On the Large Deviation of Resequencing Queue Size - A
Generalizable Argument involving Moment Generating

Functions

I. THE SETUP

At time ¢, let V(¢) be the event {the DN is empty at time ¢}. If V(¢), let C,(¢) be the oldest customer
in the DN, let W.(¢) be the time C.(¢) has spent in the DN, and let 7. (¢) be the queue in the DN which
C.(t) goes through. For n > 0, let

E(t,s,n) = {at least n customers arrived at the DN
on the interval (¢ — s, ¢], out of which

at least n have left the DN by ¢}.

Let the size of the resequencing queue (RSQ) at time ¢ be ¢"(¢), and let g;(¢) be the size of queue i at

time ¢, where ¢+ = 1 or 2. Then, for n > 0,
P{q"(t) > n} = P{V(t) and E(t, W.(t),n)}. @

Next, we will explain equality (1). When the RSQ size is greater than or equal to n, where n > 0, it
must be waiting for some customer still in the DN. In particular, the next packet gap the RSQ is trying
to fill is C.(¢). The customers in the RSQ are exactly those who arrived at the DN later than C.(¢), but
who have left the DN by time ¢. We are interested in computing lim; .., P{q"(t) > n}. Alternatively,
let us assume all relevant processes are stationary.

Let us extend the definition of W, (t), W.(t) = 0 if V(¢). Then, when n = 0,

P{q"(t) > n} =1.

P{V(t) and E(t, W,.(t),n)}

= P{E(t, W.(t), n)[V ()} P{V (t)} = P{V(t)}.
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P{V(t) and E(t, W.(t),n)}
= P{E(t, W.(1),n)|V ()} P{V ()} = P{V (t)}.

Hence, for n = 0,
P{q"(t) = n} = P{E(t, W.(t),n)}. (2

For n > 0, (2) is still true because
P{V(t) and E(t, W.(t),n)}
= P{E(t,0,n)|V(t)}P{V (t)} = 0.

Note that, because customers are served on first-come-first-serve basis in each of the queues, the
oldest customers in the non-empty DN must be in service at one of the queues. If queue 7 is not empty,
i € {0, 1}, let W;(¢) be the duration for which the customer in service at queue 7 has stayed in the queue.
If queue i is empty, let W;(t) = 0.

We need the following result. As z — oo, for i =1 or 2,
P{Wi(t) >z} ~ ™%, (3)
fw, (@) ~ e (4)

Here, we assume the pdf, fy,(z), exists. We will occasionally omit the dependency on ¢ for brevity.
Let M;(t,s) be the number of those customers who arrived at queue 7 on the interval (¢ — s,] and

who departed by time ¢. Note that for n > 0,
P{M(t, Wi(t)) > n | Wi(t) = Wa(t) = 0}
= P{M(t,0) > n | Wi(t) = Wa(t) = 0} = 0.
Also, because packets cannot simultaneously arrive at different disordering queues,
P{Wi(t) = Wa(t) # 0} = 0.
Therefore,
P{M(t, W.(t)) = n | Wi(t) = Wa(t)}

P{WA(t) = Wa(t)} = 0.
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Then, for n > 0,
P{q"(t) = n}
= P{E(t, W.(t),n)}
= P{My(t, W.(t)) > n | Wi(t) > Wa(t)}
- P{WA(t) > Wa(t)}
+ P{M(8, Wi(1)) = n | Wa(t) > Wi (1)}
- P{Ws(t) > Wi (t)}. ®)

This can be explained as follows. If Wy (¢) > Ws(t), then the oldest customer, C.(¢), in the DN must
be in service at queue 1. Hence, W (t) = W.(t). All customers who came to the DN after C.(¢) and
who have left the DN by time ¢ must have been routed to the RSQ via queue 2.
For n > 0,
P{NMs(t, Wi(t)) > n | Wi(t) > Wa(t)}
= P{My(t,s) > n | Wi(t) = s, Wi(t) > Wa(t)}

0+

fwnwysw, (8)ds
= OOP{MQ(t, s)>n | Wi(t) = s, Wa(t) < s}
0+
fwwisw, (s)ds (6)

In the above, fu,|w,>w,(s) denotes the conditional density of W (t) given {Wy(t) > Wa(t)}. We need
this to have an exponential decaying tail e~°. Note that, in the integral, the (conditional) probability
mass at s = 0 does not contribute to the probability on the left hand side.

We will compute the conditional density by starting with the joint probability. For = > 0,

P{W; >z, W) > Wy}

1 — M1
1 — A1+ f2 — A2

(r1—=A1)

= pie Y= p1p2

. e—(u1—>\1+u2—>\z)x. )
From (7), we have

P{Wl > WQ} = P{W1 > O, W1 > WQ}

H1— A1
p1— A+ p2 — Ag

= pP1 — P1P2 (8)
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From (7) and (8), we get the conditional density for = > 0,

fwwisw, (2)

— Kle*(lh*)u)x o K2€*(N1*)\1+u2*)\2)x’ (9)

where K7 and K, are constants, given by,

- A
Kl = m HliAl ) (10)
1- P2 p1—A1F+p2— A2
p2(p1 — M
Ky = - ( M_A? (11)

— P2 H1—A1+p2—A2
Note that the second term in (9) decays much faster than the first term. If we ignore it, the conditional

probability density decays exponentially.

Next, we will bound (6) from above and below.

/0 TP (ts) > | Wi(t) = 5. Walt) < 5} frswsws ()ds

+

_ /0 P{VL(t,s) > n, Wa(t) < s | Wi(t) = S}P{WQ(J;V)V;W;’V%‘Z) s
< /OOO P{My(t,s) > n | Wi(t) = s}P{WQ(*’;‘;’;VV(ﬁV;;(I‘Z) s
< A /0 io P{Mx(t,s) > n | Wi(t) = s} fw,jw,>w, (5)ds. (12)
Here, we need the result that
P{Wy(t) < s | Wi(t) = s} > &> 0, (13)
or
P{Ws(t) =0 | Wi(t) = s} > £ >0, (14)
and A, = 1.
Next,

P{My(t,s) >n | Wi(t) = s}
< P{at least n customers arrive at disordering queue 2 on the interval [t — s, ], and
at least n of these customers are served on the same interval
| WA (t) = s} (15)

Let the customer who is in service at time ¢ at disordering queue i be denoted by C;(¢). The event

E = {W,(t) = s} says that C;(¢) arrived at queue 1 at time ¢ — s and its sojourn time is at least s. The
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only relevance of the event E to the queue 2 process after time ¢ — s is that an arrival occurred at time
t — s, which was directed to queue 1. This affects the probability of when the next arrival to queue 2
occurs. Conditional on E, starting at time ¢ — s, the arrival process to queue 2 is a (non-delayed) renewal
process. Also, the service times of the arrivals on the interval [t — s, t] are independent of E. We denote
T; as the interarrival times and S; as the service times of customers to queue 2. Hence, we can write the

following upper bound for (15).
P{My(t,s) >n | Wi(t) = s}
< P{at least n customers arrive at disordering queue 2 on the interval [t — s, ]
according to the renewal process, and

at least n of these customers are served on the same interval}

< P{Zn:Ti < s}P{Zn: S; < s}. (16)
=1 =1
For a lower bound of (6),
[Pt = 1 | WA(D) = 5. Wal0) < 5} fvwow ()
_ : P{N(t,5) = n. Wa(t) < 5 | Wi(t) = s} o ({; V)Viwjfy(fé) —
> [ PU(t.) = 0. Walt) = 0 | W) = 5} fyro ()
= [ PRt > () =0 Wie) = )i o (s)ds
> [ PU(t) = na(t) = 0.t =) = 0 | Wa(0) = s, i owa(5)ds
— : P{M>(t,s) > n,q2(t) =0 | ga(t — s) = 0, Wi(t) = s}
“P{qa(t —s) =0 | Wi(t) = s} fw,jw,>w, (s)ds. (17)
Let us assume (which should be proven in general cases), for all s > 0,
Plga(t —s) =0 [ Wi(t) = s} > A2 > 0. (18)

As argued before, conditional on F, starting at time ¢ — s, the arrival process to queue 2 is a renewal
process. A particular way for
Also, the only relevance of the event {WW;(t) = s} to the queue 2 process after time ¢ — s is that an

arrival occurred at time ¢ — s, which was directed to queue 1.
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conditional on {g2(t — s) = 0}, the queue process of queue 2 after time ¢ — s is independent of
{W1i(t) = s}, which is completely determined by time ¢ — s. Hence, the lower bound of (6) can be

written as,

[ P ) 2 0 | Wa(0) = 5, Walt) < 5} ()

>Ay . P{M>(t,s) > n,q2(t) = 0 | q2(t — 5) = 0} fyp, jw > w (5)ds. (19)

In the next section, we will prepare to compute the upper and lower bound.

From the analysis of the M/M/1 case, we see that the following is the important quantity.

0o X\t i X —uit l
/ Z ¢ .()\lt) Z ¢ ) (2 — )\2)6_(“2_>‘2)tdt
0o = 7! — !

The first sum is the probability that more than n customers have arrived on the interval [0,¢] for a
Poisson process with rate A;. The second sum is the probability that >°7_,.S; < ¢, where S;’s are iid

exponential random variables with mean 1/x;. This motivates the consideration of the following quantity.
| P 0Py s < e tar (20)
0 i=1 j=1

where 0 = po — Ao, T;’s are iid random variables with mean 1/, representing the interarrival times,
and S;’s are iid random variables with mean 1/u;, representing the service times. We’d like to study the
asymptotic value of (20).

For any random variable X, let us write its moment generating function by
My () = EefX

It can be verified that M x (6) is convex, and is increasing if X > 0. The log moment generating function

log Mx (0) is convex, and is increasing if X > 0. Let

Ix(a) = SI;p(Ha — log Mx(0)) (21)

It can be shown that Iy (a) is non-negative, convex, and differentiable(?). We will use the theory of large
deviations [2]. For that purpose, we make some regularity assumptions.
H1  Mp(f) < oo for 6 in some neighborhood of 0. For a < 1/A1, Ir(a) is achieved in the interior
of the neighborhood.
H2 Mg (6) < oo for 6 in some neighborhood of 0. For a < 1/u1, Is(a) is achieved in the interior

of the neighborhood.
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Let us define

=~ (22)
M1
n
— 2
to " (23)
From the Chernoff bound, when 0 < ¢ < t9, we have
P{) T <t} < el (24)
=1
When 0 < ¢ < t1, we have
Py _Si <t} < et (25)
=1

On the interval [0,¢1), both {377, 7; < t} and {3°7_, S; < t} are large deviation events, as n
increases. On [t1,t2), {3°;; T; < t} is a large deviation event and {3 7, S; < t} is an event of
constant probability. On [t2, 0o], both are events of constant probability. Hence, for large n, the integral

in (20) can be bounded from above by
tl t2 o

Cy(n)e ™Mrt/m)g=nls(t/n)=dt gy Cy(n)e I t/m) =0t qp 4 Cze Ot (26)
0 t1 2

where the functions C;(n) and Cy(n) are on the order of (™), and Cs is a constant. The third term in

(26) gives,

Cae 3" 27)

where we reuse the symbol C5 for some other constant. We next work with the other two terms in (26),

and will start with the second term.

A. Second Term

We wish to compute

t2 t2
Cy(n)e I (t/m) =0t gt — Cy(n)e™Mrt/m) =0t gy (28)

t1 tl

Let us ask what the supremum of the integrand is and where it occurs if it can be achieved. By the

definition of I7(a), Ir(a) and log M (#) are convex conjugate pair with,
log M7 (0) = sup(fa — Ir(a)) (29)

Therefore, we have
t
log Mr(6) = sgp(% — Ir(t/n)) (30)
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Hence,
nlog Mp(—0) = sup(—dt — nlp(t/n)) (31)
t

Suppose 6, achieves the supremum of

Ir(a) = sup(fa — log M1 (6)) (32)
0
0, satisfies
Mz(6,)
= 33
Let us define a function
M7(6)
hr(0) = =1L 34
Then,
, oo E[T?TE[T] — (B[TeT))’
hT(G) - (E[GGT])Q (35)
Here, we make the assumption
H3  Ah/.(9) exists in some neighborhood of 0.
By the Cauchy-Schwarz inequality
E[T%"" |Ble"] > (E[Te""))? (36)

where the equality holds if and only if X = 0 with probability 1. Hence, hp(#) is an increasing function.

We will assume it is a strictly increasing function. With this,
0o(a) = hy'(a) @37)

where h.'(a) is the inverse of iy and is also a strictly increasing function. With 6, we have

Ir(a) = 0,a — log M1(0,) (38)
M (0,)
1 = af, +0, — —20,
T(a) a MT(Ho)
= ab, +0,—ab),
= 0,
— hil(a) (39)
Then,
~Ip(a) =8 = —hy'(a) =6 (40)

We have proven the following lemma.
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Lemma 1:

In(a) = =6 <= h;'(a) = —6 <= a = hy(-0) = Mr(—5) (41)
Ih(a) < -6 <= h;l(a) <—d<=a<hp(—0)= Aj\jﬁi:g (42)

The inequality < can be replaced by <, > and > in the above.

Returning back to (31), suppose the supremum is achieved at ¢.. Then, ¢, satisfies
—§ — Ip(te/n) = =0 — hy' (ts/n) =0 (43)

Hence,

t* == TLhT(—(;) (44)

Lemma 2: t, exists, is unique, and 0 < ¢, < to = n/)\;.
Proof: Note that for all 6 > 0, M/.(—d) and Mp(—¢) are both defined and positive. Because hr

is strictly increasing, for § > 0,
_ Mz(=9) _
0< hT(—(g) = MT<—(5) < hT<O) = 1//\1 (45)

Hence, if ¢, is defined as in (44), it satisfies 0 < ¢, < t2 = n/\;. Therefore, ¢, is the unique point that

achieves the supremum of (31).

We next consider two cases, depending on whether ¢, lies in (0,¢1) or [t1,t2).

B. case 1: ¢, € (0,t1)
We make additional assumption.
H4  I7(a) is continuous on [0, c0).
Because of (39), H4 is equivalent to
H4"  h7.(0) is continuous in a neighborhood of 0.

Lemma 3: t, € (0,¢1) if and only if hp(—0d) < 1/u1. When ¢, € (0,11),

ta
lim 1 log Cg(n)e_nIT(t/")e_étdt =—(Ir(1/p1) +6/pm1) (46)

n—oo n t

Let
¢(t) _ 6—nIT(t/n)—§t (47)

We will first show that
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Lemma 4. When n is large enough, ¢(¢) is convex and decreasing on [t1, ta].

Proof:

¢ (t) = e MWLt /n) — 6) (48)

-n n)— 1
¢ (t) = e T UM (1 (t/n) — 6)* — —Ip(t/n)) (49)

We already know that

>0 ift<t,
—Ip(t/n) =4 =0 ift="t, (50)

<0 ift>t,

Also, —I7.(t/n) — ¢ strictly decreases. Hence, on [ty, t2],
—Ip(t/n) =6 < —Ip(1 /1) — 8 < —Ip(te/n) — 5 =0 (51)

Hence, (—I/.(t/n) — §)? is greater than some constant, ¢ > 0. On the other hand, I’/(t/n) is bounded
on [t1,t]. Hence, I7.(t/n)/n tends to 0 as n increases. Therefore, for n large enough, ¢”(t) is positive
on [t1,to]. [ ]
Proof: (of Lemma 3) By (44), t. < t; if and only if nhp(—4d) < ¢1, and if and only if hp(—6) <
1/p1.
The function ¢(t) increases when ¢ < ¢, and then decreases when ¢ > t,. By examining ¢ (t), due
to the fact that I.(a) > 0, we know that ¢(t) is concave in the neighborhood of ¢ = ¢,. A qualitative
illustration of ¢(t) is shown in figure 1. In it, we draw a tangent line at the point (¢1,¢(¢1)). Let the

tangent line intercepts the ¢-axis at ¢,. Then,

bty = P(t1) 1 (52)

¢'(t1)  Ip(1 /) +9
Note that ¢, — t; is a constant. Hence, for n large enough, ¢, falls between ¢; and ¢,.

Fig. 1. ¢(t). Case 1: t. € (0,t1).
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By convexity of ¢(t) on [t1,t2], ¢(t) is above the tangent line on that interval. Therefore, the integral
in (28) is bounded from above by the area of the rectangle between ¢; and ¢5, and is bounded below by

the area of the triangle between ¢; and ¢, multiplied by C2(n). Hence,

1 t2
5C2(n)o(t1)(t: —t1) < Cy(n)e ™rt/mM=0tat < Cy(n)d(t1)(t2 — t1) (53)
t1
1 1 t2 I
N < —nlr(t/n)—5t g4 B
2]}(1/#1) T 502(771)@(751) ~ " C’g(n)e dt ~ (1/)\1 1/#1)’002(71)@%)(151) (54)
Hence,
to
/ Co(n)e—Tr (/=3 gy . g=n(Er(1/)+8/12)o(r) (55)
t1
|
Example 1:

Suppose T has exponential distribution with mean 1/X\;. Then

A1

M =
7(0) pV— (56)
Mz.(6) 1
= = 7
)= 30@) ~ w6 7
Hence the condition for ¢, € (0,¢1) is ﬁ < 1/p1, which is equivalent to
H1 — )\1 <0 (58)

It is worth pointing out that x; — Ay < ¢ is not sufficient to guarantee that ¢. € (0,¢1) in general

situations. To see this, let us rewrite the condition for ¢, € (0,%1), hp(—6) < 1/p1, as

E[(— — T)e 7] > 0 (59)
M1
Write ¢(z) = (5 — x)e°". Then,
Y'(x) = e 0% (—1— Kl + 0x) (60)
M1

Hence, at z, = i + 1, ¢ (z,) = 0. When z < z,, ¢/(z) < 0, and when 2 > =z, ¢/(z) > 0. An
illustration of ¢ (z) is shown in figure 2, where we choose § to be large so that ©; — A; < ¢ and
1/A1 > 1/pu1 + 1/6. In this case, if the pdf of 7', denoted by fr(z), is concentrated enough around the
mean 1/, then E¢(T) < 0.
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sy

Fig. 2. A situation where E¢(T") < 0. fr(z) is the pdf of T

(t)

-y

Fig. 3. ¢(t). Case 2: t. € [t1,t2).

C. case 2: t, € [t1,t2)

Lemma 5: t, € [t1,t2) if and only if hp(—3) > 1/u1. When t, € [t1,t2),

2
lim 1 log Cy(n)e et/ =0t gt — log My (—06) (61)

Proof: By (44), t. ;;?Oi?and otrllly if nhp(—9) > t1, and if and only if hp(—0) > 1/u1.

For this case, the function ¢(¢) is illustrated in figure 3. We know that ¢(¢) is concave in a neighborhood
of ¢, and will become convex when ¢ becomes large, for large enough n. Using the same argument as
the proof of Lemma 4, ¢(t) is convex on [ta, 00) for large enough n. Hence, the point ¢, > ¢, where
¢(t) turns from being concave to being convex lies on (¢, t2).

We wish to show that ¢, — ¢, does not become small as n increases. Because ¢”(t,) = 0, we have
1
(_I/T(tx/n) - 5)2 = n él’(tx/n) (62)

Because I/.(a) is an increasing function,

In(te/n) = =0 + /I (te/n) /0 (63)
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By H4, I7/(t/n) is bounded on ¢ € [t., t2]. Hence, there exist constants 0 < d; < ds
di < Ip(ty/n) < do
Because hp(6) is an increasing function and by lemma 1,

hr(—0 +di/vn) < = < hyp(—6 + d2/v/n)

te
n
We will expand hr by Taylor’s formula. For that purpose, we need the assumption

H5  A/.(0) exists and is continuous in some neighborhood of —3.

Then, for some &, € (—6, =6 + %),
dl ! dl hf (61) dl 2
hr(— 5+%) hr(=6) + hp( 5)\f+ 5 (%)
Hence,
th//
to > nhp(=8) + diblp(-6) v + DT
Similarly,
d2h//
te < nhp(—8) + dahlp(—6)y/n + 20T\82) (52)
for some &, € (—0, —6 + f) By substituting t. = nhr(—9), we get
210 27 11
dihlp(=6)V/n + dlhT(&) <ty — b, < dohlp(—6)v/m + L(f)

Hence, t, — t. has the same order of \/n.
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(64)

(65)

(66)

(67)

(68)

(69)

We are ready to compute the integral in (28). In figure 3, by concavity of ¢(¢) on [t.,t,], the line

segment joining the points (¢., ¢(t.)) and (t., #(t..)) is below ¢(t) on the interval [t.,

t,]. Therefore, the

integral in (28) is bounded from above by the area of the rectangle between ¢; and ¢5, and is bounded

below by the area of the trapezoid between ¢, and ¢,, multiplied by C2(n). The lower bound is further

bounded from below by the area of the triangle between ¢, and t,, multiplied by C2(n). Hence,

ta

%C2(n)¢(t*)(tx —t) < [ Co(n)e MM < Oy (n)(t) (t2 — 1)

t1
ta

VnCs(n)d(t:) < [ Ca(n)e Mm%t < nCy(n)o(t)

t1
where C3(n) and Cy(n) are Cy(n) modified by a constant multiple. Hence,

to
Cy (n)e*"IT(t/”)*&dt — enlog Mr(=8))+o(n)

t1

(70)

(71)

(72)
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D. First Term

We wish to compute

tl tl
Cl(n)entT(t/n)ents(t/n)efﬁtdt _ / Cl(n)efn(IT(t/n)JrIs(t/n))f&dt (73)
0 0

We start by asking what the maximum of the integrand is and where it occurs. Define
I(a) = Ir(a) + Is(a) (74)
By Theorem 6.6 of [3] (page 86), I(a) is the convex conjugate function of
g(0) = inf{log(Mr(01)Ms(02))|01 + 62 =0} (75)
= i(gllf{log(MT(el)Ms(e —02))} (76)

where the domain of g is determined by the domains of M7 (6;) and Mg(62). If such g(6) does not exist,
i.e.,, g(0) = —oo for any 6, it must be true that 7(a) = +oo (check this?), which is not an interesting

case because we can just ignore the first term, i.e., (73). Hence, we make the assumption

H6  ¢(0) exists in some neighborhood of 0, and for a < 1/u1, supy{fa — g(6)} in achieved in the
neighborhood.

We then have the conjugate pairs
I(a) = sup{fa — g(0)} (77)
9(0) = sup{fa — I(a)} (78)

Therefore

sup{—n(Ir(t/n) + Is(t/n)) - ot}
= Sttlp{*nf(t/n) — 0t}
= msup{~I(t/n) — bt /n)
= ng(=0) (79)
= ninf{log(Mr(6)Ms(~3 — 0))} (80)
The integral in (73) is clearly upper bounded

t1
4 (n)efn(IT(t/n)JrIs(t/n))fétdt < ﬂCl (n)em infy{log(Mr(0) Ms(—6—0))} 81)

0 M1
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Suppose t, achieves the supremum of —nl(t/n) — dt. Then, it satisfies
—I'(to/n) — 6 = —I(to/n) — Ig(ty/n) — 3 =0 (82)

Then,
—hpt(to/n) = hg'(to/n) =6 =10 (83)

where hr(0) = %;Ezg and hg(6) = %Ezg Since hr and hg are both strictly increasing, we can define
h(0) = (hy' +hg")~H(0) (84)
which is also a strictly increasing function. Hence,

to = nh(—0) (85)

Lemma 6: t, exists, is unique, and 0 < t, < to = n/A;.
Proof: To show h(—d) > 0, it suffices to show that there exists e > 0 such that h(—d) > e. Choose
¢ = min{hz(—5/2), hr(—5/2)}. Since hr and hg are both increasing functions, we have h'(€) < —6/2
and hg'(e) < —d/2. Hence, (h' + hg')(e) < —6. Therefore, h(—6) > e.
To show the existence of ¢,, note that
—I'(ne/n) — 6 =—I'(e) =6 = —(hy7' + hg')(e) =6 >0 (86)
But, because h;'(1/A1) = 0 and hg'(1/A1) > hg'(1/p1) =0,
—I'(ta/n) — 6 = —h3 (1/M) — hg (1/M\) =6 < 0 (87)
Hence, t, must exists and is between [e, t2), and ¢, is unique because I’ is strictly increasing. ]
Lemma 7: t, € (0,¢;) if and only if hp(—0) < 1/p1, and hence, t, € [t1,t2) if and only if Ap(—6) >

1/,u1.
Proof: Note that ¢, satisfies

—I'(ty/n) =6 =0 (88)
Since we know ¢, € (0,t2) and I'(t/n) strictly increases with ¢, it suffices to show
~I'(ty/n) =6 <0 (89)

This is true if and only if

hp' (/) + hg' (1/ ) > =6 (90)
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But A1 (1/u1) = 0. Hence, (90) is true if and only if h'(1/u1) > —6, which is equivalent to hp(—0) <
S T

1/#1.
Lemma 8:
Is(1/pm) =0 (92)
Proof: By definition,
Is(1/p1) = sgp{G/m — log Ms(0)} (92)
Let 65 achieves the supremum. Then,
02 = hg'(1/p1) =0 (93)
Hence, Ig(1/p1) = 0. |
1) case 1. t, € (t1,t2):
Lemma 9: When ¢, € (0,%1),
t1
lim ~log [ Cy(n)e " IrUmHIsO/m)=0tgy — _p(1 g — 8/ (94)

n—oo n

0
Proof: The proof is similar to that for lemma 3. We first define

¢(t) _ e—nl(t/n)—ét (95)

Then, we have
¢/ (t) = e MM (t/n) - 6) (96)
¢"(t) = e M1t /n) - 5)* — %I "(t/n)] 97)

Since I'(a) is an increasing function of a and —1I'(¢t,/n) — § = 0, it must be true that ¢’(¢) > 0 on
(0,t,) and ¢'(t) < 0 on (t,,t2). Similar to lemma 4, it is easy to show ¢(t) is eventually convex on
(0,t1). Here, we need the assumption that I”(a) is bounded on a € [0,1/u1], which is satisfied under

the assumption
H7  I7(a) and Ig(a) are continuous on [0, co).
which is equivalent to
H7  h’.(6) and h/y(#) are continuous in a neighborhood of 0.

We illustrate the shape of ¢(¢) in figure 4. There, we draw the tangent line at the point (¢1, ¢(¢1)) whose

t-axis intercept is t,. We have
(1) 1

Bl = GG T T 1o

(98)

DRAFT



17

Note that ¢; —t,, is a constant. Hence, for n large enough, ¢, falls between 0 and ¢;. The integral of ¢(¢)
on (0,t1) is bounded from above by the area of the rectangle between (0,¢1) and bounded from below

by the area of the triangle between (¢,,¢1). Hence,
t1

3OO (=) < [ Cume M < Cymae)t (99)

Hence,
t1
/ O (eI (E/m=dt gy — o=n(I(1/m)+5/m)+o(n) (100)
0

By lemma 8, Is(1/u1) = 0. Hence,

I(1/pa) = Ir(1/ ) + Is(1/pa) = Ip(1/ 1) (101)
Finally, we have .
Ly (n)e I /m =t gy — g =n(Tr ()5 ) +o(n) (102)
0
|
()

-y

Flg 4, (b(t) Case 1l t, € (t17t2).

2) case 2: t, € (0,11):
Lemma 10: When ¢, € (0, 1),

1 b

lim log/ Ci(n)e MIrt/m+Ist/m) =0t gy — g(_g) (103)

n—oo N 0
Proof: The proof is very similar to that for lemma 5. We only sketch the proof here. Figure 5
illustrates the situation in this case. First, ¢”(t) < 0 near t¢,, and hence, ¢(t) is concave near t,. ¢(t)
eventually becomes convex as ¢ moves away from t,. Moreover, for large enough n, all the concave part
of ¢(t) falls in (0,%1). Let ¢, > t, be point where ¢(¢) turns from being concave to being convex. It
satisfies ¢”(t) = 0. We can show that ¢, — ¢, does not become small as n increases. In fact, under the

assumption of H7 and under the new assumption that
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H8  h7.(6) and h'5 () exist and are continuous in some neighborhood of —d.
we can show that ¢, — ¢, is of the order /n. We then bound the integral of ¢(¢) on (0,¢;) from above
by the area of the rectangle between 0 and ¢, and from below by the area of the triangle between ¢,

and ¢, and get
t1

%Cmnw(to)(u —t,) < [ Ci(n)e "UIrt/mHEmMIZ0 gy < Oy (n)(to)ta (104)
0

Because ¢(t,) = ¢"9(~%, we get the conclusion of the lemma. |

-y

Fig. 5. ¢(t). Case 2: t, € (0,t1).

E. Combining Three Terms

1) case 1: hp(—d) < 1/u;: In this case, we need to compare three expressions corresponding to the
three terms of (26): g(—0), —(Ip(1/p1) +6/p1), and —6/\;.

Lemma 11: Given hp(—6) < 1/p1, we have

9(=6) =2 =(Ir(1/p1) +6/p1) > =6/ M (105)
where
9(=0) = int{log(Mx(6)Ms(~6 — 6))} (106)
Proof: First let us show —(Ip(1/u1) + 0/p11) > —3/A1. Note that
IT(l/:ul) = 00/”1 - 10g MT(GO) (107)
where 6, = k' (1/u1). Hence, we need to show
log Mr(0o) — 0o/p1 — /11 > =0/ M1 (108)
which is equivalent to

6_90/M1E€00T > 6_6(1/)‘1_1/H’1) (109)
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By convexity of the function z — e%*,
e 0o/ peloT > elo(1/X—1/p1) (110)

We only need to show 6, > —4, which is true because hp(—0) < 1/u1 = hp(6,) and hr is increasing.

We next show ¢g(—d) > —(Ip(1/u1) + d/p1). Note that g(—4) is the maximum of —Ip(t/n) —

Is(t/n) — 8t/n over t. Hence
g(=0) > —Ip(t1/n) — Is(t1/n) — 6t1/n
= —Ir(1/m) = Is(1/pm) = 0/m
= —Ir(1/pm) = 6/m (111)

The last equality is because Ig(1/u1) = 0 by lemma 8. [ |
2) case 2. hp(—9) > 1/p1: In this case, we need to compare three expressions corresponding to the
three terms of (26): —(I7(1/p1) +6/p1), log Mp(—6), and —d/A;.
Lemma 12

log Mr(—8) > —3/A, (112)

log Mr(—6) > —(Ir(1/p1) + 6/ 1) (113)
Proof: To show (112), it suffices to show that

Ee T > ¢=0/M (114)

which is true because the function z — e¢=%% is convex.

To show (113), note that log My (—9) is the maximum of —Ip(¢/n) — 6t/n over t. Hence
log MT(—(S) > —IT(tl/TL) - 5751/72

= —Ir(1/m) 8/ (115)

Combining the two cases, we have proven the following theorem.

Theorem 13:

© - —0 if hp(—0) <1
lim - log / P> T <y P> S < the dt = 9(=9) _ r(0) <1 e
reen Joo i i=1 log Mp(—68) if hp(—0) > 1/
Example 2:
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Going back to the exponential case, where 7" and S and both exponential random variables with mean

1/A1 and 1/pq, respectively. We have M7 () = A\1/(A — 0) and Mg(0) = u1 /(1 — 0). We get

log My (—6) =1 ! 117
og Mr(—9) 835 (117)
. A 1
~5) = infl 11
9(=0) = flog(—4- =575 (118)

By setting ¢’(#) = 0, we find that the infimum occurs at 6, = (A1 — 1 — §)/2, and the infimum is

411
(A 4+ p1 +9)?

We have already seen in example 1 that the condition hp(—4d) < 1/u1 becomes py — A1 < 6 in this case.

9(~8) = log (119)

1 o " log 22 if ) — A\ < &
im —log [ P{> T, <t}P{3 8 < thettdr = { ° Curmrdr THITA (120)
n—oo 1 J A .
0 i=1 j=1 log )\]i_(s if uyg — A >96

M.
A. Relaxing the Random Time

Let Z be a random variable with exponential tail probability. That is, its pdf, fz(t) = e~%+°(t) for

large ¢, where § > 0. We will show that

Theorem 14:
a & -5 if hp(—0) <1
lim ~logBP{S T < Z}P{Y8; < 7} = 9(=0) r(=0) <1/m (121)
e i=1 s log Mp(—0) if hp(—0) > 1/

Proof: For all € > 0, there exists a ¢. such that, for all ¢ > ¢.,
e T+ < fy(t) < O (122)
EP(Y T: < 2}P{Y_ 5, < 7}
i=1 j=1
00 n n
= / PO T <thP{> S5 <t} fz(t)dt
0 i=1 =1

= [CPome (s <o ssas [T PO 0PIy S < 020 129)
0 i=1 j=1 te i=1 j=1
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We will first show that the first term can be ignored when compared with the second term. For large

enough n, t. < t1. Hence

/ i p{f: T, < t}P{Zn: S, < t}fa(t)dt
0 i=1 j=1

- / ) C1 (n)e~ "I E/m+Ts(t/m) £, (1) gy

. C?l(n)en(IT(t//n)+Is(t’/n))P{Z <t}

< Cy(n)eUr(t/m+Is /m) 429
where # achieves the supremum of e~z (t/m)+Is(t/m) on [0, t.]. Note that

lim Mr(#) = lim EeT =E[ lim ¢’7]=0 (125)

60— —o0 60— —o0 60— —o0

The interchange of limit and expectation is justified by dominated convergence theorem. Therefore,
I7(0) = sup{—log M7 (6)} = +o0 (126)
0

Next, as n — oo, t'/n — 0. Hence, for any constant ¢ > 0, there exists an integer N(c, ) such that for

all n > N(c,¢), Ir(t'/n) > r. Hence, for such n,

e—n(IT(t//n)—i-Is(t’/n)) < e e (127)

That is, f(f PO T < t}P{377_ 1 S <t} fz(t)dt decreases fast than e~ for any constant c.

We now turn to the second term of (123).

JAE SRR SEEREALL
te i=1 j=1

IA

/ PO T <thP{> S5 <tye OVt
te i=1 j=1

IA

/ P T < hP(> 8 < the0-9tgy (128)
0 i=1 j=1

By theorem 13, when hp(—0 +€) < 1/p1,

n—oo T Jt

lim sup / TP T < (4 PIS. S < B0t < g(~5+ o) (129)
€ i=1 j=1

and when hp(—d +¢€) > 1/pu1,

n—oo N Jt

timsup [ P T < P38 < (h7(0)dh < log Mr(~5 -+ ) (130)
‘ i=1 j=1
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Because the first term in (123) can be neglected, we have

hmsupl/ P{ZT <t}P{ZS <t}fz(t)dt

n—00 .

= hmsupl/o P{ZT <t}P{ZS’ <ty fz(t)dt

n—o0

For the lower bound,

/OO P{znjz; < t}P{zn: S; < thfz(t)dt

> /t P{ZT <t}P{ZS < tre(0Ftgy
— /0 P{ZT <t}P{ZS < tle”OFItgy

—/0 P{ZT <t}P{ZS < te~ O+t gy
>

/ P{ZT <t}P{ZS < tlemOFItgy
0
_/ ‘ P{ZTi < t}P{Z S; < t}dt

0 i=1 j=1

22

(131)

(132)

For the same reason as before, the second term in (132) decays faster than e~ for any ¢ > 0 and can

be ignored. Hence, by theorem 13, when hp(—6 —€) < 1/u1,

n—oo n

imin [ P(YT < P{3 8, < ) fa(0de = o(~5 - 0
te i=1 j=1

and when hp(—d —€) > 1/pu1,

n—oo n

liminfl/ P T <t}P{>_ S; < t}fz(t)dt > log Mp(—5 — €)
¢ i=1 j=1

€

Because the first term in (123) can be neglected, we have

lim inf - / P T < 4 PLY. 85 < thf2()dt
te i=1 j=1

n—oo 1,

n—oo n,

— liminf - / P T < 3 PLY. 85 < thf2()dt
0 i=1 j=1
Combining the upper and lower bound and since e is arbitrary, we get, when hp(—0) < 1/u1,

lim /OOO P T <3 P(> 85 < thf2(t)dt = g(—0)
i=1 j=1

(133)

(134)

(135)

(136)
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and when hp(—46) > 1/u1,

1 0o n n
lim / PO T, <t}P{> S <t} fz(t)dt =log My (—5) (137)
nee it Jo i=1 j=1

Therefore, we have the conclusion of the theorem. [ |

V. LOWER BOUND

Consider a GI/GI/1 queue initially empty at time ¢ = 0. Recall that T, is the interarrival time between
customer C,, and customer C,,, 1, where C,, is the n*" customer after time 0, S,, is the service time of C,,,
n =1,2,.... Let us define A,, be the arrival time, and 1W,, be waiting time in the queue of customer C,,.
Let N (¢) be the number of arrivals on the interval [0,¢]. Suppose a constant (3 satisfies 0 < 3 < 1/,
and hence, ¢ := Bn < n/A;. Then, the event {A,, < ¢} = {37 | T; <t} is a large deviation type of
event.

Lemma 15; For t = n and for any constant z > 0,

lim ~log P{A, € (t -z, ]} = —Ir(3) (138)

n—oo N

Proof: By the theory of large deviation, we know that

1
lim - log P{A,, <t} =—Ir(0) (139)
For large n, we can write
P{A, <t} = ¢ ™rB)toln) (140)

where o(n) satisfies o(n)/n — as n tends to infinity. Clearly,
P{A, € (t — z,t]} < P{A, <t} = e r(B)+oln) (141)
We want to show, for every e > 0, when n is large enough,
P{A, € (t — z,t]} > e "Ur(A)+e) (142)
Suppose this is not the case. Then, there exists an ¢ > 0 such that, for large n,
P{A, € (t — z,1]} < e "Ur(A)+9) (143)
Partition the interval [0, ¢] into [t/x| = | Gn/x] intervals of length =. Forany £ =0,1,2, ..., |8n/z| —1,

P{A, € (t —z,t]} > P{A, € (t — (k+ 1)z, t — kz]} (144)

DRAFT



24

Hence, we have
[Bn/z]-1
P{A, <t} < Y P{Ane(t—(k+1)a,t—ka]}
k=0
[Bn/z]-1

3 B

k=0

IN

_ L% JemnlIr(8)+9 (145)

which contradicts (140). ]

Lemma 16: Let X, Xo, ..., X,, be identically distributed random variables. Let a be a real number.

P{Xi+..+X;>jaforall 1 <j<n}> %P{Xl +...+ X, > na} (146)

Proof: The proof can taken from the proofs for Lemma 3.1 and Theorem 3.3 in [2] (page 46). ®m

We will next find a lower bound for the probability that, given n customers arrived on [0, ¢] to the

empty queue, all n customers left by time ¢. This is the probability that exactly n customers departed

the queue on [0, ¢] leaving the queue empty, given the queue is empty at time 0. This probability can be
written as

P{q(t) =0 [ N(t) = n,q(0) = 0} (147)

where ¢(t) is the number of customers in the queue at ¢. We will show the following theorem.

Theorem 17: For ¢t = (n,
P{q(t) =0 | N(t) = n,q(0) =0} > C(n)P{D_5; <t} (148)
=1

where C(n) is of the order of e°(™),
Proof: A particular way for the n customers to leave the queue by ¢ is that the n** customer did

not wait to be serviced and it has departed the queue by ¢. Therefore,
P{q(t) =0 | N(t) =n,q(0) =0} > P{W, < 0,A, + S, <t | N(t) =n,q(0) =0} (149)

Let us define x = 1/\y, and p1 < v < 1, where p; = A;/ug. Since ET = 1/A;, we get P{T,, 41 >
x} > 0. Since vz > p1/A\1 = 1/p; and ES = 1/u1, we must have P{S,, < va} > 0. We continue to
bound the right hand side of (149).

P{W, <0, 4, + S, <t | N(t) = n,q(0) =0}

> P{W, <0,A, € (t —x,t—~a],8 <y2,Thy1 >z | N(t) =n,q(0) =0}  (150)
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As will be seen later, our choice of = makes sure that the probability on the right hand side above does
not become zero.

A standard fact from queueing theory is that W,, can be written recursively as
W, = maX(Wn_l + Sn_1—Tn_1, O) (151)

for n = 2,3,.... Define U,, = S,, — T},, for n = 1,2, .... We expand the right hand of (151) recursively
and use the fact that 1/, = 0 since ¢(0) = 0, we get,

W, = max(Ul +Us+ ...+ U, 1, U+ Us... + Up_1, ..., Un_l,O) (152)

One of the observations is that 1,, depends on Si and T} for £k = 1,2,...,n — 1 and is independent of
Sp. Next, A, = > | T; and is independent of S,,. T,,+1 is independent of S,,.. The following events
are equivalent

{N@t)=n}={A, <t,Apt1 >t} ={A, <t,Ap +Tp41 >t} (153)

and hence {N(t) = n} is independent of S,. Finally, ¢(0) is clearly independent of S,,. Therefore,
(Wh, Ap, Ty41) is jointly independent of .S,, whether or not conditional on {N(¢) = n,¢(0) = 0}. The
right hand side of (150) can be written as

P{W, <0,4, € (t—x,t —vx], Sy, <yx,Tht1 >z | N(t) =n,q(0) =0}
= P{W,<0,4, €(t—z,t —~z],Tht1 >z | N(t) =n,q(0) = 0}
P{S, <~z | N(t) = n,4(0) = 0}
= P{W,<0,4, € (t—xz,t —vz],Tht1 > 2 | N(t) =n,q(0) =0} P{S, <~x} (154)

We have argued that the choice of x makes P{S,, < vz} a non-zero constant, save C; > 0. The other

probability in (154) can be written as
P{W, <0,4, € (t —x,t —yzx],Th41 >z | N(t) =n,q(0) =0}
= P{W,<0|N(t)=n,q0)=0,4, € (t —z,t —yz|,Th+1 >z}
P{A, € (t — 2.t = ya], Tuar 2 2 | N(t) = n,q(0) = 0}
= P{W, <0]q(0) =04, € (t —2,t —72], Toy1 = x}

P{An S (t_$7t_7x]an+l > | N(t) = naQ(O) = O} (155)
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In the last step above, we have use the equivalence in (153). We study the two probabilities in (155)

separately. By the independence of W,, and T, 1,
P{W, <0]4q(0)=0,4, € (t —z,t —vyzx],Tpy1 >z}
- P{Wn <0 ’ Q(O) =0,4, € (t—a:,t—'yx}}

= P{max(U1 +Us+ ...+ Up—1,Us+ Us... + Up—1,...,Up—1,0) <0 | q(0) =0, A4, € (t — z,t — vz}

v

1
PO+ Uz o+ Ut <01 q(0) = 0,4, € (8t —7al} (156)

The last step uses Lemma 16 and the fact the random variables Uy, Us, ..., U,_1 are still identically
distributed given {q(0) =0, A,, € (t — x,t — ~vx]}, which can be argued by symmetry.

Now, let us choose an interval [a,b] such that P{T, € [a,b]} > 0 and b —a < (1 — ~)z. This is
possible since the CDF of any random variable increases from 0 to 1. Therefore, for any € > 0, one can
always find an interval of length ¢ on which the probability is non-zero. Now choose n = a/x + 1 and
& =>b/x+~. Then,

b=a ) (157)

n—§=1-vy-
Let us suppose A, falls into (¢t — nx,t — £x) in deriving the following lower bound.

P{Ui+Us+..4U,-1<0]|q0)=0,A4, € (t —x,t — yz|}
n—1
= P{Z Si <An-1]q0)=0,A4, € (t —x,t—~x]} (158)
i=1
n—1
= P{Y_Si<An1| A€ (t—at—a]} (159)
i=1
n—1
P{Z Si <Ap—1,Ap_1 € (t—nx,t—&x) | Ap € (t —x,t — x|}
i=1

v

P{SSI- <t—mnzr,Ap_1 € (t—nx,t—¢x) | Ay € (t —x,t —vyx]}

-
= P> Si<t—nz| A,y €(t—nzt—Ex), Ay € (t—a,t — ya]}

-P{ZZH €(t—nz,t—Ex)| Ay € (t—a,t —~z]} (160)
= P{§ S;<t—nz}P{A,_1 € (t—nz,t—Ex) | A, € (t —x,t —~z]} (161)

i=1

n—1
= P> _Si<t—na}

=1

AV
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P{An € (t—x,t —ya] | Apr € (t —nz,t — Eo)}P{An_ € (t —na,t — Ea)}

PlA, € (t— .t —~a]) (162)
n—1
> P{ZSi <t—nz}
i=1
P{T, € [a,b] | An—1 € (t —nz,t —&x)} P{Ap—1 € (t —nx,t —Ex)}
' P{Ay € (t—a,t—~a]} (163)
n—1
= P{) Si<t—ne}P{T, € [a, ppp A1 € (E =zt = o)} (164)

— P{A, € (t —x,t —~x]}
From (158) to (159), we use the fact that Si, ...,.S,,—1 and A,_; are independent of ¢(0) whether or not
conditional on A,,. From (160) to (161), we use the fact that .S,, is independent of A,,_; and A,,. From
(162) to (163), we use the fact that 4,, = A,,—1 + T,,. When A, € (t — nz,t — &x) and T, € [a, ],
Ay, € (t—nz+a,t—E&x+Db). By the choice of n and &, we have t —nx+a > t—z and t —&x+b < t —z.
Hence, in this case A,, € (t — z,t — vx).

Continuing from (164), we first note that, if the distribution of T,, is non-lattice, P{A,,_1 € (t—nz,t—
&x)} and P{A,, € (t — z,t — x|} are non-zero for each fixed but large n, and hence, their ratio is non-

zero. Second, {A,,—1 € (t—nz,t—¢&x)} and {A,, € (t—z,t—~z|} are either both large-deviation events

P{A,_1€(t—nzt—E{z)}
P{A,(t—zt—yz]}

when ¢t < n/A; or events of constant probability when ¢ > n/A;. In the latter case,

is a non-zero constant. In the former case, we claim that

P{An—l € (t—Uant—giU)} o(n)

= 165
P{A, € (t —z,t — x|} (169)
This is immediate by applying Lemma 15. For ¢t = n, we have
P{A, € (t —x,t —~z]} = P{An_1 € (t — nu,t — £x)} = e Mr(B)Ho() (166)
|
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