Utility-based M achine Scheduling with Applicationsto Object

Transmission in Communication Networks

Ye Xia
University of Florida
301 CSE Building, P.O. Box 116120
Gainesville, Florida 32611-6120

Abstract

The motivation for this study is to optimize the downloadprgcess of files or other information
objects when the communication capacity is limited. Cosis@ scenario where a user (or users) is
downloading a collection of objects, each of which has aertility to the user. Suppose the utilities of
the objects are non-increasing functions of the complétien arrival) times of the objects. The problem
is to schedule the transmission of the objects so that tlédttity received by the user is maximized.
In this paper, we examine variations of this problem witHeddént utility functions. We present some
new results on single machine scheduling that are relegatdta communication scenarios that involve

the transmission of a collection of information objects.

keyword single machine scheduling, utility function, shortest processing time schedhjget schedul-

ing, optimization

1 Introduction

This paper addresses the question of how to optimize the satisfaction of@r users when they download
files or data objects from a computer server. A single-user example is nwelsing. By web objects, we
mean items on a web page, such as a piece of text, an image, an audio ofiyidetz cWe do not have to
limit the notion of web objects to those items with complete semantic boundaries,saaomplete JPEG
image. A block of a JPEG image, or a low-resolution copy of a multi-resolutimoded JPEG image can

also be considered an object. The defining property of an object is shatyvhole, it has some utility to the



user and any part of it either has no utility or cannot be rendered bypibleeation. A multi-user example
is when a number of users make simultaneous requests to retrieve diffbjeats or files from a server,
where each user places a value to the object he is retrieving.

Both the single-user and multi-user applications will be formulated as the sastractproblem. We
will focus on the single-user case. More precisely, consider a dogimnigaession in which a user wishes
to retrieven objects. The rate of communication between the sever and the user is ancqispossibly
limited at a slow link in the network or at the busy server. Suppose the usignasertain value to each
object, which is a decreasing function of the object arrival (completion). tithe question is how the server
should schedule the transmission of thesbjects in order to maximize the total value received by the user.

The problem stated here belongs to the general area of single machauriiat). This paper presents
some results in this area that are relevant to our problem. Due to the onlime natbe problem, we pay
particular attention to the time complexity of the scheduling algorithms. We discas#ispequirements
and characteristics of data object transmission and make recommendatiand smlving this problem.
Single machine scheduling is a mature area with many known results that cpplteel @o the problem of
retrieving files other information objects. We will mention some of the knownlteButhis paper.

The paper is organized as follows. In the remaining part of this sectiofiorraulate the scheduling
problem of object transmission as a utility optimization problem and describe &afeilies of objective
functions. In Section 2, we discuss known results related to some of thedléees of objective functions.
In Section 3, we give our results to the remaining families of functions. Itised, we introduce more
results for the linear utility functions under time-varying bandwidth and uraleilom transmission times.

In section 5 and 6, we discuss two related problem formulations. We canirigction 7.

1.1 Basic Problem Formulation

Before dealing with the question of how to optimize the user’s satisfaction,esd to consider how the
satisfaction is expressed. We assume that each object has certain utilityuseth&ince an object cannot
be used until it arrives at the user completely, its utility should depend orotneletion time and can be
denoted by;(C;), whereC; is the completion time of object i.e., the arrival time of objeatat the user.

The total utility of all objects to the user becomes,

n

v(C1,Cy, ..., C) = > 0i(Cy) (1)

=1



1 Since one would expect that the user is more satisfied if the transmission isetedngooner, the func-
tion v;(C;) should be non-increasing. The resulting total utility functidrl,_, v;(C;), belongs to the class
of regular measures (objective functions). A measure is cadigdlar if it is non-increasing with respect
to eachC; (when the measure represents a utility function to be maximized). It is knowriotheegular
measures, optimality can be achieved by non-preemptive schedulesl{®ewl [4].). A corollary is that
processor sharing does not make further improvement. Hence, thedudiakgeproblem is to find a transmis-
sion order of the objects so that (1) is maximized.

On the other hand, if the object can be displayed progressively in vagfianularity, we can idealize
the situation by assuming every infinitesimal piece of data is useful. Then{ititye f object i can be
denoted by the function;(¢, =), which represents the value received by the user whbits have arrived
by timet. In this case, a preemptive schedule may be required to achieve optimalgyfofrhulation will
not be the focus of the paper.

Traditionally, single machine scheduling problems are formulated as minimizing gartieular cost
functions, such as thmean or weighted completion tirmaean or weighted tardinesandnumber of tardy
jobs Most of these objective functions have the same separable form ae aghibhand side of (1). One
of the contributions of this paper is to investigate the optimal schedules pondisig to some new utility
functions,v;, not previously considered in the traditional machine scheduling literdfarezasy reference,

we list the notations and definitions used in the paper.

s; The size of object.

p; The transmission time of objec¢t p; = s;/u. Without loss of generality, we assume throughout the

paper thap; > 0 for every object.
C; The completion time of objedt i.e., its arrival time at the user.
d; The deadline (or due date) of objéct.e., the expected completion time for objéct

T; Thetardinessof objecti. T; = max{C; — d;,0}.

1.2 Several Regular Measuresand Their Optimal Schedules

We will consider several families of the functian, for a generic object. These functions are summa-

rized in Table 1. In most cases, the measures are interpreted as utility hmttiat are to be maximized.

1In the multi-user scenario where each user downloads a single ohjeean be understood as the utility of ussrobject.
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Occasionally, we relate them to their corresponding cost functions usieel inachine scheduling literature.

Table 1: Objective Functions

Function Expression Utility Cost
v () v; ()
Wy If 0<t< dl Wi
I Vi (t) = -
0  otherwise n " 7.
'Ui(t) ’Ui(t)
I Ui(t) =it + 5
t
v (%) <0 v; (t) v <0
N\
v >0
1l vi(t) = e + B v>0
\ t
Ui(t) ’Ui(t)
w; |f 0<t< dz \
IV Uq,(t) = -
a;t + B;  otherwise 4 \ ; 0
Uri(t) ’Ui(t)
a;it+ 6 ifo<t<d;
\Y vi(t) = ’ o \
0 otherwise 4, p d;
Uri(t ’Ui(t
w; If 0 S t S dz‘
VI | wi(t) = ait+ 8 ifdi <t<dj \ /
0 otherwise di d; ¢ i d;
vi (1) vi ()
Vil vi(t) = Bi — 174, ei;)(—fyt) K
t




Table 1: Continued

Function Expression Utility Cost
v (t) v (t)
3 ifo<t<d;
VI | w(y = 4 @€ TA T0sts —X
0 otherwise a4, 7 4 7

2 Known Results Relevant to Object Transmission

2.1 Function | - Step Functions

In this case,

w; if 0 <t< di
vi(t) =
0 otherwise

wherew;’s are positive numbers, representing the values of the objects. In thisl naadtility w; is gained
if the object is received before the deadliie Otherwise, the object becomes useless. A minimization

version of the problem is as follows.

0 fo<t<dq,;
vi(t) = _ (2)
w; otherwise

wherew;’s are also positive numbers, representing a penalty when an objechjdeted after its deadline.
The corresponding scheduling problem is proved to be NP-hard iA[@$eudo-polynomial solution based-
on dynamic programming is found for the minimization problem by Lawler and B1¢®}, which has a
complexity O(nT'), whereT' = """ | p;. The technique can be naturally extended to the maximization
problem. Fully polynomial time approximation algorithms are found in [13] for th&imeation version
of the problem with time complexit® (n?/¢), and in [5] for the minimization version of the problem with
time complexityO(n?logn + n?/e).

We will introduce the algorithm by Lawler and Moore [9] because the teclen&jso serves as basis
for some other more difficult problems in the paper. Consider the followinggé formulation. Suppose
n jobs are to be processed in tfiredorder, 1, 2, ...n. Each job can be performed in either one of two

different modes. In the first mode, the processing time ofjjdm%l. and the cost function is}(t). In the



second mode, the processing time of jols a? and the cost function i;a?(t). The objective is to assign
one mode to each object so that the total cost is minimized.f[gt) be the minimum total cost for the
first j jobs, subject to the constraint that jglis completed no later than tinie The dynamic programming
solution for this problem is listed in Algorithm 1. The assignment problem is dddyecomputingf (n, T'),
whereT is a sufficiently large number. For instance, we can ch@ose_" | max{a}, a?} when the cost

functions are regular. The computation requireme(s7’).

Algorithm 1 Lawer and Moore

f(0,8)=0 (t >0),

f(,t) = +o0 (j=0,1,..,nt <0),
fG.t=1)

fG.t)=min{ pj() +fG—Lt—aj) b (j=1,2,...,n;t>0)

pA() + F(j— 1t —a?)

Going back to the object sequencing problem that minimizes the totap¢pstv; (C;), wherev; is the
step function as in (2), we only need to partition the objects into two groupse that are completed before
their deadlines and those that are tardy. In the actual schedule, albigjesbts simply follow those on-time
objects in arbitrary order among themselves. Given an optimal sequeacanalways order those objects
that are on time by the earliest-due-date (EDD) schedule. These objecssiliié completed before their
deadlines in the resulting new order. Hence, an algorithm for finding timalschedule is as follows. First,

order then objects by the EDD schedule. Without loss of generality, we assume thisiside, ..., n. For

0 ifo<t<d;

oo otherwise

If it is in the second mode, let

pi(t) = w;

Then, apply Lawler and Moore’s algorithm. The objects with the second mesignment are tardy ones.
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2.2 Function |l - Linear Functions

In this case,

v;i(t) = ait + 0;

Whenuv; is interpreted as the utility function, we requirg < 0, andg; > 0 for all i. That is, the value of the
object decreases linearly with the completion time. The corresponding minimizatision, wherey; > 0

for all 4, is recognized as minimizing weighted completion times. For both problems, the optilvedule

is to transmit the objects in increasing ordepof|«;|, which has a complexit@) (n log n). Notice thats;’s
play no role in determining the optimal sequencing. In fact, as long as allteli)age to be transmitted,
the 38;’s contribute the same constant term in any permutation ofitbbjects. The proof of optimality of
the schedule is the standadjacent-pair-interchangargument. One possible drawback with function Il is
that it decreases indefinitely with Jobs that are completed late are penalized whdrecomes negative.
In the context of object transmission, it may be more reasonable to assunaeldit@ object has zero or a
small positive value to the user instead of a negative value. We will examitiediae utility function again

in Section 4.

2.3 Function IV

w; if 0 <t< di
vi(t) =
o;t + G; otherwise

In order to interpret; as the utility function for object, we requirer; < 0 anda;d; + 3; = w;. However,
w;’s have no influence on the optimal schedule.

Itis more convenient to discuss the minimization version of the problem, which miesitotal weighted
tardiness) ;" ; o;7;. In this case, the weights; are positive and can be interpreted as the prices to pay
per unit of time for completing the object late. The problem is proved to be &B-h the strong sense in
[11] and [8]. If all weights are equal, the problem is NP-hard in the @dirsense [6] and can be solved
in pseudo-polynomial time by Lawler and Moore’s algorithm (1) [8]. If afladllines are equal and the
weights are arbitrary, the problem is NP-hard in the ordinary sensedhd]can also be solved by Lawler
and Moore’s algorithm (1). If precedence constraints among the olgeetpresent, the problem is NP-

hard even with equal deadlines and equal weights [10]. Resealtwasleveloped branch-and-bound and



integer programming techniques for solving this type of scheduling probbsweell as many heuristic tech-
niques for finding approximate solutions. Many general textbooks oedsding discuss these problems,

e.g. [15] and [12].

3 New Results Related to Object Transmission

3.1 Function 111 - Exponential Functions

vi(t) = aie? + B;

wherew;(t) is interpreted as a utility function and decreases wittWe can have two types of decaying
exponential functions correspondingo< 0 andy > 0. In order for the function to represent the “value”
of an object, whery < 0, we requirex; > 0 andg; > 0 such that the function remains positive for#alt 0.

If 5; = 0, a; is the initial value of the object and/|v| can be interpreted as a “soft” deadline. When 0,

we requiren; < 0 andg; + «; > 0in order to have an appropriate utility function. One should be cautious
in this case, since the value @fbecomes negative and rapidly decreases whmetomes sufficiently large.
Suchv; may be appropriate when the deadline needs to be rigorously enforoedod@ential drawback of

the exponential function is that a single parametes used for all objects.
Theorem 3.1 The optimal schedule is to sort theobjects in decreasing order 0f;e??i) /(1 — e7Pi).

Proof: We use the adjacent-pair-interchange argument. Suppose the optineisedqr = (1,2, ...,n).
Consider object and: + 1. In the optimal schedule, objecstarts to be transmitted at tindg_,, where we
assume’y = 0. Starting with the optimal sequence, switching the position of objead: + 1 decreases

the utility of objecti by
(e Cim1HP) o 3y — () (Cim1FPitatP) 4 gy — ;1 Cim17Pi (1 — IPit1)
and increases the utility of object+ 1 by
(i€ Cim1HPict) 3 1) — (g @ Cm1tPinidp) g 1) = 1 ?Ci-1eMPi (1 — ¢PF)
Since the sequenceis optimal, the total change of utility should be non-positive. Therefore,
—q e Cim1eMPi (1 — WP 701 P (] — P < ()

8



Equivalently,
aie’}/pi ai+167pi+1
1 —e"Pi = 1 — eVPit+1

(3)

Notice again that;’s play no role in determining the optimal schedule.
Remark In the cases of function Il and lll, the position of an object in the optimhedale depends
only on some function of the object’s own parameters. This type of functioallisd a priority-generating

function in [16].

3.2 FunctionV

ot + 6; 1F0<t<d;
Ui(t =

0 otherwise
When considered as a utility function, we require< 0, and3; > 0 for all i. We also requirey;d; +3; > 0
so that the function is non-increasing. This function can be viewed asnaromise between the step

function I and the linear function 1l. We will prove the following new result.
Theorem 3.2 The scheduling problem is NP-hard in the strong sense.

Two other problems appear to be related to the current problem|1hé " «;T; andn|1|C; < d;| > «;C;
problems, wherey’s are non-negative weights. The standard machine scheduling notatieed$ere. The
first problem stands for jobs, single machine and minimizirigtal weighted tardinessThe second prob-
lem minimizestotal weighted completion timgubject to the constraint that all jobs are completed before
their due dates. As mentioned in the case of function IV, the first problenPiadtd in the strong sense.
So is the second problem, as proved in [16] and suggested in [11]. Nbétéhe second problem can be
considered as having the following extended cost funatjon

wlt) = ait if0<t<d,
oo  otherwise
whereq; > 0.
We now return to our problem. Whemn, < 0 for all i and all objects are required to be completed

before their due dates, the problem is NP-hard in the strong senseisbet#s equivalent to the second
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problem above. We also know that, whep < 0, the problem is at least NP-hard in the ordinary sense.
To see this, lety; = 0, andg; > 0 for all ¢, thenwv; becomes function I. The proof of strong NP-hardness
is accomplished by reducing the 3-partition problem, which is known to be &ié4ih the strong sense, to
the current problem. We will adapt the proof for the || > «,;T; problem in [8]. We also work with the
“decision” version of the problem rather than the “optimization” versiorth& optimization problem has

a polynomial-time solution, then the decision problem trivially has a polynomial-tifugico. Therefore,

to show the optimization problem is NP-hard, it is sufficient to show the degmsiminiem is NP-complete.
We will work with the minimization version of the problem. Let us first redefip@).

ait if 0 S t S dl
vi(t) = (4)

w; otherwise
whereq; > 0 andw; > o;d;.
3-Partition Problem: Given a set o8n integersay, as, ..., as, between 1 and® — 2 such thad " a; =
nB. Is there a partition of the;’s into groups of 3, each summing 18?
Scheduling Problem:
“X"-jobs: X;, 1
“A’-jobs: A;l

IN
IN

n.

1
1

IN
IN

3n.
Processing times: p(X;) = L = (16B2)w +1,1<i<n.
p(A;) =B+a;, 1 <i<3n.

Weights a(X;)=0,1<i<n.
a(A;) =p(A)) =B +a;, 1 <i<3n.

Due dates d(X;)=iL+ (i—1)4B,1 <i < n.
d(Ai) = 302, p(Xa) + 3220 p(Ai) +1,1 < i < 3n,

Constants w(X;) =W =(L+ 4B)(4B)w +1,1<i<n.

w(A;) can be any value greater than to equaktal;)d(A;), 1 < i < 3n.
Question: Is there a schedutewith total costR(n) < W — 1?

We need to establish that the 3-partition problem has a solution if and only ittieslsling problem
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above has a solution.
Proof: Suppose the desired partition exists. Without loss of generality, sugpgse, as;—1,as;) is

a group;i < j < n. Consider the schedule
m = (X1, A1, Ao, A3, Xo, Ay, As, Ag, X3, ..., Xy, Asi—o, Azi—1, Aziy ..y Xy Az, Agn_1, Azp)

SinceZ?:_2 p(Asjti) = 4B, forl < j <n, X; finishes at timel(X;) = iL + (i — 1)4B, for1 < i < n.
That is, the X-jobs all finish on time. Note that the common due date for the Aigotisosen so that all
jobs are completed before the due date in any work-conserving schetiyjle,, As;_; and As; all finish
by j(L + 4B) and their total weight id4B, 1 < j < n. Their total cost is no greater thagfL + 4B)4B.
Therefore,

R(m) < En:j(L+4B)4B = (L+4B)(4B)M

=1

W1 (5)

Conversely, suppose there is a scheduteich thatR(7) < W — 1. We need to show there is a 3-partition.
First, notice that no X-job can be tardy, because the cost contributedytiaiay X-job isWW. Next, define
W, to be the total weight of the A-jobs following;, with W,,; = 0 by convention. The total cost due to
the group of A-jobs betweeR; and X, is no less thaiiV; — W;,)iL. Hence,

R(m) > (Wi = Wip)iL=LY W,
=1 =1
Note thatl¥; is also the total processing time for the A-jobs followiNg. The total processing time for the

A-jobs proceedingX; is (4B)n — W;. Since all X-jobs meet their due dates, we must have
iL+(i—1)4B > (4B)n — W; +iL. for1<i<n
Equivalently,
Wi>(n—-i1+1)4B for1<i<n

Suppose for some W; > (n —i+ 1)4B + 1. Then,

n

- n(n+1)
;Wi21+;(n—i+1)4B_24B+1
1= 1=
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Then,

n(n+1)

2
n(n+1)
2

= (L + 4B)(4B)

R(m) > L(

4B +1)

n(n+1)
2

+1

=L 4B + (16B?)

n(n+1)

+1

=W

This contradicts (5). Hence, it must be true tHgt= (n —i+1)4B, for 1 < i < n. From this we conclude
that the total weight for the group of A-jobs betwe&n and X;.; must be4dB inx, 1 < i < n — 1.

Similarly, the total weight for the group of A-jobs following,, must also belB. Since every A-job, say
A; for eachi, satisfiesB + 1 < a(A;) < 2B — 2, each such group must contain exactly 3 A-jobs. ®he

groups of 3 jobs correspond to the desired partition. |

3.2.1 Caseof Common Deadline

When all objects have a common deadline,the algorithm of Lawler and Moore (1) gives a pseudo-
polynomial solution for finding an optimal sequence. Again, consider the miatrorz version of the
problem. An optimal sequence divides the objects into two groups: thosarthabmpleted before the
deadline and those that are tardy. The objects that are on time must bedordercreasing order of; /«;,

with the understanding that /0 = oo, and the tardy objects can be arbitrarily ordered. Therefore, to find
an optimal schedule, first sort theobjects in this order. Without loss of generality, we assume the order is

1,2, ...,n. For each object, if it is in the first mode, let

azl =Di
ait ifo<t<d
oo otherwise

If it is in the second mode, let

Then apply Algorithm 1.
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3.2.2 Caseof Continuous Function

For the minimization problem with the cost functions in (4), wheye> 0, let us sety;d; = w; for all 4. It
turns out this continuity requirement makes the problem easier. There ésidg@gpolynomial algorithm for
finding an optimal sequence. Letbe an optimal sequence ardg be the subset of all objects that are on

time in. Then,
Lemma 3.3 In scheduler, the objects iMd,; must be ordered in increasing order gf/ o;.

Proof: First, notice that, in any optimal sequence, all objectd jnmust be contiguous and occupy
the first| A,| positions, followed by the tardy objects. Suppose the lemma is not true. Theseexist
two neighboring objectsandy, i, j € A, with ¢ proceedingj, such thap;/«; > p;/a;. By exchanging
i andyj, the cost of; decreases by ;p;, and the cost of increases byio more than;p;. But, because
a;p; > a;p;, exchanging the positions ofand;j reduces the total cost, which contradicts the optimality of
. |

The optimal sequencing problem can be solved by applying Lawler andeidomlgorithm. Without
loss of generality, let us suppose the objects are numbered so that < py/as < ... < p,/a,. Given
that the objects are ordered from Lrtowe need to decide, for each objgcivhether it should be completed

befored;. Apply Lawler and Moore’s algorithm with the following parameters,fot j < n.

a]l =DPj
ajt |f 0 S t S dj
pj(t) =
oo  otherwise
a? =0
p;(t) = w;
3.3 Function VI
W; if 0 § t § dz’

vi(t) = ait + 3 ifd; <t<d

0 otherwise
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wherew; > 0,0 < d; < d; ande; < 0. In order to have a non-increasing utility function, we also require
w; > «;d; + B; andagd; + 5; > 0. The value of the object starts at a constant until tilnedecreases
linearly on[d,, d}], and becomes zero aftér. This function is more versatile in approximating “real” utility
functions than function V. Since this function becomes function V wiier- 0 for all ¢, the scheduling
problem is NP-hard in the strong sense. WhHgn 0, the problem is still strongly NP-hard because we can
reduce any scheduling problem associated with function IV into a probieterdunction VI by letting the
d!’s large enough. It remains open to find good approximation algorithms. oftx@r functions (VII and

VIII) can approximate this function when their parameters are propedgah, as seen from figure 1.
u® oy

Vi
VIl

—_-

Figure 1: Function VI, VIl and VIII

3.4 Function VII

Bi

vi(t) = Bi — 1+ ajexp (—nt)

where we assume > 0, a; > 1 andg; > 0. With these constraints on the parametetss a logistic

function reflected againgt= 0 and vertically shifted. The function has three operating regions. It starts

v;(0) = fﬂf; ~ (3; and decreases gradually for smallAt around: = tho‘ is a transition region where

the function decreases to nearly zero. After that, it continues to degreasling to zero. This; can
be interpreted as a smooth version of function | or VI. The time complexity oafiseciated scheduling
problem is unknown. It will be interesting to find an efficient solution orragpmation algorithms for this

problem.

Whena; = « for all 4, we can find a “locally” optimal solution easily. Suppose objeand ;j are
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adjacent in an optimal schedule,in that order. Let be the starting time of obje¢t Denote

ﬁief’ypi

o0 1) = (1 + ae=7(t4Pi)) (1 — e=7Pi)

Using the adjacent-pair-interchange argument, one can show that in

o(i,t) = ¢(j, t) (6)

Our algorithm starts at timg, = 0. We choose the object with the largest value)6f, t,) among alln
objects to be the first one. Suppose tffeobject in our schedule finishes at tihe The (k + 1) object in
the schedule should have the largest valug(@ft;) among the remaining objects. The resulting schedule

cannot be improved by exchanging any two neighboring objects.

3.5 Function VIII

e’ + 3 if0<t<d,
vi(t) = (7)

0 otherwise

where we assume > 0, a; < 0, a; + 3 > 0, anda;e?® + §; > 0. With these choices, the utility
function first decreases as a concave exponential function untildjmgfter that, its value becomes zero.
The complexity of the corresponding scheduling problem is not knowre Mat if we allowa; < 0 for
all i, the problem is NP-hard since we can agt= 0 for all ; and get the step function |I. We construct a
minimization version of the problem, which is useful later, by defining) = 5; + «; — v;(t) as the cost
function for object. That s,

a; —azet if0<t<d;

0(t) = (8)
a; + 0G; otherwise

The cost function thus defined is non-negative.

3.5.1 Caseof Common Deadline

Suppose all objects have the same deadlinedi.e=, d for all .. We again use Lawler and Moore’s algorithm
(1) to find a pseudo-polynomial solution for the scheduling problem &ssalowith the cost functions in (8).
An optimal sequence divides the objects into two groups: those that ardatethpefore the deadline and

those that are tardy. The objects that are on time must be ordered insiegrealer of(a;e?:) /(1 — e7Pi).
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Therefore, to find an optimal schedule, first sort thebjects in this order. Without loss of generality, we

assume the order is 2, ..., n. For each objed, if it is in the first mode, let

ail =Di
a; — e ifo<t<d
00 otherwise

If it is in the second mode, let

2 _
CL,L‘—O

pi(t) = ai + Bi

Then apply Algorithm 1. Finally, move the objects assigned to the second rtedéh@se assigned to the

first mode.

3.5.2 Caseof Continuous Function

For the minimization problem with the cost functions in (8), whefe> 0, let us set;e?% + 3; = 0 for
all 4, and hencey; (t) is continuous atl; for eachi. There is a pseudo-polynomial algorithm for finding an
optimal sequence. Let be an optimal sequence ard be the subset of all objects that are on timerin

Then,
Lemma 3.4 In scheduler, the objects ird; must be ordered in decreasing ordera@g™: /(1 — e7Pi).

Proof: First, notice that, in any optimal sequence, all objectg jnmust be contiguous and occupy
the first| A, | positions, followed by the tardy objects. Suppose the lemma is not true. frluesteexist two
neighboring objectsandj, i, j € A, with ¢ proceedingj, such that

;e P P
1—ei 1 — e

(9)

By exchanging andj, the cost ofj decreases biyy;|e7("FPi+Pi) — |a;|e7("+Pi) wherer denotes the start-
ing time of service for object in the schedule. The cost déincreases byo more thariai|e’Y(T+Pi+Pf) —
lo;|e7(7P:) | Because of (9), exchanging the positions ahd;j would reduce the total cost, which contra-

dicts the optimality ofr. |
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The optimal sequencing problem can be solved by applying Lawler andei$oalgorithm. Without
loss of generality, let us suppose the objdcts., n are ordered in decreasing orderaqg™?: /(1 — e7Pi).
We need to decide, for each objéctvhether it should be completed befate Apply Lawler and Moore’s

algorithm with the following parameters, for< ¢ < n.

az'l =Di
1 Oéi—OéZ'e'yt IfOStSdz
pi(t) =
o0 otherwise
ag =0

pI(t) = ai + B3

4 Linear Utility Function

In this section, we examine the linear utility function in more complex but practitceltsons and show the
simplicity of the optimal schedules. We will also evaluate the performance ohtinest-processing-time
(SPT) schedule, which corresponds to the case where the utility funfdicaisobjects have the same slope.
The processing capacity (or transmission bandwidth) is determined jointlyelsetiver’'s capacity and
the transmission bandwidth in the network path from the server to the usan Mary due to many factors,
such as variation of cross-traffic load in the path, variation of servel, bb& congestion control algorithm,
and retransmission of lost packets. The capacity fluctuates on diffarenscales, depending on the causes.

We may either model it as a time-varying but deterministic quantity or a randontityua

4.1 Linear Utility Function and Time-Varying Bandwidth

Suppose the bandwidth is deterministic but time-varying and piece-wise counsindenoted by:(¢), and
suppose the sizes of tmeobjects are fixed. It is still true that, for a regular utility function, there exsts
optimal schedule that is (i) work-conserving and (ii) non-preemptive. Thg optimal sequence in general
depends on the bandwidth trajectory. For many utility functions, the schegduriitlem becomes very hard.
(iv) For the linear utility functions with the identical slope, an optimal schedule $&quence the objects by
their sizes in increasing order, which is independent of the bandwidtlctivaje We will give justifications

to these claims.
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Suppose that in an optimal schedule, the server has a period of inactostytime ¢, to . Then,
eliminating the inactive gap by moving ahead all objects scheduled afterttirdees not decrease the
utility, since the utility function is non-increasing in the reception times. This gr¢ye

Now, supposer is a work-conserving optimal schedule, in which objeistpreempted by other objects

before its completion. Left; be the completion time of objecin 7 and lets; be the size of objeat Define

tr
t* = sup{t: / p(T)dr = s;}
t

Let 7* be the new schedule in which objecstarts service at timé¢* and ends atf. Furthermore, to
obtain7* from 7, all service times assigned idn = prior to t* are removed, and the resulting gaps are
filled by moving ahead (time-shifting) the complete or partial objects, otherittthat follow the gaps but
beforet s, without changing their relative order. The new schedtilés at least as good as and hence, is
also optimal. This procedure can be repeated for each preempted olgettaio optimal non-preemptive
schedule, and hence, (ii).

To show (iii), consider a case with two objects. Let the size- 5 ands, = 10. Let the utility functions
be as follows.

10 if0<¢t<3
7)1(75) = (10)

0 otherwise

'UQ(t) =20— 2t

Let the schedule! = {1,2} andn? = {2, 1}. Consider a bandwidth trajectopy (t) = 5. The total utility
gained from each schedule is{z!) = 24 andv(7?) = 26. Hence,r? is the optimal sequence. Consider
another bandwidth trajectony?(t) = 2.5. In this casep(n!) = 18 andv(n?) = 12. Hence,r! is the
optimal sequence.

Now suppose each object has a linear utility function of the foyth) = 3; — «;t, wherea; > 0 and
B; > 0. Given a fixed bandwidth trajectopy(¢) and an optimal sequeneelet us suppose objectind; are
adjacent inr and: proceedsg. Supposeé starts service at timg, ends service &b, and;j ends service at
t3. Let 7’ be the sequence with objecindi interchanged. I, object; starts service at;, ends service

att’,, and object ends service ai. Sincer is optimal, we must have,

aits + ajts < ajth + aits
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which yields,
— / —
ty—ty _t3—1ts

(67 Qi

(11)

Let us denotey;(t) as the service time for obje¢twhen it ends service at time We then have;(t3) =

ts — t5 andp;(t3) = t3 — to. Suppose alk;’s are identical. Then, (11) becomes

pi(ts) < pj(ts) (12)

Since at any time, s; < s; if and only if p;(t) < p;(t), the only sequence that satisfies (12) at every
completion time is the one that orders the objects in increasing order of their $izis demonstrates (iv).

Whenqy's are not identical, finding an optimal schedule seems to be a very difficaiiigm. In this
case, the condition in (11) is only necessary but not sufficient to deteraminoptimal sequence. The
following algorithm can find a “locally” optimal sequence in the sense thatabelting sequence cannot be
improved by exchanging the positions of two neighboring objects.

Let ¢, be the completion time for the entire transfer session. The last object to kenitéad, denoted
by 7(n), should have the largest valuem{t,,)/«; of all objects. Suppose we have determined theHast
objects to be transmitted(n — k+ 1), 7(n — k+2),...,7(n). Lett,_r1 be the completion time of object
m(n—k+1). Thent, =ty k11— Prn—k+1)(tn—ks1) is the starting time of objeet(n — k +1). Then,
the (n — k) object,m(n — k), should have the largest valpgt,,_x)/c; among the remaining objects yet
to be scheduled. The total running timed$n?) for this algorithm, where is the number objects.

In reality, the complete bandwidth trajectory may not be known ahead of timthatrcase, one can
modify the above algorithm as follows. After finishing transmission of an elgjetimet, the object with
the smallest value o?r’b/o’f& among all remaining objects is chosen for the next transmission, verés

the bandwidth at time.

4.2 Evaluation of the SPT Schedule under Random Transmission Times

In the previous sections, we have assumed that the transmission time ofbgectisodeterministic. In this
section, we consider the case where the transmission times are randobtegariche main objective is to
model the case where a user retrieves a random pagewwitijects and to evaluate the performance of the
SPT schedule.

Let us denote the random transmission (or processing) time of alpgck’;, i = 1,2, ..., n, which are

not necessarily independent of each other at this point. Since the objegletion times are random, our
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goal is to schedule the objects in order to optimize the expected utility. It is shown in [12] that, in the case
of the linear utility functions, sequencing the objects in increasing ordBrgf/ o; maximizes the expected
utility in the class of non-preemptive static policies and also in the class of remwptive dynamic policies.

It is not a trivial task for the server to know the processing-time distribatiarhich are essential for
forming the optimal schedule. Suppose the distributions are such thatcfoobgect, the expected process-

ing time is proportional to the object size, and hence,

n_ s (13)
EXj Sj

for any pair of objects, j € {1,2,...,n}. Then, in the case of the linear utility function, the sequence that
follows the increasing order &f /|«;| is optimal in the class afion-preemptive static or dynamic policies
Itis reasonable to believe that the condition in (13) can be satisfied in malistiesituations. For instance,

it is satisfied when each object is fragmented into packets of identical aizéshe transmission times for
the packets are independently and identically distributed.

In the following, we will evaluate the improvement of the SPT schedule ovandam schedule. To
model the situation, let us suppose the sizes of the objects are indeperatahtiyentically distributed
(IID) random variables and the transmission bandwidth is a constangmagi to 1. Then, the transmission
times of the objects are 1ID random variables drawn from some distributiorWe will consider two
distributions, the exponential distribution and the Pareto distribution. Famreatization of the transmission
times, we apply separately the SPT schedule and the First-Come-FirsttB€R&8) schedule, which simply
transmits the: objects in the order they are given. The FCFS schedule is equivalert tarttiom schedule,
which transmits the objects in a uniformly random order. The performairiegion is the expected mean
completion timeEC,, = %Z?:l EC;, where(C; is the completion time of objedtin the schedule. We
denote the mean completion time By, to emphasize its dependence onthe number of objects. We
already know that the SPT schedule minimizgs and thereforel2C,,. Given the object transmission times,
X1, X2, oy Xy, lEL X (1) DE thek!" order statistics of X1, Xo, ..., X0}, e, X)) < Xg) < ... £ Xy In
the case of the SPT scheduleg;™” =37 | (n — i + 1) X;)/n.
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4.2.1 Exponential Transmission Times

Suppose eacl; is distributed exponentially with mearyv, for i = 1,2,...,n. The first moment of any
order statistics has a closed-form expression (see page 49 in [3]).
k
1 1
EX ) = — e — 14
®) = Z n—i+1 (14)

fork =1,2,...,n. It can be shown that, for the SPT schedule,

n+3l

ECSPT =
v

(15)
For the random schedule

n+11

ECRAND _ -

(16)

The expected mean completion time in the SPT schedule is about half of that amtteew schedule. Since
the completion times for the last object are the same in both schedules, it musekdat some other
objects are completed earlier in the SPT schedule. In fact, for each tealind transmission times, the
SPT schedule finishes more objects than any other schedule at any timais@rhmay feel the objects
arrive faster in the SPT schedule. It is not surprising that, in both sté&&EC,, is linear in the number of
objects. In the case of fine-grained multiplexing, where each objectiefulivided intom smaller objects

of identical sizes, the mean size of each smaller object becajifes’). Hence, for larger, EC,, is not

affected by the fine-grained multiplexing.

4,22 Pareto Transmission Times

Previous statistical studies on the file/object sizes give strong indicatioththabject sizes follow a heavy-
tail distribution [2]. In this subsection, we will assume the object sizes haxet@distribution with distrib-
ution functionF'(z) = 1 — K®z~“, wherex > K anda > 0. For our purpose, we further requitie> 1, in
which case the mean of the distribution exists and is equg_lf—{go The first moments of the order statistics
for the transmission times are, (See page 50 in [3].)

n! I'n—k+1-1/0)K
(mn—k)! TI'(n+1-1/a)

EX() = (17)

fork =1,2,...,n. Inthe above, fos > 0, the gamma function is defined by,
I'(s) = / e s dx
0
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We will evaluateEC,, numerically for a few realistic cases. In case 1, we pick 1.1 andK = 100 (bytes)
for the Pareto distribution, and hence, the mean object size is 1100 byteasd 2, we pickk = 1.5 and
K = 100, and the resulting mean object size is 300 bytes. The expected mean cominetisEC),, for
the SPT schedule and the random schedule are shown in figure 2 amd3ifpw the two cases. The values
for EC,, are approximately linear in. In the first case, the SPT schedule has a much smaller valifpr
than the random schedule, WBC; "7 ~ 1ECEAND " |n the second cas&CS "7 ~ JECHAND . The
improvement of the SPT schedule depends on the actual statistics of thesigsc

250000

SPT ——
Random --+---

200000 [

150000 r

100000 -

Exp. Mean Completion Times

50000 -

0 L L L L L L
0 50 100 150 200 250 300 350 400
Number of Objects, n

Figure 2:.K = 100, = 1.1

To understand how the performance improvement of the SPT schedwadiepn the parameters for
the Pareto distribution, we resort to an asymptotic theorem regarding lioednircations of order statistics,

found in [14]. Let us defines, = C,,/(n + 1), and a function/(u) = 1 — u, for 0 < u < 1. Then,

70000

60000 -

50000

40000

30000

20000

Exp. Mean Completion Times

10000 r

0

0 50 100 150 200 250 300 350 400
Number of Objects, n

Figure 3: K = 100, « = 1.5
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Sn = >ty J(547)X () in the SPT schedule. Theorem 3 in [14] saysEiff X; | < oo and.J(u) is

bounded and continuous, thenras- oo, ES,, — 6(J, F'), where

1 0
= U -1 u)du = X x x
6(J,F) = /0 JF wdu= [~ aI(Pa)aP(a) (18)
WhenF'(z) is Pareto, it is easy to show
aK
b0 F) =503

Hence, for larger, ECSFT grows approximately linearly with + 1 at a sloped(.J, F). As«a | 1, i.e., as the

distribution becomes more heavy-tailed, the slope approdhaesa — oo, the slope approachdg/2. In

the random schedul&CAND — 2(‘;]_(1) (n+1). Asa | 1, its slope approaches; asa — oo, its slope
approachegs /2.

We define a useful comparison measuye: ECSPT /ECEAND which is approximately?% for
largen. As the file size becomes more and more heavy-tailed, the expected meantantpiee for the
SPT schedule becomes an increasingly smaller fraction of that for themaschedule. This is in sharp
contrast with the case of exponential file sizes where the same ratioxapptely 1/2, does not depend
on the parameters of the distribution. As examples for the Pareto case=far.5or1.1,v =1/20or1/6,
respectively. These numbers are in agreement with figure 2 and figdhee3igures also indicate that the
approximation by the asymptotic result becomes fairly accurate for evensmall

Since0 < J() < 1, from (18), we know

o0
0(J,F) < / zdF(z) = EX;
—o0
Hence, if we keep the mean file size the same, the worst case distribution indetihesexpected mean
completion time is the deterministic distribution.

Let us try to understand some peculiar features of the Pareto transmissienAimengn independently

and identically distributed Pareto random variables, the maximum is a speeialTdnis can be seen by

looking at the quantitf£ X ;. ,1)/EX ), for 1 < k < n. By using (17) and the familiar
I'(s+1)=sI'(s) fors>0

we get,
EX(k+1) n—=~k

EXy —n—k—1/a
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Asa | 1, EX(,)/EX,_; increases to infinity. On the other hamilX ;  1)/EX ) < 2forl <k <n-1,
and for most values of, the ratio is in fact close to 1. In other words, the valudiof ,, increases very
slowly except for the last few. It has a sudden upward jump/at= n.

Depending ony, the expectation of the maximum value can be significantly greater than thay of a
other order statistics. For the valuescodnd K that are relevant to our problem and wheis not so large,
the maximum is often larger than or comparable to the sum of the rest rand@bles. For instance, when
K =100, a = 1.1 andn = 50, EX(,) = 36839 andE Z?;l Xy = 18160. We are led to consider an
even simpler schedule: move the largest object to the last position and leanestiof objects where they
were. We call this schedule Largest-To-Last (LTL). It is expectecetéopm well when the object sizes are
very heavy-tailed and when the number of objects is not so large. Tdifyuigperformance, note that

nEX; — EX(,

_ 1 —
EC)T = ﬁ(z KE[X | Xk < X)) + EX ()
k=2
_n+1
~ 9

1 1

(19) is valid for any distributions for which the expectations are defineiddicates that the LTL schedule
should greatly improve over the random schedule when the maximum is cdstgpsyahe sum, which is
often the case for the data files. Table 2 shows the performance commpfantigbe three schedules. When

the number of objects is less than 50, the LTL scheduler is nearly optimal.

Table 2: Performance comparison for the SPT, LTL and random stdsedu

o | n | BCSPT | BCOITL | BORAND

1.1] 10 1925 2199 6050
50 5592 9999 28050
100 || 10175 | 21321 55550

15| 10 975 1084 1650
50 3975 5864 7650
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5 Class-Based Utility Function Assignment

As we have seen, many optimal sequencing problems are very difficulth Ykegoroblem is strongly NP-
hard, finding approximations with performance guarantee can also btlifin this section, we consider
the situation where the objects can be grouped into a small number of classes. This formulation mewy eith
faithfully reflect reality, or may be regarded as a systematic approximati@alityr In either case, we hope
for simpler solutions coming out of this formulation. We will use function V as»angple, since it is both
very versatile and very hard. We will show that, indeed, there existigéhgas with polynomial complexity
in n, the number of objects.

A group of objects with identical;, «;, 5; andp; are considered as one object class. Suppose there are
total K classes, from to K. From now on, let the subscript indices denote classesnllé the number
of objects in clasg, 1 < i < K. Without loss of generality, lef; < dy < ... < dg. TheseK deadlines
divide [0, o0) into K + 1 intervals or semi-intervals. Let us cdH;_;,d;] the j interval,1 < j < K,

whered, = 0, and call(d, co) the (K + 1) interval. Let the non-negative integer,, be the number of

idl

classs objects that are completed on t} interval. It must be true thazfﬁl n] =n;,1<i< K. The

problem is, therefore, to determine a feasible se{tnjf 1<i<K,1<j <K+ 1} so that the resulting
sequence is optimal. Feasibility means that the sequence indeed has the/mtmag class¢ objects are
completed on the'” interval, for alli andj.

After time d;_1, the value of any classobject becomes zero, where< k. In an optimal schedule,
if any class¢ object,i < k, is serviced on thé'" interval, it can be moved after all claé®bjects on the
interval, for everyl > k, without affecting the optimality. We also know that, on Hé interval, the objects
from classe$ > k should be processed in increasing ordep,gfa;|. Therefore, on th&'" interval, if we
know the set of numbers!, 1 < i < K, the order of thes& "X | n¥ objects can be made unambiguous.
Hence, given the se{tnf; 1<i<K,1<j< K+1},the order of the: objects can be made unambiguous.
The feasibility of this set of numbers can be checked after the objectsdared. Letr denote the matrix
(ng'), 1<i<K,1<j<K+1,and let the resulting value from the schedule corresponding to a feasible
n bewv(n). The problem is to find a feasible such that(n) is maximized. This can be accomplished by
enumerating all possible's.

We can compute the number of possible matriceket us first focus on class WhenZKﬁ1 n! = n;,

and eacmg is a non-negative integer, the total number of distinct vectofsn?, ..., n/* ™) is Mg (i) =

(n; +1)%/2 + (n; + 1)/2. This can be shown inductively. First, whét = 1, it is clear that the vector
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has the form(k,n; — k), 0 < k < n;. Hence,M;(i) = n; + 1. Suppose fotK' = m, M,,(i) =
(n; +1)™/2 4 (n; +1)/2. Then, whenk = m + 1, n/"*! can take values from to n,;. Therefore,

M, ) = 1
(i) =(7 s 1y
+---+((m;) + B )
:(ni+1)m+1+ni+1

2 2

Hence, the total number of possible matriegis

(m + 1)K n; + 1

IS Mg (i) =TI 5 + 5 )
<IE  (n; + DX
’I’LI<2

Therefore, the algorithm for finding an optimal sequence has a compl@('rtﬁ@/Kw), which is
polynomial inn. More careful counting shows that the powertoan be reduced further. Notice that, after
time d., we do not need to consider the clasebjects anymore because they all have zero value. Hence, on
the (k + 1) interval, i.e.,(dy, d+1], we need only to determim{C+1 for [ > k. Very crudely, the number
of matrices,n, to be considered i®(nK—1%/2) With this complexity, the corresponding algorithm is

only practical forK < 3 whenn is around 100.

5.1 Caseof Continuous Function

Supposey; < 0anda;d;+3; = 0foralli. Inthis case, an optimal schedule can be found using the algorithm
from section 3.2.2. This algorithm does not take advantage of knowlduiné the object classes and has a
running timeO(n Zf; n;p;). We will present another algorithm whose complexity is independepfof
Without loss of generality, suppoge/|a1| < po/|as| < ... < pi/|lak|. By lemma 3.3, there exists an
optimal schedule that starts with, class-1 objects, followed by, class-2 objects, ..., followed by x
class# objects, all of which are on time, then followed by the tardy objects in arbitradgr. We only need

to determine the integers;’s through enumeration, whete< m; < n;, 1 <i < K. Sinceri1 n; =n,
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for K > 1, the total number of choices is

n

K-1 K—-1
I (ni + 1) S(K—l +1)
nK—l

where the upper bound above is obtained by the standard maximization teehflee resulting algorithm

is polynomial inn. Forn around 100, the algorithm is practical far < 5.

6 Version Selection

In this section, we consider a different model for object transmissiopp&e each object is encoded at a
set of different resolutions, resulting in different versions of the sabject. When a user requests the page,
we would like to choose a resolution for each object and a transmissiodidelso that the total received
utility is maximized. To model this situation, let each objéd¢tavem versions, with processing tin]#
and utility functionvf(t), 1 < j < m. The problem seems to be very difficult even for the linear utility
functions (However, we were unable to show it is NP-hard in this casehelfollowing, we'll focus on the

step functions. For each objeck i < n and versionl < j < m, let the utility function be

wl if0<t<d
0 otherwise

wherewf > 0 is the value of the object if it arrives before the deadline Note that, for each object, the
deadline is common for all versions. The objective is to choose a verssignasent for each object and

a transmission order so that""_, v/ (C;) is maximized. It is clear that there exists an optimal schedule in
which the objects are sequenced in increasing order of their deadlirethefé¢fore arrange the objects in
that order. Without loss of generality, we assume this ordér2s..., n. Version assignment can be made
by straightforward extension to Lawler and Moore’s algorithm (1). Letafine them + 1) “version”

for each object, which corresponds to objetbeing unable to finish before its deadline.

o (t) =0
Pt =0

We will convert the problem into the minimization version in order to reuse sortaions from Algo-

rithm (1). For eachi < i < n, without loss of generality, let us supposg® > wf forall1 < j < m. For
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eachl < i <nandeach < j < m, define

—w! ifo<t<d
400 otherwise

For eachl < i < n, define

P () = w

Then, the dynamic programming relation is captured byjfer1,2,....,n andt > 0,

f(J,t) = min ( )
PR+ f(G—1,t—pf) fork=1,2,...m+1

A different version of the problem is to maximi2e’"_, vg(Ci), subject to the constraint that all objects
should be completed before their deadlines. In this case, we simply remaastifivéal (m + 1) version

of the objects from the above algorithm.

7 Design Example and Concluding Remarks

7.1 Linear Utility Function for Object Transmission

If there is freedom in choosing the utility function, the discussions in thermggest that the linear utility
function is among the good choices. Without precedence constraintgtiamabschedule is to sequence
then objects in increasing order of /|«;|. Sincep; is not necessarily known due to the uncertainty in the
transmission bandwidth, we propose to sequence the objects in increedémgbs; /|«;|, wheres; is the
size of objecti. The algorithm leads to an optimal or near-optimal schedule that maximizesbetes
sum of utilities for a wide class of random transmission times. It is very likely ihagality, the distribution
of the transmission times belongs to this class. Since the parafétethe utility function is irrelevant
for finding an optimal schedule, the utility function requires only one parametgo be specified for each
object.

The optimal schedule followd/eighted Shortest Processing Ti(WéSPT) first rule, which is an exten-
sion of theShortest Processing Tin{8PT) scheduling rule. To some degree, the WSPT schedule inherits
some of the advantages of tB®Tschedule. Given a fix time, the SPT schedule completes more objects

than any other schedule. This is especially beneficial when the collectiobj@its, say on a web page,
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contains many small objects and one or a few large ones, because thelgrcis are pushed to the end of
the transmission sequence and most objects will arrive during the eaityl mérthe transfer session. The
SPT schedule is also friendly to fine-grained encoding of information tshjéor instance, in the case of
multi-resolution encoding, the sizes of the lower-resolution objects are smdllcan arrive early and be

displayed quickly. It possible that, in many situations, most of the value isadletito the user at this point.

There can be a valuable trade-off in sending some smaller objects firgt explense of slight increase in
the delay of larger objects. On the other hand, in the case when somedbjgels are much more valuable
to the user or when the delay increase for the larger objects becomescaighithe WSPT schedule can

move the larger objects ahead of the smaller objects.

7.2 Concluding Remarks

In this paper, we study a collection of scheduling problems motivated by tieede arrange the download-
ing order of information objects. We formulated these problems as to optimizet#hetitities received by
the user. This formulation is somewhat different from traditional single mactheduling, and as a result,
new scheduling problems arise. We hope the solutions we provide caralveider range of applications
of similar nature. We stress that it is very natural to think about the objedianasg some ultility to the
user. In this paper, we do not address how the utility functions are odtairesumably, they can either be
measured, or directly assigned by the users. It is also possible thatsteensyesigner chooses a particular
family of utility functions and the users choose the function parameters. Allitlity functions are non-
increasing with time, and possibly have one or two discontinuities (or discammiin the first derivative),
which can be interpreted as deadlines. A salient feature of this papet teétslutions are often based on
the simple building blocks of the linear or exponential functions with Lawleriodre’s algorithm (1) to

handle the deadlines.
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