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On the Lar ge Deviation of ResequencingQueue Size - A

Generalizable Ar gument involving Moment Generating

Functions

I . THE SETUP

At time t, let V(t) be the event f the DN is emptyat time tg. If �V (t), let C� (t) be the oldestcustomer

in the DN, let W� (t) be the time C� (t) hasspentin the DN, andlet I � (t) be the queuein the DN which

C� (t) goesthrough.For n � 0, let

E(t; s;n) = f at leastn customersarrived at the DN

on the interval (t � s; t], out of which

at leastn have left the DN by tg:

Let the sizeof the resequencingqueue(RSQ)at time t be qr (t), and let qi (t) be the sizeof queuei at

time t, where i = 1 or 2. Then,for n > 0,

Pf qr (t) � ng = Pf �V (t) andE(t; W� (t); n)g: (1)

Next, we will explain equality (1). When the RSQ size is greaterthan or equal to n, wheren > 0, it

mustbe waiting for somecustomerstill in the DN. In particular, the next packet gap the RSQis trying

to �ll is C� (t). The customersin the RSQareexactly thosewho arrived at the DN later thanC� (t), but

who have left the DN by time t. We are interestedin computinglim t !1 Pf qr (t) � ng. Alternatively,

let us assumeall relevant processesarestationary.

Let us extend the de�nition of W� (t), W� (t) = 0 if V(t). Then,whenn = 0,

Pf qr (t) � ng = 1:

Pf �V (t) andE(t; W� (t); n)g

= Pf E(t; W� (t); n)j �V (t)gPf �V (t)g = Pf �V (t)g:
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Pf V (t) andE(t; W� (t); n)g

= Pf E(t; W� (t); n)jV (t)gPf V (t)g = Pf V (t)g:

Hence,for n = 0,

Pf qr (t) � ng = Pf E(t; W� (t); n)g: (2)

For n > 0, (2) is still true because

Pf V (t) andE(t; W� (t); n)g

= Pf E(t; 0; n)jV (t)gPf V (t)g = 0:

Note that, becausecustomersare served on �rst-come-�rst-serve basis in each of the queues,the

oldestcustomersin the non-emptyDN mustbe in serviceat oneof the queues.If queuei is not empty,

i 2 f 0; 1g, let Wi (t) bethedurationfor which thecustomerin serviceat queuei hasstayedin thequeue.

If queuei is empty, let Wi (t) = 0.

We needthe following result.As x ! 1 , for i = 1 or 2,

Pf Wi (t) > xg � e� � x ; (3)

f W i (x) � e� � x : (4)

Here,we assumethe pdf, f W i (x), exists. We will occasionallyomit the dependency on t for brevity.

Let M̂ i (t; s) be the numberof thosecustomerswho arrived at queuei on the interval (t � s; t] and

who departedby time t. Note that for n > 0,

Pf M̂ 1(t; W� (t)) � n j W1(t) = W2(t) = 0g

= Pf M̂ 1(t; 0) � n j W1(t) = W2(t) = 0g = 0:

Also, becausepacketscannotsimultaneouslyarrive at differentdisorderingqueues,

Pf W1(t) = W2(t) 6= 0g = 0:

Therefore,

Pf M̂ 1(t; W� (t)) � n j W1(t) = W2(t)g

�Pf W1(t) = W2(t)g = 0:
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Then,for n > 0,

Pf qr (t) � ng

= Pf E(t; W� (t); n)g

= Pf M̂ 2(t; W� (t)) � n j W1(t) > W2(t)g

� Pf W1(t) > W2(t)g

+ Pf M̂ 1(t; W� (t)) � n j W2(t) > W1(t)g

� Pf W2(t) > W1(t)g: (5)

This can be explainedas follows. If W1(t) > W2(t), then the oldestcustomer, C� (t), in the DN must

be in serviceat queue1. Hence,W1(t) = W� (t). All customerswho cameto the DN after C� (t) and

who have left the DN by time t musthave beenroutedto the RSQvia queue2.

For n > 0,

Pf M̂ 2(t; W� (t)) � n j W1(t) > W2(t)g

=
Z 1

0+

Pf M̂ 2(t; s) � n j W1(t) = s;W1(t) > W2(t)g

� f W1 jW1 >W 2
(s)ds

=
Z 1

0+

Pf M̂ 2(t; s) � n j W1(t) = s;W2(t) < sg

� f W1 jW1 >W 2
(s)ds (6)

In the above, f W1 jW1 >W 2
(s) denotesthe conditionaldensityof W1(t) given f W1(t) > W2(t)g. We need

this to have an exponentialdecayingtail e� � s. Note that, in the integral, the (conditional)probability

massat s = 0 doesnot contribute to the probability on the left handside.

We will computethe conditionaldensityby startingwith the joint probability. For x � 0,

Pf W1 > x; W1 > W2g

= � 1e� (� 1 � � 1 )x � � 1� 2
� 1 � � 1

� 1 � � 1 + � 2 � � 2

� e� (� 1 � � 1 + � 2 � � 2 )x : (7)

From (7), we have

Pf W1 > W2g = Pf W1 > 0; W1 > W2g

= � 1 � � 1� 2
� 1 � � 1

� 1 � � 1 + � 2 � � 2
: (8)
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From (7) and(8), we get the conditionaldensityfor x � 0,

f W1 jW1 >W 2
(x)

= K 1e� (� 1 � � 1 )x � K 2e� (� 1 � � 1 + � 2 � � 2 )x ; (9)

whereK 1 andK 2 areconstants,given by,

K 1 =
� 1 � � 1

1 � � 2
� 1 � � 1

� 1 � � 1 + � 2 � � 2

; (10)

K 2 =
� 2(� 1 � � 1)

1 � � 2
� 1 � � 1

� 1 � � 1 + � 2 � � 2

: (11)

Note that the secondterm in (9) decaysmuch fasterthan the �rst term. If we ignore it, the conditional

probability densitydecaysexponentially.

Next, we will bound(6) from above andbelow.
Z 1

0+

Pf M̂ 2(t; s) � n j W1(t) = s;W2(t) < sgf W1 jW1 >W 2
(s)ds

=
Z 1

0+

Pf M̂ 2(t; s) � n; W2(t) < s j W1(t) = sg
f W1 jW1 >W 2

(s)

Pf W2(t) < s j W1(t) = sg
ds

�
Z 1

0+

Pf M̂ 2(t; s) � n j W1(t) = sg
f W1 jW1 >W 2

(s)

Pf W2(t) = 0 j W1(t) = sg
ds

� A1

Z 1

0+

Pf M̂ 2(t; s) � n j W1(t) = sgf W1 jW1 >W 2
(s)ds: (12)

Here,we needthe result that

Pf W2(t) < s j W1(t) = sg � � > 0; (13)

or

Pf W2(t) = 0 j W1(t) = sg � � > 0; (14)

andA1 = 1
� .

Next,

Pf M̂ 2(t; s) � n j W1(t) = sg

� Pf at leastn customersarrive at disorderingqueue2 on the interval [t � s; t], and

at leastn of thesecustomersareserved on the sameinterval

j W1(t) = sg (15)

Let the customerwho is in serviceat time t at disorderingqueuei be denotedby Ci (t). The event

E = f W1(t) = sg saysthat C1(t) arrived at queue1 at time t � s andits sojourntime is at leasts. The
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only relevanceof the event E to the queue2 processafter time t � s is that an arrival occurredat time

t � s, which was directedto queue1. This affects the probability of when the next arrival to queue2

occurs.Conditionalon E , startingat time t � s, thearrival processto queue2 is a (non-delayed)renewal

process.Also, the servicetimesof the arrivals on the interval [t � s; t] areindependentof E . We denote

Ti asthe interarrival timesandSi asthe servicetimesof customersto queue2. Hence,we canwrite the

following upperboundfor (15).

Pf M̂ 2(t; s) � n j W1(t) = sg

� Pf at leastn customersarrive at disorderingqueue2 on the interval [t � s; t]

accordingto the renewal process,and

at leastn of thesecustomersareserved on the sameintervalg

� Pf
nX

i =1

Ti � sgPf
nX

i =1

Si � sg: (16)

For a lower boundof (6),
Z 1

0+

Pf M̂ 2(t; s) � n j W1(t) = s;W2(t) < sgf W1 jW1 >W 2
(s)ds

=
Z 1

0+

Pf M̂ 2(t; s) � n; W2(t) < s j W1(t) = sg
f W1 jW1 >W 2

(s)

Pf W2(t) < s j W1(t) = sg
ds

�
Z 1

0+

Pf M̂ 2(t; s) � n; W2(t) = 0 j W1(t) = sgf W1 jW1 >W 2
(s)ds

=
Z 1

0+

Pf M̂ 2(t; s) � n; q2(t) = 0 j W1(t) = sgf W1 jW1 >W 2
(s)ds

�
Z 1

0+

Pf M̂ 2(t; s) � n; q2(t) = 0; q2(t � s) = 0 j W1(t) = sgf W1 jW1 >W 2
(s)ds

=
Z 1

0+

Pf M̂ 2(t; s) � n; q2(t) = 0 j q2(t � s) = 0; W1(t) = sg

� Pf q2(t � s) = 0 j W1(t) = sgf W1 jW1 >W 2
(s)ds: (17)

Let us assume(which shouldbe proven in generalcases),for all s � 0,

Pf q2(t � s) = 0 j W1(t) = sg � A2 > 0: (18)

As arguedbefore,conditionalon E , startingat time t � s, the arrival processto queue2 is a renewal

process.A particularway for

Also, the only relevanceof the event f W1(t) = sg to the queue2 processafter time t � s is that an

arrival occurredat time t � s, which wasdirectedto queue1.
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conditional on f q2(t � s) = 0g, the queueprocessof queue2 after time t � s is independentof

f W1(t) = sg, which is completelydeterminedby time t � s. Hence,the lower bound of (6) can be

written as,
Z 1

0+

Pf M̂ 2(t; s) � n j W1(t) = s;W2(t) < sgf W1 jW1 >W 2
(s)ds

� A2

Z 1

0+

Pf M̂ 2(t; s) � n; q2(t) = 0 j q2(t � s) = 0gf W1 jW1 >W 2
(s)ds: (19)

In the next section,we will prepareto computethe upperand lower bound.

I I .

From the analysisof the M/M/1 case,we seethat the following is the importantquantity.
Z 1

0

1X

i = n

e� � 1 t (� 1t) i

i !

1X

l= n

e� � 1 t (� 1t) l

l !
(� 2 � � 2)e� (� 2 � � 2 )t dt

The �rst sum is the probability that more than n customershave arrived on the interval [0; t] for a

Poissonprocesswith rate � 1. The secondsum is the probability that
P n

j =0 Sj � t, whereSj 's are iid

exponentialrandomvariableswith mean1=� 1. This motivatestheconsiderationof thefollowing quantity.
Z 1

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tge� � t dt (20)

where � = � 2 � � 2, Ti 's are iid randomvariableswith mean1=� 1, representingthe interarrival times,

andSi 's areiid randomvariableswith mean1=� 1, representingthe servicetimes.We'd like to studythe

asymptoticvalueof (20).

For any randomvariableX , let us write its momentgeneratingfunction by

M X (� ) = Ee� X

It canbeveri�ed thatM X (� ) is convex, andis increasingif X � 0. The log momentgeneratingfunction

logM X (� ) is convex, and is increasingif X � 0. Let

I X (a) = sup
�

(� a � logM X (� )) (21)

It canbeshown that I X (a) is non-negative, convex, anddifferentiable(?).We will usethe theoryof large

deviations [2]. For that purpose,we make someregularity assumptions.

H1 M T (� ) < 1 for � in someneighborhoodof 0. For a < 1=� 1, I T (a) is achieved in the interior

of the neighborhood.

H2 M S(� ) < 1 for � in someneighborhoodof 0. For a < 1=� 1, I S(a) is achieved in the interior

of the neighborhood.

DRAFT



7

Let us de�ne

t1 =
n
� 1

(22)

t2 =
n
� 1

(23)

From the Chernoff bound,when0 < t < t2, we have

Pf
nX

i =1

Ti � tg � e� nI T (t=n ) (24)

When0 < t < t1, we have

Pf
nX

i =1

Si � tg � e� nI S (t=n ) (25)

On the interval [0; t1), both f
P n

i=1 Ti � tg and f
P n

j =1 Sj � tg are large deviation events, as n

increases.On [t1; t2), f
P n

i=1 Ti � tg is a large deviation event and f
P n

j =1 Sj � tg is an event of

constantprobability. On [t2; 1 ], both areeventsof constantprobability. Hence,for large n, the integral

in (20) canbe boundedfrom above by
Z t 1

0
C1(n)e� nI T (t=n )e� nI S (t=n )e� � t dt +

Z t 2

t 1

C2(n)e� nI T (t=n )e� � t dt +
Z 1

t 2

C3e� � t dt (26)

wherethe functionsC1(n) andC2(n) areon the orderof eo(n) , andC3 is a constant.The third term in

(26) gives,

C3e� �
� 1

n (27)

wherewe reusethe symbolC3 for someotherconstant.We next work with the othertwo termsin (26),

andwill startwith the secondterm.

A. SecondTerm

We wish to compute
Z t 2

t 1

C2(n)e� nI T (t=n )e� � t dt =
Z t 2

t 1

C2(n)e� nI T (t=n )� � t dt (28)

Let us ask what the supremumof the integrand is and where it occursif it can be achieved. By the

de�nition of I T (a), I T (a) and logM T (� ) areconvex conjugatepair with,

logM T (� ) = sup
a

(� a � I T (a)) (29)

Therefore,we have

logM T (� ) = sup
t

(�
t
n

� I T (t=n)) (30)
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Hence,

n logM T (� � ) = sup
t

(� � t � nI T (t=n)) (31)

Suppose� o achieves the supremumof

I T (a) = sup
�

(� a � logM T (� )) (32)

� o satis�es

a =
M 0

T (� o)
M T (� o)

(33)

Let us de�ne a function

hT (� ) =
M 0

T (� )
M T (� )

(34)

Then,

h0
T (� ) =

E[T2e� T ]E[e� T ] � (E[Te� T ])2

(E[e� T ])2 (35)

Here,we make the assumption

H3 h0
T (� ) exists in someneighborhoodof 0.

By the Cauchy-Schwarz inequality

E[T2e� T ]E[e� T ] � (E[Te� T ])2 (36)

wheretheequalityholdsif andonly if X = 0 with probability1. Hence,hT (� ) is an increasingfunction.

We will assumeit is a strictly increasingfunction. With this,

� o(a) = h� 1
T (a) (37)

whereh� 1
T (a) is the inverseof hT and is alsoa strictly increasingfunction. With � o, we have

I T (a) = � oa � logM T (� o) (38)

I 0
T (a) = a� 0

o + � o �
M 0

T (� o)
M T (� o)

� 0
o

= a� 0
o + � o � a� 0

o

= � o

= h� 1
T (a) (39)

Then,

� I 0
T (a) � � = � h� 1

T (a) � � (40)

We have proven the following lemma.
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Lemma1:

I 0
T (a) = � � ( ) h� 1

T (a) = � � ( ) a = hT (� � ) =
M 0

T (� � )
M T (� � )

(41)

I 0
T (a) � � � ( ) h� 1

T (a) � � � ( ) a � hT (� � ) =
M 0

T (� � )
M T (� � )

(42)

The inequality � canbe replacedby < , > and � in the above.

Returningback to (31), supposethe supremumis achieved at t � . Then, t � satis�es

� � � I 0
T (t � =n) = � � � h� 1

T (t � =n) = 0 (43)

Hence,

t � = nhT (� � ) (44)

Lemma2: t � exists, is unique,and0 < t � < t2 = n=� 1.

Proof: Note that for all � > 0, M 0
T (� � ) and M T (� � ) are both de�ned and positive. BecausehT

is strictly increasing,for � > 0,

0 < hT (� � ) =
M 0

T (� � )
M T (� � )

< hT (0) = 1=� 1 (45)

Hence,if t � is de�ned as in (44), it satis�es 0 < t � < t2 = n=� 1. Therefore,t � is the uniquepoint that

achieves the supremumof (31).

We next considertwo cases,dependingon whethert � lies in (0; t1) or [t1; t2).

B. case1: t � 2 (0; t1)

We make additionalassumption.

H4 I 00
T (a) is continuouson [0; 1 ).

Becauseof (39), H4 is equivalent to

H40 h0
T (� ) is continuousin a neighborhoodof 0.

Lemma3: t � 2 (0; t1) if andonly if hT (� � ) < 1=� 1. When t � 2 (0; t1),

lim
n!1

1
n

log
Z t 2

t 1

C2(n)e� nI T (t=n )e� � t dt = � (I T (1=� 1) + � =� 1) (46)

Let

� (t) = e� nI T (t=n )� � t (47)

We will �rst show that
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Lemma4: Whenn is large enough,� (t) is convex anddecreasingon [t1; t2].

Proof:

� 0(t) = e� nI T (t=n )� � t (� I 0
T (t=n) � � ) (48)

� 00(t) = e� nI T (t=n )� � t [(� I 0
T (t=n) � � )2 �

1
n

I 00
T (t=n)] (49)

We alreadyknow that

� I 0
T (t=n) � �

8
>>><

>>>:

> 0 if t < t �

= 0 if t = t �

< 0 if t > t �

(50)

Also, � I 0
T (t=n) � � strictly decreases.Hence,on [t1; t2],

� I 0
T (t=n) � � � � I 0

T (1=� 1) � � < � I 0
T (t � =n) � � = 0 (51)

Hence,(� I 0
T (t=n) � � )2 is greaterthan someconstant,c > 0. On the other hand,I 00

T (t=n) is bounded

on [t1; t2]. Hence,I 00
T (t=n)=n tendsto 0 asn increases.Therefore,for n large enough,� 00(t) is positive

on [t1; t2].

Proof: (of Lemma3) By (44), t � < t1 if and only if nhT (� � ) < t1, and if and only if hT (� � ) <

1=� 1.

The function � (t) increaseswhen t < t � and then decreaseswhen t > t � . By examining � 00(t), due

to the fact that I 00
T (a) > 0, we know that � (t) is concave in the neighborhoodof t = t � . A qualitative

illustration of � (t) is shown in �gure 1. In it, we draw a tangentline at the point (t1; � (t1)) . Let the

tangentline interceptsthe t-axis at tx . Then,

tx � t1 =
� (t1)
� 0(t1)

=
1

I 0
T (1=� 1) + �

(52)

Note that tx � t1 is a constant.Hence,for n large enough,tx falls betweent1 and t2.

� (t )

t1 t2 tt � tx

Fig. 1. � (t). Case1: t � 2 (0; t1).
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By convexity of � (t) on [t1; t2], � (t) is above the tangentline on that interval. Therefore,the integral

in (28) is boundedfrom above by the areaof the rectanglebetweent1 and t2, andis boundedbelow by

the areaof the trianglebetweent1 and tx , multiplied by C2(n). Hence,

1
2

C2(n)� (t1)( tx � t1) �
Z t 2

t 1

C2(n)e� nI T (t=n )� � t dt � C2(n)� (t1)( t2 � t1) (53)

1
2

1
I 0

T (1=� 1) + �
C2(n)� (t1) �

Z t 2

t 1

C2(n)e� nI T (t=n )� � t dt � (1=� 1 � 1=� 1)nC2(n)� (t1) (54)

Hence, Z t 2

t 1

C2(n)e� nI T (t=n )� � t dt = e� n(I T (1=� 1 )+ � =� 1 )+ o(n) (55)

Example1:

SupposeT hasexponentialdistribution with mean1=� 1. Then

M T (� ) =
� 1

� 1 � �
(56)

hT (� ) =
M 0

T (� )
M T (� )

=
1

� 1 � �
(57)

Hencethe condition for t � 2 (0; t1) is 1
� 1 + � < 1=� 1, which is equivalent to

� 1 � � 1 < � (58)

It is worth pointing out that � 1 � � 1 < � is not suf�cient to guaranteethat t � 2 (0; t1) in general

situations.To seethis, let us rewrite the condition for t � 2 (0; t1), hT (� � ) < 1=� 1, as

E[(
1
� 1

� T)e� � T ] > 0 (59)

Write  (x) = ( 1
� 1

� x)e� � x . Then,

 0(x) = e� � x (� 1 �
�
� 1

+ � x) (60)

Hence,at xo = 1
� 1

+ 1
� ,  0(xo) = 0. When x < xo,  0(x) < 0, and when x > xo,  0(x) > 0. An

illustration of  (x) is shown in �gure 2, where we choose� to be large so that � 1 � � 1 < � and

1=� 1 > 1=� 1 + 1=� . In this case,if the pdf of T , denotedby f T (x), is concentratedenougharoundthe

mean1=� 1, thenE (T) < 0.
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1
� 1

+ 1
�

1
� 1

f T (x)

 (x)

x1
� 1

Fig. 2. A situationwhereE (T ) < 0. f T (x) is the pdf of T .

t �t1 t2 ttx

� (t )

Fig. 3. � (t). Case2: t � 2 [t1 ; t2).

C. case2: t � 2 [t1; t2)

Lemma5: t � 2 [t1; t2) if andonly if hT (� � ) � 1=� 1. When t � 2 [t1; t2),

lim
n!1

1
n

log
Z t 2

t 1

C2(n)e� nI T (t=n )e� � t dt = logM T (� � ) (61)

Proof: By (44), t � � t1 if andonly if nhT (� � ) � t1, and if andonly if hT (� � ) � 1=� 1.

For thiscase,thefunction � (t) is illustratedin �gure 3. Weknow that � (t) is concave in aneighborhood

of t � and will becomeconvex when t becomeslarge, for large enoughn. Using the sameargumentas

the proof of Lemma4, � (t) is convex on [t2; 1 ) for large enoughn. Hence,the point tx > t � where

� (t) turns from beingconcave to beingconvex lies on (t � ; t2).

We wish to show that tx � t � doesnot becomesmall asn increases.Because� 00(tx ) = 0, we have

(� I 0
T (tx=n) � � )2 =

1
n

I 00
T (tx=n) (62)

BecauseI 0
T (a) is an increasingfunction,

I 0
T (tx=n) = � � +

q
I 00

T (tx=n)=
p

n (63)
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By H4, I 00
T (t=n) is boundedon t 2 [t � ; t2]. Hence,thereexist constants0 < d1 � d2

d1 � I 0
T (tx=n) � d2 (64)

BecausehT (� ) is an increasingfunction andby lemma1,

hT (� � + d1=
p

n) �
tx

n
� hT (� � + d2=

p
n) (65)

We will expandhT by Taylor's formula. For that purpose,we needthe assumption

H5 h00
T (� ) exists and is continuousin someneighborhoodof � � .

Then,for some� 1 2 (� � ; � � + d1p
n ),

hT (� � +
d1p

n
) = hT (� � ) + h0

T (� � )
d1p

n
+

h00
T (� 1)

2
(

d1p
n

)2 (66)

Hence,

tx � nhT (� � ) + d1h0
T (� � )

p
n +

d2
1h00

T (� 1)
2

(67)

Similarly,

tx � nhT (� � ) + d2h0
T (� � )

p
n +

d2
2h00

T (� 2)
2

(68)

for some� 2 2 (� � ; � � + d2p
n ). By substitutingt � = nhT (� � ), we get

d1h0
T (� � )

p
n +

d2
1h00

T (� 1)
2

� tx � t � � d2h0
T (� � )

p
n +

d2
2h00

T (� 2)
2

(69)

Hence,tx � t � hasthe sameorderof
p

n.

We are ready to computethe integral in (28). In �gure 3, by concavity of � (t) on [t � ; tx ], the line

segmentjoining the points(t � ; � (t � )) and(tx ; � (tx )) is below � (t) on the interval [t � ; tx ]. Therefore,the

integral in (28) is boundedfrom above by the areaof the rectanglebetweent1 and t2, and is bounded

below by the areaof the trapezoidbetweent � and tx , multiplied by C2(n). The lower boundis further

boundedfrom below by the areaof the trianglebetweent � and tx , multiplied by C2(n). Hence,

1
2

C2(n)� (t � )( tx � t � ) �
Z t 2

t 1

C2(n)e� nI T (t=n )� � t dt � C2(n)� (t � )( t2 � t1) (70)

p
nC3(n)� (t � ) �

Z t 2

t 1

C2(n)e� nI T (t=n )� � t dt � nC4(n)� (t � ) (71)

whereC3(n) andC4(n) areC2(n) modi�ed by a constantmultiple. Hence,
Z t 2

t 1

C2(n)e� nI T (t=n )� � t dt = en log M T (� � ))+ o(n) (72)
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D. First Term

We wish to compute
Z t 1

0
C1(n)e� nI T (t=n )e� nI S (t=n )e� � t dt =

Z t 1

0
C1(n)e� n(I T (t=n )+ I S (t=n )) � � t dt (73)

We startby askingwhat the maximumof the integrandis andwhereit occurs.De�ne

I (a) = I T (a) + I S(a) (74)

By Theorem6.6 of [3] (page86), I (a) is the convex conjugate function of

g(� ) = inf f log(M T (� 1)M S(� 2)) j� 1 + � 2 = � g (75)

= inf
� 1

f log(M T (� 1)M S(� � � 2))g (76)

wherethedomainof g is determinedby thedomainsof M T (� 1) andM S(� 2). If suchg(� ) doesnot exist,

i.e., g(� ) = �1 for any � , it must be true that I (a) = + 1 (checkthis?),which is not an interesting

casebecausewe can just ignore the �rst term, i.e., (73). Hence,we make the assumption

H6 g(� ) exists in someneighborhoodof 0, and for a < 1=� 1, sup� f � a � g(� )g in achieved in the

neighborhood.

We thenhave the conjugatepairs

I (a) = sup
�

f � a � g(� )g (77)

g(� ) = sup
a

f � a � I (a)g (78)

Therefore

sup
t

f� n(I T (t=n) + I S(t=n)) � � tg

= sup
t

f� nI (t=n) � � tg

= n sup
t

f� I (t=n) � � t=ng

= ng(� � ) (79)

= n inf
�

f log(M T (� )M S(� � � � ))g (80)

The integral in (73) is clearly upperbounded
Z t 1

0
C1(n)e� n(I T (t=n )+ I S (t=n )) � � t dt �

n
� 1

C1(n)en inf � f log(M T (� )M S (� � � � )) g (81)
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Supposeto achieves the supremumof � nI (t=n) � � t. Then, it satis�es

� I 0(to=n) � � = � I 0
T (to=n) � I 0

S(to=n) � � = 0 (82)

Then,

� h� 1
T (to=n) � h� 1

S (to=n) � � = 0 (83)

wherehT (� ) = M 0
T (� )

M T (� ) andhS(� ) = M 0
S (� )

M S (� ) . SincehT andhS areboth strictly increasing,we cande�ne

h(� ) = (h� 1
T + h� 1

S ) � 1(� ) (84)

which is alsoa strictly increasingfunction. Hence,

to = nh(� � ) (85)

Lemma6: to exists, is unique,and0 < to < t2 = n=� 1.

Proof: To show h(� � ) > 0, it suf�ces to show that thereexists � > 0 suchthat h(� � ) � � . Choose

� = minf hT (� � =2); hT (� � =2)g. SincehT andhS arebothincreasingfunctions,we have h� 1
T (� ) � � � =2

andh� 1
S (� ) � � � =2. Hence,(h� 1

T + h� 1
S )( � ) � � � . Therefore,h(� � ) � � .

To show the existenceof to, note that

� I 0(n�=n ) � � = � I 0(� ) � � = � (h� 1
T + h� 1

S )( � ) � � � 0 (86)

But, becauseh� 1
T (1=� 1) = 0 andh� 1

S (1=� 1) > h� 1
S (1=� 1) = 0,

� I 0(t2=n) � � = � h� 1
T (1=� 1) � h� 1

S (1=� 1) � � < 0 (87)

Hence,to mustexists and is between[�; t2), and to is uniquebecauseI 0 is strictly increasing.

Lemma7: to 2 (0; t1) if andonly if hT (� � ) < 1=� 1, andhence,to 2 [t1; t2) if andonly if hT (� � ) �

1=� 1.

Proof: Note that to satis�es

� I 0(to=n) � � = 0 (88)

Sincewe know to 2 (0; t2) and I 0(t=n) strictly increaseswith t, it suf�ces to show

� I 0(t1=n) � � < 0 (89)

This is true if andonly if

h� 1
T (1=� 1) + h� 1

S (1=� 1) > � � (90)
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But h� 1
S (1=� 1) = 0. Hence,(90) is trueif andonly if h� 1

T (1=� 1) > � � , which is equivalentto hT (� � ) <

1=� 1.

Lemma8:

I S(1=� 1) = 0 (91)

Proof: By de�nition,

I S(1=� 1) = sup
�

f � =� 1 � logM S(� )g (92)

Let � 2 achieves the supremum.Then,

� 2 = h� 1
S (1=� 1) = 0 (93)

Hence,I S(1=� 1) = 0.

1) case1: to 2 (t1; t2):

Lemma9: When to 2 (0; t1),

lim
n!1

1
n

log
Z t 1

0
C1(n)e� n(I T (t=n )+ I S (t=n )) � � t dt = � I T (1=� 1) � � =� 1 (94)

Proof: The proof is similar to that for lemma3. We �rst de�ne

� (t) = e� nI (t=n )� � t (95)

Then,we have

� 0(t) = e� nI (t=n )� � t (� I 0(t=n) � � ) (96)

� 00(t) = e� nI (t=n )� � t [(� I 0(t=n) � � )2 �
1
n

I 00(t=n)] (97)

Since I 0(a) is an increasingfunction of a and � I 0(to=n) � � = 0, it must be true that � 0(t) > 0 on

(0; to) and � 0(t) < 0 on (to; t2). Similar to lemma4, it is easyto show � (t) is eventually convex on

(0; t1). Here,we needthe assumptionthat I 00(a) is boundedon a 2 [0; 1=� 1], which is satis�ed under

the assumption

H7 I 00
T (a) and I 00

S(a) arecontinuouson [0; 1 ).

which is equivalent to

H7' h0
T (� ) andh0

S(� ) arecontinuousin a neighborhoodof 0.

We illustratethe shapeof � (t) in �gure 4. There,we draw the tangentline at thepoint (t1; � (t1)) whose

t-axis interceptis tx . We have

t1 � tx =
� (t1)
� 0(t1)

=
1

I 0(1=� 1) + �
(98)
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Note that t1 � tx is a constant.Hence,for n largeenough,tx falls between0 andt1. The integral of � (t)

on (0; t1) is boundedfrom above by the areaof the rectanglebetween(0; t1) andboundedfrom below

by the areaof the trianglebetween(tx ; t1). Hence,

1
2

C1(n)� (t1)( t1 � tx ) �
Z t 1

0
C1(n)e� nI (t=n )� � t dt � C1(n)� (t1)t1 (99)

Hence, Z t 1

0
C1(n)e� nI T (t=n )� � t dt = e� n(I (1=� 1 )+ � =� 1 )+ o(n) (100)

By lemma8, I S(1=� 1) = 0. Hence,

I (1=� 1) = I T (1=� 1) + I S(1=� 1) = I T (1=� 1) (101)

Finally, we have Z t 1

0
C1(n)e� nI T (t=n )� � t dt = e� n(I T (1=� 1 )+ � =� 1 )+ o(n) (102)

� (t )

tx t1 to t2 t

Fig. 4. � (t). Case1: to 2 (t1 ; t2).

2) case2: to 2 (0; t1):

Lemma10: When to 2 (0; t1),

lim
n!1

1
n

log
Z t 1

0
C1(n)e� n(I T (t=n )+ I S (t=n )) � � t dt = g(� � ) (103)

Proof: The proof is very similar to that for lemma 5. We only sketch the proof here.Figure 5

illustratesthe situation in this case.First, � 00(t) � 0 near to, and hence,� (t) is concave near to. � (t)

eventuallybecomesconvex as t movesaway from to. Moreover, for large enoughn, all the concave part

of � (t) falls in (0; t1). Let tx > to be point where � (t) turns from being concave to being convex. It

satis�es � 00(t) = 0. We can show that tx � to doesnot becomesmall as n increases.In fact, underthe

assumptionof H7 andunderthe new assumptionthat
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H8 h00
T (� ) andh00

S(� ) exist andarecontinuousin someneighborhoodof � � .

we canshow that tx � to is of the order
p

n. We thenboundthe integral of � (t) on (0; t1) from above

by the areaof the rectanglebetween0 and t1, and from below by the areaof the triangle betweento

and tx , andget

1
2

C1(n)� (to)( tx � to) �
Z t 1

0
C1(n)e� n(I T (t=n )+ I S (t=n )) � � t dt � C1(n)� (to)t1 (104)

Because� (to) = eng(� � ) , we get the conclusionof the lemma.

to t

� (t)

tx t1 t2

Fig. 5. � (t). Case2: to 2 (0; t1).

E. CombiningThreeTerms

1) case1: hT (� � ) < 1=� 1: In this case,we needto comparethreeexpressionscorrespondingto the

threetermsof (26): g(� � ), � (I T (1=� 1) + � =� 1), and � � =� 1.

Lemma11: Given hT (� � ) < 1=� 1, we have

g(� � ) � � (I T (1=� 1) + � =� 1) > � � =� 1 (105)

where

g(� � ) = inf
�

f log(M T (� )M S(� � � � ))g (106)

Proof: First let us show � (I T (1=� 1) + � =� 1) > � � =� 1. Note that

I T (1=� 1) = � o=� 1 � logM T (� o) (107)

where� o = h� 1
T (1=� 1). Hence,we needto show

logM T (� o) � � o=� 1 � � =� 1 > � � =� 1 (108)

which is equivalent to

e� � o =� 1 Ee� o T > e� � (1=� 1 � 1=� 1 ) (109)
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By convexity of the function x 7! e� o x ,

e� � o =� 1 Ee� o T � e� o (1=� 1 � 1=� 1 ) (110)

We only needto show � o > � � , which is true becausehT (� � ) < 1=� 1 = hT (� o) andhT is increasing.

We next show g(� � ) � � (I T (1=� 1) + � =� 1). Note that g(� � ) is the maximum of � I T (t=n) �

I S(t=n) � � t=n over t. Hence

g(� � ) � � I T (t1=n) � I S(t1=n) � � t1=n

= � I T (1=� 1) � I S(1=� 1) � � =� 1

= � I T (1=� 1) � � =� 1 (111)

The last equality is becauseI S(1=� 1) = 0 by lemma8.

2) case2: hT (� � ) � 1=� 1: In this case,we needto comparethreeexpressionscorrespondingto the

threetermsof (26): � (I T (1=� 1) + � =� 1), logM T (� � ), and � � =� 1.

Lemma12:

logM T (� � ) � � � =� 1 (112)

logM T (� � ) � � (I T (1=� 1) + � =� 1) (113)

Proof: To show (112), it suf�ces to show that

Ee� � T � e� � =� 1 (114)

which is true becausethe function x 7! e� � x is convex.

To show (113), note that logM T (� � ) is the maximumof � I T (t=n) � � t=n over t. Hence

logM T (� � ) � � I T (t1=n) � � t1=n

= � I T (1=� 1) � � =� 1 (115)

Combiningthe two cases,we have proven the following theorem.

Theorem13:

lim
n!1

1
n

log
Z 1

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tge� � t dt =

8
<

:

g(� � ) if hT (� � ) < 1=� 1

logM T (� � ) if hT (� � ) � 1=� 1

(116)

Example2:
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Going back to the exponentialcase,whereT and S and both exponentialrandomvariableswith mean

1=� 1 and1=� 1, respectively. We have M T (� ) = � 1=(� 1 � � ) andM S(� ) = � 1=(� 1 � � ). We get

logM T (� � ) = log
� 1

� 1 + �
(117)

g(� � ) = inf
�

log(
� 1

� 1 � �
� 1

� 1 + � + �
) (118)

By settingg0(� ) = 0, we �nd that the in�mum occursat � o = (� 1 � � 1 � � )=2, and the in�mum is

g(� � ) = log
4� 1� 1

(� 1 + � 1 + � )2 (119)

We have alreadyseenin example1 that theconditionhT (� � ) < 1=� 1 becomes� 1 � � 1 < � in this case.

lim
n!1

1
n

log
Z 1

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tge� � t dt =

8
<

:

log 4� 1 � 1

(� 1 + � 1 + � )2 if � 1 � � 1 < �

log � 1
� 1 + � if � 1 � � 1 � �

(120)

I I I .

A. Relaxingthe RandomTime

Let Z be a randomvariablewith exponentialtail probability. That is, its pdf, f Z (t) = e� � t+ o(t ) for

large t, where� > 0. We will show that

Theorem14:

lim
n!1

1
n

logEPf
nX

i =1

Ti � Z gPf
nX

j =1

Sj � Z g =

8
<

:

g(� � ) if hT (� � ) < 1=� 1

logM T (� � ) if hT (� � ) � 1=� 1

(121)

Proof: For all � > 0, thereexists a t � suchthat, for all t > t � ,

e� (� + � )t � f Z (t) � e� (� � � )t (122)

EPf
nX

i =1

Ti � Z gPf
nX

j =1

Sj � Z g

=
Z 1

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt

=
Z t �

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt +
Z 1

t �

Pf
nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt (123)

DRAFT



21

We will �rst show that the �rst term can be ignoredwhen comparedwith the secondterm. For large

enoughn, t � < t1. Hence
Z t �

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt

=
Z t �

0
C1(n)e� n(I T (t=n )+ I S (t=n )) f Z (t)dt

� C1(n)e� n(I T (t 0=n)+ I S (t 0=n)) Pf Z � t � g

� C1(n)e� n(I T (t 0=n)+ I S (t 0=n)) (124)

wheret0 achieves the supremumof e� n(I T (t=n )+ I S (t=n )) on [0; t � ]. Note that

lim
� !�1

M T (� ) = lim
� !�1

Ee� T = E[ lim
� !�1

e� T ] = 0 (125)

The interchangeof limit andexpectationis justi�ed by dominatedconvergencetheorem.Therefore,

I T (0) = sup
�

f� logM T (� )g = + 1 (126)

Next, asn ! 1 , t0=n ! 0. Hence,for any constantc > 0, thereexists an integer N (c; � ) suchthat for

all n > N (c; � ), I T (t0=n) > r . Hence,for suchn,

e� n(I T (t 0=n)+ I S (t 0=n)) � e� nc (127)

That is,
Rt �

0 Pf
P n

i=1 Ti � tgPf
P n

j =1 Sj � tgf Z (t)dt decreasesfast thane� nc for any constantc.

We now turn to the secondterm of (123).
Z 1

t �

Pf
nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt

�
Z 1

t �

Pf
nX

i =1

Ti � tgPf
nX

j =1

Sj � tge� (� � � )t dt

�
Z 1

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tge� (� � � )t dt (128)

By theorem13, whenhT (� � + � ) < 1=� 1,

lim sup
n!1

1
n

Z 1

t �

Pf
nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt � g(� � + � ) (129)

andwhenhT (� � + � ) � 1=� 1,

lim sup
n!1

1
n

Z 1

t �

Pf
nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt � logM T (� � + � ) (130)
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Becausethe �rst term in (123) canbe neglected,we have

lim sup
n!1

1
n

Z 1

t �

Pf
nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt

= lim sup
n!1

1
n

Z 1

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt (131)

For the lower bound,
Z 1

t �

Pf
nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt

�
Z 1

t �

Pf
nX

i =1

Ti � tgPf
nX

j =1

Sj � tge� (� + � )t dt

=
Z 1

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tge� (� + � )t dt

�
Z t �

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tge� (� + � )t dt

�
Z 1

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tge� (� + � )t dt

�
Z t �

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tgdt (132)

For the samereasonas before,the secondterm in (132) decaysfasterthan e� ct for any c > 0 and can

be ignored.Hence,by theorem13, whenhT (� � � � ) < 1=� 1,

lim inf
n!1

1
n

Z 1

t �

Pf
nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt � g(� � � � ) (133)

andwhenhT (� � � � ) � 1=� 1,

lim inf
n!1

1
n

Z 1

t �

Pf
nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt � logM T (� � � � ) (134)

Becausethe �rst term in (123) canbe neglected,we have

lim inf
n!1

1
n

Z 1

t �

Pf
nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt

= lim inf
n!1

1
n

Z 1

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt (135)

Combiningthe upperand lower boundandsince� is arbitrary, we get, whenhT (� � ) < 1=� 1,

lim
n!1

1
n

Z 1

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt = g(� � ) (136)
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andwhenhT (� � ) � 1=� 1,

lim
n!1

1
n

Z 1

0
Pf

nX

i =1

Ti � tgPf
nX

j =1

Sj � tgf Z (t)dt = logM T (� � ) (137)

Therefore,we have the conclusionof the theorem.

IV. LOWER BOUND

Considera GI/GI/1 queueinitially emptyat time t = 0. Recall that Tn is the interarrival time between

customerCn andcustomerCn+1 , whereCn is thenth customeraftertime 0, Sn is theservicetime of Cn ,

n = 1; 2; :::. Let us de�ne An be the arrival time, andWn be waiting time in the queueof customerCn .

Let N (t) be the numberof arrivals on the interval [0; t]. Supposea constant� satis�es 0 < � < 1=� 1,

and hence,t := � n < n=� 1. Then, the event f An � tg = f
P n

i=1 Ti � tg is a large deviation type of

event.

Lemma15: For t = � n andfor any constantx > 0,

lim
n!1

1
n

logPf An 2 (t � x; t]g = � I T (� ) (138)

Proof: By the theoryof large deviation, we know that

lim
n!1

1
n

logPf An � tg = � I T (� ) (139)

For large n, we canwrite

Pf An � tg = e� nI T (� )+ o(n) (140)

whereo(n) satis�es o(n)=n ! asn tendsto in�nity . Clearly,

Pf An 2 (t � x; t]g � Pf An � tg = e� nI T (� )+ o(n) (141)

We want to show, for every � > 0, whenn is large enough,

Pf An 2 (t � x; t]g � e� n(I T (� )+ � ) (142)

Supposethis is not the case.Then,thereexists an � > 0 suchthat, for large n,

Pf An 2 (t � x; t]g � e� n(I T (� )+ � ) (143)

Partition the interval [0; t] into bt=xc = b� n=xc intervalsof lengthx. For any k = 0; 1; 2; :::; b� n=xc� 1,

Pf An 2 (t � x; t]g � Pf An 2 (t � (k + 1)x; t � kx]g (144)
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Hence,we have

Pf An � tg �
b� n=xc� 1X

k=0

Pf An 2 (t � (k + 1)x; t � kx]g

�
b� n=xc� 1X

k=0

e� n(I T (� )+ � )

= b
� n
x

ce� n(I T (� )+ � ) (145)

which contradicts(140).

Lemma16: Let X 1, X 2, ..., X n be identically distributedrandomvariables.Let a be a real number.

Pf X 1 + ::: + X j � j a for all 1 � j � ng �
1
n

Pf X 1 + ::: + X n � nag (146)

Proof: The proof can taken from the proofs for Lemma3.1 andTheorem3.3 in [2] (page46).

We will next �nd a lower bound for the probability that, given n customersarrived on [0; t] to the

empty queue,all n customersleft by time t. This is the probability that exactly n customersdeparted

the queueon [0; t] leaving the queueempty, given the queueis emptyat time 0. This probability canbe

written as

Pf q(t) = 0 j N (t) = n; q(0) = 0g (147)

whereq(t) is the numberof customersin the queueat t. We will show the following theorem.

Theorem17: For t = � n,

Pf q(t) = 0 j N (t) = n; q(0) = 0g � C(n)Pf
nX

i =1

Si � tg (148)

whereC(n) is of the orderof eo(n) .

Proof: A particularway for the n customersto leave the queueby t is that the n th customerdid

not wait to be servicedand it hasdepartedthe queueby t. Therefore,

Pf q(t) = 0 j N (t) = n; q(0) = 0g � Pf Wn � 0; An + Sn � t j N (t) = n; q(0) = 0g (149)

Let us de�ne x = 1=� 1, and � 1 < 
 < 1, where � 1 = � 1=� 1. SinceET = 1=� 1, we get Pf Tn+1 �

xg > 0. Since 
 x > � 1=� 1 = 1=� 1 and ES = 1=� 1, we must have Pf Sn � 
 xg > 0. We continueto

boundthe right handsideof (149).

Pf Wn � 0; An + Sn � t j N (t) = n; q(0) = 0g

� Pf Wn � 0; An 2 (t � x; t � 
 x]; Sn � 
 x; Tn+1 � x j N (t) = n; q(0) = 0g (150)
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As will be seenlater, our choiceof x makessurethat the probability on the right handsideabove does

not becomezero.

A standardfact from queueingtheory is that Wn canbe written recursively as

Wn = max(Wn� 1 + Sn� 1 � Tn� 1; 0) (151)

for n = 2; 3; :::. De�ne Un = Sn � Tn , for n = 1; 2; :::. We expandthe right handof (151) recursively

andusethe fact that W1 = 0 sinceq(0) = 0, we get,

Wn = max(U1 + U2 + ::: + Un� 1; U2 + U3::: + Un� 1; :::; Un� 1; 0) (152)

Oneof the observationsis that Wn dependson Sk andTk for k = 1; 2; :::; n � 1 and is independentof

Sn . Next, An =
P n

i=1 Ti and is independentof Sn . Tn+1 is independentof Sn . The following events

areequivalent

f N (t) = ng = f An � t; An+1 > tg = f An � t; An + Tn+1 > tg (153)

and hencef N (t) = ng is independentof Sn . Finally, q(0) is clearly independentof Sn . Therefore,

(Wn ; An ; Tn+1 ) is jointly independentof Sn whetheror not conditionalon f N (t) = n; q(0) = 0g. The

right handsideof (150) canbe written as

Pf Wn � 0; An 2 (t � x; t � 
 x]; Sn � 
 x; Tn+1 � x j N (t) = n; q(0) = 0g

= Pf Wn � 0; An 2 (t � x; t � 
 x]; Tn+1 � x j N (t) = n; q(0) = 0g

�Pf Sn � 
 x j N (t) = n; q(0) = 0g

= Pf Wn � 0; An 2 (t � x; t � 
 x]; Tn+1 � x j N (t) = n; q(0) = 0gPf Sn � 
 xg (154)

We have arguedthat the choiceof x makes Pf Sn � 
 xg a non-zeroconstant,save C1 > 0. The other

probability in (154) canbe written as

Pf Wn � 0; An 2 (t � x; t � 
 x]; Tn+1 � x j N (t) = n; q(0) = 0g

= Pf Wn � 0 j N (t) = n; q(0) = 0; An 2 (t � x; t � 
 x]; Tn+1 � xg

�Pf An 2 (t � x; t � 
 x]; Tn+1 � x j N (t) = n; q(0) = 0g

= Pf Wn � 0 j q(0) = 0; An 2 (t � x; t � 
 x]; Tn+1 � xg

�Pf An 2 (t � x; t � 
 x]; Tn+1 � x j N (t) = n; q(0) = 0g (155)
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In the last stepabove, we have use the equivalencein (153). We study the two probabilitiesin (155)

separately. By the independenceof Wn andTn+1 ,

Pf Wn � 0 j q(0) = 0; An 2 (t � x; t � 
 x]; Tn+1 � xg

= Pf Wn � 0 j q(0) = 0; An 2 (t � x; t � 
 x]g

= Pf max(U1 + U2 + ::: + Un� 1; U2 + U3::: + Un� 1; :::; Un� 1; 0) � 0 j q(0) = 0; An 2 (t � x; t � 
 x]g

�
1

n � 1
Pf U1 + U2 + ::: + Un� 1 � 0 j q(0) = 0; An 2 (t � x; t � 
 x]g (156)

The last stepusesLemma16 and the fact the randomvariablesU1, U2, ..., Un� 1 are still identically

distributedgiven f q(0) = 0; An 2 (t � x; t � 
 x]g, which canbe arguedby symmetry.

Now, let us choosean interval [a; b] such that Pf Tn 2 [a;b]g > 0 and b � a < (1 � 
 )x. This is

possiblesincethe CDF of any randomvariableincreasesfrom 0 to 1. Therefore,for any � > 0, onecan

always �nd an interval of length � on which the probability is non-zero.Now choose� = a=x + 1 and

� = b=x+ 
 . Then,

� � � = 1 � 
 �
b� a

x
> 0 (157)

Let us supposeAn� 1 falls into (t � � x; t � � x) in deriving the following lower bound.

Pf U1 + U2 + ::: + Un� 1 � 0 j q(0) = 0; An 2 (t � x; t � 
 x]g

= Pf
n� 1X

i =1

Si � An� 1 j q(0) = 0; An 2 (t � x; t � 
 x]g (158)

= Pf
n� 1X

i =1

Si � An� 1 j An 2 (t � x; t � 
 x]g (159)

� P f
n� 1X

i =1

Si � An� 1; An� 1 2 (t � � x; t � � x) j An 2 (t � x; t � 
 x]g

� Pf
n� 1X

i =1

Si � t � � x; An� 1 2 (t � � x; t � � x) j An 2 (t � x; t � 
 x]g

= Pf
n� 1X

i =1

Si � t � � x j An� 1 2 (t � � x; t � � x); An 2 (t � x; t � 
 x]g

�Pf An� 1 2 (t � � x; t � � x) j An 2 (t � x; t � 
 x]g (160)

= Pf
n� 1X

i =1

Si � t � � xgPf An� 1 2 (t � � x; t � � x) j An 2 (t � x; t � 
 x]g (161)

= Pf
n� 1X

i =1

Si � t � � xg
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�
P f An 2 (t � x; t � 
 x] j An� 1 2 (t � � x; t � � x)gPf An� 1 2 (t � � x; t � � x)g

Pf An 2 (t � x; t � 
 x]g
(162)

� P f
n� 1X

i =1

Si � t � � xg

�
Pf Tn 2 [a;b] j An� 1 2 (t � � x; t � � x)gPf An� 1 2 (t � � x; t � � x)g

Pf An 2 (t � x; t � 
 x]g
(163)

= Pf
n� 1X

i =1

Si � t � � xgPf Tn 2 [a;b]g
Pf An� 1 2 (t � � x; t � � x)g

Pf An 2 (t � x; t � 
 x]g
(164)

From (158) to (159),we usethe fact that S1; :::; Sn� 1 andAn� 1 areindependentof q(0) whetheror not

conditionalon An . From (160) to (161), we usethe fact that Sn is independentof An� 1 andAn . From

(162) to (163), we usethe fact that An = An� 1 + Tn . When An� 1 2 (t � � x; t � � x) and Tn 2 [a;b],

An 2 (t � � x + a; t � � x + b). By thechoiceof � and� , we have t � � x + a � t � x andt � � x + b � t � 
 x.

Hence,in this caseAn 2 (t � x; t � 
 x).

Continuingfrom (164),we �rst notethat,if thedistribution of Tn is non-lattice,Pf An� 1 2 (t � � x; t �

� x)g andPf An 2 (t � x; t � 
 x]g arenon-zerofor each�x ed but large n, andhence,their ratio is non-

zero.Second,f An� 1 2 (t � � x; t � � x)g andf An 2 (t � x; t � 
 x]g areeitherboth large-deviation events

when t � n=� 1 or eventsof constantprobability when t > n=� 1. In the latter case,P f A n � 1 2 (t � � x;t � � x)g
P f A n 2 (t � x;t � 
 x]g

is a non-zeroconstant.In the former case,we claim that

Pf An� 1 2 (t � � x; t � � x)g
Pf An 2 (t � x; t � 
 x]g

= eo(n) (165)

This is immediateby applyingLemma15. For t = � n, we have

Pf An 2 (t � x; t � 
 x]g = Pf An� 1 2 (t � � x; t � � x)g = e� nI T (� )+ o(n) (166)
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