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Abstract—In a sensor network, if the sensors are deployed
uniformly across the network, they experience different traffic
intensities and energy depletion rates depending on their loca-
tions. Usually, the sensors near the sink tend to deplete their
energy sooner; when enough of them exhaust their energy, they
leave holes in the network, causing the remaining nodes to be
disconnected from the sink. One of the solutions to this energy-
hole problem is to deploy the sensors non-uniformly. This paper
describes a method for deciding the sensor deployment densities
so as to equalize the energy consumption rates of all nodes. The
method can be generalized to other similar objectives.

Index Terms—Wireless Sensor Networks; Network Deployment

I. INTRODUCTION

Wireless sensor networks have diverse applications such
as environmental monitoring (e.g., vehicular traffic, wild life
habitat, bridge or earthquake monitoring) and battlefield sur-
veillance. A sensor network is in general a self-organized in-
frastructure that uses multi-hop routing to deliver the collected
information to some collection center, or the sink. The sensor
nodes in the network typically face severe energy, computation
and communication constraints. They usually have limited on-
board batteries and are often deployed in harsh environment
where human operators cannot access them easily, making it
difficult or impossible to replace the batteries. As a result,
much of the research on sensor networks has focused on the
longevity, or lifetime, of the network.

The lifetime of a sensor network has several definitions
in the literature. One of the most popular definitions is the
interval from the time when the system starts operation until
the time when the first node exhausts its energy. This is equal
to the shortest lifetime of the nodes. Much work has been
published on how to prolong the lifetime of sensor networks
[4] [3] [6] [7] [16] [20]. Some proposed energy efficient
routing strategies, whereas others proposed efficient ways of
clustering the nodes to save energy.

Regardless of the energy-saving strategies used, sensor net-
works often experience unbalanced traffic distribution because
the multi-hop traffic pattern is typically many-to-one [15],
[13], [17], [14], [9]. Sensor nodes in the network act as data
originators and data relayers. The traffic transmitted by each
node typically includes both self-generated and relayed traffic.
Since the entire network traffic flows toward the sink, the
nodes closer to the sink tend to experience more traffic. As a
result, their energy consumption rates tend to be higher than
those nodes that are far away from the sink, assuming the

communication distance is the same. This causes the nodes
closer to the sink to die earlier, leaving a hole near the sink and
partitioning the whole network while many remaining nodes
still have a plenty of energy. This phenomenon is called the
energy hole problem [8], [9], [19]. In [13], the authors claimed
that when the nodes one hop away from the sink use up all
their energy, the remaining nodes have used only 7% of their
energy on average. It has been shown analytically in [8], [9]
that the energy hole problem really exists in various sensor
networks.

On closer examination, the energy hole is most often ob-
served in networks where the sensor nodes are homogeneous,
uniformly deployed, and report events generated at a constant
rate to the sink. If we allow non-uniform deployment of the
sensor nodes, by carefully increasing the number of nodes
around the sink, we can prevent the sensor nodes near the
sink from depleting their energy faster than others, and hence,
resolve the energy hole problem. Adding more nodes in the
sensor field also has other benefits, such as better connectivity
and higher reliability. On the other hand, adding more nodes
means a higher cost. Hence, this solution makes sense in
situations where inexpensive sensors can be mass-produced or
having a longer network lifetime outweighs the cost of the
extra sensors. Recent advances in micro-electro-mechanical
and integration technologies make the first situation more and
more likely to occur.

In this paper, we show the feasibility and method of control-
ling the network lifetime by controlling the node densities in
non-uniform deployment of the sensors. The main question to
be addressed is: How many nodes per unit area (i.e., the node
density) should be deployed in different parts of the sensor
field in order to achieve a prescribed lifetime-cost objective?
As the main example, we show how to derive the location-
dependent node densities that equalize the energy dissipation
rate of the sensor nodes throughout the network. The result
is that all nodes exhaust their energy at the same time, and
hence, energy holes do not appear. The proposed method
for computing the node densities is fairly general; it can be
adapted for other related lifetime-cost objectives. For instance,
if the cost of deploying extra sensors is not negligible, one can
incorporate a cost function of the node densities as part of the
objective and compute the required deployment densities.

The paper focuses on the mathematical model and methods
for computing the node densities. We consider several routing
models, which are meant to capture the essence of the under-



lying routing protocols. For tractability, the routing models are
necessarily simple and may not follow precisely the routing
protocols. Some other issues are also overlooked in this paper,
such as the algorithms and protocols for determining which
nodes become active or inactive in each region. These issues
are either orthogonal to our work or left to future studies.

The rest of the paper is organized as follows. In Section
II, we review the relevant literature. In Section III, we show
how to compute the node densities required to equalize the
energy consumption rates of all nodes under simple sensor
field and routing models. In Section IV, we show experimental
results to demonstrate the validity of our modeling approach
and analytical method. In Section V, we generalize our method
for computing the node densities to sensor fields with arbitrary
shapes and routing models. We conclude in Section VI.

II. LITERATURE REVIEW

Several researchers have studied the energy hole problem
and the uneven traffic distribution problem [13], [8], [10], [7],
[15], [9], [19]. Among them, [19] is the most similar to our
work in its goal of obtaining a balanced energy dissipation
rate everywhere by non-uniform node deployment. The authors
of [19] proved that an uneven energy consumption rate is
unavoidable if all nodes are homogeneous and are deployed
uniformly in the network. In their model, the sensor field is
divided into several concentric coronas or rings around the
sink. They gave a heuristic routing scheme that achieves an
equal energy dissipation rate in all rings except the outmost
one, provided the number of nodes increases geometrically
from the outmost ring inward. However, their sensor field,
energy consumption, and routing models are significantly
different from ours.

1) The nodes in [19] can send data only to the nodes
in the neighboring ring. However, even in our simpler
model, nodes can send data to different inner rings with
different probabilities. We then make further generaliza-
tion so that the sensor field can have an arbitrary two-
dimensional shape rather than a disk and we allow data
transmission from any node to any other node.

2) The nodes in [19] generate data at the same constant rate.
However, the nodes in our models may have different
event generation rates.

3) Our energy consumption model is more general: The
required transmission power of a node is a function of
the transmission distance to the receiver.

The resulting problem of determining the node densities is
quite different and more complicated in our case. Furthermore,
we can achieve an equal energy dissipation rate for all nodes
in the entire network.

In [13], it is assumed that the sensor nodes are deployed
uniformly. The sensor field is also decomposed into concentric
rings around the sink. The assumption on routing is that each
node can only transmit data to a node in the inner adjacent
ring. The main question addressed by [13] is how to decide
the widths of the rings so that all nodes in the network exhaust
their energy at the same time.

In [15], the authors provided a formal description of the
problem that traffic tends to be concentrated at the nodes
close to the sink when the shortest path routing is used. They
suggested a heuristic algorithm that finds some “curved” paths
to the sink and showed that the traffic load is more balanced.

In [2], [18], density control is used as one of the means
to guarantee the coverage requirement of the sensor network
rather than to provide a balanced energy dissipation rate of
the nodes. In [10], the authors studied the impact of carefully
controlled deployment of the sensor nodes and the sink on
the data capacity, which is defined as the total amount of data
that can reach the sink. They proposed and analyzed several
approaches to increase the data capacity, and showed that non-
uniform deployment can outperform uniform deployment.

Many authors formulate the problem of maximizing the
network lifetime as optimization problems [4], [11], [16],
[20]. In [16] and [20], the authors proposed approximation
algorithms to solve the multicommodity flow problem induced
by the problem of sensor network lifetime maximization. The
authors of [6] calculated upper bounds on the lifetime of the
networks that have regular topologies, such as a regular linear
array and a regular two-dimensional circular network.

In [7], the authors proposed a dynamic node-clustering
scheme known as LEACH, where each sensor node may
operate as a cluster head depending on its remaining energy
and the cluster heads change during the operation of the
network. They compared the lifetime resulting from LEACH
with the MTE (minimum transmission energy) routing in
which each node uses the path that consumes the least amount
of total energy among all possible paths.

Some researchers define the lifetime of sensor networks
differently from the time until the first node dies [21], [5].
The authors of [21] introduced the α-lifetime, which is the
time until the remaining sensor nodes can still cover at least
α portion of the entire sensor field. In [5], the authors were
interested in prolonging the network operation time after the
first node dies. They recursively maximize the n-th minimum
lifetime of the nodes after (n−1)-th minimum lifetime of the
nodes has been maximized, for all n.

III. MODELS WITH DISCRETE RING STRUCTURE

In this section, we show how to compute the node densities
required to equalize the energy consumption rates of all nodes
in the network. We make some simplification on the network
model to illustrate the basic ideas and to make numerical
computation easier. In particular, the shape of the sensor field
is a disk and the sink is at the center of the disk (Figure 1).
The disk is divided into concentric rings having the same width
and the final node density in each ring will be constant. We
consider the routing rule at the granularity of rings. That is, all
nodes in a ring are subject to an identical routing rule, which
specifies the next-hop ring rather than the next-hop node. The
ring-based modeling approach here is typical (See [13], [19].).
As a result, we only need to compute a finite number of node
densities, one for each ring. Despite being a simplified one,
our model is still considerably more general than those in [13],



[19] (See the discussion in Section II.), and is already useful
for a number of practical cases. Later in Section V, we will
make generalization that allows sensor fields of arbitrary two-
dimensional shapes, routing between two arbitrary locations in
the field, and node density as a function of the precise location.

A. Sensor Field and Energy Consumption Models
The sensor field in the shape of a disk is shown in Figure

1 with the sink at the center. The communication capability
of the nodes is limited so that multi-hop routing is necessary
to transfer the data to the sink. We introduce some definitions
and notations.
• n: the total number of rings.
• Ri: ring i, 0 ≤ i ≤ n. We index the rings in the direction

away from the center of the disk. For convenience, ringe
0, R0, refers to the center of the disk where the sink is.
Ring 1 is also special. It is a small disk.

• w: the width of each ring, R1, · · · , Rn.
• Ai: the area of the ring i, 1 ≤ i ≤ n. Ai = π(2i− 1)w2.
• ρi: the node density of ring i, 1 ≤ i ≤ n.
• Ni: the number of the nodes in the ring i, 1 ≤ i ≤ n.

Ni = ρiAi = π(2i− 1)w2ρi.
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.
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.
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w

Fig. 1. Sensor field model

The energy consumption/dissipation model of the sensor
nodes affects the final density of each ring. We adopt the
energy dissipation model of [7]. The required transmission
energy to send one unit of data to a node at a distance d away
from the sender is given by

Et(d) = γ + βdα, (1)

where γ is the required energy to operate the transceiver
circuitry, β is a parameter determined by the environment, and
α is the so-called path loss exponent. Normally, α is between
2 to 6 depending on the operating environment. Some amount
of energy is also required to receive a unit of data. The energy
consumed at a receiver is as follows.

Er(·) = γ, (2)

where γ is the same as in (1). Normally, the receiving
energy requirement does not depend on the distance from
the transmitter. For ease of presentation, in the analysis to
be shown later, we sometimes ignore the receiving energy.

The maximum transmission range of a sensor node is also
an important parameter. In this section, we assume this range

is l rings, 1 ≤ l ≤ n. That is, a sensor node can transmit data
up to l rings away without relaying. We call this maximum
range the maximum jump. If the maximum jump is equal to n,
then every sensor node is able to send data to the sink directly,
which is the assumption of [13]. The routing strategy has major
impact on the final densities. We will consider several routing
strategies later.

B. Deriving the Node Densities of the Rings
Our goal is to make the energy consumption rate of every

node equal by controlling the node densities in the sensor field.
Since we assume that each ring has a constant node density,
we need to ask what the node density should be in each ring
so that a typical node in one ring consumes the same amount
of energy per unit of time as a typical node in any other ring.

Suppose the nodes are uniformly distributed over ring j with
a density ρj , 1 ≤ j ≤ n. Consider an arbitrary node in ring
j. Since a typical node in the sensor network both generates
traffic as a data source and relays traffic for other nodes, the
node’s total data transmission rate is the sum of the rate of
the locally-generated traffic and the rate of the traffic it relays.
We assume flow conservation at every sensor node: A node
cannot buffer an infinite amount of data, and, after the traffic is
generated, there is no further in-network processing that may
reduce or increase the traffic volume at the node. The data
transmission rate at a node in ring j can be expressed as

Gj = Sj + Cj , (3)

where Sj is the rate of the locally-generated data, and Cj is
the rate of the traffic to be relayed by the node.

Let us assume that certain amount of data rate is needed
to monitor a unit of area and this rate is a constant value
of K throughout the sensor field. This is the inherent data
rate needed for reporting events or conditions about a given
area. There are at least two possibilities regarding how this
inherent data rate affects the actual traffic rate generated by
each nearby node. In the first, one can assume that the system
has local coordination among the nearby sensors that reduces
the amount of traffic generated. In the best case, every nearby
node generates the minimum amount of traffic sufficient to
cover the area. That is, for ring j, the rate of the locally-
generated traffic at a typical node is

Sj = K/ρj . (4)

The second possibility is that there is no local coordination
among the nodes and the nearby nodes all report the same
events to the sink. In this case, the traffic generated by any
node in the network is K. Between the two extreme cases
are a large number of other possibilities, depending on the
degree of local coordination and other factors. Note that the
local coordination can take the form of sleep-wake schedules,
in which only a subset of the nodes are awake at any moment.
Or, the rate of report generation at each node is made inversely
proportional to the node density nearby. In either case, one
can expect that the locally generated traffic rate at a node is
proportional to K/ρj , i.e., Sj = ηK/ρj for some constant η >



0. In this section, we assume η = 1 for notational simplicity.
In effect, we assume the first possibility (4) as the local traffic
generation model. But, extension to the case with a general
constant η is trivial. For other more different models, the entire
methodology in the section still applies, although the results
will differ more substantially.

The rate of the relay traffic at a node does not have a simple
expression. It is easier to write out the recursive relationship
it satisfies. For each pair of rings k and j, 0 ≤ j < k, let

Fk(j) ={the probability that a node in ring k selects
a node in ring j as its next-hop neighbor}. (5)

Note that all nodes in the same ring have the same probability
distribution. The behavior of different routing schemes can be
captured by different choices of Fk(j). Hence, we call each
particular matrix (Fk(j)) a routing model.

The total amount of traffic that all nodes in ring k transmit
directly to ring j, 1 ≤ j < k, is

NkGkFk(j) = ρkAkGkFk(j) = ρkπ(2k − 1)w2GkFk(j).

Therefore, the average rate of the traffic contributed by ring k
to a typical node in ring j is

ρkπ(2k − 1)w2GkFk(j)
ρjπ(2j − 1)w2

=
ρk(2k − 1)GkFk(j)

ρj(2j − 1)
.

For each fixed j, 1 ≤ j < n, the rate of the relay traffic at a
typical node in ring j, Cj , is the sum of the above quantity
over all rings outside ring j that can reach ring j. That is,

Cj =

min(n,j+l)!

k=j+1

ρk(2k − 1)GkFk(j)

ρj(2j − 1)
. (6)

Note that, in min(n, j + l), ring n is the outmost ring and l
is the maximum jump.

Now we can get the total data transmission rate for a node
in ring j, 1 ≤ j < n, by summing (4) and (6).

Gj =

K(2j − 1) +
min(n,j+l)!

k=j+1

ρk(2k − 1)GkFk(j)

ρj(2j − 1)
. (7)

For the outmost ring n, since Cn = 0 and Sn = K/ρn, we
have

Gn = K/ρn. (8)

From (7), we can write, for all 1 ≤ j < n,

ρj =
K

Gj
+

min(n,j+l)!

k=j+1

(2k − 1)GkFk(j)
(2j − 1)Gj

ρk. (9)

From (9), note that, if Gk is known for all k, ρn is known,
and Fk(j) is independent on ρ for all k and j, then, ρj can
be computed iteratively for j from n− 1 down to 1.

We next show how Gk can be determined. Consider the
energy consumption rate for a typical node in ring j, denoted

by Pj . Pj depends on the energy consumption model discussed
in Section III-A. For notational simplicity, we set γ = 0, which
means that we ignore the energy required for operating the
transceiver circuitry and the energy required for receiving data.
The subsequent development still applies to the general case
of γ #= 0; but the expressions are more complicated.

In our energy model, the energy required to transmit a unit
of data is a function of the transmission distance. To simplify
the analysis, we make the approximation that the distance
between a pair of nodes is determined by the number of rings
separating them. The energy that a node in ring j, 1 ≤ j ≤ n,
consumes per unit of time to transfer the portion of its data
directed to the nodes in ring i, 0 ≤ i < j, is 1

Pj(i) = (j − i)αwαGjFj(i).

Thus, the energy consumption rate for a node in ring j, 1 ≤
j ≤ n, is 2

Pj =
j−1!

i=(j−l)+

Pj(i)

= wαGj

j−1!

i=(j−l)+

(j − i)αFj(i). (10)

1) Case of Density-Independent Routing: Our goal is to
equalize the energy consumption rate of all nodes. In other
words, for all 1 ≤ j < n, we want to make Pj = Pn. From
(10), we get the following relationship for all j, 1 ≤ j < n.

Gj =

n−1!

i=(n−l)+

(n− i)αFn(i)

j−1!

i=(j−l)+

(j − i)αFj(i)

Gn. (11)

Note that Gn is given by (8), which depends only on
ρn. Throughout, ρn can be considered as a given parameter.
Hence, if Fk(j) has no dependency on any ρk, one can com-
pute Gj using (11) for all j. The resulting Gj is parameterized
by ρn. After that, one can compute the densities ρj iteratively
using (9) for all j from n− 1 down to 1.

2) Case of Density-Dependent Routing: The situation be-
comes more complicated if Fk(j) depends on some ρk. In that
case, Gj in (11) depends on the unknown ρk. One can still
start with (9) and eliminate all Gj’s from (9) by using (8) and
(11). First, note that

Gk

Gj
=

j−1!

i=(j−l)+

(j − i)αFj(i)

k−1!

i=(k−l)+

(k − i)αFk(i)

. (12)

1Here, the probability Fj (i) is interpreted as the portion of data at a fixed
node in ring j that is transmitted to some node in ring i. Throughout, we
will use the two interpretations (probability or proportion) interchangeably
depending on convenience.

2We use the notation (a)+ = max( a, 0).



Then, (9) can be re-written as follows.

ρj =ρn

" j−1
i=(j−l)+

(j − i)αFj(i)
" n−1

i=(n−l)+
(n− i)αFn(i)

+

min(n,j+l)!

k=j+1

" j−1
i=(j−l)+

(j − i)αFj(i)
" k−1

i=(k−l)+
(k − i)αFk(i)

(2k − 1)
(2j − 1)

× Fk(j)ρk. (13)

The above expression does not imply that, if ρn is given,
then one can compute the densities ρj for all other j. This is
because Fk(j) may depend on the densities in complicated
ways. The set of equations in (13), for 1 ≤ j < n, is
a fairly complex system of nonlinear equations with ρj as
the variables. However, (13) does suggest a different kind of
iterative method to compute each ρj , which will be called
successive substitution. Suppose, we initialize the iteration at
some constant ρ(0)

j for all 1 ≤ j < n. This gives F (0)
k (j),

for different k and j. Then, one can substitute ρ(0)
j and

F (0)
k (j) into the right hand side of (13) and derive ρ(1)

j for
all 1 ≤ j < n. In a general iteration step t, the following
iteration occurs, for 1 ≤ j < n.

ρ(t+1)
j =ρn

" j−1
i=(j−l)+

(j − i)αF (t)
j (i)

" n−1
i=(n−l)+

(n− i)αF (t)
n (i)

+

min(n,j+l)!

k=j+1

" j−1
i=(j−l)+

(j − i)αF (t)
j (i)

" k−1
i=(k−l)+

(k − i)αF (t)
k (i)

(2k − 1)
(2j − 1)

× F (t)
k (j)ρ(t)

k , (14)

where, for a fixed t, (F (t)
k (j)) is computed using (ρ(t)

j ). The
process can be continued until ρ(t)

j converges, for 1 ≤ j < n.
We can take values in the limit as the solutions of the equations
in (13). We will show by experiments in Section IV that this
procedure indeed works.

Note that the constant K does not show up in (13). Hence,
for the purpose of computing the node densities, we can set
K = 1 without affecting the solution, provided ρn is given.
Suppose (Fk(j)) is independent of the scaling of the node
density functions. That is, Fk(j) remains unchanged for all k
and j when ρi is scaled by a constant factor κ > 0 for all i,
1 ≤ i ≤ n. It can be observed that if (ρj)n−1

j=1 is a solution to
(13) given ρn, then (κρj)n−1

j=1 is a solution to (13) given κρn.
In this case, one can decide the node densities as follows:
Choose an arbitrary positive value for ρn; compute all ρj for
1 ≤ j < n; and find a suitable constant κ and use (κρj)n

j=1

as the node densities for deployment so that every ring has
sufficient nodes to satisfy the monitoring need.

C. Models of Routing/Node Selection
We now have general equations that the node densities

must satisfy to achieve an equal energy dissipation rate for
all nodes under a generic routing model (Fk(j)). For any
routing strategy used in practice, if one can cast it into a
specification in terms of Fk(j), then one can use (8), (11)

and (9) (or, equivalently, (13)) to compute the required node
densities. Next, we will consider some simple routing schemes
as examples and later show numerical results about them.
Many more routing schemes can be modeled similarly.

1) Uniform Ring Selection: With this scheme, a node
finds its next-hop node in the direction to the sink via two
steps. First, the node selects a reachable ring with a uniform
probability distribution. Second, the sending node randomly
chooses the next-hop node among the nodes in the intersection
of the selected ring and the sender’s communication range.
Therefore, the probability that ring i, (j − l)+ ≤ i < j, is
selected as the next-hop ring by a node in ring j is

Fj(i) = 1/ min(l, j). (15)

Note that, in this case, Fj(i) is independent on the node
densities. From (11), Gj becomes

Gj =

n−1!

i=(n−l)+

(n− i)α

min(n, l)

j−1!

i=(j−l)+

(j − i)α

min(j, l)

Gn. (16)

Gn is the same as before, equal to K/ρn. From (13), the node
densities can be computed iteratively from n− 1 to 1 by the
following expression.

ρj =ρn
min(n, l)
min(j, l)

" j−1
i=(j−l)+

(j − i)α

" n−1
i=(n−l)+

(n− i)α
+

min(n,j+l)!

k=j+1

" j−1
i=(j−l)+

(j − i)α

" k−1
i=(k−l)+

(k − i)α

(2k − 1)
(2j − 1)

1
min(j, l)

ρk.

(17)

2) Uniform Node Selection: In this routing model, a node
X can select any node with the same probability as long as
the target node resides in X’s communication range and is
closer to the sink than X is. This scheme is motivated by
geographical routing.

O

...

S

T

Y

Rj

Rj-1

Rj-2

Rk

Rj-l

X

Fig. 2. Uniform Node Selection

Figure 2 illustrates the underlying geometry for Uniform
Node Selection. Node X can choose any node in the shaded
part in the figure as the next-hop node. Let the region within



the communication range of node X be denoted by Q. As
shown in Figure 2, node X can choose a next-hop node
in the intersection of Q and the inner rings that X can
reach, i.e, ∪j−1

k=(j−l)+
(Rk ∩ Q). When the nodes in ring k

are uniformly distributed, the number of nodes in Rk ∩ Q is
ρkλ(Rk ∩Q), where the notation λ(S) represents the area of
a region S. The number of possible next-hop nodes for node
X is

" j−1
k=(j−l)+

ρkλ(Rk ∩ Q). Hence, the probability Fj(i)
is, for (j − l)+ ≤ i < j,

Fj(i) =
ρiλ(Ri ∩Q)

j−1!

k=(j−l)+

ρkλ(Rk ∩Q)

. (18)

From basic knowledge of geometry, we can find the area of
the intersection of two disks [1]. If the distance between the
centers of two disks of radii r and R, respectively, is d, the
area of the intersection is given by

Λ(r,R, d)

=r2 cos−1(
d2 + r2 −R2

2dr
) + R2 cos−1(

d2 + R2 − r2

2dR
)

− 1
2

#
(−d + r + R)(d + r −R)(d− r + R)(d + r + R).

Now, we can find the area of Ri∩Q. Let d be the distance of
node X from the sink and note that lw is the communication
range of node X . The area of Ri ∩Q, for (j − l)+ < i < j,
is obtained by,

λ(Q ∩Ri) = Λ(lw, iw, d)− Λ(lw, (i− 1)w, d). (19)

The area of R(j−l)+ ∩Q is given by

λ(R(j−l)+ ∩Q) = Λ(lw, w(j − l)+, d). (20)

The probability Fj(i) can be obtained by plugging equations
(19) and (20) into (18). By applying the expressions for Fj(i)
to (13), we derive a set of equations in ρj only, for different
j. From (18), note that Fj(i) depends on various ρi. Hence,
the resulting equations cannot be solved by deriving each ρi

for i = n− 1 down to 1 iteratively using (13). But, they may
be solved by successive substitution, which is to iterate (ρ(t)

j )
over t as in (14).

Note also that, previously, we have assumed that the dis-
tance between node X and its next-hop node is determined
by the rings in which the two nodes lie. This assumption is
not accurate in the current model. The distance to the next-hop
node depends on where the next-hop node lies in its ring. We
will later describe an extended formulation that incorporates
the accurate distances between nodes, but will do so in a
much more general setting with respect to other aspects as
well (Section V). The price to pay is higher theoretical and
computational complexity. For now, we ignore this inaccuracy
for the benefit of simpler numerical computation.

3) Simplified Uniform Node Selection: In this routing
model, the probability that a node in ring j takes a node in ring
i as the next-hop node, Fj(i), is proportional to the number of
nodes in ring i, where (j− l)+ < i < j. Thus, the probability
can be written as follows.

Fj(i) =
ρi(2i− 1)

j−1!

k=max(j−l,1)

ρk(2k − 1)

, (j − l)+ < i < j. (21)

Since Fj(i) depends on (ρj), successive substitution of the
form in (14) are needed to find the solution.

The following reasoning shows why this model can be
viewed as a simplification of the Uniform Node Selection
scheme. Suppose the range of each node is lrw. However,
the node only selects a next-hop node in its nearby l rings,
where l ' lr. In this case, the ratio of the area of Ri ∩Q to
that of Rk∩Q can be well approximated by (2i−1)/(2k−1),
for (j − l)+ < i, k < j. (See the first two rings next to node
X in Figure 2.)

IV. EXPERIMENTAL RESULTS

In this section, we use experimental results to show how
well our method for computing the node densities works. The
radius of the sensor field is 50 and the total number of rings
is 20. The procedure of the experiments is as follows. First,
for the given routing strategy and experimental parameters, we
calculate the node densities of the rings using the equations
introduced in Section III. Then, in our simulation setup,
we randomly deploy the sensor nodes into the sensor field
according to the calculated densities and have each node select
its next-hop neighbor according to the given routing scheme.
The density of the outmost ring ρn can be tuned to control
the total number of nodes in the sensor field. In the simulation
run, we measure the energy consumption rate of each node.
Finally, we compute the average per-node energy consumption
rate for each ring. The goal is to verify whether the calculated
densities result in an even energy consumption rate in all rings.

A. Uniform Ring Selection

The results for various maximum jump sizes are shown in
Figure 3, where the path loss exponent, α, is 2. We have
conducted extensive experiments for other values of α; but the
results are omitted for brevity. In Figure 3, we show both the
average per-node energy consumption rate and the calculated
node density in each of the rings. Several observations can
be made. First, the average per-node energy consumption
rates of the rings are nearly identical. This demonstrates
that our modeling approach and analytical method are highly
accurate, and that correct node densities can be derived from
the resulting mathematical expressions. Second, the shape
of the density function, as a function of the ring index, is
somewhat surprising in some cases. The functions are not even
monotonic in the case of l = 10 or l = 20.

In the cases of l = 1 or l = 2, the density function is
monotonic and increases very fast as the ring gets closer to



the sink. It is easy to explain the case of l = 1. Since the
maximum jump size is 1, all the traffic of a node must flow
through the adjacent ring on the inside. Therefore, the traffic
load becomes heavier as the ring gets closer to the sink. It is
necessary to deploy more nodes in the rings closer to the sink
so as to balance the energy dissipation rates across the rings.
As it approaches the sink, the area of the ring decreases while
the number of nodes in the ring increases. Hence, the density
increases fast.
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(d) l = 20

Fig. 3. Node densities and average per-node energy consumption rates for
various maximum jump sizes, l, under Uniform Ring Selection. α = 2 .

For larger values of the maximum jump, e.g., l = 10, it is
not necessarily true that higher node densities are required for
rings closer to the sink. This is more due to the “boundary
effect”. In this case, each node can directly transmit its traffic
to multiple inside rings. However, longer transmission distance
requires more energy. A node in one of the l inner-most rings
(Ri, 1 ≤ i ≤ l) has fewer than l rings left on the inside. Hence,
its maximum transmission distance is less than l rings away.
As a result, it tends to consume less energy on average than a
node in a ring further outside, say Rj for j > l. The precise
situation is complicated, depending on the parameters of the
energy consumption model and the routing probabilities.

B. Uniform Node Selection
Unlike the case of Uniform Ring Selection, here, the node

densities are computed by successive substitution as in (14).
The results for the case of α = 0 are given in Figure 4. The
average per-node energy consumption rates in all rings are
nearly identical in each of the four plots, which correspond
to l = 1, 2, 10 and 20, respectively. When the path loss
exponent, α, is 0, it takes a constant amount of energy for
a node to transmit one unit of traffic to any receiver in its
range, regardless of the distance. Many wireless devices do
not have the capability to adjust the transmission power level,
and hence, fit into the case of α = 0.

The results for α = 1, 2 and 3 are shown in Figure 5,
6 and 7, respectively. In all plots, the curve for the average
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(c) l = 10
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Fig. 4. Node densities and average per-node energy consumption rates for
various maximum jump sizes, l, under Uniform Node Selection. α = 0 .

per-node energy consumption rate is flat. This means that, if
we deploy the nodes according to the computed densities, we
can achieve an even energy dissipation rate in all rings. These
results indicate that our modeling approach, analytical method
and numerical solutions are all accurate or sound. Observe the
curves for the node densities, which can be quite oscillatory
or irregular. We see that it is hard to predict the deployment
densities without precise computation.
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(c) l = 10
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Fig. 5. Node densities and average per-node energy consumption rates for
various maximum jump sizes, l, under Uniform Node Selection. α = 1 .

V. GENERAL SENSOR FIELD AND ROUTING MODELS

In this section, we consider general models where the shape
of the sensor field is arbitrary and the routing depends on the
precise node location. The resulting node density may vary
continuously over the sensor field. For brevity, we omit some
details in the derivation, which is similar to the case with rings.
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(c) l = 10
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(d) l = 20

Fig. 6. Node densities and average per-node energy consumption rates for
various maximum jump sizes, l, under Uniform Node Selection. α = 2 .
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(b) l = 2
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(c) l = 10
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Fig. 7. Node densities and average per-node energy consumption rates for
various maximum jump sizes, l, under Uniform Node Selection. α = 3 .

A. General Two-Dimensional Model

1) Node-Density-Independent Routing: Let A ⊂ R2 denote
the whole region of the sensor field and let the sink be at the
origin. The region near the sink is an anomaly for the model.
Let B(δ) = {y ∈ R2| ‖y‖ < δ} for some small δ > 0. We
assume that there are no other nodes in B(δ) except the sink.
Once a transmission reaches inside B(δ), it is received by the
sink. We let Aδ be the sensor field with B(δ) removed, i.e.,
Aδ = A\B(δ). We wish to find the node density in Aδ .

Consider a point y ∈ Aδ . Let g(y) be the total traffic rate
of a node at y. Let c(y) be the rate of the traffic to be relayed
by a node at y. We again assume that the rate of the locally
generated traffic at each point is inversely proportional to the
node density at that point. Then, this rate at a node is K/ρ(y)

for some constant K > 0. We have,

g(y) = c(y) + K/ρ(y). (22)

Let f(y, x) be the probability density function for a node at
y to choose a node at location x as the next-hop node, x ∈ A.
It satisfies

$
A f(y, x)dx = 1 for every y.3 Note that a node at

y in general may not be able to reach directly everywhere in
the whole sensor field. If the region that it can reach directly
is denoted by A(y), where A(y) ⊆ A, we can assume that
f(y, x) is non-zero only on A(y), and

$
A(y) f(y, x)dx = 1.

We then have,

c(y) =
%

Aδ

ρ(z)
ρ(y)

g(z)f(z, y)dz, y ∈ Aδ. (23)

Note that c(y) depends on the node density function ρ. But,
we suppress it in the notation for now. Then, we have

g(y) =
%

Aδ

ρ(z)
ρ(y)

g(z)f(z, y)dz +
K

ρ(y)
, y ∈ Aδ. (24)

After rearrangement,

ρ(y) =
%

Aδ

g(z)
g(y)

f(z, y)ρ(z)dz +
K

g(y)
, y ∈ Aδ. (25)

Let P (y) be the expected energy consumption for a node
at y ∈ Aδ .

P (y) =
%

A
(γ + β ‖y − x‖α)g(y)f(y, x)dx, y ∈ Aδ. (26)

Let y∗ be an arbitrary point on the boundary of A, whose node
density is assumed to be a known parameter. Our objective is
to have P (y) = P (y∗) for all y ∈ Aδ , where

P (y∗) =
K

ρ(y∗)

%

A
(γ + β ‖y∗ − x‖α)f(y∗, x)dx. (27)

This gives the following.

g(y) =
P (y∗)$

A(γ + β ‖y − x‖α)f(y, x)dx
, y ∈ Aδ. (28)

In the above, we assume f is independent on the node
density function. ρ(y∗) is a constant (parameter). Then, g(y)
can be determined for all y ∈ Aδ . Then, (25) is a linear
integral equation with the unknown function ρ. It is known
as a Fredholm equation of the second kind [12], which has
the following general form.

φ(x) = f(x) + λ

%

V
k(x, s)φ(s)ds. (29)

In (29), λ is a known constant, φ(x) is an unknown function
and f(x) is a known function, f(x) #= 0, where φ, f : U → R
for some U ⊆ Rm. The function k(x, s) is called a kernel,
where k : U × U → R. In the integral of (29), V is a subset

3We allow the next-hop node to be the sink. Hence, we assume f (y, x) = 0
for x ∈ B(δ) and x "= 0 . That is, if the next-hop node is inside the small
neighborhood of the sink, B(δ) , it must be the sink.



of U . For our case of (25), λ = 1, the unknown function is ρ,
the known function is K/g, and the kernel is

k(z, y) =
g(z)
g(y)

f(z, y)

=
$
A(γ + β ‖y − x‖α)f(y, x)dx

$
A(γ + β ‖z − x‖α)f(z, x)dx

f(z, y). (30)

It has been shown by the theorems known as Fredholm
Alternatives that the solution to (29) nearly always exists and
is nearly always unique.

2) Node-Density-Dependent Routing: In general, we can
assume f depends on the density function, and write
f(y, x, ρ), where ρ is a function on Aδ . As an example,
f(y, x, ρ) may be proportional to the node density at x and
some other properties at y and x, denoted by h(y, x), if x is
in the region that a node at y can reach. That is,

f(y, x, ρ) =

&
h(y,x)ρ(x)

A( y) h(y,x)ρ(x)dx
x ∈ A(y)

0 otherwise.
(31)

Then, we can write,

g(y, ρ) = c(y, ρ) + K/ρ(y), y ∈ Aδ. (32)

c(y, ρ) =
%

Aδ

ρ(z)
ρ(y)

g(z, ρ)f(z, y, ρ)dz, y ∈ Aδ. (33)

If it is required that the per-node energy consumption rate
is equal everywhere, the outgoing traffic from a node at y
satisfies the following, which also depends on ρ.

g(y, ρ) =
$
A(γ + β ‖y∗ − x‖α)f(y∗, x, ρ)dx
$
A(γ + β ‖y − x‖α)f(y, x, ρ)dx

K

ρ(y∗)
, y ∈ Aδ.

(34)
The function ρ satisfies the following functional equation.

ρ(y) =
%

Aδ

g(z, ρ)
g(y, ρ)

f(z, y, ρ)ρ(z)dz +
K

g(y, ρ)
, y ∈ Aδ.

(35)
Unlike the case with node density independent routing, (35)

is not a typical linear integral equation and the mathematical
theory on the existence and uniqueness of the solution is
unknown at this point. However, the earlier model with the
ring structure and energy-dependent routing in Section III-B2
is a special discrete analog of this and, there, our computation
experience has shown that successive substitution always finds
a solution. There are good reasons to believe that a solution to
(35) often exists and can be found by successive substitution.

VI. CONCLUSION

In this paper, we examine how to apply non-uniform
deployment of the sensor nodes to resolve the problem of
uneven energy consumption rates by the nodes or the energy
hole problem in multi-hop wireless sensor networks. More
generally, non-uniform deployment with careful density con-
trol can be an important technique for achieving a desirable
lifetime and system-cost tradeoff of the sensor network. Our
main contribution is to present a method for computing the
required node density function. As an example, we show

that the method enables us to compute the correct densities
that achieve an equal energy consumption rate for all nodes,
thereby, extending the system lifetime. The method is expected
to be widely applicable to other similar objectives.
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