On the Large Deviation of ResequencingQueue Size- A
Generalizable Argument involving Moment Generating

Functions

I. THE SETUP

At timet, let V (t) betheeventfthe DN is emptyattime tg. If V(t), let C (t) bethe oldestcustomer
in the DN, let W (t) bethetime C (t) hasspentin the DN, andlet| (t) bethe queuein the DN which
C (t) goesthrough.Forn 0, let

E (t; s;n) = fatleastn customersarrived at the DN
ontheinterval (t s;t], out of which

at leastn have left the DN by tg:

Let the size of the resequencingiueue(RSQ) at time t be g (t), andlet g (t) be the size of queuei at

time t, wherei = 1 or 2. Then,for n > 0,
Pfg'(t) ng= PfV(t) andE(t; W (t);n)g: D)

Next, we will explain equality (1). Whenthe RSQ size is greaterthan or equalto n, wheren > 0, it
must be waiting for somecustomerstill in the DN. In particular the next paclet gap the RSQis trying
to Il is C (t). The customersn the RSQ are exactly thosewho arrived at the DN laterthanC (t), but
who have left the DN by time t. We are interestedn computinglimy;  Pfq'(t) ng. Alternatively,
let us assumaall relevant processesre stationary

Let us extendthe de nition of W (t), W (t) = 0if V(t). Then,whenn = O,

Pfg(t) ng= 1

PfV(t) andE(t; W (t);n)g

= PfE(t; W (t);n)jV(t)gPfV(t)g= PfV()g:
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PfV(t) andE(t; W (t);n)g
= PfE(t; W (t);n)jV(t)gPfV (t)g= PfV(t)a:

Hence,for n = 0,
Pfg'(t) ng= PfE(tW (1);n)g: (2)

For n > 0, (2) is still true because
PfV(t) andE(t; W (t);n)g
= PfE(t; O;n)jV (t)gPfV (t)g= O:

Note that, becausecustomersare sened on rst-come- rst-serve basisin eachof the queues,the
oldestcustomersn the non-emptyDN mustbe in serviceat one of the queuesl!f queuei is not empty
i 2 f0; 1g, let W;(t) bethe durationfor which the customelin serviceat queuei hasstayedin the queue.
If queuei is empty let Wi (t) = O.

We needthe following result. As x ! 1, fori = 1or 2,
PfWi(t)>xg e *; (3)
fw,(x) e X 4)

Here,we assumehe pdf, fy, (x), exists. We will occasionallyomit the dependengcont for brevity.
Let Mi(t; s) be the numberof thosecustomersvho arrived at queuei on the intenal (t  s;t] and

who departedby time t. Note that for n > 0,
PEM1(t W (1)  njWa(t) = Wa(t) = 0g
= PfM4(t;0) nj Wq(t) = Wo(t) = Og= O:
Also, becausepaclets cannotsimultaneousharrive at differentdisorderingqueues,
PfWa(t) = Wa(t) 6 0g = O:
Therefore,
PEM1(t W (1)  njWa(t) = Wa(t)g

PFW4(t) = Wa(t)g = O:
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Then,for n > 0,
Pfq'(t) ng

PFE(t W (t);n)g

PEM(EW (t)  nj Wi(t) > Wa(t)g

PfW4(t) > W(t)g
+ PEMy(t W (1) nj Wa(t) > Wi(t)g
PfWy(t) > Wy(t)g: (5)
This can be explainedas follows. If W1(t) > W5(t), thenthe oldestcustomerC (t), in the DN must
be in serviceat queuel. Hence,W1(t) = W (t). All customeravho cameto the DN after C (t) and

who have left the DN by time t musthave beenroutedto the RSQvia queue2.

Forn > 0,
Fz’fl\ﬁz(t; W (1)) njWa(t) > Wa(t)g

= U PENES) N Wa(h) = s Wa(t) > Walt)g
N

fw.jw,>w , (S)ds

= ' PFMa(t;s) nj Wa(t) = s;Wa(t) < sg
o

fw,jw,>w ,(S)ds (6)
In the above, f\y,jw,>w , (S) denotesthe conditionaldensityof Wq(t) givenfW,(t) > Wo(t)g. We need
this to have an exponentialdecayingtail e *. Note that, in the integral, the (conditional) probability
massat s = 0 doesnot contritute to the probability on the left handside.

We will computethe conditionaldensityby startingwith the joint probability For x 0,

PfWi. > x; W1 > Wog

X 1 1
e(l 1) 2
1 1' 2 2

e (1 1+ 2 2)X: (7)

From (7), we have
Pfwy > Wog = PfWy> O;W; > Wog

1 1
= 1 12 : (8)
1 1+t 2 2
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From (7) and (8), we get the conditionaldensityfor x 0,

fw.jw,.sw , (X)

= Kqe (1 1)x K,e (1 1t 2 z)X; (9)
whereK 1 andK , areconstantsgiven by,

Ky= 1 1 . (10)

1 2 1 1

1 1t 2 2

_ o001 1) .
Ko = 1 , — : (11)

1 o1t 2 2

Note that the secondtermin (9) decaysmuchfasterthanthe rst term. If we ignoreit, the conditional
probability densitydecaysexponentially

Next, we will bound(6) from abose andbelow.
1
PIMa(ts)  nj Wat) = s;Wa(t) < sgfw,jw,>w,(S)ds
O+
Z,
. fw.jw,>w , (S)
PFMo(t:s) N Wa(t) < sj Wq(t) = s SR s

fw,jw,.sw , (S)
PfWo(t) = 0] Wq(t) = sg

1
PfMo(t;s) nj Wa(t) = sg
0+
Z 1
A1 PEMa(t;s)  nj Wi(t) = sgfw,jw,>w,(s)ds: (12)
0+
Here,we needthe resultthat
PfWy(t) < sj Wq(t) = sg > 0 (13)
or
PIW,(1) = 0j Wi(t) = sg > O; (14)
andA; = 1.
Next,
PfMa(t;s) nj Wi(t) = sg
Pfatleastn customersarrive at disorderinggqueue2 on theintenal [t s;t], and
at leastn of thesecustomersare sened on the sameinterval

] Wa(t) = sg (15)

Let the customerwho is in serviceat time t at disorderingqueuei be denotedby C;(t). The event

E = fWy(t) = sg saysthatC4(t) arrived at queuel attimet s andits sojourntime is at leasts. The
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only relevanceof the event E to the queue2 processaftertimet s is thatanarrival occurredat time
t s, which was directedto queuel. This affects the probability of when the next arrival to queue2
occurs.Conditionalon E, startingattimet s, thearrival procesgo queue? is a (non-delayedyeneval
processAlso, the servicetimesof the arrivals on theinterval [t s;t] areindependenbf E. We denote
T, astheinterarrival timesandS; asthe servicetimesof customergo queue2. Hence,we canwrite the

following upperboundfor (15).
PEMa(ts) njWi(t) = sg
Pfatleastn customersarrive at disorderingqueue2 on theintenal [t s;t]
accordingto the renaval processand

at leastn of thesecustomersare sened on the sameintervalg

X X
Pf T sgPf S s (16)
i=1 i=1
For a lower boundof (6),
Z,

PEMa(ts)  nj Wi(t) = s;Wa(t) < sgfw,jw,>w,(s)ds

Zy
. fw,iw,sw , (S)
= PfMo(t;s) niWo(t) < sjWi(t)=s U7 2 ds
Zo+ 2( ) 2( ) J 1( ) ngWz(t) < SJ Wl(t) — Sg
1
PfMa(t;s) N Wa(t) = 0] Wa(t) = sgf w,jw,>w,(s)ds
0+
Z
= PEMa(ts)  n;ap(t) = 0 Wa(t) = sgfw,jw,>w,(s)ds
Al
PiMa(t;s)  nae(t) = 0;cp(t  s) = 0] Wa(t) = SOf w,jw,>w,(S)ds
Al

= PEMa(t;s) ngp(t) = 0j ot s) = 0;Wy(t) = sg
o

Pfgp(t s)= 0] Wi(t) = sofw,jw,>w,(s)ds: (17)
Let us assumgwhich shouldbe provenin generalcases)for all s 0,
Pfop(t s)=0jWy(t)=sg Ax>0: (18)

As amguedbefore,conditionalon E, startingattimet s, the arrival processto queue?2 is a renaval
processA particularway for
Also, the only relevanceof the eventf W;(t) = sg to the queue2 processaftertimet s is thatan

arrival occurredattimet s, which wasdirectedto queuel.
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conditionalon fp(t s) = 0Og, the queueprocessof queue?2 aftertimet s is independenof
fWq(t) = sg, which is completelydeterminedby timet s. Hence,the lower bound of (6) can be

written as,
Z 1
PIMa(ts)  nj Wat) = s;Wa(t) < sgfw,jw,>w,(s)ds
O+
Z 1

Az PiIMa(ts) nige(t) = 0]t s) = Ogfw,jw,>w,(S)ds: (19)
O+

In the next section,we will prepareto computethe upperandlower bound.

From the analysisof the M/M/1 case,we seethat the following is the importantquantity

PR e R e (4

. il I
0 j=n I=n

(2 2elz 2t

The rst sumis the probability that more than n customershave arrived on the intenal [0;t] for a
P
Poissonprocesswith rate 1. The secondsumis the probability that ., S;  t, whereS;'s areiid

exponentialrandomvariableswith meanl= ;. This motivatesthe consideratiorof the following quantity

Z1 X N
Pf T tgPf S tge 'dt (20)
0 i=1 j=1

where = » 2, Ti's areiid randomvariableswith meanl= i, representinghe interarrval times,
andS;'s areiid randomvariableswith meanl= 1, representinghe servicetimes.We'd like to studythe
asymptoticvalue of (20).

For ary randomvariable X , let us write its momentgeneratingfunction by
Mx ()= Ee”

It canbeveri ed thatMy ( ) is corvex, andis increasingf X 0. Thelog momentgeneratingunction

logMx () is corvex, andis increasingif X 0. Let

Ix(a) = sup( a logMx () (21)

It canbe shavn thatl x (a) is non-ngative, corvex, anddifferentiable(?)We will usethe theoryof large
deviations[2]. For that purpose we make someregularity assumptions.
H1 M+y( )< 1 for insomeneighborhoodf 0. Fora< 1= 1, It(a) is achievedin the interior
of the neighborhood.
H2 Ms( )< 1 for insomeneighborhoodf 0. Fora< 1= 1, Is(a) is achieredin the interior

of the neighborhood.
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Let usde ne

ti= — (22)
1
th= — (23)
1
From the Chernof bound,when0< t < t,, we have
X] —
Pt T, tg e"r(=N (24)
i=1
WhenO< t < t;, we have o
Pf S tg e Ms®EN (25)

i=1
P P
On the intenal [0;t1), bothf* L, Ty tgandf [, S  tg arelarge deviation events,asn
P P
increasesOn [ti;tp), f L, Ti  tg is a large deviation event and f J-”:l S; tgis an event of
constantprobability On [t2; 1 ], both are eventsof constantprobability Hence,for large n, the integral

in (20) can be boundedfrom above by

Y4 Y4 4

t, 1
Ci(n)e M (EMe NsE=n)e Ly + Ca(n)e MT(EMe gt + Cse ldt (26)
t]_ t2

ta

wherethe functionsC1(n) andC,(n) areon the orderof €™, and C3 is a constant.The third termin
(26) gives,
Cse " (27)

wherewe reusethe symbol C3 for someotherconstantWe next work with the othertwo termsin (26),

andwill startwith the secondterm.

A. Secondlerm

We wish to compute
Z, z

2 tz
Ca(n)e M (EMe gt = Cy(n)e M (&N ty (28)
tl tl

Let us ask what the supremumof the integrandis and whereit occursif it can be achieved. By the

de nition of I+ (a), It(a) andlogM+( ) are corvex conjugate pair with,

logM~ () = Sl;p( a Ir(a) (29)

Therefore,we have
t
logM+( ) = Sltlp( o |1 (t=n)) (30)
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Hence,
nlogMt( )=sup( t nlg(t=n)) (32)
t

Suppose , achiezesthe supremumof

It(a) = sup( a logM+()) (32)
o satis es
M2( o)
a= 33
Mt ( o) (33)
Let us de ne a function
M2()
hr()= 7 34
rO= o (34)
Then,
o, . E[T’eTIE[e "] (E[Te ])?
hT( ) = (E[e T])Z (35)
Here,we make the assumption
H3  h9( ) existsin someneighborhoodf 0.
By the Caucly-Schwarz inequality
E[T’e TIE[e "] (E[Te™])? (36)

wherethe equalityholdsif andonly if X = 0 with probability 1. Hence,ht( ) is anincreasingiunction.

We will assumat is a strictly increasingfunction. With this,
o(a) = hy*(a) (37)

whereth(a) is the inverseof ht andis alsoa strictly increasingfunction. With ,, we have

1@ = oa logMr( o) (38)
P@ = ags o pitd

(39)

1
>
=
-
—~
&

Then,
1@ = hii(a) (40)

We have proven the following lemma.
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Lemmal:

Ofay — Ly — _ _ M)
Itr(@= () ht"(@= () a=hs( )= (41)
Mr( )
NIO
@ () hi@ () a he( )= ot (42)
Mr( )
Theinequality canbereplacedby <, > and in the above.
Returningbackto (31), supposehe supremumis achied att . Then,t satis es
19(t =n) = hi'(t =n)=0 (43)
Hence,
t =nhy( ) (44)

Lemma2: t exists,is uniqgue,and0<t < t, = n= ;.
Proof: Notethatfor all > 0, M2( ) andM+( ) arebothde ned and positive. Becausent

is strictly increasingfor > 0,

0
S

Hence,if t is de ned asin (44),it satisesO< t < t; = n= 3. Thereforet is the uniquepoint that

<hr(0)=1=, (45)

achievesthe supremumof (31).

[
We next considertwo casesdependingon whethert liesin (0;t1) or [ts;t2).
B. casel:t 2 (0;tq)
We make additionalassumption.
H4  19a) is continuouson [0;1 ).
Becauseof (39), H4 is equivalentto
H4° h3( ) is continuousin a neighborhoodf O.
Lemma3: t 2 (0;t,) if and;nly if ht( )< 1= ;. Whent 2 (0;ty),
A log : Ca(n)e "7 Me tdt= (Ir(1= 1)+ = 1) (46)
Let
(t)=e Mrim (47)

We will rst shav that
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Lemmad:. Whenn is large enough, (t) is corvex anddecreasingn [ty;t2].

Proof:
W=e™EM C1R(=n) ) (48)
R)=e M Q=) 2 1 Re=n) (49)
We alreadyknow that 8
2 >0 ift<t
£ (t=n) g =0 =t (50)
- <0 ift>t

Also, 19(t=n) strictly decreaseddence,on [t1;t2],
12(t=n) If(1=1) < I(t=n) =0 (51)

Hence,( 19(t=n) )2 is greaterthan someconstantc > 0. On the other hand, | 2{t=n) is bounded
on [t1;t2]. Hence,l ${t=n)=n tendsto 0 asn increasesThereforefor n large enough, °ft) is positve
on [ty;ty]. [ |
Proof: (of Lemma3) By (44),t < t1 if andonly if nht( ) < tg, andif andonly if hy( )<

1= ;.

The function (t) increasesvhent < t andthendecreasesvhent > t . By examining °%t), due
to thefactthatI‘T)‘(a) > 0, we know that (t) is concae in the neighborhoodf t = t . A qualitatve
illustration of (t) is shavn in gure 1. In it, we drav a tangentline at the point (t1; (t1)). Let the

tangentline interceptsthe t-axis at ty. Then,

(t1) _ 1
Qty)  12(1= 1) +

Notethatty ti is a constantHence,for n large enough,ty falls betweent; andts.

(52)

Fig. 1. (t). Casel:t 2 (0;ty1).
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By corvexity of (t) onJty;to], (t) is above the tangentline on thatinterval. Therefore the integral
in (28) is boundedfrom above by the areaof the rectanglebetweent; andt,, andis boundedbelon by

the areaof the triangle betweent, andty, multiplied by C»(n). Hence,

z
1 tz -
2C2( ()t ) Ca(n)e MM tdt  Cy(n) (ta)(tz t1) (53)
ty
1 1 Z t2
- nlt(t=n) t - —
2100= =+ 2 () - Calnje dt (1=1 1= )nCo(n) (t1)  (54)
Hence, Z,
Co(n)e MTEN tgp= g nlr(A= )+ = u)+o(n) (55)
ta
[ |
Examplel:
Supposel hasexponentialdistribution with meanl= ;. Then
Mr()= - : (56)
he( )= MPO) o 1 -
T Mr() 1
Hencethe conditionfor t 2 (0;t;) is 11+ < 1= 1, which is equivalentto
1 1< (58)

It is worth pointing out that 1 1 < is not sufcient to guaranteghatt 2 (0;t;) in general
situations.To seethis, let us rewrite the conditionfor t 2 (0;t;), ht( )< 1= 4, as
1
E[(— T)e "]>0 (59)
1
Write (x) = (= x)e *.Then,
xy=e (1 —+ x) (60)
1
Hence,atxo = L + 1, %xc) = 0. Whenx < X, 4x) < 0, andwhenx > x,, %x) > 0. An
illustration of (x) is shawvn in gure 2, wherewe choose to be large so that ; 1 < and
1= ;> 1= 1+ 1= . In this case,|if the pdf of T, denotedby f 1 (x), is concentrategnougharoundthe

meanl= 4, thenE (T) < 0.
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(x)

=y

Fig. 2. A situationwhereE (T) < 0. f1(x) isthepdfof T.

Fig. 3. (t). Case2:t 2 [t1;t2).

C. case2:t 2 [ty;tp)

Lemma5: t 2 [ty;tp) if andonlyif ht( ) 1= ;. Whent 2 [t3;t)),
Z,,
lim %Iog Ca(n)e " (ENe gt = logM1( ) (61)

Proof: By (44),t tyif andotrlﬂy if nhy( ) ty, andif andonlyif ht( ) 1= ;.

For this casethefunction (t) isillustratedin gure 3. Weknow that (t) is concaein aneighborhood
of t andwill becomecorvex whent becomedarge, for large enoughn. Using the sameargumentas
the proof of Lemmad4, (t) is corvex on [ty;1 ) for large enoughn. Hence,the pointty, > t where

(t) turnsfrom being concae to beingcorvex lies on (t ;t»).

We wish to shaw thatt, t doesnot becomesmallasn increasesBecause °fty) = 0, we have
1
(17(t=n) )%= —19t=n) (62)
Becausd ?(a) is an increasingfunction,

9——p_
12(tx=n) =+ 1Rtx=n)=n (63)
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By H4, 19{t=n) is boundedont 2 [t ;t,]. Hence thereexist constant0 < d;  d,
di 1R(tk=n) (64)
Becauseht () is anincreasingfunction and by lemmal,
hr( + ) X b+ ) (65)

We will expandht by Taylor's formula. For that purpose we needthe assumption

H5 h% ) existsandis continuousin someneighborhoodf

Then,for some 12 ( ; + igl—ﬁ),
d d h9 d
nr( o+ By = he( ) ne( )FL s Mgy (66)
Hence,
210
tx nhr( )+ dih9( )pﬁ"‘ dlhsz (67)
Similarly,
AN
b nhr( )+ dnd( )P EML) (69)
forsome 2 ( ; + 19%). By substitutingt = nht( ), we get
2|0 21,0
dihd( P+ dlhTzc( Dot ot ah?( P thTZO( 2) (69)

Hence,ty t hasthe sameorderof pﬁ.

We are readyto computethe integral in (28). In gure 3, by concaity of (t) on [t ;tx], the line
seggmentjoining the points(t ; (t )) and(tx; (tx)) is belov (t) ontheinterval [t ;ty]. Therefore the
integral in (28) is boundedfrom above by the areaof the rectanglebetweent; andt,, andis bounded
belov by the areaof the trapezoidbetweent andty, multiplied by C»(n). The lower boundis further

boundedfrom below by the areaof the triangle betweent andty, multiplied by C»(n). Hence,

Zy,

%Cz(n) (t)(tx t) Ca(n)e MT(EM tdt  Cy(n) (t)(tz ta) (70)
t1
P “u

nCs(n) (t) Ca(ne M(5M tdt  nCa(n) (t) (71)
ty

whereC3(n) and Cy4(n) are C,o(n) modi ed by a constantmultiple. Hence,
Z,
Cz(n)e nl  (t=n) tdt: " logM+ ( ))+ o(n) (72)

ta
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D. First Term

We wish to compute
Z,, z

ta
Ci(ne Mr(EMe Mg tgr=  Cy(n)e "IrEMTIsEN) iy
0 0

We startby askingwhat the maximumof the integrandis and whereit occurs.De ne
(@) = Ir(a) + Is(a)

By Theorem6.6 of [3] (page86), | (a) is the corvex conjugate function of

infflogM+1( 1)Ms( 2))j 1+ 2= ¢

infflog(Mt( 1)Ms( 2)9

a( )

14

(73)

(74)

(75)

(76)

wherethe domainof g is determineddy the domainsof M+ ( 1) andMg( 2). If suchg( ) doesnot exist,

i.e.,g( )= 1 forary ,it mustbetruethatl(a) = +1 (checkthis?),which is not an interesting

casebecauseve canjust ignorethe rst term,i.e., (73). Hence,we make the assumption

H6 g( ) existsin someneighborhoof 0, andfora< 1= 1, supf a ¢( )gin achieredin the

neighborhood.
We then have the conjucate pairs
I(a) = supf a g()g
9( )= supt a 1(2)g
Therefore
Slthf n(lr(t=n) + Is(t=n))  tg
= s?pf nl (t=n) tg
= ns?pf [ (t=n) t=ng
= ng( )

ninfflog(M1( )Mg( g

The integral in (73) is clearly upperbounded
Zy
Ci(n)e n(lr (=n)+Is(t=n)) tyt lcl(n)e” inf flog(M1 ( )Ms( D

0 1

(77)

(78)

(79)

(80)

(81)
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Supposd, achieresthe supremumof nl (t=n) t. Then,it satis es
1qto=n) = 19(te=n) 13(te=n) =0 (82)

Then,
hyl(te=n) hgl(te=n) =0 (83)

whereht () = Mfg ; andhg( ) = m% ; Sinceht andhg are both strictly increasingwe cande ne
h( )= (h*+ hg?) () (84)
which is alsoa strictly increasingfunction. Hence,

to= nh( ) (85)

Lemma6: t, exists,is unique,and0< t, < t; = n= ;.

Proof: To shov h( ) > 0, it sufces to shawv thatthereexists > 0 suchthath( ) . Choose
= minfht( =2);ht( =2)g. Sinceht andhg arebothincreasingunctions,we have th( ) =2
andhg?() =2. Hence,(h; >+ hg)( ) . Thereforeh( )

To shaw the existenceof t,, notethat

qn=n) = 10) = (hy'+hg')() 0 (86)

But, becausen, *(1= 1) = 0 andhg(1= 1) > hg'(1= 1) = 0,
1%t2=n) = hy'(2=1) hg'l=1) <0 (87)
Hence,t, mustexists andis between[; t,), andt, is uniquebecausd °is strictly increasing. ]

Lemma7: t, 2 (0;t1) if andonlyif ht( ) < 1= ;, andhencet, 2 [t1;tp) if andonlyif ht( )
1= ;.
Proof: Notethatt, satis es
1qte=n) =0 (88)

Sincewe know t, 2 (0;t2) andl {t=n) strictly increaseswith t, it sufces to shov
I%=n) <O (89)

This is true if andonly if
hi'(1= 1) + hg'(1= 1) > (90)
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Buthg'(1= 1) = 0. Hence,(90)is trueif andonly if h;*(1= 1) > , whichis equialenttohr( )<
1= 1. |
Lemmas:
Is(1=1)=0 (91)
Proof: By de nition,
Is(1= 1) = supf =1 logMs( )g (92)

Let , achieresthe supremumThen,

2= hg'(1= 1) =0 (93)
Hence,l s(1= 1) = 0. ]
1) casel: ty 2 (t1;t2):
Lemma9: Whent, 2 (0;1t1),
VA
1 t - -
lm “log ~ Cy(n)e "I ETIED) Hdt= (=) =4 (94)
- 0
Proof: The proofis similar to that for lemma3. We rst de ne
(t) - e nl (t=n) t (95)
Then,we have
W=e"E {C1%=n) ) (96)
_ 1
Rey=e "E O 1qt=n) )2 ﬁlo?t=n)] (97)
Sincel Ya) is an increasingfunction of a and |1 {t,=n) = 0, it mustbe true that {t) > 0 on

(0;to) and Yt) < 0 on (to;t2). Similar to lemmad4, it is easyto shov (t) is eventually corvex on
(0;t1). Here, we needthe assumptiorthat | °?a) is boundedon a 2 [0; 1= 4], which is satis ed under
the assumption

H7 19a) and13{a) arecontinuouson [0;1 ).
which is equialentto

H7'  h%( ) andhg( ) arecontinuousin a neighborhoodf O.
We illustratethe shapeof (t) in gure 4. There,we drav thetangentline at the point (t1; (t1)) whose

t-axis interceptis tx. We have
(t) _ 1

b= Q) 191= 1) +

(98)
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Notethatt; tx is aconstantHence,for n large enoughity falls betweenO andt,. Theintegral of (t)
on (0;t1) is boundedfrom above by the areaof the rectanglebetween(0;t;) and boundedfrom below

by the areaof the triangle between(ty;t;). Hence,

z
1 t _
5C1n) (t)(t &) Cy(nye "M tdt  Cy(n) (tts (99)
0
Hence,
Zy
Ci(n)e MT(EM tgr= e NIA= DT = v (100)
0
By lemmas, Is(1= 1) = 0. Hence,
I(1= 1) = I7(1= 1) + Is(1= 1) = I7(1= 1) (101)
Finally, we have 7
ty
Ci(n)e MT(EM tgp= e M=) = a)r o) (102)
0
|
t
Fig. 4. (t). Casel: to 2 (t1;t2).
2) case2: ty 2 (0;tq):
Lemmal0l: Whent, 2 (0;t4),
1 21
lim —log  Cy(n)e "7 (=M=t = g( ) (103)

0
Proof: The proof is very similar to that for lemma5b. We only sketch the proof here. Figure 5

illustratesthe situationin this case.First, %t) 0 neart,, and hence, (t) is concae neart,. (t)
eventuallybecomescorvex ast movesaway from t,. Moreover, for large enoughn, all the concae part
of (t) fallsin (0;t1). Let ty > t, be point where (t) turnsfrom being concae to being corvex. It
satises %t) = 0. We canshow thatt, t, doesnot becomesmall asn increasesin fact, underthe

assumptiorof H7 and underthe new assumptiorthat
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H8 h¥ ) andh@{ ) exist andare continuousin someneighborhoocbf

we canshawv thatty tg is of the orderp

n. We thenboundthe integral of (t) on (0;t;1) from above
by the areaof the rectanglebetween0 andt;, and from belon by the areaof the triangle betweent,

andty, andget
1 Z
5C1(n) (to)(tx  to) Cy(m)e "ML Hdt - Cy(n) (to)ty (104)
0

Because (to) = €90 ), we getthe conclusionof the lemma. [ ]

-y

Fig. 5. (t). Case2:t, 2 (0;t1).

E. CombiningThree Terms

1) casel: hy( ) < 1= 1: In this case,we needto comparethreeexpressionorrespondingo the
threetermsof (26):g( ), (I+(1= 1)+ =3i1),and = 1.

Lemmall: Givenht( )< 1= 1, we have

g ) (Ur@=9+ =1)> =1 (105)
where
g( )= infflog(M1( )Ms( )9 (106)
Proof: Firstletusshav (I+(1= 1)+ = 1) > = 1. Note that
IT(1= 1) = o=1 logMt( o) (107)

where = hT1(1: 1). Hence,we needto show
logMt(0o) o=1 =1> =3 (108)

which is equivalentto
e "lEe°T>e 512 170 (109)
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By corvexity of the functionx 7! e X,

e °“1Ee°’ ecl=: 179) (110)
We only needto shov , > , which is true becausént( ) < 1= ;1 = ht( o) andhr is increasing.
We next shav g( ) (It(2= 1) + = 1). Note that g( ) is the maximumof |1 (t=n)
Is(t=n)  t=n overt. Hence

a( ) It(t=n) Is(t1=n) t1=n
= It(1=131) Is(1=1) =1

= It(1=1) =1 (111)

The last equality is becausd s(1= 1) = 0 by lemmas. ]

2) case2: ht( ) 1= 1: In this case,we needto comparethreeexpressionsorrespondingo the
threetermsof (26): (I7(1= 1)+ = 1), logMt( ),and = 1.
Lemmal2:

logM1( ) =1 (112)

logM+( ) (It(1= 1)+ =1) (113)
Proof: To showv (112),it sufces to shav that

Ee T e =: (114)

which is true becausehe functionx 7! e * is cornvex.

To shav (113), notethatlogM 1 ( ) is the maximumof I+ (t=n)  t=n overt. Hence

logM1( ) It (ti=n)  ti=n
= I1(l=1) =1 (115)
[ |
Combiningthe two caseswe have proven the following theorem.
Theoem 13: 3
Z1 X X < i -
if h < 1=
lim Liog P T otPt S tge tdt= o ) _ ) (e
mLon 0 i=1 j=1 © logMt( ) ifhe( ) 1=,
Example2:
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Going back to the exponentialcase,whereT and S and both exponentialrandomvariableswith mean
1= ; and1= 1, respectiely. Wehave M1( )= 1=( 1 )andMs( )= 1=( 1 ). Weget

1
1+

logMt( )= log (117)

g( ) = inf log( 11 1+1+ ) (118)

By settinggY ) = 0, we nd thatthein mum occursat o= ( 1 1 )=2, andthein mum is

_ 411
g )= |Ogm (119)

We have alreadyseenin examplel thatthe conditionht( ) < 1= 1 becomes; 1< inthiscase.
8

z < 4 :
1 10X X log — 121~ if <
im Slog  Pf T tgPf S tge 'dt= o(at i) oot (120)
n'l n 0 i1 =1 * log 141' if 1 1

[1.
A. Relaxingthe RandomTime

Let Z be a randomvariablewith exponentialtail probability Thatis, its pdf, f2(t) = e oM for

larget, where > 0. We will shawv that

Theoem 14: 8
xXn xo < i =
fim LiogePt” T zgPf S zg= o ) ff (o )<1=: (121)
nton i=1 j=1 © logM+t( ) ifhr( ) 1=
Proof: Forall > 0O, thereexistsat suchthat,forallt>t,
e (*) f,) e N (122)
X X
EPf T, ZgPf S Zg
i=1 j=1
Z1 X X
= Pf T, tgPf S tofz(t)dt
0 i=1 j=1
Zi x X Z1 x X
= Pf T, tgPf S tofz(tydt+  Pf T, tgPf S tgfz(t)dt (123)
0 i=1 j=1 t i=1 j=1
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We will rst shaw thatthe rst term can be ignored when comparedwith the secondterm. For large

enoughn, t < t;. Hence

X
Pf- T tgPf S tgfz(t)dt
0 i=1 j=1
Z

- Ci(n)e "(r(EM*FIs(=)f, ()dt
Col(n)e n(r (©=ny+Is(@=m)pfz  t g
Ci(n)e n(lr (t°%=n)+ I's (t°=n)) (124)
wheret® achiazesthe supremurmof e "7 (EM+1s(En)) on [0;t ]. Note that
lim Mr()=lim Ee' = E| lim e’]=0 (125)
The interchangeof limit and expectationis justi ed by dominatedcorvergencetheorem.Therefore,

I7(0) = supf logM7()g= +1 (126)

Next,asn! 1 ,t%n! 0. Hence,for ary constantc > 0, thereexists aninteger N (c; ) suchthat for

all n> N(c; ), IT(tO:n) > r. Hence,for suchn,

e n(l+ (t°%=n)+ I s (t%=n)) g Nc (127)
: Rt P n P n
Thatis, o Pf o, Ti tgPf ;_; § tofz(t)dt decreasesastthane "¢ for ary constantc.
We now turn to the secondterm of (123).
21 x X
Pf Ti tgPf S tofz(t)dt
t i=1 j=1
Z,
Pf T, tgPf S tge( )it
t i=1 j=1
Z,
Pf T, tgPf S tge( )it (128)
0 i=1 j=1

By theoreml13, whenht( + )< 1= g,

141 X% X0
lim supﬁ Pf T togPf § tofz(t)dt g( + ) (129)
n'l t . .

andwhenht( + ) 1= 4,

X
Iimsup1 Pf T tgPf S tofz(t)dt logMt( + ) (130)
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Becausdhe rst termin (123) canbe neglected,we have

141 X
lim sup— Pf T; tgPf S tgfz(t)dt
n'1 n :

. 1
= limsup— Pf T tgPf § tofz(t)dt (131)
nt Moo i=1 j=1

For the lower bound,

Pl T tgPf S tgfz(t)at
Pf. T tgPf S tge (*)ldt
= Pf T tng. S tge (* )t
Pf T tng. S tge (* )t
Pf T tng_ S tge (* )t

Pf T tgPf S tgdt (132)
0 i=1 j=1

For the samereasonas before,the secondterm in (132) decaysfasterthane © for ary ¢ > 0 andcan

be ignored.Hence,by theorem13, whenhy ( )< 1= 4,
141 % X
Iirplinf — Pf T tgPf § tofz(t)dt o ) (133)
" n ot i=1 i=1
andwhenhr ( ) 1= 4,
141 X0
Iimlinf — Pf T, tgPf § tofz(t)dt logM+( ) (134)
" n ot i=1 i=1
Becauseahe rst termin (123) canbe negglected,we have
141 X
lim inf = Pf T, tgPf § tofz(t)dt
nii " n . o
=1 j=1
141
= liminf = Pf T, tgPf § tofz(t)dt (135)
Moo i=1 j=1
Combiningthe upperand lower boundandsince is arbitrary we get,whenht( )< 1= 4,
141 % X
nIli{n o Pf T, tgPf § tofz(t)dt=g( ) (136)
' 0 i=1 j=1
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andwhenht( ) 1= 4,

141 X0
Ili{n — Pf T togPf § tofz(t)dt=logM+( ) (137)
N i=1 j=1
Therefore,we have the conclusionof the theorem. [ |

IV. LOWER BOUND

Considera GI/GI/1 queueinitially emptyattimet = 0. Recallthat T, is the interarrival time between
customelC, andcustomeiC,+1 , whereC, is then™ customeraftertime 0, S, is the servicetime of Cy,,
n = 1;2;::. Letusde ne A, bethearrival time, andW, be waiting time in the queueof customerC,,.
Let N (t) be the numberof arrivals on the interval [0;t]. Supposea constant satisesO0< < 1= 4,
andhence,t := n < n= ;. Then,theeventfA, tg= fP L, T tgis alarge deviation type of
event.

Lemmal5: Fort = n andfor arny constantx > 0O,

n||i1m %IongAn 2t xtlg= I1() (138)
Proof: By the theory of large deviation, we know that
1
nI!l{n ﬁIongAn tg= I7() (139)
For large n, we canwrite
PfA, tg=e Mr()rom (140)

whereo(n) satis eso(n)=n! asn tendsto in nity . Clearly,
PfA,2 (t xtlg PfA, tg=e Mr()+ron) (141)
We wantto shaw, for every > 0, whenn is large enough,
PfAR 2 (t xtl]g e N0rC)*) (142)
Supposehis is not the case.Then,thereexistsan > 0 suchthat, for large n,
PfAR 2 (t xtl]g e ")) (143)
Partition the intenal [0; t] into bt=xc = b n=xc intervals of lengthx. Forany k = 0;1;2;::;;b n=xc 1,

PfAR2 (t xtlg PfA2(t (k+ 1)x;t kx]g (144)
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Hence,we have

b ngxc 1
PfA, tg PfAR2 (t (k+ 1)x;t kx]g
k=0
b ngxc 1
e Nr()+)
k=0
- b7nce n(ir( )+ ) (145)
which contradicts(140). ]

Lemmal6: Let X1, Xo, ..., X, beidentically distributed randomvariables.Let a be a real number

PfXi+ i+ X; jaforalll j ng %PfX1+ i+ Xn nag (146)

Proof: The proof cantaken from the proofsfor Lemma3.1 and Theorem3.3in [2] (page46). B

We will next nd a lower boundfor the probability that, given n customersarrived on [0;t] to the

empty queue,all n customerdeft by time t. This is the probability that exactly n customersdeparted

the queueon [0; t] leaving the queueempty given the queueis empty at time 0. This probability canbe
written as

Pfq(t) = 0j N(t) = n;q(0) = Og (147)

whereq(t) is the numberof customerdn the queueatt. We will shawv the following theorem.

Theoem17: Fort = n,

X0
Pfg(t) = 0j N(t) = n;q(0) = 0g C(n)Pf S tg (148)
i=1

whereC(n) is of the orderof "),
Proof: A particularway for the n customergo leave the queueby t is thatthe n" customerdid

not wait to be servicedandit hasdepartedhe queueby t. Therefore,
Pfg(t)= 0j N(t) = n;q0) = 0g PfW, 0A,+Sy tjN(t)=n;q0)=0g (149)

Letusdene x = 1= ;,and 1 < < 1, where 1 = 1= 1. SinceET = 1= ;, we get PfTh+1
xg> 0. Since x> 1= ;= 1=, andES = 1= ;, we musthave PfS, xg > 0. We continueto

boundthe right handside of (149).
PfW, OA,+S, tjN(t)=n;qg(0)= 0g

PIWR, OAR2(t xt X];Sy X; Ths1 X j N(t) = n;q(0) = Og (150)
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As will be seenlater, our choiceof x makes surethat the probability on the right handside above does
not becomezero.

A standardfact from queueingtheoryis that Wy, canbe written recursvely as
Wh = max(Wn 1+ Sy 1 Tn 1,0) (151)

forn=2,3,::..Dene U, = S, Ty, for n = 1;2;::.. We expandthe right handof (151) recursvely
and usethe factthat W; = 0 sinceq(0) = 0, we get,

Wph = max(Uy+ Ua+ i+ Uy 1;Ua+ Usii+ Uy 150U 1;0) (152)

One of the obsenationsis that W,, dependon Sy and Ty for k = 1;2;::;;n 1 andis independenbf
Sh. Next, A, = P i”:l T; andis independenbf S,,. T+1 is independenbf S,. The following events
are equivalent

fN({t)=ng=fAn tAn >tg=FfA, AL+ The > tg (153)

and hencef N (t) = ng is independenbf S,. Finally, q(0) is clearly independenbf S,. Therefore,
(Wh; An; Th+1) is jointly independenbf S, whetheror not conditionalon f N (t) = n; q(0) = Og. The
right handside of (150) canbe written as

PfW, OA,2(t Xt X]; Sn X;Ther X N(t) = n;g(0) = Og

PfWn  OAn2(t xt  Xx;Thsr X N(t) = n;qg(0) = Og

PfS, X ] N(t) = n;q0) = 0g

PfW, OA,2(t x;t X]; Th+1 X j N(t) = n; g(0) = OgPf S, xg (154)

We have arguedthat the choiceof x makesPf S, Xg a non-zeroconstantsase C1 > 0. The other

probability in (154) canbe written as

PfWn OAn2(t xt  X];Ther X J N(t)=n;g0) = 0g

PfWn, OjN({®)=n;q0)=0A,2(t x;t X];Th+1r  XQ
PfAR2 (t x;t X]; Th+1 X j N(t) = n; g(0) = Og

PfW, 0jqg0)=0A,2((t x;t X]; Ther  XO

PfAL 2 (t Xt X]; Ther X j N(t) = n;g(0) = Og (155)
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In the last stepabove, we have usethe equivalencein (153). We study the two probabilitiesin (155)

separatelyBy the independencef W, and Tp+1,

PfW, 0jqg0)=0A,2(t x;t

= PfW, 0jg0)=0A2(t xt x]g

= Pfmax(Ui+ Ux+ i+ Uy 15U+ Usii+ Uy 1505 Uy 1;0)

X]; Tn+1 X9

0j a0 =0An2(t

1 .
ﬁPfU1+U2+:::+Unl 0jq0)=0A,2(t x;t x]g

The last stepusesLemma 16 and the fact the randomvariablesU1, U,

distributedgivenfg(0) = 0;A, 2 (t  Xx;t

Now, let us choosean interval [a;b] suchthat PfT, 2 [a;blg > 0 andb a< (1

x]g, which canbe aguedby symmetry

X; t x]g

(156)

..., Uy 1 arestill identically

)X. This is

possiblesincethe CDF of ary randomvariableincreasesrom 0 to 1. Thereforefor ary > 0, onecan

always nd aninterval of length on which the probability is non-zero.Now choose = a=x+ 1 and

= b=x+ . Then,
_q b a_ 0
X
Let ussupposeA, ; fallsinto (t  x;t  x) in derving the following lower bound.
PfUi+ U+ i+ Uy 1 0jg0)=0A2(t xt x]g
D¢ 1
= Pf S An1jd0)=0A 2t xt Xx]g
i=1
K 1
= Pf S An 1jA2(t Xt x]g
i=1
K 1
Pf S An 1;An 12 (t X; t X)jAp 2 (t x;t x]g
i=1
X 1
Pf S t X;An 12 (t Xt X)jJAp2(t xt x]g
i=1
K 1
= Pf S t XjJAn 12t xt x)BAR2( xt x]g
i=1
PfA, 12 (t Xt X)jA2(t Xxt x]g
K 1
= Pf S t xgPfA, 12 (t Xt X)jA2(t xt x]g
i=1
K 1

= Pf S t Xg
i=1

(157)

(158)

(159)

(160)

(161)
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PfAR2 (t x;t X]jAn 12 (t x;t  X)gPfA, 12 (t x;t  X)g

PfAR 2 (t x;t x]g (162)

K 1

Pf S t X0

i=1

PfTh 2 [a;bj Ay 12 (t X; t X)gPfA, 12 (t X; t x)g (163)
PfA, 2 (t x;t x]g

1

. St xgPfT,2[abg An 12t Xt Xg (164)

- PfAL 2 (t xt  Xx]g
From (158) to (159), we usethe factthatSs;::;; Sy 1 andA,, 1 areindependenbf q(0) whetheror not
conditionalon A,. From (160) to (161), we usethe factthat S, is independenbf A, 1 andA,. From
(162) to (163), we usethe factthatAp = An 1+ Th. WhenA, 1 2 (t x;t x)andTy 2 [a;b],
Ap 2 (t x+a;t x+b).Bythechoiceof and ,wehaet x+a t xandt x+b t Xx.
Hence,in this caseA, 2 (t Xx;t X).
Continuingfrom (164),we rst notethat,if thedistribution of Ty, is non-lattice PfA, 12 (t Xt

x)gandPfA, 2 (t x;t x]g arenon-zerofor each x ed but large n, andhence their ratio is non-

zero.SecondfA, 12 (t x;t x)gandfA, 2 (t x;t x]gareeitherbothlarge-deviation events

PfA, 12(t xt x)g

whent  n= ; or eventsof constantprobability whent > n= ;. In the latter case, x>t g

is a non-zeroconstant.n the former case,we claim that

PfA, 12(t xt x)g

— a0(n)
PfAL 2 (t Xx;t x]g € (165)
This is immediateby applyingLemmal5. Fort = n, we have
PfA,2(t xt xJg= PfA, 12(t xt x)g=e "Mr)rom (166)
|
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