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Abstract

The motivation for this study is to optimize the downloadingprocess of files or other information

objects when the communication capacity is limited. Consider a scenario where a user (or users) is

downloading a collection of objects, each of which has certain utility to the user. Suppose the utilities of

the objects are non-increasing functions of the completion(i.e., arrival) times of the objects. The problem

is to schedule the transmission of the objects so that the total utility received by the user is maximized.

In this paper, we examine variations of this problem with different utility functions. We present some

new results on single machine scheduling that are relevant to data communication scenarios that involve

the transmission of a collection of information objects.

keyword single machine scheduling, utility function, shortest processing time schedule, object schedul-

ing, optimization

1 Introduction

This paper addresses the question of how to optimize the satisfaction of a user or users when they download

files or data objects from a computer server. A single-user example is web browsing. By web objects, we

mean items on a web page, such as a piece of text, an image, an audio or video clip, etc. We do not have to

limit the notion of web objects to those items with complete semantic boundaries, such as a complete JPEG

image. A block of a JPEG image, or a low-resolution copy of a multi-resolution-encoded JPEG image can

also be considered an object. The defining property of an object is that, as a whole, it has some utility to the

1



user and any part of it either has no utility or cannot be rendered by the application. A multi-user example

is when a number of users make simultaneous requests to retrieve differentobjects or files from a server,

where each user places a value to the object he is retrieving.

Both the single-user and multi-user applications will be formulated as the same abstract problem. We

will focus on the single-user case. More precisely, consider a downloading session in which a user wishes

to retrieven objects. The rate of communication between the sever and the user is a constant, µ, possibly

limited at a slow link in the network or at the busy server. Suppose the user assigns certain value to each

object, which is a decreasing function of the object arrival (completion) time. The question is how the server

should schedule the transmission of thesen objects in order to maximize the total value received by the user.

The problem stated here belongs to the general area of single machine scheduling. This paper presents

some results in this area that are relevant to our problem. Due to the online nature of the problem, we pay

particular attention to the time complexity of the scheduling algorithms. We discuss specific requirements

and characteristics of data object transmission and make recommendations toward solving this problem.

Single machine scheduling is a mature area with many known results that can be applied to the problem of

retrieving files other information objects. We will mention some of the known results in this paper.

The paper is organized as follows. In the remaining part of this section, weformulate the scheduling

problem of object transmission as a utility optimization problem and describe a few families of objective

functions. In Section 2, we discuss known results related to some of these families of objective functions.

In Section 3, we give our results to the remaining families of functions. In section 4, we introduce more

results for the linear utility functions under time-varying bandwidth and underrandom transmission times.

In section 5 and 6, we discuss two related problem formulations. We conclude in section 7.

1.1 Basic Problem Formulation

Before dealing with the question of how to optimize the user’s satisfaction, we need to consider how the

satisfaction is expressed. We assume that each object has certain utility to theuser. Since an object cannot

be used until it arrives at the user completely, its utility should depend on the completion time and can be

denoted byvi(Ci), whereCi is the completion time of objecti, i.e., the arrival time of objecti at the user.

The total utility of all objects to the user becomes,

v(C1, C2, ..., Cn) =

n
∑

i=1

vi(Ci) (1)
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1 Since one would expect that the user is more satisfied if the transmission is completed sooner, the func-

tion vi(Ci) should be non-increasing. The resulting total utility function,
∑n

i=1 vi(Ci), belongs to the class

of regular measures (objective functions). A measure is calledregular if it is non-increasing with respect

to eachCi (when the measure represents a utility function to be maximized). It is known that for regular

measures, optimality can be achieved by non-preemptive schedules (See [1] and [4].). A corollary is that

processor sharing does not make further improvement. Hence, the scheduling problem is to find a transmis-

sion order of the objects so that (1) is maximized.

On the other hand, if the object can be displayed progressively in very fine granularity, we can idealize

the situation by assuming every infinitesimal piece of data is useful. Then, the utility of object i can be

denoted by the functionvi(t, x), which represents the value received by the user whenx bits have arrived

by timet. In this case, a preemptive schedule may be required to achieve optimality. This formulation will

not be the focus of the paper.

Traditionally, single machine scheduling problems are formulated as minimizing someparticular cost

functions, such as themean or weighted completion time, mean or weighted tardiness, andnumber of tardy

jobs. Most of these objective functions have the same separable form as on the right hand side of (1). One

of the contributions of this paper is to investigate the optimal schedules corresponding to some new utility

functions,vi, not previously considered in the traditional machine scheduling literature.For easy reference,

we list the notations and definitions used in the paper.

si The size of objecti.

pi The transmission time of objecti. pi = si/µ. Without loss of generality, we assume throughout the

paper thatpi > 0 for every objecti.

Ci The completion time of objecti, i.e., its arrival time at the user.

di The deadline (or due date) of objecti, i.e., the expected completion time for objecti.

Ti Thetardinessof objecti. Ti = max{Ci − di, 0}.

1.2 Several Regular Measures and Their Optimal Schedules

We will consider several families of the functionvi, for a generic objecti. These functions are summa-

rized in Table 1. In most cases, the measures are interpreted as utility functions that are to be maximized.
1In the multi-user scenario where each user downloads a single object,vi can be understood as the utility of useri’s object.
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Occasionally, we relate them to their corresponding cost functions used inthe machine scheduling literature.

Table 1: Objective Functions

Function Expression Utility Cost

I vi(t) =

8<: wi if 0 ≤ t ≤ di

0 otherwise
di t

vi(t)

wi

t

vi(t)

di

II vi(t) = αit + βi

t

vi(t)

t

vi(t)

III vi(t) = αie
γt + βi

γ < 0

γ > 0

t

vi(t) γ < 0

γ > 0

t

vi(t)

IV vi(t) =

8<: wi if 0 ≤ t ≤ di

αit + βi otherwise
di t

vi(t)

tdi

vi(t)

V vi(t) =

8<: αit + βi if 0 ≤ t ≤ di

0 otherwise t

vi(t)

di di

vi(t)

t

VI vi(t) =

8>>><>>>: wi if 0 ≤ t ≤ di

αit + βi if di ≤ t ≤ d′

i

0 otherwise

vi(t)

tdi d′

i

vi(t)

di d′

i
t

VII vi(t) = βi −
βi

1+αi exp (−γt)

t

vi(t)

t

vi(t)
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Table 1: Continued

Function Expression Utility Cost

VIII vi(t) =

8<: αie
γt + βi if 0 ≤ t ≤ di

0 otherwise

vi(t)

di t

vi(t)

di t

2 Known Results Relevant to Object Transmission

2.1 Function I - Step Functions

In this case,

vi(t) =







wi if 0 ≤ t ≤ di

0 otherwise

wherewi’s are positive numbers, representing the values of the objects. In this model, a utility wi is gained

if the object is received before the deadlinedi. Otherwise, the object becomes useless. A minimization

version of the problem is as follows.

vi(t) =







0 if 0 ≤ t ≤ di

wi otherwise
(2)

wherewi’s are also positive numbers, representing a penalty when an object is completed after its deadline.

The corresponding scheduling problem is proved to be NP-hard in [7].A pseudo-polynomial solution based-

on dynamic programming is found for the minimization problem by Lawler and Moore [9], which has a

complexityO(nT ), whereT =
∑n

i=1 pi. The technique can be naturally extended to the maximization

problem. Fully polynomial time approximation algorithms are found in [13] for the maximization version

of the problem with time complexityO(n2/ǫ), and in [5] for the minimization version of the problem with

time complexityO(n2 log n + n2/ǫ).

We will introduce the algorithm by Lawler and Moore [9] because the technique also serves as basis

for some other more difficult problems in the paper. Consider the following general formulation. Suppose

n jobs are to be processed in thefixedorder, 1, 2, ...,n. Each job can be performed in either one of two

different modes. In the first mode, the processing time of jobj is a1
j and the cost function isρ1

j (t). In the
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second mode, the processing time of jobj is a2
j and the cost function isρ2

j (t). The objective is to assign

one mode to each object so that the total cost is minimized. Letf(j, t) be the minimum total cost for the

first j jobs, subject to the constraint that jobj is completed no later than timet. The dynamic programming

solution for this problem is listed in Algorithm 1. The assignment problem is solved by computingf(n, T ),

whereT is a sufficiently large number. For instance, we can chooseT =
∑n

i=1 max{a1
i , a

2
i } when the cost

functions are regular. The computation requirement isO(nT ).

Algorithm 1 Lawer and Moore

f(0, t) = 0 (t ≥ 0),

f(j, t) = +∞ (j = 0, 1, ..., n; t < 0),

f(j, t) = min























f(j, t − 1)

ρ1
j (t) + f(j − 1, t − a1

j )

ρ2
j (t) + f(j − 1, t − a2

j )























(j = 1, 2, ..., n; t ≥ 0)

Going back to the object sequencing problem that minimizes the total cost
∑n

i=1 vi(Ci), wherevi is the

step function as in (2), we only need to partition the objects into two groups: those that are completed before

their deadlines and those that are tardy. In the actual schedule, all tardyobjects simply follow those on-time

objects in arbitrary order among themselves. Given an optimal sequence, we can always order those objects

that are on time by the earliest-due-date (EDD) schedule. These objects willstill be completed before their

deadlines in the resulting new order. Hence, an algorithm for finding an optimal schedule is as follows. First,

order then objects by the EDD schedule. Without loss of generality, we assume this order is 1, 2, ..., n. For

each objectj, if it is in the first mode, let,

a1
j = pj

ρ1
j (t) =











0 if 0 ≤ t ≤ dj

∞ otherwise

If it is in the second mode, let

a2
j = 0

ρ2
j (t) = wj

Then, apply Lawler and Moore’s algorithm. The objects with the second modeassignment are tardy ones.
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2.2 Function II - Linear Functions

In this case,

vi(t) = αit + βi

Whenvi is interpreted as the utility function, we requireαi < 0, andβi ≥ 0 for all i. That is, the value of the

object decreases linearly with the completion time. The corresponding minimizationversion, whereαi > 0

for all i, is recognized as minimizing weighted completion times. For both problems, the optimalschedule

is to transmit the objects in increasing order ofpi/|αi|, which has a complexityO(n log n). Notice thatβi’s

play no role in determining the optimal sequencing. In fact, as long as all objects have to be transmitted,

theβi’s contribute the same constant term in any permutation of then objects. The proof of optimality of

the schedule is the standardadjacent-pair-interchangeargument. One possible drawback with function II is

that it decreases indefinitely witht. Jobs that are completed late are penalized whenvi becomes negative.

In the context of object transmission, it may be more reasonable to assume that a late object has zero or a

small positive value to the user instead of a negative value. We will examine thelinear utility function again

in Section 4.

2.3 Function IV

vi(t) =











wi if 0 ≤ t ≤ di

αit + βi otherwise

In order to interpretvi as the utility function for objecti, we requireαi ≤ 0 andαidi + βi = wi. However,

wi’s have no influence on the optimal schedule.

It is more convenient to discuss the minimization version of the problem, which minimizes total weighted

tardiness,
∑n

i=1 αiTi. In this case, the weightsαi are positive and can be interpreted as the prices to pay

per unit of time for completing the object late. The problem is proved to be NP-hard in the strong sense in

[11] and [8]. If all weights are equal, the problem is NP-hard in the ordinary sense [6] and can be solved

in pseudo-polynomial time by Lawler and Moore’s algorithm (1) [8]. If all deadlines are equal and the

weights are arbitrary, the problem is NP-hard in the ordinary sense [17], and can also be solved by Lawler

and Moore’s algorithm (1). If precedence constraints among the objectsare present, the problem is NP-

hard even with equal deadlines and equal weights [10]. Researchershave developed branch-and-bound and
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integer programming techniques for solving this type of scheduling problems,as well as many heuristic tech-

niques for finding approximate solutions. Many general textbooks on scheduling discuss these problems,

e.g. [15] and [12].

3 New Results Related to Object Transmission

3.1 Function III - Exponential Functions

vi(t) = αie
γt + βi

wherevi(t) is interpreted as a utility function and decreases witht. We can have two types of decaying

exponential functions corresponding toγ < 0 andγ > 0. In order for the function to represent the “value”

of an object, whenγ < 0, we requireαi > 0 andβi ≥ 0 such that the function remains positive for allt ≥ 0.

If βi = 0, αi is the initial value of the object and1/|γ| can be interpreted as a “soft” deadline. Whenγ > 0,

we requireαi < 0 andβi + αi > 0 in order to have an appropriate utility function. One should be cautious

in this case, since the value ofvi becomes negative and rapidly decreases whent becomes sufficiently large.

Suchvi may be appropriate when the deadline needs to be rigorously enforced. One potential drawback of

the exponential function is that a single parameterγ is used for all objects.

Theorem 3.1 The optimal schedule is to sort then objects in decreasing order of(αie
γpi)/(1 − eγpi).

Proof: We use the adjacent-pair-interchange argument. Suppose the optimal sequence isπ = (1, 2, ..., n).

Consider objecti andi+1. In the optimal schedule, objecti starts to be transmitted at timeCi−1, where we

assumeC0 = 0. Starting with the optimal sequence, switching the position of objecti andi + 1 decreases

the utility of objecti by

(αie
γ(Ci−1+pi) + βi) − (αie

γ(Ci−1+pi+1+pi) + βi) = αie
γCi−1eγpi(1 − eγpi+1)

and increases the utility of objecti + 1 by

(αi+1e
γ(Ci−1+pi+1) + βi+1) − (αi+1e

γ(Ci−1+pi+1+pi) + βi+1) = αi+1e
γCi−1eγpi+1(1 − eγpi)

Since the sequenceπ is optimal, the total change of utility should be non-positive. Therefore,

−αie
γCi−1eγpi(1 − eγpi+1) + αi+1e

γCi−1eγpi+1(1 − eγpi) ≤ 0
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Equivalently,
αie

γpi

1 − eγpi
≥

αi+1e
γpi+1

1 − eγpi+1
(3)

Notice again thatβi’s play no role in determining the optimal schedule.

Remark In the cases of function II and III, the position of an object in the optimal schedule depends

only on some function of the object’s own parameters. This type of function iscalled a priority-generating

function in [16].

3.2 Function V

vi(t) =











αit + βi if 0 ≤ t ≤ di

0 otherwise

When considered as a utility function, we requireαi ≤ 0, andβi > 0 for all i. We also requireαidi+βi ≥ 0

so that the function is non-increasing. This function can be viewed as a compromise between the step

function I and the linear function II. We will prove the following new result.

Theorem 3.2 The scheduling problem is NP-hard in the strong sense.

Two other problems appear to be related to the current problem, then|1||
∑

αiTi andn|1|Ci ≤ di|
∑

αiCi

problems, whereαi’s are non-negative weights. The standard machine scheduling notation isused here. The

first problem stands forn jobs, single machine and minimizingtotal weighted tardiness. The second prob-

lem minimizestotal weighted completion timesubject to the constraint that all jobs are completed before

their due dates. As mentioned in the case of function IV, the first problem is NP-hard in the strong sense.

So is the second problem, as proved in [16] and suggested in [11]. Noticethat the second problem can be

considered as having the following extended cost functionvi.

vi(t) =











αit if 0 ≤ t ≤ di

∞ otherwise

whereαi ≥ 0.

We now return to our problem. Whenαi ≤ 0 for all i and all objects are required to be completed

before their due dates, the problem is NP-hard in the strong sense, because it is equivalent to the second
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problem above. We also know that, whenαi ≤ 0, the problem is at least NP-hard in the ordinary sense.

To see this, letαi = 0, andβi > 0 for all i, thenvi becomes function I. The proof of strong NP-hardness

is accomplished by reducing the 3-partition problem, which is known to be NP-hard in the strong sense, to

the current problem. We will adapt the proof for then|1||
∑

αiTi problem in [8]. We also work with the

“decision” version of the problem rather than the “optimization” version. Ifthe optimization problem has

a polynomial-time solution, then the decision problem trivially has a polynomial-time solution. Therefore,

to show the optimization problem is NP-hard, it is sufficient to show the decisionproblem is NP-complete.

We will work with the minimization version of the problem. Let us first redefinevi(t).

vi(t) =











αit if 0 ≤ t ≤ di

wi otherwise
(4)

whereαi ≥ 0 andwi ≥ αidi.

3-Partition Problem: Given a set of3n integersa1, a2, ..., a3n between 1 andB − 2 such that
∑

ai =

nB. Is there a partition of theai’s into groups of 3, each summing toB?

Scheduling Problem:

“X”-jobs: Xi, 1 ≤ i ≤ n.

“A”-jobs: Ai, 1 ≤ i ≤ 3n.

Processing times: p(Xi) = L = (16B2)n(n+1)
2 + 1, 1 ≤ i ≤ n.

p(Ai) = B + ai, 1 ≤ i ≤ 3n.

Weights α(Xi) = 0, 1 ≤ i ≤ n.

α(Ai) = p(Ai) = B + ai, 1 ≤ i ≤ 3n.

Due dates d(Xi) = iL + (i − 1)4B, 1 ≤ i ≤ n.

d(Ai) =
∑n

i=1 p(Xi) +
∑3n

i=1 p(Ai) + 1, 1 ≤ i ≤ 3n.

Constants w(Xi) = W = (L + 4B)(4B)n(n+1)
2 + 1, 1 ≤ i ≤ n.

w(Ai) can be any value greater than to equal toα(Ai)d(Ai), 1 ≤ i ≤ 3n.

Question: Is there a scheduleπ with total costR(π) ≤ W − 1?

We need to establish that the 3-partition problem has a solution if and only if the scheduling problem
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above has a solution.

Proof: Suppose the desired partition exists. Without loss of generality, suppose〈a3j−2, a3j−1, a3j〉 is

a group,i ≤ j ≤ n. Consider the schedule

π = 〈X1, A1, A2, A3, X2, A4, A5, A6, X3, ..., Xi, A3i−2, A3i−1, A3i, ..., Xn, A3n−2, A3n−1, A3n〉

Since
∑0

i=−2 p(A3j+i) = 4B, for 1 ≤ j ≤ n, Xi finishes at timed(Xi) = iL + (i − 1)4B, for 1 ≤ i ≤ n.

That is, the X-jobs all finish on time. Note that the common due date for the A-jobsis chosen so that all

jobs are completed before the due date in any work-conserving schedule. A3j−2, A3j−1 andA3j all finish

by j(L + 4B) and their total weight is4B, 1 ≤ j ≤ n. Their total cost is no greater thanj(L + 4B)4B.

Therefore,

R(π) ≤
n

∑

j=1

j(L + 4B)4B = (L + 4B)(4B)
n(n + 1)

2
= W − 1 (5)

Conversely, suppose there is a scheduleπ such thatR(π) ≤ W − 1. We need to show there is a 3-partition.

First, notice that no X-job can be tardy, because the cost contributed by any tardy X-job isW . Next, define

Wi to be the total weight of the A-jobs followingXi, with Wn+1 = 0 by convention. The total cost due to

the group of A-jobs betweenXi andXi+1 is no less than(Wi − Wi+1)iL. Hence,

R(π) ≥
n

∑

i=1

(Wi − Wi+1)iL = L
n

∑

i=1

Wi

Note thatWi is also the total processing time for the A-jobs followingXi. The total processing time for the

A-jobs proceedingXi is (4B)n − Wi. Since all X-jobs meet their due dates, we must have

iL + (i − 1)4B ≥ (4B)n − Wi + iL for 1 ≤ i ≤ n

Equivalently,

Wi ≥ (n − i + 1)4B for 1 ≤ i ≤ n

Suppose for somei, Wi ≥ (n − i + 1)4B + 1. Then,

n
∑

i=1

Wi ≥ 1 +
n

∑

i=1

(n − i + 1)4B =
n(n + 1)

2
4B + 1
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Then,

R(π) ≥ L(
n(n + 1)

2
4B + 1)

= L
n(n + 1)

2
4B + (16B2)

n(n + 1)

2
+ 1

= (L + 4B)(4B)
n(n + 1)

2
+ 1

= W

This contradicts (5). Hence, it must be true thatWi = (n− i+1)4B, for 1 ≤ i ≤ n. From this we conclude

that the total weight for the group of A-jobs betweenXi andXi+1 must be4B in π, 1 ≤ i ≤ n − 1.

Similarly, the total weight for the group of A-jobs followingXn must also be4B. Since every A-job, say

Ai for eachi, satisfiesB + 1 ≤ α(Ai) ≤ 2B − 2, each such group must contain exactly 3 A-jobs. Then

groups of 3 jobs correspond to the desired partition.

3.2.1 Case of Common Deadline

When all objects have a common deadline,d, the algorithm of Lawler and Moore (1) gives a pseudo-

polynomial solution for finding an optimal sequence. Again, consider the minimization version of the

problem. An optimal sequence divides the objects into two groups: those thatare completed before the

deadline and those that are tardy. The objects that are on time must be ordered in increasing order ofpi/αi,

with the understanding thatpi/0 = ∞, and the tardy objects can be arbitrarily ordered. Therefore, to find

an optimal schedule, first sort then objects in this order. Without loss of generality, we assume the order is

1, 2, ..., n. For each objecti, if it is in the first mode, let

a1
i = pi

ρ1
i (t) =











αit if 0 ≤ t ≤ d

∞ otherwise

If it is in the second mode, let

a2
i = 0

ρ2
i (t) = wi

Then apply Algorithm 1.
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3.2.2 Case of Continuous Function

For the minimization problem with the cost functions in (4), whereαi ≥ 0, let us setαidi = wi for all i. It

turns out this continuity requirement makes the problem easier. There is a pseudo-polynomial algorithm for

finding an optimal sequence. Letπ be an optimal sequence andAπ be the subset of all objects that are on

time inπ. Then,

Lemma 3.3 In scheduleπ, the objects inAπ must be ordered in increasing order ofpi/αi.

Proof: First, notice that, in any optimal sequence, all objects inAπ must be contiguous and occupy

the first |Aπ| positions, followed by the tardy objects. Suppose the lemma is not true. Theremust exist

two neighboring objectsi andj, i, j ∈ Aπ, with i proceedingj, such thatpi/αi > pj/αj . By exchanging

i andj, the cost ofj decreases byαjpi, and the cost ofi increases byno more thanαipj . But, because

αjpi > αipj , exchanging the positions ofi andj reduces the total cost, which contradicts the optimality of

π.

The optimal sequencing problem can be solved by applying Lawler and Moore’s algorithm. Without

loss of generality, let us suppose the objects are numbered so thatp1/α1 ≤ p2/α2 ≤ ... ≤ pn/αn. Given

that the objects are ordered from 1 ton, we need to decide, for each objectj, whether it should be completed

beforedj . Apply Lawler and Moore’s algorithm with the following parameters, for1 ≤ j ≤ n.

a1
j = pj

ρ1
j (t) =











αjt if 0 ≤ t ≤ dj

∞ otherwise

a2
j = 0

ρ2
j (t) = wj

3.3 Function VI

vi(t) =



























wi if 0 ≤ t ≤ di

αit + βi if di ≤ t ≤ d′i

0 otherwise
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wherewi > 0, 0 ≤ di ≤ d′i andαi < 0. In order to have a non-increasing utility function, we also require

wi ≥ αidi + βi andαid
′

i + βi ≥ 0. The value of the object starts at a constant until timedi, decreases

linearly on[di, d
′

i], and becomes zero afterd′i. This function is more versatile in approximating “real” utility

functions than function V. Since this function becomes function V whendi = 0 for all i, the scheduling

problem is NP-hard in the strong sense. Whendi > 0, the problem is still strongly NP-hard because we can

reduce any scheduling problem associated with function IV into a problem under function VI by letting the

d′i’s large enough. It remains open to find good approximation algorithms. Twoother functions (VII and

VIII) can approximate this function when their parameters are properly chosen, as seen from figure 1.

d′

i

vi(t)

di t

VII

VIII

VI

Figure 1: Function VI, VII and VIII

3.4 Function VII

vi(t) = βi −
βi

1 + αi exp (−γt)

where we assumeγ > 0, αi ≫ 1 andβi > 0. With these constraints on the parameters,vi is a logistic

function reflected againstt = 0 and vertically shifted. The function has three operating regions. It startsat

vi(0) = βiαi

1+αi
≈ βi and decreases gradually for smallt. At aroundt = ln αi

γ is a transition region where

the function decreases to nearly zero. After that, it continues to decrease, tending to zero. Thisvi can

be interpreted as a smooth version of function I or VI. The time complexity of theassociated scheduling

problem is unknown. It will be interesting to find an efficient solution or approximation algorithms for this

problem.

Whenαi = α for all i, we can find a “locally” optimal solution easily. Suppose objecti and j are
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adjacent in an optimal schedule,π, in that order. Lett be the starting time of objecti. Denote

φ(i, t) =
βie

−γpi

(1 + αe−γ(t+pi))(1 − e−γpi)

Using the adjacent-pair-interchange argument, one can show that inπ,

φ(i, t) ≥ φ(j, t) (6)

Our algorithm starts at timeto = 0. We choose the object with the largest value ofφ(i, to) among alln

objects to be the first one. Suppose thekth object in our schedule finishes at timetk. The(k +1)th object in

the schedule should have the largest value ofφ(i, tk) among the remaining objects. The resulting schedule

cannot be improved by exchanging any two neighboring objects.

3.5 Function VIII

vi(t) =











αie
γt + βi if 0 ≤ t ≤ di

0 otherwise
(7)

where we assumeγ > 0, αi < 0, αi + βi > 0, andαie
γdi + βi ≥ 0. With these choices, the utility

function first decreases as a concave exponential function until timedi. After that, its value becomes zero.

The complexity of the corresponding scheduling problem is not known. Note that if we allowαi ≤ 0 for

all i, the problem is NP-hard since we can setαi = 0 for all i and get the step function I. We construct a

minimization version of the problem, which is useful later, by definingv̂i(t) = βi + αi − vi(t) as the cost

function for objecti. That is,

v̂i(t) =











αi − αie
γt if 0 ≤ t ≤ di

αi + βi otherwise
(8)

The cost function thus defined is non-negative.

3.5.1 Case of Common Deadline

Suppose all objects have the same deadline, i.e.,di = d for all i. We again use Lawler and Moore’s algorithm

(1) to find a pseudo-polynomial solution for the scheduling problem associated with the cost functions in (8).

An optimal sequence divides the objects into two groups: those that are completed before the deadline and

those that are tardy. The objects that are on time must be ordered in decreasing order of(αie
γpi)/(1−eγpi).
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Therefore, to find an optimal schedule, first sort then objects in this order. Without loss of generality, we

assume the order is1, 2, ..., n. For each objecti, if it is in the first mode, let

a1
i = pi

ρ1
i (t) =











αi − αie
γt if 0 ≤ t ≤ d

∞ otherwise

If it is in the second mode, let

a2
i = 0

ρ2
i (t) = αi + βi

Then apply Algorithm 1. Finally, move the objects assigned to the second mode after those assigned to the

first mode.

3.5.2 Case of Continuous Function

For the minimization problem with the cost functions in (8), whereαi > 0, let us setαie
γdi + βi = 0 for

all i, and hence,̂vi(t) is continuous atdi for eachi. There is a pseudo-polynomial algorithm for finding an

optimal sequence. Letπ be an optimal sequence andAπ be the subset of all objects that are on time inπ.

Then,

Lemma 3.4 In scheduleπ, the objects inAπ must be ordered in decreasing order ofαie
γpi/(1 − eγpi).

Proof: First, notice that, in any optimal sequence, all objects inAπ must be contiguous and occupy

the first|Aπ| positions, followed by the tardy objects. Suppose the lemma is not true. Theremust exist two

neighboring objectsi andj, i, j ∈ Aπ, with i proceedingj, such that

αie
γpi

1 − eγpi
<

αje
γpj

1 − eγpj
(9)

By exchangingi andj, the cost ofj decreases by|αj |e
γ(τ+pi+pj) − |αj |e

γ(τ+pj), whereτ denotes the start-

ing time of service for objecti in the schedule. The cost ofi increases byno more than|αi|e
γ(τ+pi+pj) −

|αi|e
γ(τ+pi). Because of (9), exchanging the positions ofi andj would reduce the total cost, which contra-

dicts the optimality ofπ.
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The optimal sequencing problem can be solved by applying Lawler and Moore’s algorithm. Without

loss of generality, let us suppose the objects1, ..., n are ordered in decreasing order ofαie
γpi/(1 − eγpi).

We need to decide, for each objecti, whether it should be completed beforedi. Apply Lawler and Moore’s

algorithm with the following parameters, for1 ≤ i ≤ n.

a1
i = pi

ρ1
i (t) =











αi − αie
γt if 0 ≤ t ≤ di

∞ otherwise

a2
i = 0

ρ2
i (t) = αi + βi

4 Linear Utility Function

In this section, we examine the linear utility function in more complex but practical situations and show the

simplicity of the optimal schedules. We will also evaluate the performance of the shortest-processing-time

(SPT) schedule, which corresponds to the case where the utility functionsfor all objects have the same slope.

The processing capacity (or transmission bandwidth) is determined jointly by the server’s capacity and

the transmission bandwidth in the network path from the server to the user. Itcan vary due to many factors,

such as variation of cross-traffic load in the path, variation of server load, the congestion control algorithm,

and retransmission of lost packets. The capacity fluctuates on differenttime scales, depending on the causes.

We may either model it as a time-varying but deterministic quantity or a random quantity.

4.1 Linear Utility Function and Time-Varying Bandwidth

Suppose the bandwidth is deterministic but time-varying and piece-wise continuous, denoted byµ(t), and

suppose the sizes of then objects are fixed. It is still true that, for a regular utility function, there existsan

optimal schedule that is (i) work-conserving and (ii) non-preemptive. (iii)The optimal sequence in general

depends on the bandwidth trajectory. For many utility functions, the scheduling problem becomes very hard.

(iv) For the linear utility functions with the identical slope, an optimal schedule isto sequence the objects by

their sizes in increasing order, which is independent of the bandwidth trajectory. We will give justifications

to these claims.
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Suppose that in an optimal schedule, the server has a period of inactivity from time t1 to t2. Then,

eliminating the inactive gap by moving ahead all objects scheduled after timet2 does not decrease the

utility, since the utility function is non-increasing in the reception times. This proves (i).

Now, supposeπ is a work-conserving optimal schedule, in which objecti is preempted by other objects

before its completion. Lettf be the completion time of objecti in π and letsi be the size of objecti. Define

t∗ = sup{t :

∫ tf

t
µ(τ)dτ = si}

Let π∗ be the new schedule in which objecti starts service at timet∗ and ends attf . Furthermore, to

obtainπ∗ from π, all service times assigned toi in π prior to t∗ are removed, and the resulting gaps are

filled by moving ahead (time-shifting) the complete or partial objects, other thani, that follow the gaps but

beforetf , without changing their relative order. The new scheduleπ∗ is at least as good asπ, and hence, is

also optimal. This procedure can be repeated for each preempted object toget an optimal non-preemptive

schedule, and hence, (ii).

To show (iii), consider a case with two objects. Let the sizes1 = 5 ands2 = 10. Let the utility functions

be as follows.

v1(t) =











10 if 0 ≤ t ≤ 3

0 otherwise
(10)

v2(t) = 20 − 2t

Let the scheduleπ1 = {1, 2} andπ2 = {2, 1}. Consider a bandwidth trajectoryµ1(t) = 5. The total utility

gained from each schedule is:v(π1) = 24 andv(π2) = 26. Hence,π2 is the optimal sequence. Consider

another bandwidth trajectoryµ2(t) = 2.5. In this case,v(π1) = 18 andv(π2) = 12. Hence,π1 is the

optimal sequence.

Now suppose each object has a linear utility function of the formvi(t) = βi − αit, whereαi > 0 and

βi ≥ 0. Given a fixed bandwidth trajectoryµ(t) and an optimal sequenceπ, let us suppose objecti andj are

adjacent inπ andi proceedsj. Supposei starts service at timet1, ends service att2, andj ends service at

t3. Let π′ be the sequence with objectj andi interchanged. Inπ′, objectj starts service att1, ends service

at t′2, and objecti ends service att3. Sinceπ is optimal, we must have,

αit2 + αjt3 ≤ αjt
′

2 + αit3
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which yields,
t3 − t′2

αi
≤

t3 − t2
αj

(11)

Let us denotepi(t) as the service time for objecti when it ends service at timet. We then havepi(t3) =

t3 − t′2 andpj(t3) = t3 − t2. Suppose allαi’s are identical. Then, (11) becomes

pi(t3) ≤ pj(t3) (12)

Since at any timet, si ≤ sj if and only if pi(t) ≤ pj(t), the only sequence that satisfies (12) at every

completion time is the one that orders the objects in increasing order of their sizes. This demonstrates (iv).

Whenαi’s are not identical, finding an optimal schedule seems to be a very difficult problem. In this

case, the condition in (11) is only necessary but not sufficient to determine an optimal sequence. The

following algorithm can find a “locally” optimal sequence in the sense that the resulting sequence cannot be

improved by exchanging the positions of two neighboring objects.

Let tn be the completion time for the entire transfer session. The last object to be transmitted, denoted

by π(n), should have the largest value ofpi(tn)/αi of all objects. Suppose we have determined the lastk

objects to be transmitted,π(n−k +1), π(n−k +2), ..., π(n). Let tn−k+1 be the completion time of object

π(n−k +1). Then,tn−k = tn−k+1 −pπ(n−k+1)(tn−k+1) is the starting time of objectπ(n−k +1). Then,

the(n − k)th object,π(n − k), should have the largest valuepi(tn−k)/αi among the remaining objects yet

to be scheduled. The total running time isO(n2) for this algorithm, wheren is the number objects.

In reality, the complete bandwidth trajectory may not be known ahead of time. Inthat case, one can

modify the above algorithm as follows. After finishing transmission of an object at timet, the object with

the smallest value ofsi/µ(t)
αi

among all remaining objects is chosen for the next transmission, whereµ(t) is

the bandwidth at timet.

4.2 Evaluation of the SPT Schedule under Random Transmission Times

In the previous sections, we have assumed that the transmission time of each object is deterministic. In this

section, we consider the case where the transmission times are random variables. The main objective is to

model the case where a user retrieves a random page withn objects and to evaluate the performance of the

SPT schedule.

Let us denote the random transmission (or processing) time of objecti by Xi, i = 1, 2, ..., n, which are

not necessarily independent of each other at this point. Since the objectcompletion times are random, our
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goal is to schedule then objects in order to optimize the expected utility. It is shown in [12] that, in the case

of the linear utility functions, sequencing the objects in increasing order ofEXi/αi maximizes the expected

utility in the class of non-preemptive static policies and also in the class of non-preemptive dynamic policies.

It is not a trivial task for the server to know the processing-time distributions, which are essential for

forming the optimal schedule. Suppose the distributions are such that, for each object, the expected process-

ing time is proportional to the object size, and hence,

EXi

EXj
=

si

sj
(13)

for any pair of objectsi, j ∈ {1, 2, ..., n}. Then, in the case of the linear utility function, the sequence that

follows the increasing order ofsi/|αi| is optimal in the class ofnon-preemptive static or dynamic policies.

It is reasonable to believe that the condition in (13) can be satisfied in many realistic situations. For instance,

it is satisfied when each object is fragmented into packets of identical sizes,and the transmission times for

the packets are independently and identically distributed.

In the following, we will evaluate the improvement of the SPT schedule over a random schedule. To

model the situation, let us suppose the sizes of the objects are independentlyand identically distributed

(IID) random variables and the transmission bandwidth is a constant, say,equal to 1. Then, the transmission

times of the objects are IID random variables drawn from some distributionF . We will consider two

distributions, the exponential distribution and the Pareto distribution. For each realization of the transmission

times, we apply separately the SPT schedule and the First-Come-First-Serve(FCFS) schedule, which simply

transmits then objects in the order they are given. The FCFS schedule is equivalent to the random schedule,

which transmits the objects in a uniformly random order. The performance criterion is the expected mean

completion timeEC̄n = 1
n

∑n
i=1 ECi, whereCi is the completion time of objecti in the schedule. We

denote the mean completion time bȳCn to emphasize its dependence onn, the number of objects. We

already know that the SPT schedule minimizesC̄n, and therefore,EC̄n. Given the object transmission times,

X1, X2, ..., Xn, let X(k) be thekth order statistics of{X1, X2, ..., Xn}, i.e.,X(1) ≤ X(2) ≤ ... ≤ X(n). In

the case of the SPT schedule,C̄SPT
n =

∑n
i=1(n − i + 1)X(i)/n.
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4.2.1 Exponential Transmission Times

Suppose eachXi is distributed exponentially with mean1/ν, for i = 1, 2, ..., n. The first moment of any

order statistics has a closed-form expression (see page 49 in [3]).

EX(k) =
1

ν

k
∑

i=1

1

n − i + 1
(14)

for k = 1, 2, ..., n. It can be shown that, for the SPT schedule,

EC̄SPT
n =

n + 3

4

1

ν
(15)

For the random schedule

EC̄RAND
n =

n + 1

2

1

ν
(16)

The expected mean completion time in the SPT schedule is about half of that in the random schedule. Since

the completion times for the last object are the same in both schedules, it must be true that some other

objects are completed earlier in the SPT schedule. In fact, for each realization of transmission times, the

SPT schedule finishes more objects than any other schedule at any time. Theuser may feel the objects

arrive faster in the SPT schedule. It is not surprising that, in both schedules,EC̄n is linear in the number of

objects. In the case of fine-grained multiplexing, where each object is further divided intom smaller objects

of identical sizes, the mean size of each smaller object becomes1/(mν). Hence, for largen, EC̄n is not

affected by the fine-grained multiplexing.

4.2.2 Pareto Transmission Times

Previous statistical studies on the file/object sizes give strong indication thatthe object sizes follow a heavy-

tail distribution [2]. In this subsection, we will assume the object sizes have Pareto distribution with distrib-

ution functionF (x) = 1−Kαx−α, wherex ≥ K andα > 0. For our purpose, we further requireα > 1, in

which case the mean of the distribution exists and is equal toαK
α−1 . The first moments of the order statistics

for the transmission times are, (See page 50 in [3].)

EX(k) =
n!

(n − k)!

Γ(n − k + 1 − 1/α)K

Γ(n + 1 − 1/α)
(17)

for k = 1, 2, ..., n. In the above, fors > 0, the gamma function is defined by,

Γ(s) =

∫

∞

0
e−xxs−1dx
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We will evaluateEC̄n numerically for a few realistic cases. In case 1, we pickα = 1.1 andK = 100 (bytes)

for the Pareto distribution, and hence, the mean object size is 1100 bytes. In case 2, we pickα = 1.5 and

K = 100, and the resulting mean object size is 300 bytes. The expected mean completiontimesEC̄n for

the SPT schedule and the random schedule are shown in figure 2 and figure 3 for the two cases. The values

for EC̄n are approximately linear inn. In the first case, the SPT schedule has a much smaller value forEC̄n

than the random schedule, withEC̄SPT
n ≈ 1

6EC̄RAND
n . In the second case,EC̄SPT

n ≈ 1
2EC̄RAND

n . The

improvement of the SPT schedule depends on the actual statistics of the object sizes.
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Figure 2:K = 100, α = 1.1

To understand how the performance improvement of the SPT schedule depends on the parameters for

the Pareto distribution, we resort to an asymptotic theorem regarding linear combinations of order statistics,

found in [14]. Let us defineSn = C̄n/(n + 1), and a functionJ(u) = 1 − u, for 0 ≤ u ≤ 1. Then,
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Figure 3:K = 100, α = 1.5
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Sn = 1
n

∑n
i=1 J( i

n+1)X(i) in the SPT schedule. Theorem 3 in [14] says, ifE | Xi | < ∞ andJ(u) is

bounded and continuous, then asn → ∞, ESn → θ(J, F ), where

θ(J, F ) =

∫ 1

0
J(u)F−1(u)du =

∫

∞

−∞

xJ(F (x))dF (x) (18)

WhenF (x) is Pareto, it is easy to show

θ(J, F ) =
αK

2α − 1

Hence, for largen, EC̄SPT
n grows approximately linearly withn+1 at a slopeθ(J, F ). Asα ↓ 1, i.e., as the

distribution becomes more heavy-tailed, the slope approachesK; asα → ∞, the slope approachesK/2. In

the random schedule,EC̄RAND
n = αK

2(α−1)(n + 1). As α ↓ 1, its slope approaches∞; asα → ∞, its slope

approachesK/2.

We define a useful comparison measure,γ = EC̄SPT
n /EC̄RAND

n , which is approximately2(α−1)
2α−1 for

largen. As the file size becomes more and more heavy-tailed, the expected mean completion time for the

SPT schedule becomes an increasingly smaller fraction of that for the random schedule. This is in sharp

contrast with the case of exponential file sizes where the same ratio, approximately1/2, does not depend

on the parameters of the distribution. As examples for the Pareto case, forα = 1.5 or 1.1, γ = 1/2 or 1/6,

respectively. These numbers are in agreement with figure 2 and figure 3. The figures also indicate that the

approximation by the asymptotic result becomes fairly accurate for even smalln.

Since0 ≤ J() ≤ 1, from (18), we know

θ(J, F ) ≤

∫

∞

−∞

xdF (x) = EXi

Hence, if we keep the mean file size the same, the worst case distribution in termsof the expected mean

completion time is the deterministic distribution.

Let us try to understand some peculiar features of the Pareto transmission times. Amongn independently

and identically distributed Pareto random variables, the maximum is a special one. This can be seen by

looking at the quantityEX(k+1)/EX(k), for 1 ≤ k < n. By using (17) and the familiar

Γ(s + 1) = sΓ(s) for s > 0

we get,
EX(k+1)

EX(k)
=

n − k

n − k − 1/α
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Asα ↓ 1, EX(n)/EX(n−1) increases to infinity. On the other hand,EX(k+1)/EX(k) < 2 for 1 ≤ k < n−1,

and for most values ofk, the ratio is in fact close to 1. In other words, the value ofEX(k) increases very

slowly except for the last fewk. It has a sudden upward jump atk = n.

Depending onα, the expectation of the maximum value can be significantly greater than that of any

other order statistics. For the values ofα andK that are relevant to our problem and whenn is not so large,

the maximum is often larger than or comparable to the sum of the rest random variables. For instance, when

K = 100, α = 1.1 andn = 50, EX(n) = 36839 andE
∑n−1

i=1 X(i) = 18160. We are led to consider an

even simpler schedule: move the largest object to the last position and leave the rest of objects where they

were. We call this schedule Largest-To-Last (LTL). It is expected to perform well when the object sizes are

very heavy-tailed and when the number of objects is not so large. To quantify its performance, note that

E[Xi | Xi < X(n)] =
nEXi − EX(n)

n − 1

EC̄LTL
n =

1

n
(

n
∑

k=2

kE[Xk | Xk < X(n)] + EX(n))

=
n + 1

2
EXi −

1

2
EX(n) +

1

2n
EX(n) (19)

(19) is valid for any distributions for which the expectations are defined. It indicates that the LTL schedule

should greatly improve over the random schedule when the maximum is comparable to the sum, which is

often the case for the data files. Table 2 shows the performance comparison for the three schedules. When

the number of objects is less than 50, the LTL scheduler is nearly optimal.

Table 2: Performance comparison for the SPT, LTL and random schedules

α n EC̄SPT
n EC̄LTL

n EC̄RAND
n

1.1 10 1925 2199 6050

50 5592 9999 28050

100 10175 21321 55550

1.5 10 975 1084 1650

50 3975 5864 7650
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5 Class-Based Utility Function Assignment

As we have seen, many optimal sequencing problems are very difficult. When the problem is strongly NP-

hard, finding approximations with performance guarantee can also be difficult. In this section, we consider

the situation where then objects can be grouped into a small number of classes. This formulation may either

faithfully reflect reality, or may be regarded as a systematic approximation to reality. In either case, we hope

for simpler solutions coming out of this formulation. We will use function V as an example, since it is both

very versatile and very hard. We will show that, indeed, there exist algorithms with polynomial complexity

in n, the number of objects.

A group of objects with identicaldi, αi, βi andpi are considered as one object class. Suppose there are

total K classes, from1 to K. From now on, let the subscript indices denote classes. Letni be the number

of objects in classi, 1 ≤ i ≤ K. Without loss of generality, letd1 ≤ d2 ≤ ... ≤ dK . TheseK deadlines

divide [0,∞) into K + 1 intervals or semi-intervals. Let us call(dj−1, dj ] the jth interval,1 ≤ j ≤ K,

whered0 = 0, and call(dK ,∞) the(K + 1)th interval. Let the non-negative integer,nj
i , be the number of

class-i objects that are completed on thejth interval. It must be true that
∑K+1

j=1 nj
i = ni, 1 ≤ i ≤ K. The

problem is, therefore, to determine a feasible set of{nj
i ; 1 ≤ i ≤ K, 1 ≤ j ≤ K + 1} so that the resulting

sequence is optimal. Feasibility means that the sequence indeed has the property thatnj
i class-i objects are

completed on thejth interval, for alli andj.

After time dk−1, the value of any class-i object becomes zero, wherei < k . In an optimal schedule,

if any class-i object,i < k, is serviced on thekth interval, it can be moved after all classl objects on the

interval, for everyl ≥ k, without affecting the optimality. We also know that, on thekth interval, the objects

from classesl ≥ k should be processed in increasing order ofpl/|αl|. Therefore, on thekth interval, if we

know the set of numbersnk
i , 1 ≤ i ≤ K, the order of these

∑K
i=1 nk

i objects can be made unambiguous.

Hence, given the set{nj
i ; 1 ≤ i ≤ K, 1 ≤ j ≤ K +1}, the order of then objects can be made unambiguous.

The feasibility of this set of numbers can be checked after the objects are ordered. Letn denote the matrix

(nj
i ), 1 ≤ i ≤ K, 1 ≤ j ≤ K + 1, and let the resulting value from the schedule corresponding to a feasible

n bev(n). The problem is to find a feasiblen such thatv(n) is maximized. This can be accomplished by

enumerating all possiblen’s.

We can compute the number of possible matricesn. Let us first focus on classi. When
∑K+1

j=1 nj
i = ni,

and eachnj
i is a non-negative integer, the total number of distinct vectors(n1

i , n
2
i , ..., n

K+1
i ) is MK(i) =

(ni + 1)K/2 + (ni + 1)/2. This can be shown inductively. First, whenK = 1, it is clear that the vector
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has the form(k, ni − k), 0 ≤ k ≤ ni. Hence,M1(i) = ni + 1. Suppose forK = m, Mm(i) =

(ni + 1)m/2 + (ni + 1)/2. Then, whenK = m + 1, nm+1
i can take values from0 to ni. Therefore,

Mm+1(i) =(
(ni + 1)m

2
+

ni + 1

2
) + (

(ni + 1)m

2
+

ni + 1

2
− 1)

+ ... + (
(ni + 1)m

2
+

ni + 1

2
− ni)

=
(ni + 1)m+1

2
+

ni + 1

2

Hence, the total number of possible matricesn is

ΠK
i=1MK(i) =ΠK

i=1(
(ni + 1)K

2
+

ni + 1

2
)

≤ΠK
i=1(ni + 1)K

≤(
n + K

K
)K2

∼
nK2

KK2 asn −→ ∞

Therefore, the algorithm for finding an optimal sequence has a complexityO(nK2
/KK2

), which is

polynomial inn. More careful counting shows that the power ton can be reduced further. Notice that, after

timedk, we do not need to consider the class-k objects anymore because they all have zero value. Hence, on

the(k + 1)th interval, i.e.,(dk, dk+1], we need only to determinenk+1
l for l > k. Very crudely, the number

of matrices,n, to be considered isO(n(K−1)K/2). With this complexity, the corresponding algorithm is

only practical forK ≤ 3 whenn is around 100.

5.1 Case of Continuous Function

Supposeαi < 0 andαidi+βi = 0 for all i. In this case, an optimal schedule can be found using the algorithm

from section 3.2.2. This algorithm does not take advantage of knowledge about the object classes and has a

running timeO(n
∑K

i=1 nipi). We will present another algorithm whose complexity is independent ofpi’s.

Without loss of generality, supposep1/|α1| ≤ p2/|α2| ≤ ... ≤ pK/|αK |. By lemma 3.3, there exists an

optimal schedule that starts withm1 class-1 objects, followed bym2 class-2 objects, ..., followed bymK

class-K objects, all of which are on time, then followed by the tardy objects in arbitraryorder. We only need

to determine the integersmi’s through enumeration, where0 ≤ mi ≤ ni, 1 ≤ i ≤ K. Since
∑K

i=1 ni = n,
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for K > 1, the total number of choices is

ΠK−1
i=1 (ni + 1) ≤(

n

K − 1
+ 1)K−1

∼
nK−1

(K − 1)K−1
asn −→ ∞

where the upper bound above is obtained by the standard maximization technique. The resulting algorithm

is polynomial inn. Forn around 100, the algorithm is practical forK ≤ 5.

6 Version Selection

In this section, we consider a different model for object transmission. Suppose each object is encoded at a

set of different resolutions, resulting in different versions of the sameobject. When a user requests the page,

we would like to choose a resolution for each object and a transmission schedule so that the total received

utility is maximized. To model this situation, let each objecti havem versions, with processing timepj
i

and utility functionvj
i (t), 1 ≤ j ≤ m. The problem seems to be very difficult even for the linear utility

functions (However, we were unable to show it is NP-hard in this case). In the following, we’ll focus on the

step functions. For each object1 ≤ i ≤ n and version1 ≤ j ≤ m, let the utility function be

vj
i (t) =











wj
i if 0 ≤ t ≤ di

0 otherwise

wherewj
i > 0 is the value of the object if it arrives before the deadlinedi. Note that, for each object, the

deadline is common for all versions. The objective is to choose a version assignment for each object and

a transmission order so that
∑n

i=1 vj
i (Ci) is maximized. It is clear that there exists an optimal schedule in

which the objects are sequenced in increasing order of their deadlines. We therefore arrange the objects in

that order. Without loss of generality, we assume this order is1, 2, ..., n. Version assignment can be made

by straightforward extension to Lawler and Moore’s algorithm (1). Let us define the(m + 1)th “version”

for each objecti, which corresponds to objecti being unable to finish before its deadline.

vm+1
i (t) = 0

pm+1
i = 0

We will convert the problem into the minimization version in order to reuse some notations from Algo-

rithm (1). For each1 ≤ i ≤ n, without loss of generality, let us supposewm
i ≥ wj

i for all 1 ≤ j ≤ m. For
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each1 ≤ i ≤ n and each1 ≤ j ≤ m, define

ρj
i (t) =











wm
i − wj

i if 0 ≤ t ≤ di

+∞ otherwise

For each1 ≤ i ≤ n, define

ρm+1
i (t) = wm

i

Then, the dynamic programming relation is captured by, forj = 1, 2, ..., n andt ≥ 0,

f(j, t) = min











f(j, t − 1)

ρk
j (t) + f(j − 1, t − pk

j ) for k = 1, 2, ..., m + 1

A different version of the problem is to maximize
∑n

i=1 vj
i (Ci), subject to the constraint that all objects

should be completed before their deadlines. In this case, we simply remove theartificial (m + 1)th version

of the objects from the above algorithm.

7 Design Example and Concluding Remarks

7.1 Linear Utility Function for Object Transmission

If there is freedom in choosing the utility function, the discussions in the paper suggest that the linear utility

function is among the good choices. Without precedence constraints, an optimal schedule is to sequence

then objects in increasing order ofpi/|αi|. Sincepi is not necessarily known due to the uncertainty in the

transmission bandwidth, we propose to sequence the objects in increasing order ofsi/|αi|, wheresi is the

size of objecti. The algorithm leads to an optimal or near-optimal schedule that maximizes the expected

sum of utilities for a wide class of random transmission times. It is very likely that,in reality, the distribution

of the transmission times belongs to this class. Since the parameterβi in the utility function is irrelevant

for finding an optimal schedule, the utility function requires only one parameter, αi, to be specified for each

object.

The optimal schedule followsWeighted Shortest Processing Time(WSPT) first rule, which is an exten-

sion of theShortest Processing Time(SPT) scheduling rule. To some degree, the WSPT schedule inherits

some of the advantages of theSPTschedule. Given a fix time, the SPT schedule completes more objects

than any other schedule. This is especially beneficial when the collection ofobjects, say on a web page,
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contains many small objects and one or a few large ones, because the largeobjects are pushed to the end of

the transmission sequence and most objects will arrive during the early period of the transfer session. The

SPT schedule is also friendly to fine-grained encoding of information objects. For instance, in the case of

multi-resolution encoding, the sizes of the lower-resolution objects are small, and can arrive early and be

displayed quickly. It possible that, in many situations, most of the value is delivered to the user at this point.

There can be a valuable trade-off in sending some smaller objects first at the expense of slight increase in

the delay of larger objects. On the other hand, in the case when some largerobjects are much more valuable

to the user or when the delay increase for the larger objects becomes significant, the WSPT schedule can

move the larger objects ahead of the smaller objects.

7.2 Concluding Remarks

In this paper, we study a collection of scheduling problems motivated by the desire to arrange the download-

ing order of information objects. We formulated these problems as to optimize the total utilities received by

the user. This formulation is somewhat different from traditional single machine scheduling, and as a result,

new scheduling problems arise. We hope the solutions we provide can havea wider range of applications

of similar nature. We stress that it is very natural to think about the objects ashaving some utility to the

user. In this paper, we do not address how the utility functions are obtained. Presumably, they can either be

measured, or directly assigned by the users. It is also possible that the system designer chooses a particular

family of utility functions and the users choose the function parameters. All our utility functions are non-

increasing with time, and possibly have one or two discontinuities (or discontinuities in the first derivative),

which can be interpreted as deadlines. A salient feature of this paper is that the solutions are often based on

the simple building blocks of the linear or exponential functions with Lawler andMoore’s algorithm (1) to

handle the deadlines.
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