for the number of

components.

Fig. 8. Example vague region object where the kernel part consists of

three components but the minimal number of components is 1.

Fig. 9. Example showing that an upper bound (a) and a lower bound (b),

respectively, of the perimeter of a vague region object cannot be

determined.
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decision. Answering such questions turns out to be more
challenging when dealing with vague spatial objects. For
illustration purposes, we present two examples based on
situations described in Section 3. After an oil spill,
authorities may need to make decisions on how to act
depending on whether the predicted area of the oil spill
overlaps with or is disjoint from a known coral reef. Let us
again assume that the oil spill area and the reef are
modeled as vague regions and further that the reef has an
empty conjecture part. The authorities may need an
answer to the question ‘‘Is the oil spill disjoint from the
coral reef?’’. The answer to such a question might not be
clear due to the existence of a conjecture part in the oil
spill representation. If the kernel part of the spill region is
disjoint from the reef but the conjecture part is not (as
illustrated in Fig. 10(a)), we can say that maybe the two
vague regions are disjoint, maybe they are not. In case of
mapping terrorist routes using vague lines, authorities
might need an answer to the question: ‘‘Have terrorist X

and terrorist Y been at equal locations?’’ A simple look at
their routes might give us a clear answer, or it might not. If
the routes of X and Y meet or intersect at a point that
belongs to the kernel of both routes, then X and Y surely
met. If there are no intersection points between the
routes, then they surely did not meet. But if their routes
intersect at a point that is a conjecture point of either or
both routes (as illustrated in Fig. 10(b)), then maybe they
met; in this case there is no clear answer to the
question.

The examples provided demonstrate that a two-valued,
Boolean logic is insufficient for determining the topologi-
cal relationships between vague spatial objects. We
employ a three-valued logic that, in addition to the
truth values true and false, includes a value maybe for
taking into account the aspect of vagueness. A vague
topological predicate returns then one of these three truth

values. It returns true if the relationship definitely holds,
false if the relationship does definitely not hold, and
maybe if there is not enough information to make a clear
decision.

As an example, we assume that two vague topological
predicates between vague regions are named overlap and
equal. Applied to the oil spill and reef example, we obtain
overlapðoil_spill; reef Þ ¼ maybe and equalðoil_spill; reef Þ ¼

false. It is clear that the two objects oil_spill and reef will
never be topologically equal since their kernel parts are
disjoint. It is not clear though whether or not the objects
overlap, as this depends on the actual extension of the so
far unknown oil spill.

5.2. A general method for the determination of vague

topological predicates

Our approach to modeling vague topological predicates
rests on our overall paradigm of leveraging crisp spatial
concepts for the design of vague spatial concepts. Fig. 11
gives an overview of our general method of determining
topological predicates on vague spatial objects. As first
input parameters, the method requires any combination of
vague spatial data types vðaÞ and vðbÞ, which are built
from the crisp spatial data types a and b by the type
constructor v (Section 3.2). The second input parameter is
the complete and mutually exclusive collection Ta;b

of topological relationships between the types a and b
from [40].

Our method incorporates three main steps. In a first
step, Section 5.3 specifies a characterization of vague
topological relationships. The idea is to characterize the
vague topological relationship that holds between two
vague spatial objects by means of the crisp topological
relationships that hold between their kernel and con-
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reef
kernel part
of oil spill 

conjecture part
of oil spill

conjecture part
of X

kernel part
of X

conjecture part 
of Y

kernel part
of Y

Fig. 10. Two example scenarios for illustrating vague topological relationships. In (a) the black area indicates the intersection of the conjecture part of the

oil spill with the kernel part of the coral reef. In (b) the conjecture part of the route of X intersects with the kernel part of the route of Y .

Fig. 11. General method for determining vague topological predicates.
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jecture parts. Unfortunately, not all characterizations that
can be syntactically formed are semantically valid. There-
fore, in a second step, Section 5.4 proceeds with the
identification of the complete collection of unique char-
acterizations that are valid, crisp representations of the
topological relationships between two vague spatial
objects. We denote the members of this collection as
characterization predicates. The third step of our method is
the interpretation step, which we detail in Section 5.5.
During this step, the semantics of the kernel and
conjecture parts are taken into account in order to
generate interpretation rules that analyze each character-
ization predicate to reach a definition of topological
predicates between vague spatial objects. The application
of the interpretation rules results in three-valued pre-
dicates that besides the typical Boolean values true and
false can return the value maybe in cases for which an
answer is unclear.

5.3. Characterization predicates for representing vague

topological predicates

The first step of our method provides the characteriza-
tion of vague topological predicates on the basis of crisp
topological predicates. It gives an answer to the question
which topological relationships between the individual
kernel and conjecture parts of two vague spatial objects
we must take into account to adequately represent the
topological relationship between the vague spatial objects
themselves. We have seen in Fig. 10 that we cannot
appropriately represent the topological relationships
between vague spatial objects by only taking into account
their kernel parts as their lower approximations. Instead,
we also have to consider the upper approximation of each
object, i.e., the kernel part and the conjecture part
together. As a result, we characterize the topological
relationship of two vague spatial objects by determining
the topological relationships of the lower and upper
approximations of one vague spatial object with the lower
and upper approximations of the other vague spatial
object, respectively. Further, we have to consider the
implicitly given topological relationship of the lower
and upper approximations of the same vague spatial
object. For the scenario in Fig. 10(a), the characteriza-
tion of the relative position of the oil spill and the reef
results in the following conjunction of crisp topological
predicates:

disjointðoil_spillk; reef kÞ ^ overlapðoil_spillk � oil_spillc ; reef kÞ

^coveredByðoil_spillk; oil_spillk � oil_spillcÞ

The first two elements of this conjunction are topolo-
gical predicates from the set Ta;b that operate on objects of
the crisp spatial data types a and b. In our example, a ¼
b ¼ region holds. The third element of the conjunction is a
topological predicate from the set Ta;a that operates on
two objects of the crisp spatial data type a (here: region)
and characterizes the relationship between the lower and
upper approximations of the oil spill. In general, we

denote such a conjunction of crisp topological predicates
as a characterization predicate. As a shortcut, we represent
it as the n-tuple of n crisp topological predicates contained
in its conjunction. In the example above, it is the 3-tuple
ðdisjoint; overlap; coveredByÞ.

In our general considerations, we do not know the
exact topological relationship between the kernel part and
the conjecture part of a vague spatial object. Definition
1(ii) only requires for an object A ¼ ðAk;AcÞ 2 vðaÞ that
Ak � Ak � Ac must hold. Hence, we define a subset Ta;a

in as
the set of topological relationships that respect this
condition. A special subset of relationships representing
equality is given by Ta;a

eq .

Definition 11. Let a 2 fpoint2D; line2D; region2Dg. The set
Ta;a

in of containment relationships is given by

Ta;a
in :¼fp 2 Ta;a

j9A ¼ ðAk;AcÞ 2 vðaÞ : pðAk;Ak � AcÞg

The set Ta;a
eq of equality relationships is given by

Ta;a
eq :¼fp 2 Ta;a

j9A ¼ ðAk;AcÞ 2 vðaÞ:
pðAk;Ak � AcÞ ) ðAk ¼ Ak � Ac3Ac ¼ ;Þg

Indeed, Ta;a
in is a set of predicates. For example, for

simple regions, this set is equal to finside; coveredBy; equalg

[12]. An analysis of the topological relationships identified

in [40] shows that jTpoint2D;point2D
in j ¼ 2, jTline2D;line2D

in j ¼ 10,

and jTregion2D;region2D
in j ¼ 5. The set Ta;a

eq ð	 Ta;a
in Þ is also a set of

predicates. From [40] we know that jTpoint2D;point2D
eq j ¼ 1,

jTline2D;line2D
eq j ¼ 2, and jTregion2D;region2D

eq j ¼ 1.

The specification of a characterization predicate
also depends on the non-emptiness and emptiness
of the kernel and conjecture parts serving as operands of
the crisp topological predicates in its conjunction.
The reason is that the emptiness of a crisp spatial object
(i.e., an empty crisp spatial object) makes a topological
predicate false.

Definition 12. Let a;b 2 fpoint2D; line2D; region2Dg. Then
we obtain

8A 2 a 8B 2 b 8p 2 Ta;b : ðA ¼ 0 _ B ¼ 0Þ ) pðA;BÞ ¼ false

In a conjunction of predicates, a predicate yielding
false makes the conjunction yield false. Table 3 lists all 16
possible combinations of non-empty and empty kernel
and conjecture parts from two vague spatial objects and
determines for each combination a valid conjunction of
crisp topological predicates that operate on the non-
empty parts of their operand objects. This conjunction
serves as the definition of the parameterized characteriza-

tion predicate for such a pair of vague spatial objects. Such
a characterization predicate is called parameterized since
it still depends on an appropriate selection of the

parameters p; q; r; s 2 Ta;b, v 2 Ta;a
in � Ta;a

eq , and w 2 Tb;b
in �

Tb;b
eq (see Section 5.4).

Case 1 of Table 3 forms the basis for the construction of
all (parameterized) characterization predicates. It repre-
sents the standard case in which all kernel and conjec-
ture parts are non-empty. Hence, the characterization
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predicate includes the crisp topological predicates be-
tween the lower approximations (kernel parts), between
the upper approximations (kernel parts and conjecture
parts together), and between the combinations of lower
and upper approximations of both objects. In addition, we
have to take into account the implicitly given topological
relationships between the kernel and conjecture parts of
the same object. The resulting characterization predicate
is represented by the 6-tuple ðp; q; r; s;v;wÞ with
p; q; r; s 2 Ta;b, v 2 Ta;a

in � Ta;a
eq , and w 2 Tb;b

in � Tb;b
eq . For v

and w, we have to subtract the equality relationships
since AkaAk � Ac (i.e., Aca;) and BkaBk � Bc (i.e., Bca;)
must hold due to the assumptions in case 1.

All other characterization predicates are reductions of
this conjunction of six topological predicates. A reduction
is performed in the sense that topological predicates that
would yield false according to Definition 12 are removed
from this conjunction. For example, the difference bet-
ween case 9 and case 1 in Table 3 is that Ak ¼ ; holds in
case 9. For the 6-tuple of case 1 this means that
pðAk;BkÞ ¼ pð;;BkÞ ¼ false, rðAk;Bk � BcÞ ¼ rð;;Bk � BcÞ ¼

false, and vðAk;Ak � AcÞ ¼ vð;;Ak � AcÞ ¼ false hold. Hence,
the predicates p, r, and v are removed in case 9, and we
obtain the characterization predicate qðAc;BkÞ ^ sðAc;Bk �

BcÞ ^wðBk;Bk � BcÞ and hence the 3-tuple ðq; s;wÞ.
Cases 2 and 5 deal with those situations in which one

of the objects has an empty conjecture part (see Fig. 10
where the reef has an empty conjecture part). Their
characterization predicates are denoted by the 3-tuples
ðp;q;vÞ and ðp; r;wÞ, respectively. Cases 3 and 9 describe
scenarios in which exactly one of the objects has an empty
kernel part. In such a case, the characterization predicates
include the crisp topological predicates between the
upper approximation of one object, which is here its
conjecture part only, and the lower and upper approxima-
tions of the other object. The characterization predicates
are represented by the 3-tuples ðr; s;vÞ and ðq; s;wÞ.

Case 6 represents a scenario in which both objects have
non-empty kernel parts and empty conjecture parts. This

effectively renders the objects crisp. Thus, we denote the
characterization predicate as the crisp topological pre-
dicate p that holds between their kernel parts. Case 11
represents a scenario in which both objects have empty
kernel parts and non-empty conjecture parts. The char-
acterization predicate of such a situation is defined as the
topological relationship s between the upper approxima-
tions (here conjecture parts only) of both objects involved.
Cases 7 and 10 handle the situations where one object has
only a non-empty kernel part and the other object has
only a non-empty conjecture part. The resulting conjunc-
tion contains a single topological predicate between the
lower approximation of one object and the upper
approximation of the other object, which is here its
conjecture part only. The characterization predicates
are represented by the topological predicates r and q,
respectively.

Finally, cases 4, 8, and 12–16 deal with those situations
for which there is no valid conjunction of crisp topological
predicates that can be used to define the characterization
predicates. This is due to the fact that in all these cases
either A or B is the empty vague spatial object (0, 0). The
lower and upper approximations of an empty vague
spatial object are therefore the empty crisp spatial
object 0, and, according to Definition 12, a topological
predicate will yield false when one of its operands is the
empty object. As a result, no satisfiable conjunction can be
specified in these cases. Therefore, we only have to further
consider the non-false cases in Table 3 which represent the
syntactically possible characterizations.

5.4. Identification of valid characterization predicates

It turns out that the syntactically possible chara-
cterizations identified in Section 5.3 do not all repre-
sent semantically valid characterization predicates.
Section 5.4.1 gives reasons for this fact and formalizes
the identification problem by leveraging the well known
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Table 3
Definition of characterization predicates on the basis of the non-emptiness and emptiness of the kernel and conjecture parts of two vague spatial objects A

and B and the crisp topological predicates p;q; r; s 2 Ta;b , v 2 Ta;a
in � Ta;a

eq , and w 2 Tb;b
in � Tb;b

eq .

Case Ak Ac Bk Bc Conjunction of crisp topological predicates

1 a0 a0 a0 a0 pðAk;BkÞ ^ qðAk � Ac ;BkÞ ^ rðAk;Bk � BcÞ ^ sðAk � Ac ;Bk � BcÞ ^ vðAk ;Ak � AcÞ ^wðBk ;Bk � BcÞ

2 a0 a0 a0 ¼ 0 pðAk;BkÞ ^ qðAk � Ac ;BkÞ ^ vðAk;Ak � AcÞ

3 a0 a0 ¼ 0 a0 rðAk ;BcÞ ^ sðAk � Ac ;BcÞ ^ vðAk;Ak � AcÞ

4 a0 a0 ¼ 0 ¼ 0 false

5 a0 ¼ 0 a0 a0 pðAk;BkÞ ^ rðAk ;Bk � BcÞ ^wðBk;Bk � BcÞ

6 a0 ¼ 0 a0 ¼ 0 pðAk;BkÞ

7 a0 ¼ 0 ¼ 0 a0 rðAk ;BcÞ

8 a0 ¼ 0 ¼ 0 ¼ 0 false

9 ¼ 0 a0 a0 a0 qðAc ;BkÞ ^ sðAc ;Bk � BcÞ ^wðBk;Bk � BcÞ

10 ¼ 0 a0 a0 ¼ 0 qðAc ;BkÞ

11 ¼ 0 a0 ¼ 0 a0 sðAc ;BcÞ

12 ¼ 0 a0 ¼ 0 ¼ 0 false

13 ¼ 0 ¼ 0 a0 a0 false

14 ¼ 0 ¼ 0 a0 ¼ 0 false

15 ¼ 0 ¼ 0 ¼ 0 a0 false

16 ¼ 0 ¼ 0 ¼ 0 ¼ 0 false

A. Pauly, M. Schneider / Information Systems 35 (2010) 111–138126



Author's personal copy

concept of binary constraint networks. Hence, as the second
step of our general method for determining vague
topological predicates (see Fig. 11), in Section 5.4.2, we
perform the identification of all valid characterization
predicates and use concepts from relation algebra (not to
be mixed up with relational algebra) for this purpose.

5.4.1. The identification problem

The cases i 2 f1;2;3;5;6;7;9;10;11g in Table 3 repre-
sent those characterizations, i.e., conjunctions of crisp
topological predicates, that are syntactically possible and
not false from the beginning. However, these character-
izations are parameterized and so far independent of the
underlying combination of crisp spatial data types a and
b, the set Ta;b of topological predicates specified for such a
type combination, and the selected topological predicates
p, q, r, and s from Ta;b, v from Ta;a

in � Ta;a
eq , and w from

Tb;b
in � Tb;b

eq . Therefore, the question arises whether all these
characterizations are also valid (i.e., semantically possible)
if we make actual choices for the parameters a, b, p, q, r, s,
v, and w.

Let Va;b
i denote the sets of valid characterization

predicates that correspond to the characterization of case
i. Rephrasing the question, we are interested in the
cardinality and composition of the sets Va;b

i , i.e., the issue
is whether all potential n-tuples (n 2 f1;3;6g) represent
valid characterization predicates. We can immediately
conclude that Va;b

6 ¼ Va;b
7 ¼ Va;b

10 ¼ Va;b
11 ¼ Ta;b must hold

since the elements of these sets are non-composite values,
i.e., 1-tuples, and all jTa;b

j elements are known to be valid
topological predicates [40] and thus valid characterization

predicates. This is different for the 6-tuple set Va;b
1 ,

for which Va;b
1 	 Ta;b

� Ta;b
� Ta;b

� Ta;b
� ðTa;a

in � Ta;a
eq Þ �

ðTb;b
in � Tb;b

eq Þ holds, for the 3-tuple sets Va;b
2 and Va;b

3 , for

which Va;b
2 ¼ Va;b

3 	 Ta;b
� Ta;b

� ðTa;a
in � Ta;a

eq Þ holds, and

for the 3-tuple sets Va;b
5 and Va;b

9 , for which Va;b
5 ¼ Va;b

9 	

Ta;b
� Ta;b

� ðTb;b
in � Tb;b

eq Þ holds. That is, the 6-tuple set and

the 3-tuple sets are all proper subsets of Cartesian

products over Ta;b, Ta;a
in , and Tb;b

in , respectively. The reason

is that, due to possible semantical contradictions between
different topological predicates in the same conjunction,
some n-tuples do not hold, and we have thus to identify
the valid combinations. For example, for case 5 in Table 3,

let us set p ¼ overlap, r ¼ disjoint, and w ¼ inside for

a ¼ b ¼ region. We obtain the term overlapðAk;BkÞ^

disjointðAk;Bk � BcÞ ^ insideðBk;Bk � BcÞ. This is obviously

a contradiction since disjointðAk;Bk � BcÞ ) disjointðAk;BkÞ

aoverlapðAk;BkÞ holds. Hence, the 3-tuple (overlap, dis-

joint, inside) is invalid and not an element of Va;b
5 . Note

that we can already say that the 1-tuple sets are equal, the

3-tuple sets Va;b
2 and Va;b

3 are equal, and the 3-tuple sets

Va;b
5 and Va;b

9 are equal since the structure and the

argument types of their respective conjunctions are equal.
However, all 3-tuples will be later assigned a different
semantics (Section 5.5) since they describe the topological
relationship between different combinations of kernel
parts, conjecture parts, and whole vague spatial objects.

The identification problem is therefore to determine all

valid characterization predicates for the 6-tuple set Va;b
1

and the 3-tuple sets Va;b
2 , Va;b

3 , Va;b
5 , and Va;b

9 for each pair a,

b of crisp spatial data types and each set Ta;b of topological
predicates on these types. This means that for the

determination of Va;b
1 the topological consistency and

thus the validity of jTa;b
j4ðjTa;a

in j � jT
a;a
eq jÞðjT

b;b
in j � jT

b;b
eq jÞ

6-tuples has to be checked. For Va;b
2 and Va;b

3 we have to

check jTa;b
j2ðjTa;a

in j � jT
a;a
eq jÞ 3-tuples, and for Va;b

5 and

Va;b
9 the amount of jTa;b

j2ðjTb;b
in j � jT

b;b
eq jÞ 3-tuples. Table 5

shows the actual numbers. Topological consistency de-
notes the absence of logical contradictions among topo-
logical predicates of the same spatial scenario.

To come closer to a solution, we regard the identifica-
tion problem as a binary constraint satisfaction problem

[25]. According to Table 3, each 6-tuple and each 3-tuple
represent a logical conjunction of so far unknown binary
constraints where each constraint represents a binary
topological predicate operating on two crisp spatial
objects. In our case, the task is to assign actual topological
predicates to the parameters p, q, r, s, v, and w so that the
resulting conjunction is consistent. Such a conjunction can
be represented as a directed graph called binary constraint

network [25]. Since our case involves spatial objects and
topological relationships, we call such a network a binary

spatial constraint network (BSCN). Each spatial object that
is an argument of a binary relation in a conjunction is
mapped to a distinct node in the network, and the binary
relations among them are represented by the direction and
the label of the edges. An edge is directed to distinguish
between a binary relation and its converse.

Fig. 12 shows parameterized BSCNs (p-BSCNs) for the 6-
tuple and the 3-tuples. The BSCNs are parameterized since
they contain the parameters p, q, r, s, v, and w as edge
labels. For each assignment of topological predicates to
these parameters, we obtain a BSCN whose topological
consistency has to be checked. Each node of a BSCN
represents a spatial object involved in an n-tuple (con-
junction). That is, the object assigned to a node is either
Ak, Bk, Ac , Bc , A ¼ Ak � Ac , or B ¼ Bk � Bc, respectively. All
nodes are disjoint. The directed edges between the nodes
represent their topological relationships and are labeled
with p, q, r, s, v, or w. For example, for a predicate pðAk;BkÞ

we get the edge Ak�!
p

Bk. In order to obtain the complete
description of the topology of a scene with n spatial
objects and their 1

2 ðn
2 þ nÞ binary topological relation-

ships, we supplement each p-BSCN to a complete directed

graph with self-loops, i.e., there is a directed edge between
any ordered pair of nodes. First, we add all edges that
represent the converse relation z for any relation z. In case
of topological relationships, we have z 2 Ta;b3z 2 Tb;a

[40]. For example, insideðA;BÞ ¼ containsðB;AÞ and
disjointðA;BÞ ¼ disjointðB;AÞ hold for simple regions. Sec-
ond, to any node whose assigned spatial object is of type
a, we add a self-loop representing the identity relation ida;a

of Ta;a. Each set Ta;a has such an identity relation [40]. For
example, in the case of simple regions, the identity
relation is the equal predicate. Any two nodes within the
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BSCN are linked by a directed path, i.e., a sequence of edges
that point in the same direction. The number of edges
along a directed path is called the path length.

5.4.2. The identification process

The view of our identification problem as a constraint
satisfaction problem and its representation as a p-BSCN in
the form of a complete directed graph with self-loops
enable us to provide an algorithm that checks for each
given instantiation of the p-BSCN with crisp topological
predicates whether it leads to a topologically consistent
scenario. If a consistent instantiation is found, its
topological predicates entail a conjunction that represents
a valid characterization predicate. In case of an incon-
sistent instantiation, its combination of topological pre-
dicates has to be ignored. The development of an
algorithm finding all topologically consistent n-tuples ðn 2
f3;6gÞ of topological predicates for the p-BSCNs is the goal
of this subsection. We already know that all possible 1-
tuples are consistent.

To provide a consistent BSCN, it has been proven in
[24] that its nodes, edges, and paths must fulfill the three
conditions of node consistency, arc consistency, and path

consistency. If all three levels of consistency are fulfilled for
the topological predicates of a BSCN, the respective
scenario is topologically consistent. The first two condi-
tions are immediately implied by the properties of
topological predicates and our construction of the
p-BSCNs. Node consistency requires for each node the
existence of a self-loop denoting the identity relation ida;a.
It adds the property of reflexivity to a BSCN. Arc consistency

presupposes a node consistent constraint network and
additionally requires for each directed edge A�!

q
B, which

represents the topological predicate qðA;BÞ, the existence
of an edge B�!

q
A in the reverse direction from B to A,

which represents the converse topological predicate
qðB;AÞ. In this way, it adds the property of symmetry to a

BSCN. While node consistency and arc consistency are
defined relative to a single binary relation, path consis-

tency considers the consistency of two (and more) binary
relations. More precisely, it guarantees the consistency of
the compositions of binary relations and adds the property
of transitivity to a BSCN. The composition operation ‘‘�’’ is
an operation on relations and an element of the relation

algebra (see [42] where the symbol ‘‘;’’ is used for
composition). Its general definition is as follows:

Definition 13. Let a, b, and g be (not necessarily different)
sets, and let p � a� b and q � b� g be two binary
relations. The (existential) composition of p and q is defined as

p � q ¼ fðA;CÞjA 2 a;C 2 g; 9B 2 b : ðA;BÞ 2 p ^ ðB;CÞ 2 qg

� a� g

In our p-BSCNs, a;b; g 2 fpoint2D; line2D; region2Dg, p 2

Ta;b and q 2 Tb;g hold. Note that in our context we cannot
conclude in general that p � q 2 Ta;g holds since p � q is
frequently not a basic topological relation r 2 Ta;g but
corresponds to a union of disjoint topological relations
r1; . . . ; rm 2 Ta;g with 1 
 m 
 jTa;g

j. That is, p � q ¼

r1 _[ � � � _[rm where _[ denotes disjoint set union. Therefore,
we call the composition on topological relations weak

composition. To illustrate weak composition, consider three
simple regions A, B, and C and the topological relationships
A meet B and B covers C. Inferring the relation between A

and C does not lead to a unique topological relationship
since A disjoint C or A meet C may hold. That is,
meet � covers ¼ disjoint _[meet.

Usually, any two nodes A and C in a BSCN can be
connected by several paths of possibly different lengths.
However, we can leverage the fact proven in [26] that it is
sufficient to only consider all compositions of path length 2
that connect A to C in order to infer the consistency of their
relation. This means that in a BSCN we have to investigate
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p-BSCN for row 1

p-BSCN for row 2

p-BSCN for row 5 p-BSCN for row 9

p-BSCN for row3

Fig. 12. Parameterized BSCN representations of the 6-tuples and 3-tuples.
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the consistency of all ‘‘triangles’’ (i.e., triples of relations)
that have edges of the kind A�!

p
B, B�!

q
C, and A�!

r
C. As

an example, we assume three simple regions A, B, and C,
and the three topological relationships A disjoint B,
B contains C, and A overlap C. We have to test whether
overlap � disjoint � contains holds, i.e., whether overlap can
be inferred from the composition of disjoint and contains.
Intuitively, this is obviously not the case. However,
disjoint � disjoint � contains holds, and we can even con-
clude equality. These considerations enable us to specify
testing criteria for path consistency in the following way:

Definition 14. Let N be a BSCN with nodes A1; . . . ;An, and
let pij be the topological relation between the two nodes Ai

and Aj. We define

(i) N is path consistent 3 81 
 i; j 
 n :

pij �
T

1
k
n

pik � pkj

(ii) N is path consistent 3 81 
 i; j; k 
 n : pij � pik � pkj

where composition binds closer than intersection.

If the equality in (i) holds, then pij is the topological
relation that completely and uniquely describes the result
of the intersection of all compositions of path length 2
between the objects Ai and Aj. As said above, the
composition on topological relations is weak. Hence, the
fulfillment of the subset relationship for pij in (i) and (ii) is
sufficient to lead to a consistent triangle. Statement (ii) is
a simple conclusion of statement (i) and will be used in
our algorithm.

For the algorithmic solution of our problem, we
first have to determine the composition of topological
relations between complex crisp spatial objects. For
this purpose, we apply the reasoning method from [10]
to our case. This method is based on a set of infer-
ence rules which operate on the 9-intersection
matrices (Section 2.1, [12,40]) representing the topological
relationships and which leverage standard laws for the
transitivity of set inclusion. A detailed algorithmic
description of this method is beyond the scope of this
paper. The result of this method is a collection of
composition tables Ca;b;g with a;b; g 2 fpoint2D; line2D;

region2Dg. The first column of such a table lists the matrix

numbers i of the topological relations (predicates) pi 2 Ta;b

for 1 
 i 
 jTa;b
j as they have been specified in [40] for

each combination of spatial data types a and b. In the
same way, the first row lists the matrix numbers j of the

topological relations qj 2 Tb;g for the spatial data types
b and g and 1 
 j 
 jTb;g

j. Ca;b;g contains jTa;b
j � jTb;g

j

elements (see Table 1 for the values of jTa;b
jand jTb;g

j).
The table entry Ca;b;g

ði; jÞ represents the subset L �

f1; . . . ; jTa;g
jg of those matrix numbers such that for all k 2

L the topological predicate rk 2 Ta;g belongs to the weak
composition pi � qj of the relations pi 2 Ta;b and qj 2 Tb;g,
i.e., rk � pi � qj holds.

As an example, Table 4 shows the composition table

Cpoint2D;point2D;point2D. Due to the small number of five
topological relations between two point2D objects,
we can give them names that are listed too. We
observe that the composition of some pairs of topo-
logical relationships between complex point2D

objects results in more than one relation (matrix number).
For instance, disjoint � overlap ¼ disjoint _[inside _[overlap.
For A;B;C 2 point2D this means that ðA;BÞ 2 disjoint and
ðB;CÞ 2 overlap implies that either ðA;CÞ 2 disjoint or
ðA;CÞ 2 inside or ðA;CÞ 2 overlap. In predicate notation, we
can write: (disjointðA;BÞ^ overlapðB;CÞÞ ) ðdisjointðA;CÞ_

insideðA;CÞ _ overlapðA;CÞÞ.
In total, 21 different composition tables Ca;b;g are

needed. This number can be explained as follows: We
aim at checking the correctness of statements of the form
ðX;YÞ 2 p ^ ðY ; ZÞ 2 q) ðX; ZÞ 2 r where X, Y, and Z are
spatial objects of possibly different types point2D, line2D,
or region2D and where p, q, and r are topological
predicates. However, in our case, objects of at most two
different types can be involved in a BSCN since Ak;Ac ;A 2 a
and Bk;Bc ;B 2 b. That is, at least two spatial objects must
have the same type in a triangle. If X and Y have the same
type, all three types are possible for Z. Since there are
three possibilities so that X and Y have the same type, we
get 3 � 3 ¼ 9 combinations. If X and Y have different types,
the type of Z must be either equal to the type of X or to the
type of Y. Since there are six possibilities such that X and Y

have different types, we get 6 � 2 ¼ 12 combinations.
Since, in general, p � qaq � p holds, composition is not
commutative so that this cannot reduce the total number
of 21 composition tables.

Further, our algorithmic solution requires a represen-
tation of our BSCNs. We represent a BSCN describing the
topological relationships of n 2 f3;4g different nodes
(spatial objects) O1; . . . ;On by an n� n-matrix M where
each entry Mij contains the matrix number of the
topological relationship that holds between the spatial
objects Oi and Oj. We call M constraint matrix or relation
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Table 4

The composition table Cpoint2D;point2D;point2D .

� 1 2 3 4 5

di ¼ disjoint eq ¼ equal in ¼ inside co ¼ contains ov ¼ overlap

1 di fdi; eq; in; co; ovg fdig fdi; in; ovg fdig fdi; in; ovg

2 eq fdig feqg fing fcog fovg

3 in fdig fing fing fdi; eq; in; co; ovg fdi; in; ovg

4 co fdi; co; ovg fcog feq; in; co; ovg fcog fco; ovg

5 ov fdi; co; ovg fovg fin; ovg fdi; co; ovg fdi; eq; in; co; ovg

Note that the two-letter codes for the topological relations stand for their matrix numbers.
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matrix. Mii represents the matrix number of the identity
relation. For case 1 we set O1 ¼ Ak, O2 ¼ A, O3 ¼ Bk, O4 ¼ B,
for case 2 O1 ¼ Ak, O2 ¼ A, O3 ¼ Bk, for case 3 O1 ¼ Ak,
O2 ¼ A, O3 ¼ Bc , for case 5 O1 ¼ Ak, O2 ¼ Bk, O3 ¼ B, and for
case 9 O1 ¼ Ac , O2 ¼ Bk, and O3 ¼ B such that the indices
can now be used for M. Any other assignment would work
too. We are now able to derive and formulate the concept
of path consistency in terms of our data structure:

Lemma 2. Let M be the constraint matrix of a p-BSCN in

Fig. 12 with the spatial objects O1; . . . ;On (n 2 f3;4g). Let the

function t yield the type of Oi (1 
 i 
 n). Then the following

statement holds:

M is path consistent

381 
 i; j; k 
 n : Mij 2 CtðOiÞ;tðOkÞ;tðOjÞðMik;MkjÞ

Proof. According to Definition 14(ii), we have to show
that the topological relation pij between any two objects
Oi and Oj can be inferred by all compositions of any two
topological relations pik between Oi and a third object Ok

and pkj between Ok and Oj, i.e., pij � pik � pkj must hold for
all 1 
 k 
 n. We represent each relation pij by its matrix
number Mij. Each composition pik � pkj can be determined
by a lookup in one of the precalculated composition tables
by taking the matrix numbers Mik and Mkj of pik and pkj,
respectively as indices. The lookup yields the set Li;k;j of
those matrix numbers whose pertaining topological
relations can be inferred. The choice of the composition
table depends on the types tðOiÞ, tðOkÞ, and tðOjÞ of the
involved objects. Finally, the question whether pij can be
inferred from the composition of pik and pkj amounts to
the membership test whether Mij 2 Li;k;j holds. &

For the identification of the valid characterization
predicates from the p-BSCNs in Fig. 12, we need three
path consistency algorithms. One algorithm covers case 1,
the second algorithm deals with the cases 2 and 3, and the
third algorithm handles the cases 5 and 9. The algorithms
are very similar but differ in the number of involved

spatial objects and/or in the number of object components
per type. Therefore, we present only the algorithm for
case 1. This algorithm is shown in Fig. 13. A first input of
this algorithm (lines 2–5) are the data types a1, a2, a3, and
a4 of the four components Ak, A, Bk, and B. Either the
components are of two different data types a and b, or all
components have the same data type a. In case of a single
type a, a second input (line 6) is the set of topological
predicates defined on this type. Otherwise, we need the
topological predicates on both data types a and b alone
and between both data types. The output is a set of 6-
tuples that describe the valid characterization predicates
for case 1.

The algorithm first generates the needed composition
tables (lines 9–13). In case of two involved types, we need
seven composition tables; otherwise, one table is suffi-
cient. The assignment of actual topological predicates to
the p-BSCN in Fig. 12(a) is performed by a multiple nested
for-loop (lines 15–32). This loop consecutively traverses
the matrix number ranges of the parameters p, q, r, s, v,
and w (lines 15–18) for the topological relations and thus
also enables access to the matrix numbers of the
parameters p, q, r, s, v, and w for the converse topological
relations. These matrix numbers are denoted by the
variables mp, mq, mr , ms, mv, mw, mp, mq, mr , ms, mv, and
mw and are assigned to the corresponding elements of the
constraint matrix M (lines 20–23).Each new instantiation
of the matrix number variables results in a new constraint
matrix M and thus in a new BSCN that has to be checked
for path consistency.

Path consistency is tested for each constraint matrix,
i.e., BSCN (lines 25–28). The strategy is to consider all
node pairs i and j of the BSCN and to check whether all
triangles that can be formed with an additional node k are
path consistent. For this purpose, we perform the
membership test of Lemma 2 for each triangle (line 27).
If any membership test of any triangle fails, the BSCN is
not path consistent, and the 6-tuple under consideration
is skipped. Only if all membership tests regarding all
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01 algorithm ValidCharacterizationPredicateIdentification
02 input: α1 = α2 = α ∈ {point2D, line2D, region2D}
03 α3 = α4 = β ∈ {point2D, line2D, region2D}
04 // α1 is the type of O1 = Ak, α2 is the type of O2 = A,
05 // α3 is the type of O3 = Bk, α4 is the type of O4 = B
06 T α ,α if α = β ; T α ,α , T α ,β , T β ,β otherwise

07 output: V α ,β
1

08 begin
09 // Generate composition tables
10 if α = β then generate Cα ,α ,α

11 else generate Cα ,α ,α , Cα ,α ,β , Cα ,β ,α , Cβ ,α ,α , Cβ ,β ,α ,
12 Cβ ,α ,β , Cα ,β ,β

13 endif;

14 V α ,β
1 := ∅;

15 for each mp in 1. . . |T α ,β | , mq in 1. . . |T α ,β | ,
16 mr in 1. . . |T α ,β | , ms in 1. . . |T α ,β | ,

17 mv in 1. . . |Tα ,α
in | − | T α ,α

eq | ,
18 mw in 1. . . |Tβ ,β

in | − | T β ,β
eq | do

19 // Reinitialize constraint matrix M
20 M11 := midα,α ; M12 := mv; M13 := mp; M14 := mr;
21 M21 := mv; M22 := midα,α ; M23 := mq; M24 := ms;
22 M31 := mp; M32 := mq; M33 := midβ ,β ; M34 := mw;
23 M41 := mr; M42 := ms; M43 := mw; M44 := midβ ,β ;
24 // Check the path consistency of all triangles of M
25 valid := true;
26 for each i in 1. . . 4, j in 1. . . 4, k in 1. . . 4 do
27 valid := valid and (Mi j ∈Cαi,αk ,α j (Mik , Mk j))
28 endfor;
29 if valid then

30 V α ,β
1 := V α ,β

1 ∪ {( p, q, r, s, v, w)}
31 endif
32 endfor
33 end ValidCharacterizationPredicateIdentification.

Fig. 13. Path consistency algorithm for the identification of all valid characterization predicates for case 1.
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triangles succeed, the current 6-tuple specifies a
valid characterization predicate and is added to Va;b

1

(lines 29–31).
Two similar algorithms enable us to compute Va;b

2 and
Va;b

3 as well as Va;b
5 and Va;b

9 . Table 5 presents the numbers
of valid characterization predicates for all type combina-
tions. Due to space limitations and the large number
of valid characterization predicates, their listing is not
given here.

A comparison (not presented here also due to space
limitations) to the available approaches for vague topolo-
gical predicates [6–8,32–34] based on exact models
(Section 2.3) reveals that any such predicate has a
matching in our collection of characterization predicates.

5.5. Interpretation of characterization predicates for

determining vague topological predicates

The third and last step of our general method consists
in providing an interpretation (see Fig. 11) of the system-
atically derived characterization predicates into vague
topological predicates. We remember that characteriza-
tion predicates are conjunctions of crisp topological
predicates (Table 3) and thus Boolean predicates. Their
interpretation is needed since they do not distinguish the
different semantics of kernel parts and conjecture parts of
the two vague spatial operand objects but treat all parts as
crisp objects. As we have indicated in Section 5.1, vague
topological predicates require a three-valued logic that, in
addition to the truth values true and false, includes a
value maybe for taking into account the aspect of
vagueness. The result of a vague topological predicate is
then a value of a new vague data type vðboolÞ ¼ vbool ¼

ftrue; false;maybeg. Each vague topological predicate has
the signature vðaÞ � vðbÞ ! vbool. The definition of the
vague logical operators and, or, and not (Table 6) reflects
the influence of the value maybe and parallels the
definition of the vague spatial operations union, inter-

section, and complement in Table 2 (t, f, and m are used
as abbreviations for true, false, and maybe).

The assignment of an interpretation to the character-
ization predicates is a subjective procedure. Hence,
different interpretations of the same collection of char-
acterization predicates are conceivable. This can be of
interest for various applications preferring a different
interpretation of the same characterization predicates. All
interpretations have in common that they have to take
into account the semantics of the kernel and conjecture
parts of the two vague spatial objects being the operands
of a vague topological predicate. For example, an inter-
section of two kernel parts has to be assessed differently
than the intersection of two conjecture parts. In this
subsection, we will give one possible example of such an
interpretation.

Finding an appropriate interpretation is impeded by
the large numbers of characterization predicates for
almost all type combinations (Table 5) that make their
manageability difficult. The user is unable to handle a
large, overwhelming set of detailed predicates for each
type combination and prefers a reduced and manageable
set instead. Thus, an interpretation must incorporate a
clustering or grouping of the characterization predicates,
which we can hence also regard as (uninterpreted)
unclustered vague topological predicates. As an example,
we present an interpretation of the characterization
predicates that leads to the eight clustered vague topolo-

gical predicates named disjoint, meet, inside, coveredBy,
equal, overlap, contains, and covered, by analogy to the
well known eight topological predicates between simple
regions. The clustered predicates are defined generically
in the sense that first they are applicable to all six type
combinations and that second they cover all cases listed
in Table 5.

In order to achieve these goals, we pursue a strategy
consisting of two elements. The first element defines each
of the eight clustered vague topological predicate by three
interpretation rules that specify when the predicate is
supposed to yield true, false, and maybe respectively. The
second, subsequent element matches all characterization
predicates of all type combinations for all cases against
the eight clustered vague topological predicates. In total,
we achieve a clustering in two ways. On the one hand,
each single clustered vague topological predicate sub-
divides the characterization predicates into three groups
depending on which of the three interpretation rules a
characterization predicate satisfies. On the other hand,
several characterization predicates yield the same truth
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Table 6
Vague logical operators.

Table 5
Syntactically possible characterizations and semantically possible (i.e., valid) characterization predicates for the cases identified in Table 3.

Case Type combination a=b

point2D/point2D point2D/line2D point2D/region2D line2D/line2D line2D/region2D region2D/region2D

1 625/46 307 328/2157 9604/166 2 893 579 264/1491955 109 401632/369 831 18 974 736/186 985

2, 3 25/11 196/46 49/19 53 792/4788 14 792/2071 4356/1092

5, 9 25/11 1568/269 196/89 53 792/4788 7396/1558 4356/1092

6, 7, 10, 11 5/5 14/14 7/7 82/82 43/43 33/33
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values for all eight clustered vague topological predicates.
Both elements of our strategy are not independent of each
other. The three interpretation rules of each clustered
vague topological predicate must be complete in the sense
that they can provide a response to all characterization
predicates of a given type combination. Further, the vague
topological predicates must fulfill the requirement of
mutual exclusiveness. This ensures that a single charac-
terization predicate is not interpreted as true for more
than one clustered vague topological predicate, or as
maybe for at least one such predicate and true for another.
For example, the interpretation of a characterization
predicate applied to two vague spatial objects A and B

cannot yield ‘‘certainly disjoint’’ (i.e., disjoint(A, B) ¼
true) and at the same time ‘‘maybe overlap’’ (i.e.,
overlap(A, B) ¼ maybe) since this leads to a possible
contradiction. Besides, we exclude that a characterization
predicate is interpreted as false by all vague topological
predicates.

We describe this strategy in more detail now and
present its first element comprising the interpretation
rules for the eight clustered vague topological predicates.
The rules are designed in a manner that they hold for all
type combinations. Since the crisp topological predicates
used in the characterization predicates are specific for
each type combination and also not detailed enough, the
definition of the interpretation rules rests on the non-
emptiness and emptiness of the intersections between the
boundary, interior, and exterior components of the kernel
parts, conjecture parts as well as the union of the kernel
and conjecture parts of both vague spatial objects. Due to
space limitations, we only present the interpretation rules
for (the most general) case 1 of Table 3.

The clustered vague topological predicate disjoint
considers two vague spatial objects to be certainly disjoint
if the interiors and boundaries of both objects do not
intersect each other. They are certainly not disjoint if their
interiors or their boundaries intersect, or if their bound-
aries intersect their interiors. Otherwise it is unclear
whether they are disjoint or not. For A 2 a, B 2 b with
a;b 2 fvpoint2D;vline2D;vregion2Dg we obtain

disjointðA;BÞ ¼

true if ðAk � AcÞ
�
\ ðBk � BcÞ

�
¼ ;^

ðAk � AcÞ
�
\ @ðBk � BcÞ ¼ ;^

@ðAk � AcÞ \ ðBk � BcÞ
�
¼ ;^

@ðAk � AcÞ \ @ðBk � BcÞ ¼ ;^

@Ak \ @Bk ¼ ;

false if A�k \ B�ka; _ A�k \ @Bka;_

@Ak \ B�ka; _ @Ak \ @Bka;

maybe otherwise

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

The next clustered vague topological predicate we
discuss is meet. Two vague spatial objects certainly meet
if their boundaries definitely intersect but their interiors
definitely do not. Since the interpretation rules involve the
evaluation of the intersection of boundaries, the predicate
always results in false when at least one of the operands is
of type vpoint2D since the boundary of a point2D object is
defined as being empty. For other operand types, it will
certainly result in false if the interiors of the kernel parts

of the objects intersect or the objects are certainly
disjoint. For all other configurations it is not possible to
certainly say whether the objects meet or not, i.e.,

meetðA;BÞ ¼

true if @Ak \ @Bka; ^ ðAk � AcÞ
�

\ðBk � BcÞ
�
¼ ;

false if A�k \ B�ka; _ disjointðA;BÞ ¼ true

_ð@ðAk � AcÞ \ @ðBk � BcÞ ¼ ;^

@ðAk � AcÞ \ ðBk � BcÞ
�
¼ ;^

@ðAk � AcÞ \ ðBk � BcÞ
�
¼ ;Þ_

ð@ðAk � AcÞ \ @ðBk � BcÞ ¼ ;^

ðAk � AcÞ
�
\ @ðBk � BcÞ ¼ ;^

ðAk � AcÞ
�
\ @ðBk � BcÞ ¼ ;Þ

maybe otherwise

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

For the clustered vague topological predicate inside, a
vague spatial object is certainly inside another vague
spatial object if the interior of the former object is
contained in the interior of the kernel part of the latter
object and if there are no boundary intersections. The
former object is certainly not inside the latter object if the
interior of its kernel part intersects the exterior of the
other object, or the interiors of both objects do not
intersect, or there is a boundary intersection. In all other
cases, we cannot make a definite decision due to the
existence of the conjecture parts. We obtain:

insideðA;BÞ ¼

true if ðAk � AcÞ
�
	 B�k^

@ðAk � AcÞ \ @ðBk � BcÞ ¼ ;^

@Ak \ @ðBk � BcÞ ¼ ;^

@ðAk � AcÞ \ @Bk ¼ ;^

@Ak \ @Bk ¼ ;^

ðAk � AcÞ
�
\ B�ka;

false if A�k \ ðBk � BcÞ
�a;_

ðAk � AcÞ
�
\ ðBk � BcÞ

�
¼ ;_

ð@Ak \ @Bka;^

@Ak \ @ðBk � BcÞa;Þ

maybe otherwise

8>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>:

Note that a subset relationship of the kind X� 	 Y� is
equivalent to the expression X� \ Y�a; ^ @X \ Y�a;^
X� \ Y�a;. We define the clustered vague topological
predicate contains as the converse of inside, i.e.,
containsðA;BÞ ¼ insideðB;AÞ.

Now, we define the clustered vague topological
predicate coveredBy. A vague spatial object is certainly
covered by another vague spatial object if the interior of
the former object is contained in the interior of the kernel
part of the latter object and the boundary of the kernel
part of the former object partially coincides with the
boundary of the kernel part of the latter object and is
otherwise located in the interior of the kernel part of the
latter object. The former object is certainly not covered by
the latter object if the interior of its kernel part intersects
the exterior of the latter object or does not intersect the
interior of the latter object, or if the former object is
certainly inside the latter object. In all other cases, the
predicate results in maybe due to the existence of the

ARTICLE IN PRESS

A. Pauly, M. Schneider / Information Systems 35 (2010) 111–138132



Author's personal copy

conjecture parts. That is,

coveredByðA;BÞ ¼

true if ðAk � AcÞ
�
	 B�k ^ @Ak \ @Bk

a; ^ ðAk � AcÞ
�
\ B�ka;

^A�k \ B�k ¼ ; ^ @Ak

\@ðBk � BcÞa;

false if A�k \ ðBk � BcÞ
�a; _ A�k

\ðBk � BcÞ
�
¼ ;

_insideðA;BÞ ¼ true

maybe otherwise

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

The predicate covers is defined as the converse of
coveredBy, i.e., coversðA;BÞ ¼ coveredByðB;AÞ.

For the clustered vague topological predicate equal,
we consider two vague spatial objects certainly equal
only if their kernel parts are equal and their conjecture
parts are empty. Two objects are certainly not equal
if the interior of the kernel part of one object intersects
the exterior of the other object. Otherwise, it is not
possible to certainly determine whether the objects are
equal, That is,

equalðA;BÞ ¼

true if A�k \ B�ka; ^ @Ak \ @Bka;^

A�k \ B�k a; ^ A�k \ @Bk ¼ ;^

A�k \ B�k ¼ ; ^ @Ak \ B�k ¼ ;^

@Ak \ B�k ¼ ; ^ A�k \ @Bk ¼ ;^

A�k \ B�k ¼ ; ^ A�k \ @ðBk � BcÞ ¼ ;^

A�k \ ðBk � BcÞ
�
¼ ; ^ @Ak \ ðBk � BcÞ

�
¼ ;^

@Ak \ ðBk � BcÞ
�
¼ ; ^ A�k \ @ðBk � BcÞ ¼ ;^

A�k \ ðBk � BcÞ
�
¼ ; ^ ðAk � AcÞ

�
\ @Bk ¼ ;^

ðAk � AcÞ
�
\ B�k ¼ ; ^ @ðAk � AcÞ \ B�k ¼ ;^

@ðAk � AcÞ \ B�k ¼ ; ^ ðAk � AcÞ
�
\ @Bk ¼ ;^

ðAk � AcÞ
�
\ B�k ¼ ;^

ðAk � AcÞ
�
\ @ðBk � BcÞ ¼ ;^

ðAk � AcÞ
�
\ ðBk � BcÞ

�
¼ ;^

@ðAk � AcÞ \ ðBk � BcÞ
�
¼ ;^

@ðAk � AcÞ \ ðBk � BcÞ
�
¼ ;^

ðAk � AcÞ
�
\ @ðBk � BcÞ ¼ ;^

ðAk � AcÞ
�
\ ðBk � BcÞ

�
¼ ;

false if A�k \ ðBk � BcÞ
�a;_

ðAk � AcÞ
�
\ B�ka;

maybe otherwise

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

Finally, we determine the clustered vague topological
predicate overlap. Two vague spatial objects certainly
overlap if the interiors of the kernel parts of both objects
intersect each other and if the interior of each kernel part
intersects the exterior of the other object. The objects
certainly do not overlap if their interiors do not intersect,
or if their interiors do not intersect the exterior of the
kernel part of the other object, i.e.,

overlapðA;BÞ ¼

true if A�k \ B�ka; ^ A�k \ ðBk � BcÞ
�a;^

ðAk � AcÞ
�
\ B�ka;

false if ðAk � AcÞ
�
\ B�k ¼ ;_

ðAk � AcÞ
�
\ ðBk � BcÞ

�
¼ ;_

A�k \ ðBk � BcÞ
�
¼ ;

maybe otherwise

8>>>>>>>>><
>>>>>>>>>:

For the other cases 2, 3, 5, 6, 7, 9, 10, and 11 of Table 3,
we have specified similar collections of interpretation

rules for the same eight vague topological predicates as
above. But due to space limitations, we omit the
description of these collections here. Note that case 6
describes the special case where only the kernel parts of
both vague spatial objects exist. Here, the interpretation
rules coincide with the clustering rules of the correspond-
ing eight crisp predicates in [40].

The second element of our strategy matches all

characterization predicates of all type combinations for
all cases against the eight clustered vague topological
predicates. This leads to 54 interpretation tables since we
have six type combinations multiplied by nine cases in
Table 5. As an example, we take the point2D/point2D type
combination and deal with case 1. Table 7 shows an
excerpt of the corresponding interpretation table of 46
characterization predicates. Column 1 lists the numbers of
the characterization predicates. Columns 2–7 show some
of the possible combinations of crisp topological pre-
dicates between two complex point2D objects such that
their conjunction is a valid characterization predicate
(compare to Table 3, case 1). The next eight columns show
which truth values each characterization predicate re-
turns with respect to the interpretation rules of all eight
clustered vague topological predicates. The characteriza-
tion predicates 1 and 46 (besides the non-shown
predicates 23 and 35) describe the unambiguous situa-
tions that exactly one vague topological predicate
(disjoint, overlap) yields true while all other vague
topological predicates consequently yield false. Note that
definite equality is impossible since the conjecture parts
of both vague objects are assumed to be non-empty. The
characterization predicates 8–11 reveal that if a vague
topological predicate returns maybe, then the other
predicates can only return maybe or false. The case that
all vague topological predicates return false does not
appear. Further, these four characterization predicates
demonstrate the feature of an interpretation cluster. That
is, each vague topological predicate yields the same truth
value for them. All the other interpretation tables are
constructed in a similar way.

The remaining question is how the truth values in the
interpretation tables are determined. For this purpose,
we analyze the entries of the 9-intersection matrices
(Section 2.1) that uniquely represent the characterization
predicate’s underlying crisp topological predicates p, q, r, s,
v, and w. For example, the 9-intersection matrix entries
for the crisp topological predicate disjoint between two
complex point2D objects are given in Fig. 14(b) by
evaluating the matrix predicates of the 9-intersection
matrix in Fig. 14(a). Each term used in the interpretation
rules of the eight clustered vague topological predicates
corresponds to one of these matrix predicates (inequal-
ities) or their negation. We first give a few examples for
the characterization predicate 1 in Table 7. In this case,
p ¼ q ¼ r ¼ s ¼ disjoint and v ¼ w ¼ inside holds. The
predicates v and w do not play a role for the interpretation
rules since we only consider intersections between
components of different vague spatial objects. A check of
the true condition of disjoint shows that each of its terms
is true according to Fig. 14(b). Hence, their conjunction is
true. Next, we check the true condition of overlap. The
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first term already leads to a mismatch. However, the
false condition of this predicate holds since the second
term of the disjunction returns true. Similarly, we find
that the false conditions of the other six clustered vague
topological predicates hold.

As another example, we consider characterization
predicate 8 in Table 7 for which we have pðAk;BkÞ ¼

disjointðAk;BkÞ, qðAk � Ac ;BkÞ ¼ containsðAk � Ac ;BkÞ, rðAk;

Bk � BcÞ ¼ insideðAk;Bk � BcÞ, and sðAk � Ac;Bk � BcÞ ¼

equalðAk � Ac ;Bk � BcÞ (note again that v and w do not
have to be considered) together with the 9-intersection
matrices for these predicates shown in Fig. 14(b)–(e) and
taken from [40]. As an example for evaluating the eight
clustered vague topological predicates, we take the
predicate disjoint. The true condition first requires that
ðAk � AcÞ

�
\ ðBk � BcÞ

�
¼ ;. The crisp topological predicate

with the arguments Ak � Ac and Bk � Bc is s ¼ equal.
Hence, we lookup the value of the matrix predicate for
the interior/interior case in the 9-intersection matrix
of equal. In Fig. 14(c) we find the value t which contradicts
the first term of the true condition so that this condition
(conjunction) does not hold. The false condition refers to
Ak and Bk for all of its terms so that we have to compare to
the crisp topological predicate p ¼ disjoint having Ak

and Bk as arguments. It turns out that none of the four
terms is satisfied so that thefalse condition (disjunction)

does also not hold. This means that the value maybe is the
result of disjoint. Similarly, all the other predicates are
evaluated; they yield maybe except for meet that yields
false. In this way, for all type combinations, we can
interpret all characterization predicates regarding all
eight clustered vague topological predicates and regarding
all cases.

6. Implementing and querying vague spatial objects
in databases

Section 6.1 sketches our implementation of VASA.
Section 6.2 demonstrates the practical use and inte-
gration of our VASA concepts into the relational data
model and into a proposed extension of the SQL-like query
language.

6.1. Implementation of VASA

In this article, we have so far presented VASA from the
perspective of a descriptive algebra (see Section 3). That is,
we propose what the relevant vague spatial data types,
operations, and predicates are and what their semantics is
but we do not specify how these concepts are implemen-
ted. However, we have here the rare case that VASA can be
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Table 7
Excerpt of the interpretation table for the point2D/point2D type combination regarding case 1. The two-letter codes are taken from Table 4.

pðAk ;BkÞ qðAk � Ac ;BkÞ rðAk;Bk � BcÞ sðAk � Ac ;Bk � BcÞ vðAk ;Ak � AcÞ wðBk ;Bk � BcÞ disjoint meet coveredBy covers inside contains equal overlap

1 di di di di in in t f f f f f f f

2 di di di ov in in m f f f f f f m

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

8 di co in eq in in m f m m m m m m

9 di co in in in in m f m m m m m m

10 di co in co in in m f m m m m m m

11 di co in ov in in m f m m m m m m

..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

. ..
. ..

.

46 ov ov ov ov in in f f f f f f f t

The letters t, f, and m stand for the truth values true, false, and maybe respectively.

∅
∅
∅

∅
∅
∅

∅
∅
∅

9IM 9IM for disjoint 9IM for equal

9IM for inside 9IM for contains 9IM for overlap

Fig. 14. The 9-intersection matrix (9IM) with its matrix predicates (a) and the corresponding matrices for the five crisp topological predicates between

two complex point2D objects ((b) to (f)).
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viewed as both a descriptive algebra and an executable
algebra. The reason is that our vague spatial data types,
operations, and predicates are all based on their crisp
counterparts and can be expressed exclusively in terms of
them. Hence, we can leverage preexisting implementa-
tions of crisp spatial type systems (algebras) like the
commercial implementations mentioned in Section 2.1
and implement VASA on top of them with only minimal
effort. The idea is to represent vague spatial data types on
the basis of crisp spatial data types and execute vague
geometric set operations and predicates according to their
definitions on their crisp counterparts without being
forced to design and implement new algorithms. In other
words, we obtain executable specifications that can be
directly deployed as an implementation.

In more detail, each of VASA’s three data types vpoint2D,
vline2D, and vregion2D is defined as a pair of its crisp
counterparts point2D, line2D, and region2D, respectively. All
operations and predicates implemented for a vague data
type work by calling methods implemented for their
underlying crisp data type. As an example, we remember
the definition of union from Definition 4(i):

u union w:¼ðuk �wk; ðuc �wcÞ � ðuk �wkÞÞ

The code sample in Fig. 15 illustrates the implementa-
tion of union between two vregion2D objects.Lines 2 to 5
are in charge of exactly following the executable specifi-
cation of this operation by applying the crisp operations
cunion and cdifference to crisp kernel and conjecture
region2D objects.

The evaluation of vague topological predicates is a little
different. Given two vague spatial objects, we first
determine the crisp topological predicates of the char-
acterization predicate depending on the type combination
and the case (Table 3). This requires predicate determina-

tion techniques that we have developed in [36] and that
answer the question which (unique) topological relation-
ship exists between two given crisp spatial objects.
Afterwards, we take the characterization predicate found
as input and look up the truth value for the vague
topological predicate of interest in the corresponding
interpretation table (Table 7).

The connection between VASA and a DBMS is enabled
through data type plug-in extension mechanisms available

in most DBMS like Informix’s Data Blades, Oracle’s Data
Cartridges, and DB2’s Extenders (see Fig. 16). They allow user
defined data types to be specified or registered with a DBMS.
Along with the data type specifications, all their operations
must be defined and registered. This enables a DBMS to
make the correct operation call when a query attempts to
execute an operation on an object of a user defined data
type. The operations themselves are implemented as
external methods in a library. In our prototype implementa-
tion in Oracle, we have, e.g., registered vregion2D as a new
vague spatial data type and specified it as a pair of region2D

compatible data types of Oracle Spatial. We have also
registered the signature of all operations on vague regions
and determined where the code of those operations is
located. In our case, the execution code lies in an external,
shared library written in Cþþ.

6.2. Querying vague spatial objects

A first issue refers to the embedding of vague spatial
data types into relational database schemas. Our strategy
is to use these types in the same way as attribute data
types as standard data types like integer, float, or string.
The main difference is the complex internal structure of
the vague types that we deliberately hide from the user.
That is, we embed the vague spatial data types as abstract

data types into relational schemas. Information about
vague spatial objects can only be obtained by operations
and predicates and not by direct access to object
components. For example, we may specify the relation
schema weather(climate: string; area: vregion2D) where
the column named area contains vague region values for
climatic conditions indicated by the column climate. The
types string and vregion2D are used in the same way.

A second issue relates to the fact that SQL predicates
are Boolean expressions only. Hence, the three truth
values true, false, and maybe of our three-valued logic
have to be translated to the Boolean logic that SQL
understands in order to leverage vague topological
predicates in SQL. As a solution, we assign the three
Boolean predicates true_p, maybe_p, and false_p to each
clustered vague topological predicate p:

true_pðA;BÞ ¼ true) pðA;BÞ ¼ true

true_pðA;BÞ ¼ false) pðA;BÞ ¼ maybe _ pðA;BÞ ¼ false

maybe_pðA;BÞ ¼ true) pðA;BÞ ¼ maybe

maybe_pðA;BÞ ¼ false) pðA;BÞ ¼ true _ pðA;BÞ ¼ false

false_pðA;BÞ ¼ true) pðA;BÞ ¼ false

false_pðA;BÞ ¼ false) pðA;BÞ ¼ true _ pðA;BÞ ¼ maybe
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vregion2D vregion2D::union(const vregion2D &other) const
{

/* Declare a variable to store the result */
1 vregion2D result;

/* Build the kernel part of the result from the conceptual definition */
2 result.setKernel(getKernel().cunion(other.getKernel()));

/* Build the conjecture part of the result */
3 region2D temp1 = getConjecture().cunion(other.getConjecture());
4 region2D temp2 = getKernel().cunion(other.getKernel());
5 result.setConjecture(temp1.cdifference(temp2));

6 return result;
}

Fig. 15. Code sample that illustrates the implementation of VASA and

how it interacts with a crisp spatial type system to perform the

union operation between two vague region objects.

Fig. 16. Plug-in integration of VASA on top of a crisp spatial type system

into an extensible DBMS.
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Note that :true_pðA;BÞafalse_pðA;BÞ. In the following,
we present several simplified scenarios that illustrate
VASA concepts and their possible embedding into SQL-like
queries.

6.2.1. Scenario 1: Homeland security

Secret services are interested in locations of terroristic
activity (see also Sections 3.1 and 4.1). We store informa-
tion about terrorists in the following relation:

terrorist(id: integer, name: string, refuge: vpoint2D,
route: vline2D, active_area: vregion2D)

The attribute refuge models all locations that a terrorist
has definitely or possibly used as a refuge. The routes a
terrorist has definitely and possibly taken to move
between refuges are modeled in the attribute route. Areas
of potential terroristic activity are stored in the attribute
active_area.

The first query asks for the locations where any two
terrorists have definitely or possibly taken the same
refuge. It demonstrates the use of vague topological
predicates and vague spatial operations (intersection).

select A.id, B.id; intersection(A.refuge, B.refuge)

from terrorist as A; terrorist as B

where A.idaB.id and A.refuge ðtrue_overlap j

maybe_overlapÞ B.refuge

We have introduced the notation Aðp1jp2j:::jpnÞB

for p1ðA;BÞ or p2ðA;BÞ or . . . or pnðA;BÞ. We obtain the
refuges that have definitely (perhaps) been taken by two
terrorists by omitting the predicate maybe_overlap
(true_overlap).

The following query determines the names of
terrorists and the locations where their routes
have definitely or possibly crossed each other. The
expression (0, 0) is a generic type constructor for
the empty vague spatial object (here empty vague
point).

select A.name, B.name, common_points(A.route, B.route)

as crossing

from terrorist as A; terrorist as B

where A.idaB.id and common_points(A.route, B.route)

að0;0Þ

The next query finds out the known sphere of all
terrorists on the basis of their refuges.

select k-convex_hullðsumðrefugeÞÞ from terrorist

The function sum is an overloaded spatial aggre-
gation function that here computes the geometric
union of a collection of vague point objects of the column
refuge.

The final query checks whether the area of the convex
hull computed in the previous query really fully belongs
to the area of activity of all terrorists.

select differenceðk-convex_hullðsumðrefugeÞÞ;

sumðactive_areaÞÞ ¼ ð0;0Þ as empty

from terrorist

The query subtracts all areas of terroristic activity
from the convex hull. If the convex hull is comple-
tely covered, the difference yields the empty vague
region, and the attribute empty obtains the value
true.

6.2.2. Scenario 2: Ecological application

This scenario assumes an ecological database with the
following relations:

weather(climate: string; area: vregion2D)
soil(quality: string, area: vregion2D)

The relation weather has a column named area

containing vague region values for various climatic
conditions given by the column climate. The relation soil

describes the soil quality for certain regions.
The first query is supposed to find out all regions

of bad ecological conditions, i.e., all locations where
a lack of water or a bad soil quality is a hindrance for
cultivation.

select unionðdry_area, bad_soilÞ as bad_region

from select sumðareaÞ as dry_area from weather

where climate = ‘‘dry’’;

select sumðareaÞ as bad_soil from soil

where quality = ‘‘bad’’

In the from clause, we create two temporary relations
that contain the aggregated areas of dry climate and bad
soil quality, respectively. Each relation contains a single
tuple with a single attribute value of type vregion2D. In
the select clause, we compute the union of the two
attribute values of both tuples.

The next query determines the numerical area measure
of those weather zones that we can definitely classify and
that we can only vaguely classify.

select climate;min_areaðsumðareaÞÞ as definite_area;

areaðc-projðsumðareaÞÞÞ as vague_area

from weather

Note that the area operation is a crisp operation.

6.2.3. Scenario 3: Environmental application

Pollution is nowadays a central environmental
problem and causes an increasing number of environ-
mental damages. Important examples are air pollution
and oil soiling. Pollution control institutions, ecological
researchers, and geographers, usually use maps for
visualizing the expansion of pollution. We assume an
environmental database with the two self-explaining
relations

pollution(type: string; zone: vregion2D)
land_use(use: string, area: vregion2D)

The first query asks for inhabitable areas which are air
polluted (where the kernel part of an air polluted zone
denotes heavily polluted areas and the conjecture part
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only gives slightly polluted regions).

select intersectionðsumðzoneÞ; sumðareaÞÞ

from pollution, land_use

where use = ‘‘inhabited’’ and type = ‘‘air’’

The kernel part of the result consists of inhabited
regions which are heavily polluted, and the conjecture
part consists of (a) slightly polluted, inhabited zones,
(b) heavily polluted zones which are only partially
inhabited, and (c) slightly polluted and partially inhabited
zones.

If we want to reach all people who live in
heavily polluted zones, we need the kernel part of the
intersection together with the conjecture part in (b) of the
intersection. How can we get this from the above query?
The trick is to force conjecture parts in (a) and (c) to be
empty by restricting pollution zones to their kernel
region:

select intersectionðkernelðsumðzoneÞÞ; sumðareaÞÞ

from . . .

A slightly different query is to find out all areas where
people are definitely or possibly endangered by pollution.
It is an example of a vague spatial join.

select sumðintersectionðzone, areaÞÞ as endangered_area

from pollution, land_use

where use = ‘‘inhabited’’ and zone ðtrue_overlapj

maybe_overlapÞ area

7. Conclusions and future work

In this article, we have dealt with the problem of
spatial vagueness that is inherent to many database
applications in the geosciences and in geographical
information systems. Our solution is the design, formal
definition, and implementation of the vague spatial algebra

that can be embedded into any extensible and commer-
cially or publicly available database system and its query
language SQL. VASA is a type system that provides an
object model for the two-dimensional vague spatial data

types named vpoint2D, vline2D, and vregion2D together
with a comprehensive collection of vague spatial opera-

tions and vague topological predicates. An essential feature
of VASA is that it is an extension of crisp or determinate
spatial data models. This enables a smooth migration from
crisp to vague spatial concepts and facilitates their
treatment in the same framework. Since our approach is
based on exact spatial modeling concepts, it allows us to
build upon existing work and simplifies many definitions.
In particular, we can leverage already existing implemen-
tations of crisp spatial type systems to implement vague
spatial objects, operations, and predicates with only
minimal effort by executable specifications.

For future work, we consider the extension of the
three-valued logic of VASA to a many-valued logic that
distinguishes different degrees of spatial vagueness. How-
ever, including different degrees of spatial vagueness
requires more and especially more precise knowledge

about the distribution of uncertainty values. In this article,
our assumption has been that this knowledge does not
exist; this is often the case. We see at least two possible
approaches to an extension. A first approach could lead to
an extension of VASA in which a vague spatial object is
described by a finite number of crisp spatial objects and
each such crisp spatial object is annotated with its degree
of spatial vagueness. We call these crisp spatial objects
spatial plateau objects since a certain degree does not only
hold for some point but also for infinitely many points in a
connected neighborhood in case of lines and regions. A
second approach could be to employ fuzzy logic and fuzzy
set theory to describe fuzzy spatial objects. This would
allow a continuous change of the degree of spatial
vagueness also in the interior of such an object. A number
of approaches has already been proposed in the literature
(see Section 2.2). A further research issue is whether and
how spatial vagueness exerts influence on spatial index-
ing. Current spatial index structures assume crisply
defined spatial objects. The question is whether vague

spatial index structures are needed.
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