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Abstract We provide tight hardness results and approxiamation algorithms for
many existing domination problems. We start with thepositive influence dominating
set(PIDS) problem, originated from the context of influence propagation in social
networks. The PIDS problem seeks for a minimal set of nodesP such that all other
nodes in the network have at least a fractionρ > 0 of their neighbors inP; in the
total version (T-PIDS), nodes inP are required to have a fractionρ of neighbors
insideP; and in theconnectedversion (C-PIDS) the dominating set have to induce
a connected subgraph. Then, we unify a large variations of dominating set problem
under a single generalized dominating set problem.
We show a tight hardness results1

2(1− o(1)) lnn inapproximability and a ln∆ +
O(1) approximation algorithms for our generalized dominating set problem wheren
is the newtork size and∆ is the maximum degree. The results apply directly to PIDS,
k-tuple dominating set,m-connectedk-dominating set, Fixed Threshold Dominating
Set and many existing domination problems plus all connected or/and total versions
of those problems. As most previous hardness results are NP-completeness or APX-
hardness, we effectively close many long-standing approximation gaps of domina-
tion problems, under the reasonable assumption that NP6⊂ DTIME(nO(loglogn)). In
networks with degrees bounded by a constantB, we show that all problems can-
not be approximated within lnB−O(ln lnB), unless P=NP. In dense networks and
scale-free networks such as Internet, WWW, social networks, etc. in which degree
sequences follows a power-law distribution, we reveal trivial constant factor ap-
proximation algorithms for the class of PIDS-like domination problems. Finally, we
prove that optimal solution of any domination problems can be found in linear time
for networks with tree topology.
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1 Introduction

Given a graphG= (V,E), a dominating set (DS) is a subsetD of V such that every
vertex not inD is joined to at least one vertex inD by some edge. Finding minimum
dominating set has been extensively studied and applied to many practical appli-
cations, for examples, building virtual backbones for routing, power-management,
topology control, broadcast scheduling in wireless networks[1, 2, 3, 4, 5, 6, 7]. Re-
cently, variations of dominating set have found interstingapplications in context of
social networks [8, 9, 10].

1.1 Positive Influence Dominating Set

Regularly, individuals tend to be influenced by the opinions/behaviors of their rel-
atives, friends and colleagues. For examples, children whose parents smoked are
twice as likely to begin smoking between 13 and 21 [11], and peer pressure ac-
counts for 65% reasons for binge drinking, a major health issue, by children and
adolescents [12]. Moreover, the tendency of an user to adopts a behavior increases
together with the number his neighbors follows that behavior.

Exploiting the relationships and influences among individuals in social networks
might offer considerable benefit to both the economy and society. As an example,
positive impacts of intervention and education programs ona properly selected set of
initial individuals can diffuse widely into society via various social contacts: face-
to-face, phone calls, email, social networks and so on. How to select a subset of
individuals to be included into intervention programs in order to spread the positive
effect through the whole targeted group is an important research problem.

Findind a proper subset of most influential individual is formulated into a dom-
ination problem [8] in which an individual in the network becomes “influenced” if
half of its neighbors are “positive” about adopting a product or behavior. Formally,
let G = (V,E) be a graph that represents the social network and a influence factor
0< ρ < 1, we wish to find a minimum set of core verticesP, so that every other
vertices inG has at least a fractionρ of their neighbors inP. We denote byN(v)
the set of neighbors of a vertexv∈V andd(v) = |N(v)| the degree ofv.

POSITIVE INFLUENCE DOMINATING SET (PIDS)

Input: An undirected graphG= (V,E) with influence factor 0< ρ < 1.

Problem: Find a subsetP ⊂V such that∀u∈V \P : |N(u)∩P| ≥ ρd(u).

We say nodes inP dominate or influence their neighbors inV \P. The constant
ρ is called theinfluence factor, since it determines for each node the minimum
number of neighbors to include in the PIDS. The studied problem in [8, 9, 10] is a
special case of the above problem withρ = 1/2.

If we require even nodes in the PIDSP to be dominated by a fractionρ of their
neighbors, we have the total version of the problem.
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TOTAL POSITIVE INFLUENCE DOMINATING SET (T-PIDS)

Input: An undirected graphG= (V,E) with influence factor 0< ρ < 1.

Problem: Find a subsetPT ⊂V such that∀u ∈ V : |N(u)∩PT | ≥ ρd(u).

In the connected domination variation, we wish to find a set ofconnected vertices
that form a positive influence dominating set.

CONNECTEDPOSITIVE INFLUENCE DOMINATING SET (C-PIDS)

Input: An undirected connected graphG=(V,E)with influence factor 0< ρ < 1.

Problem: Find a subsetPC ⊂V such that∀u∈V \PC : |N(u)∩PC| ≥ ρd(u)
andPC induces aconnectedsubgraph ofG.

Similarly, Total Connected Positive Influence Dominating Set(TC-PIDS) prob-
lem asks for an connected and total PIDSPTC of G.

1.2 Generalized Dominating Set

We generalize the domination requirementρd(u) for vertex u with a predefined
functionru(x) of d(u), called thethreshold function.

GENERALIZED DOMINATING SET (GDS)

Input: An undirected graphG= (V,E) and a family of functionsrv(x) for v∈V.

Problem: Find a subsetP ⊂V such that∀u∈V \P : |N(v)∩P| ≥ rv(d(v)).

Different family of {rv(x)}v∈V corresponds to different domination problems,
for examples,rv(x) = 1 gives the usual dominating set,rv(x) = ρx gives the PIDS
problem,rv(x) = t, wheret is a positive constant, gives thet-TUPLE DOMINATING

SET problem[13, 14],rv(x) = cv, wherecv are positve constants, gives the FIXED

THRESHOLD DOMINATING SET (FTDS) problem. Moreover, for scale-free net-
works that degree sequences follow power-law distribution, we might anticipate the
use of threshold functions such asrv(x) =

√
x or rv(x) = logx, .etc.

Notice that using a functionrv(x) instead of a simple constantcv for vertexv (the
case of FTDS) allows the domination requirement ofv to be adjusted accordingly
when the network evolves or is argumented. It is important totreat GDS as a fam-
ily of problems but not a single problem. Different familiesof threshold functions
might lead to very different approximation algorithm and inapproximability results.
For example, settingrv(x) = x yields the MINIMUM VERTEX COVER that has sim-
ple 2-approximation algorithm and 2− ε lower-bound under the unique games con-
jecture [15], while most domination problems achieve onlyO(logn) approximation
algorithms.

In the same way that T-PIDS, C-PIDS, TC-PIDS are formulated,we also define:

• TOTAL GENERALIZED DOMINATING SET (T-GDS),
• CONNECTEDGENERALIZED DOMINATING SET (C-GDS),
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• k-CONNECTEDGENERALIZED DOMINATING SET (kC-GDS), in which the sub-
graph induced by the dominating set isk-vertex connected i.e. there are at least
k vertex-disjoint paths betwen any vertices in the dominating set, wherek is an
integral constant. C-GDS is a special case ofkC-GDS withk= 1.

• TOTAL CONNECTEDGENERALIZED DOMINATING SET (TC-GDS),
• k-CONNECTEDTOTAL GENERALIZED DOMINATING SET (kCT-GDS),

Threshold function. Not all threshold functions yield meaningful domination
problems. For example, ifrv(x)> x, then there is no way to satisfy the requirement
|N(v)∩P| > rv(d(v)) > d(v). Hence, we restrict our attention to the following
class of threshold function that is general enough to covered existing and possibly
incoming domination problems.

Definition 1. A functionrv(x) :N→R
+ is adominating functionif and only if rv(x)

is amonotone increasingfunction that satisfies the following conditions.

1. 0< rv(x)< x ∀x> 0,
2. 0≤ rv(x)− rv(x−1)≤ 1 ∀x> 0,

3. lim
x→∞

rv(x)
x

< 1.

The first condition makes the problem “non-trivial” to solve(to be precise it
makes the problem hard to aproximate withinO(logn)). The second and third con-
ditions guarantee the growing rate of the function to be linear or sublinear.

1.2.1 Related Work

Finding minimum dominating set is hard to approximate within (1−o(1)) lnn by a
reduction to Set cover [16] and is approximable within ln|S |OPT+O(ln ln |S |OPT) [17].
On special graphs such as planar graphs, disk graphs, there exist PTASs [18, 19, 20,
21, 22, 23]. In the context of wireless sensor networks (WSNs), distributed(1+ ε)
approximation algorithm on Unit Disk Graphs (UDGs) withO(log∗ |G|) rounds are
known [24]. When vertices are associated with weights or costs, 5+ε approximation
algorithm is known for UDG [25].

Henning et al. [26] survey the total dominating set problem and provideNP-hard
proofs on some special graphs.

The connected dominating set problem is studied in Guha and Khuller [27] in
which aH(∆)+2 approximation algorithm for finding minimum CDS is introduced.
In UDGs, constant factor approximation algorithms for weighted connected DS are
possible. The currently best ratio is 9+ ε presented in [25].

The t-tuple DS is studied in [28, 13, 14] in which the approximation lower
bound of (1− ε) lnn together with ln(∆ + 1) + 1 approximation algorithm were
presented. Algorithms for minimumk-connectedt-tuple dominating set problem
[29] 6+ ln5/2(k− 1)+ 5/k) approximation algorithm on UDG. No hardness re-
sults other than NP-completeness for the problem were presented in literature.
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Unless NP⊆ DTIME
(

nO(loglogn)
)

, Feige [16] proved that Set cover cannot be

approximated within factor of(1−o(1)) · lnn, while under the typical assumption
that P6= NP, the best known inapproximability result isc· lnn [30] for some constant
c> 0.

Domingos and Richardson [31] were the first to study the propagation of influ-
ence and the problem of identification of the most influentialusers in networks.
Kempe et al. [32, 33] formulated the influence maximization problem as an opti-
mization problem. Leskovec et al. [34] study the influence propagation in a different
perspective in which they aim to find a set of nodes in networksto detect the spread
of virus as soon as possible.

Influence propagation with a limited number of hops as well asa special case of
T-PIDS, whenρ = 1/2 were first considered in Wang et al. [8] in which they itera-
tively add (normal) dominating sets until forming a T-PIDS.Feng et al. [35] showed
NP-completeness for the PIDS problem, whenρ = 1/2. The APX-hardness and an
O(logn) approximation algorithm for T-PIDS problem was introducedin [9]. Under
the condition that the geometric representation of a Unit Disk Graph is given and
the maximum degree is bounded by a constant, Zhang et al. [36]devised a Poly-
nomial Time Approximation Scheme (PTAS) for thet-latency bounded information
propagation.

1.2.2 Our Results

Problem Original T-(*) kC-(*) kCT-(*)

t-tuple DS
(1− ε) lnn[13] (1− ε) lnn (1− ε) lnn, k= 1 (1− ε) lnn, k= 1

k= 1 [13],∀k[?] k= 1 [13], ∀k[?]

Positive Influence DS

APX-hard,ρ = 1
2 [10] - APX-hard,k= 1[9] -

(1− ε) ln∆ [?] (1− ε) ln∆ [?] (1− ε) ln∆ [?] (1− ε) ln∆ [?]

( 1
2 − ε) lnn[?] ( 1

2 − ε) lnn[?] ( 1
2 − ε) lnn[?] ( 1

2 − ε) lnn[?]

Fixed Threshold DS (1− ε) lnn (1− ε) lnn (1− ε) lnn[?] (1− ε) lnn[?]

Table 1: Hardness of Approximation for Domination Problemsin graphs. Symbol
[?] means results are derived from this chapter. The hardness(1− ε) ln∆ is proved
under the typical assumption P6= NP, while the hardness(1

2− ε) lnn is proved with
the assumption NP6⊂ DTIME(nO(loglogn)).

Following results are presented in the chapter.

• We prove that domination problems belong to the families GDS, T-GDS, C-GDS,
and TC-GDS can be approximated within ln∆ +O(1) but cannot be approxi-
mated within(1

2−o(1)) lnn, unless NP⊂ DTIME(nO(loglogn)).
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Problem Original T-(*) kC-(*) kCT-(*)

Dominating Set
lnB−O(ln lnB)[37] lnB−O(ln lnB)[37] lnB−O(ln lnB) lnB−O(ln lnB)

k= 1 [37],∀k[?] k= 1 [37], ∀k[?]
t-tuple DS lnB−O(ln lnB)[?] lnB−O(ln lnB)[?] lnB−O(ln lnB)[?] lnB−O(ln lnB)[?]

Positive Influence DS lnB−O(ln lnB)[?] lnB−O(ln lnB)[?] lnB−O(ln lnB)[?] lnB−O(ln lnB)[?]

Fixed Threshold DS lnB−O(ln lnB)[?] lnB−O(ln lnB)[?] lnB−O(ln lnB)[?] lnB−O(ln lnB)[?]

Table 2: Hardness of Approximation for Domination Problemsin B-bounded
graphs. Symbol[?] means results are derived from this chapter. The hardness are
proved with the assumption P6= NP.

• OnB-bounded degree graphs, none of the problems can be approximated within
lnB−O(ln lnB), under the standard assumptionP 6= NP. As a consequence, the
considered problems are not approximated within ln∆−O(ln ln∆), unless P=NP.

• If the network is scale-free i.e. the degree sequence follows a power-law distri-
bution or the network is dense, we analyze the degree-based greedy selection
algorithm to show that it obtains constant approximation algorithm for “PIDS-
like” domination problems.

• In networks with tree topologies, it is possible to find the optimal solution in
linear-time for all considered domination problems.

We also summarize implied results in this chapter in Tables 1and 2.

2 Hardness of Approximation

In this section, we present inapproxiability results for domination problems in fami-
lies GDS, T-GDS,kC-GDS, TC-GDS. To make the chapter easier to follow, we first
present the proof forB-bounded graphs in subsection 2.2, then extend the gadget in
the proof to obtain the hardness results in general graphs insubsection 2.3.

Our proof requires fine-tuning settings in Feige’s reduction for Set Cover [16],
an example of refined elegance. Although, we can use hardnessresults of Set Cover
in a black-box fashion (or equilvalently dominating set problem), it leads to weaker
inapproximabilityO(logB) andO(logn) for B-bounded graph and general graph,
respectively, that is a constant time worse than the tight hardness results.

The challenge lies on bounding the size of added vertices in our reductions with
the size of the optimal set cover. Two important quantities that are not mentioned in
the Feige’s reduction are the maximum capacity of a set and the maximum frequency
of an point. We brief the Feige’s proof for Set cover in subsection 2.1 and derive
bounds on latent parameters to help in the analysis of our reductions.
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2.1 Feige’s Reduction for Set Cover

Feige presented a reduction from ak-prover proof system for a MAX 3SAT-5 in-
stanceφ that is aconjunctive normal formformula consists ofn varilables and5n

3
clauses of exactly 3 literals. The verifier interacts withk provers, and ask provers
different questions based on a random stringr; each question involvesl/2 clauses
and l/2 variables. If the formulaφ is satisfiable, then the provers have a strategy
that cause the verifer accepts for all random strings. If only a (1− ε) fraction of the
clauses inφ are simultaneously satisfiable, then for all strategies of the provers, the
verifer weakly accept with a probability at mostk2 ·2−cl, wherec is a constant that
depends only onε.

The core of the Set cover gadget is a partition systemB(m,L,k,d), whereB is
a ground set ofm points. The partition system is a collection ofL = 2l partitions
P1, . . . ,PL of B, each partitionPi has exactlyk disjoint subsetspi,1, . . . , pi,k. Any
cover ofm points inB requires at leastd = (1− 2

2)k lnm subsets. The condition to
make constructing such a system possible is thatk< lnm

3 lnlnm.
Let R= (5n)l denote the number of possible random strings for the verifier. We

makeR copies of parition systemB. Let Br denote the copy of the partition associ-
ated with the random stringr andpr

i, j the copy of setpi, j in Br .
We now ready to describe the instance of Set Cover in the Feige’s reduction. The

univeral setU =
⋃

r∈R

Br containsmRpoints; and the set system isS =
{

Sq,a,i
}

q,a,

where i can be deduced from syntax of(q,a). Each setSq,a,i corresponds to a
question-answer pair(q,a) of the ith prover andSq,a,i =

⋃

(q,i)∈r

pr
ar ,i where(q, i) ∈ r

means on random stringr, the ith prover receives questionq, andar is the assign-
ment of variables extracted froma.

As long ask22−cl < 8
k3 ln2 m

, we obtain the hardness result(1− 4
k) lnm i.e. if

formulaφ is satisfiable, thenmRpoints inU can be covered bykQ subsets, and if
only (1− ε) fraction of the clauses are simultaneously satisfiable, theminimum set
cover has size at least(1− 4

k) lnm kQ. Here,Q is the set of allnl (5/3)l/2 possible
questions. The condition can be satisfied withl > 1

c (5logk+2loglnm).
We now present important quantities that appear later in ourproofs.

• |S | ≤ Q22l : For each questionq ∈ Q, there are at most 22l answers of 2l bit
length.

• ∆S =max
S∈S
|S| ≤m3l/2: For eachi andq∈Q there are at most 3l/2 random strings

r such that the verifier makes queryq to theith prover and|pr
ar ,i | ≤m.

• FU ≤ k2l : Where FU is the maximum frequency of a point inU . Because, for a
pair (q, i), each partitionpr

ar ,i is included at most 2l times, plus each point inBr

appears in exactlyk paritions.
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2.2 Tight Hardness Results on Bounded-Degree Graphs

The hardness results on bounded-degree graphs are divided two parts. In the first
part, hardness resutls for PIDS and its variations are established. In the second part,
the hardness of domination problems in the families GDS, T-GDS,kC-GDS,dBD-
GDS are proved by subtle modifcations on reductions in the first part.

2.2.1 Positive Influence Dominating Set

Theorem 1.Neither PIDS, T-PIDS, kC-PIDS can be approximated withinlnB−
O(ln lnB) in B-bounded graphs, unless P=NP.

We use a reduction from an instance of theBounded Set Coverproblem (SCB) to
an instance of PIDS problem whose degrees are also bounded byB′ = B poly logB.

BOUNDED SET COVER (SCB)

Input: A set system(U ,S ), whereU = {e1,e2, . . . ,en} is a universe andS is a
collection of subsets ofU . Each subset inS has at mostB elements and each point
belongs to at mostB subsets, for a predefined constantB> 0.

Problem: Find a cover that is a subfamilyC ⊆S of sets whose union isU with
the minimum number of subsets.

For a sufficient large constantB0 > 0, set cover problem where each set has at
mostB> B0 elements is hard to approximate to within a factor of lnB−O(lnlnB),
unlessP= NP [38].

The proof [38] maps an instance ofGAP−SAT1,γ to an instanceF = (U ,S )
of set cover with∆S≤ B. Parametersl ,m in Feige’s construction [16] are fixed to
θ (ln lnB) and B

poly log(B) , respectively. Since the parameters can be found in con-

stant time using brute-force search, the assumption for thehardness is P6= NP in-
stead of NP6⊂ DTIME( nO(loglogn)). The produced instance has the following prop-
erties that will be used later in our proofs.

• |U |= mnl poly logB, |S |= nl poly log B
• ∆S ≤ B,FU ≤ poly logB for sufficient largeB.

A sufficient large constantB0 gives usf ≤ poly log(B)≤ B for all B≥ B0. ut
SCB-PIDS reduction. For each instanceF = (U ,S ) of SCB, we construct a

graphH = (V,E) as follows (Fig. 1):

• Construct a bipartite graph with the vertex setU ∪S and edges betweenSand
all elementsx∈ S, for eachS∈S .

• Add a setD consisting oft vertices and a setD′ with same number of vertices, say
D = {x1,x2, . . . ,xt} andD′ = {x′1,x′2, . . . ,x′t}. The value oft will be determined
later.

• Connectxi to x′i ,∀i = 1. . . t to force the selection ofxi in the optimal PIDS.
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• Connect each vertexej ∈ U to d ρ
1−ρ f (ej)e − 1 and each vertexSk ∈ S to

d ρ
1−ρ |Sk|e vertices inD, where f (ej ) is the frequency of pointej . During the

connection, we balance the degrees of vertices inD.

S1

e1

e2

e3

e4

e5

e|U|

x1

x2

xt

x'1

x'2

x't

S3

S2

D’ D S U

S|S|

. . . . . . .
. . . .

. . . .

S1

e1

e2

e3

e4

e5

e|U|

x1

x2

xt

x'1

x'2

x't

S3

S2

D’ D S U

S|S|

. . . . . . .
. . . .

. . . .

Fig. 1: Reduction from SCB to PIDS (left) and T-PIDS (right)

Lemma 1. The size difference between the optimal PIDS ofH and the optimalSCB

of F is exactly the cardinality of D, i.e.,OPTPIDS(H ) = OPTSC(F )+ t.

Proof. Let P be an optimal PIDS ofH . Since eitherxi or x′i must be selected into
P, and we can always replacex′i ∈P with xi insideP. Thus, it is safe to assume
thatD′∩P = /0 andD⊂P.

By the construction, each vertexSk ∈ S has enough required neighbors inP,
while each vertexei ∈ U needs at least one more neighbor inP or it has to be
selected. Since all vertices inU must be adjacent to at least one vertex inS , we can
always replace each vertexei ∈P with one of its neighbor inS without increasing
the size ofP. We therefore can assume that the optimal solution will contains
vertices inS but not inU .

Hence,P \D must induce a cover forF = (U ,S ). In other words, we have
OPTPIDS(H )≥OPTSC(F )+ t.

Besides, given a coverC ⊆S for (U ,S ), it is easy to check thatC ∪D gives a
PIDS forH . Thus, OPTSC(F )+ t ≥OPTPIDS(H ) that completes the proof.ut

The requirements to transfer hardness results of set cover to PIDS problem is
to keep the degree of vertices inH bounded byB′ and keept sufficiently small
in comparison with the optimal solution of the SCB instance in order to derive the
ratio.

Lemma 2. There exists a construction ofH with t ≤ OPTSC
ln2 B

and B′ = ∆(H ) =

O(B poly log B).

Proof. We first compute vol(D), the total degree of vertices inD. For two sets of
verticesA andB, we defineφ(A,B) the set of edges crossing between them.
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vol(D) = |φ(D,D′)|+ |φ(D,U )|+ |φ(D,S )|

= |D|+ ∑
Sk∈S

d ρ
1−ρ

|Sk|e+ ∑
ej∈U

d ρ
1−ρ

f (ej)−1e

≤ 2ρ
1−ρ

|S |B+ |S |+ t =

(

2ρ
1−ρ

B+1

)

|S |+ t (1)

We have used the facts that∑
Sk∈S

|Sk|= ∑
ej∈U

f (ej ) and|Sk| ≤ B, ∀Sk ∈S .

Selectt = |U |
Bln2 B

. Since each set inS can cover at mostB elements, it follows

that OPTSC≥ |U |B , hence,OPTSC
ln2B

≥ t.
To have a valid construction ofH , it is sufficient thatt.B′ ≥ vol(D). Thus, we

selectB′ satisfying

B′ ≥ 1
t

((

2ρ
1−ρ

B+1

)

|S |+ t

)

≈
(

2ρ
1−ρ

B+1

)

Bln2B nl poly logB
mnl poly logB

≈ B poly logB (2)

Hence, settingB′ = B poly logB gives us the desired construction ofH . ut

Theorem 2.There exist constants B1,c1 such that for every B′ ≥ B1 it is NP-hard
to approximate the PIDS problem in graphs with degrees bounded by B′ within a
factor of lnB′− c1 ln lnB′.

Proof. We prove by contradiction. Assume we have an algorithm that find a PIDS
of size at most lnB′− c1 ln lnB′ the optimal size in graph with degrees bounded by
B′. We then show how to approximate theSCB problem with ratio lnB−c0 ln lnB in
polynomial time. Selecting sufficient largeB1 is not difficult and shall be ignored to
make the proof simpler.

Let F = (U ,S ) be an instance of SCB. Construct an instanceH of PIDS
problem using the reduction SCB-PIDS. From (2), there exists constantβ > 0 so
thatB′ ≤ Blnβ B. Using the approximation for PIDS, we obtain a solution of size at
most(lnB′− c1 ln lnB′)OPTPIDS. We can then convert that to a solution of SCB by
excluding vertices inD (see Lemma 1) and obtain a cover of size at most

(lnB′− c1 ln lnB′)(OPTSC+ t)− t

≤(lnB′− c1 ln lnB′)OPTSC+(lnB′− c1 ln lnB′)
OPTSC

ln2B

≤
(

lnB+β ln lnB− c1 ln(lnB+θ (lnlnB))+O(
1

lnB
)

)

OPTSC

Selectc1 = c0+β +1. The solution for SCB problem is then smaller than lnB−
c0 ln lnB times OPTSC which implies P=NP. ut
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Theorem 3. It is NP-hard to approximate T-PIDS, and kC-PIDS problems ingraphs
of bounded degree B′ > B2 within a factor oflnB′− c2 ln lnB′ for some constants
B2,c2 > 0.

Proof. We adjust the reduction SCB-PIDS to achieve the same hardness result. The
following adjustments are made to guarantetotal andk-connectedproperties.

• On top of the subgraph induced byD, construct(2+O(1))k-regular Ramanujan
graphs so that the subgraph has vertex expansion at leastk [39]. At the same
time, connectS to D so that each vertex inS has at leastk neighbors inD. It
is easy to check that the subgraph induced by the solution to the dominating set
problem isk-vertex connected.

• We connect a vertexxi ∈ D with d ρ
1−ρ d(xi)e other nodes inD, balancing nodes’

degrees inD, so thatD can dominate themselves. Thus, we roughly multiple the
degree of each node inD by a constant. Sincet = |U |

Bln2 B
� d ρ

1−ρ B′e, we always
have enough vertices inD to connectxi to.

Fortunately, we can make such adjustments with subtly increasing in the degrees of
nodes inD and the rest of the proof goes through straightforwardly.ut

2.2.2 General Cases

Theorem 4.Domination problems in famlies GDS, T-GDS, and kC-GDS with domi-
nating functions rv(x) satisfying conditions in Def. 1 cannot be approximated within
lnB−O(lnlnB) in B-bounded graphs, unless P = NP.

Proof. GivenB-bounded graphG= (V,E) and functionsrv(x) satisfying conditions

of a dominating function (see Definition 1). Letρ∗ = max
v∈V

lim
x→∞

rv(x)
x

. By the third

condition, we haveρ∗ < 1 andρ = 1
2(ρ

∗+ 1) < 1. Sinceρ > ρ∗, there exists an
absolute constantx0 > 0 such thatrv(x)< ρ x ∀x> x0 and∀v∈V. We will assume
through the proof thatB is sufficiently large so thatl = θ (loglogB)> x0.

The main idea in the reduction from dominating set with domination requirement
rv(d(v)) is to add connections fromv to somea(v) more vertices that are guaran-
teed to be in the optimal solution so that the remain domination requirement onv
becomes one for vertices inU and zero for vertices inS . That is we need to find
xv ∈ N so that

cv(xv) = rv(d(v)+ xv)− xv ∈
{

(0,1] if v∈U

(−1,0] if v∈S
(3)

Claim. For µv = max{d ρ
1−ρ d(v)e,x0}, cv(µv)≤ 0.

Proof. cv(µv) = ρ (d(v)+ µv)− xv = ρ(d(v)− 1−ρ
ρ µv)< 0 ut

Since
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• cv(0) = rv(d(v))> 0,
• ∆cv = cv(x+1)− cv(x) ∈ (−1,0],
• cv(µv)< 0.

There exists some 0≤ xv ≤ µv such thatcv(xv) satisfies Eq. 3. Notice thatx0 is
substantially smaller thanB. Hence, the same construction in the case ofPIDSwith
influence factorρ except in the places of vertices inv∈ (S ∪U ) where we connect
with xv vertices inD will work for our general cases as well.ut

As an corollary of the hardness result for the bounded degreecase, we also have

Theorem 5.Unless P=NP, domination problems in families GDS, T-GDS, and kC-
GDS cannot be approximated within a factor of ln∆ −O(ln ln∆), where∆ is the
maximum degree.

2.3 Hardness Results on General Networks

S1

e1

e2

e3

e4

e5

e|U|

xi

xt

S3

S2

D’ D S U

S|S|

. . . . . . . .
. . . .

. . . .

x1
x'1

x'i

x't

. . . . . . . .

Fig. 2: Reduction from SCB to GDS, T-GDS,kC-GDS

Theorem 6.Domination problems in famlies GDS, T-GDS, and kC-GDS with dom-
inating functions rv(x) satisfying conditions in Def. 1 cannot be approximated within
1
2 (1−o(1)) lnn where n is the number of vertices, unlessNP⊂DTIME

(

nO(loglogn)
)

.

Proof. We use the same gadget in Fig. 2 to prove for problems in three families .
We begin with the gadget in the proof of Theorem 4. Since, we nolonger need to
keep degree of vertices in the gadget bounded, we form a clique with vertices inD.

Let ρ ,x0,µv be the same parameters as in the the proof of Theorem 4. The suffi-
cient conditions to make the construction feasible are
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• (GDS): To be able to connect each vertexv∈ (S ∪U ) to µv vertices inD.

|D|= O( max
v∈(S∪U )µv

θ (
ρ

1−ρ
∆S )) = O(∆S ) = O(m3l/2)

• (kC-GDS): To add at leastk edges from each vertex inS to vertices inD.

|D|= O(k|S |) = O(|S |) = O(nl (5/3)l/222l ) = O(nl 2θ(l))

• (T-GDS): Vertices inD have to dominate themselves. Sinceµv=max{d ρ
1−ρ d(v)e,x0},

this can be satisified when

|D|−1= O(
ρ

1−ρ
1
|D| ∑

v∈(S∪U )

µv).

Or equivalently

|D|2 = O( ∑
v∈(S∪U )

d(v)+ x0(|S |+ |U |)

= O(2 ∑
v∈U

d(v)+ |S |+ |U |) = O(mRk2l)

To summarize, the sufficient condition so that the dominating set of the graph is
k-connected and total at the same time is

|D|= O(m2θ(l)+nl2θ(l)+(mRk2l)1/2). (4)

Notice that, from the proof of Theorem 2, the hardness ratio is in the form
(1− 4

k )kQlnm+|D|
kQ+|D| . In the Feige’s reduction,|D|= O(∆S ) = O((5n)

2l
ε 2θ(l)) that yields

the(1−ε) lnn hardness ratio for Set cover but makes the hardness ratio of the dom-
ination problem get arbitrary close to 1. Fortunately, we will be able to reduce the
maximum degree by settingm= (5n)cl with a small constantc> 0. The consequece
is that lnm is no longer lnN+O(1), thus, the inapproximability ratio is reduced.

The optimal setting to get the best inapproximability ratiois to setm= (5n)l(1−ε)

for someε > 0. Then,N = mR= (5n)l(2−ε), or m= N
1−ε
2−ε . Hence, from (4), it is

sufficient that

|D|= nl 2θ(l)

nl ε
2

= o(Q)

for sufficiently largel andn. Hence, the hardness ratio will be

(1− 4
k)kQlnm+o(Q)

kQ+o(Q)
> (1− 5

k
) lnm

The number of vertices in the graph is
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nH = 2|D|+ |S |+ |U |< θ (m3l/2)+nl22l
(

5
3

)l/2

+(5n)2l−ε < 2|U |= 2N

Thus, the hardness ratio is at least

(1− 5
k
) ln
(nH

2

)1/2− ε
4−2ε

> (1− 5
k
)
1
2

(

1− ε
2− ε

)

lnnH −θ (1)>
1
2
(1−ε) lnnH

for sufficiently largek and sufficiently smallε. ut

Theorem 7.Domination problems in famlies GDS, T-GDS, and kC-GDS with dom-
inating functions rv(x) = O(logx) cannot be approximated within(1−o(1)) lnn

where n is the number of vertices, unlessNP⊂DTIME
(

nO(loglogn)
)

.

Proof. Whenrv(x) = O(logx), the size of|D| is only O(log∆S ). The original set-
tings in the Feige’s reduction will gives the ratio(1− ε) lnnH .

3 Approximation Algorithm

3.1 Approximation Algorithm on General Topologies

Theorem 8.Given a graph G= (V,E), there exist O((|V|+ |E|) loglog|V|) algo-
rithms that approximate GDS within H(2∆) and T-GDS within H(∆).

Proof. We begin with the definition of the Constrained Multiset Multicover problem
(CMM).

CONSTRAINED MULTISET MULTICOVER (CMM).

Input: A set cover instance(U ,S ). Each pointe has an integer requirement
re and occurs in a setS with arbitrary multiplicity, denotedm(S,e). Moreover, we
associate a cost,cS, with each setS∈S .

Problem: the minimum cost subcollection which fulfils all elements’cover re-
quirements provided each multiset is picked at most once.

Lemma 3. [40] There is a natural greedy algorithm that finds a constrained multiset
multicover within an Hk factor of the optimal solution, where k= maxS∑em(S,e).

The GDS problem on the graphG= (V,E) can be reduced to the following instance
of CMM

• U = {eu : u∈V}
• The cover requirement ofeu is set toru = dru(d(u))e
• S = {Sv : v∈V}, whereSv contains{eu : u∈N(v)} plusrv copies ofev. That is

m(Sv,eu) = 1,∀u∈ N(v) andm(Sv,ev) = drv(d(v))e.
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It follows that the GDS problem can be approximated within

H

(

max
v∈V

d(v)+ rv(d(v))

)

≤ H(2∆) = H(∆)+O(1).

In case of T-GDS, the only difference in the reduction is thateach multisetSv con-
tains all the neighbors ofv, but not any copies ofv. The approximation ratio is,
hence,H(∆).

Implementation Issue:Straightforward implementations might incur high time
complexity. In each step, the greedy algorithms select the node with the highest cov-
erage which is bounded byO(n). Hence, using van Emde Boas priority queue[41]
to maintain and update nodes’ coverages, the total time complexity can be brought
down toO((|V|+ |E|) loglog|V|). Details are presented in the Algorithm 1.ut

Corollary 1. There are polynomial time algorithms that approximate PIDSand T-
PIDS problems within ratioln∆ + 4

3 andln∆ +1, respectively.

Proof. Apply Theorem 8 withrv(x) = ρx and use the approximationH(n)≈ lnn+
0.58, we can rewrite the approximation ratios for PIDS and T-PIDS as

(

ln∆ + 4
3

)

and(ln∆ +1).

3.1.1 Extending tod-hop PIDS - VirAds Algorithm

We present an effective implementation for GDS problems called VirAds that also
handles the multiple hops PIDS problem.

Cascading in Networks - Referral Model.
We are given asocial networkin the form of an undirected graphG = (V,E)

where the verticesV represents users in the network and edgesE represents social
links between users.

Activations happen in rounds. At a particular round, each vertex is either active
or inactive and each node’s tendency to become active increases when more of its
neighbors become active. Some inactive vertexu will eventually have enough active
neighbors to become active, and in turnu’s activation will trigger further vertex’s
activations. Once a vertex becomes active, it will never reverse back to the inactive
state.

In the referral model, an inactive vertexv becomes active if number of its active
neighbors reaches or exceedst(v) = ρ degree(v), whereρ is the constant in the
PIDS problem. It follows the adopting behaviour of a user when a large number of
his friends introduce, refer an idea or a product to him. In caseρ = 1/2 the model is
also known asmajority that has many application in distributed computing, voting
system[42], etc.

We consider the case when all nodes are activated within at most d rounds. The
constantd can be customized to adjust the trade off between the size of initial users
and how soon and ‘fresh’ the content reaches users in the network. Study on real
network [43] reveals that influence may take many months propagating through the
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network. By the time reaching the users the content, information might become
obsolete or expired. Hence, only users who adopt the productin a given time frame
will count. For example it is critical for an political campaign that it influences many
people before the election day.

We select vertices one by one favorings ones that can activate many neighbors
and ones that requires extra active neighbors to be activated. Since the number of
active (inactive) neighbors varies when more and more vertices added, vertices with
high degree are not necessary preferred. Our algorithm outperforms Max Degree
heuristics that always select the highest degree vertex left in experiments with net-
works of different scales.

We emphasize that to be applicable for very large OSNs of millions vertices,
the key factor is the scalability of the algorithm. Naive implementations of our al-
gorithms will be certainly sluggish and intolerable. Afteradding a new vertex, the
bottleneck arises in browsing for new activated nodes ind rounds as it may cost
O(m+n) to do so. Furthermore,P can contain as many asO(n) vertices bringing
the algorithm complexity toO((m+n) ·n).

We combine proper data structures to devise VirAds as presented in Algorithm 1
with efficient running timeO((m+n)(d+ loglogn)). Since social networks experi-
ence ‘small-world phenomenon’ , number of propagation roundsd is often small. In
our experiments, there are no more vertices activated after20 rounds when influence
factorρ > 0.1. In addition, the factor log logn is negligible even for billionsn.

For every vertexv, we maintain during the algorithm

• r v: the round in whichv is activated
• iNv: The number of inactive neighbors ofv
• aNv: The number of extra active neighborsv needs in order to activatev
• rN v[i] : The number of activated neighbors ofv up to roundi wherei = 1..d.

We store vertices in a (max) priority queue where priority ofa vertexv is the sum
of iNv+aNv. At each iteration, we pickup the vertex with highest priority into the
spreader setP. The newly selected vertex might cause a chain-reaction activating a
sequence of vertices and lower the rounds in which vertices are activated. New ac-
tivated vertices are successively pushed into the queueQ for further updating much
like what happens in the Bellman-Ford shortest-paths algorithm. The algorithm ends
whenP can activate all vertices inG within d rounds.

Time Complexity. We observe that for each nodet ∈V, changing ofrt can cause
at mostd update forrNw[·] whenw is a neighbor oft. For all neighbors oft, the total
number of update is, hence,O(d ·degree(t)). The total time for updatingrNw ∀w∈V
will be O((m+n) ·d) wheren,m are the numbers of vertices and edges inG.

Furthermore, we need to extract at mostn vertices from the priority queue and
adjust values ofiNu ∀u∈V no more thanm+n times. Since using van Emde Boas
tree [41] givesO(loglogn) performance for all inserts, removals and adjustment,
it costs onlyO((m+ n) loglogn) time for all operations involving in the priority
queue.

Summing up, the running time of Algorithm 1 isO((m+n)(d+ loglogn)) that
is well-scalable even on very large networks of millions vertices.
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Algorithm 1 Viral Advertising (VirAds)

1: Input: Undirected graphG= (V,E) anddN+

2: Output: A d-Spreader of small size.
3: Inactive neighbors:iNv← dv ∀v∈V
4: Active neighbors needed:aNv← ρ ·dv ∀v∈V
5: Activated rounds:rv← d+1 ∀v∈V
6: Initialize rNv[i] = 0 ∀i = 0..d
7: P← /0
8: while there exist inactive verticesdo
9: u← argmaxv/∈P {iNv+aNv}

10: P← P∪{u}
11: if (iNu+aNu = 0) then OutputP
12: Initialize a queue:Q← {(u, rv)}
13: ru← 0
14: for all neighborx of u do
15: iNx← iNx−1
16: aNx←max{aNx−1,0}
17: end for
18: while Q 6= emptydo
19: (t,oldRoundt)←Q.pop()
20: for all neighborw of t do
21: for i = rt to min{oldRoundt −1, rw−2} do
22: rNw[i] = rNw[i]+1
23: if (rNw[i]≥ ρ ·dw) then
24: if (rw ≥ d)∧ (i +1< d)
25: for all neighborx of w do
26: aNx←max{aNx−1,0}
27: rw = i +1
28: if w is not activated before
29: for all neighborx of w do
30: iNx← iNx−1
31: if (w /∈Q) then Q.push((w, rw))
32: end if
33: end for
34: end for
35: end while
36: OutputP
37: end while

3.1.2 Approximating Connected Generalized Dominating Sets

Theorem 9.There is a polynomial time algorithm that find a weighted C-GDS of
size at most1.55ln∆ + 5

2 time that of the minimum C-GDS.

Proof. We use the same approach for connected dominating problem in[27]. In the
first stage, a GDS is found using the greedy heuristic described in Theorem 8. In the
second stage, we use a Steiner tree algorithm to connect it.

Since a GDS is also a (normal) dominating set, adding the optimal solution of
C-GDS to the found GDS in the first stage gives a Steiner tree ofthe GDS.
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Hence, using ac-approximation algorithm for Steiner tree to connect vertices in
a GDS, we obtain ac(H(∆)+ ln2+1) approximation algorithm for C-GDS prob-
lem. Apply the best known approximation ratio for Steiner tree problemc≈ 1.55
by Robins and Zelikovsky [44], the two stages algorithm admits a 1.55ln∆ + 2.5
approximation algorithm. ut
Theorem 10.There are polynomial time algorithms that approximate unweighted
C-GDS, TC-GDS within ratios H(3∆) and H(2∆), respectively.

Proof. The greedy algorithm presented in [9] can be extended to workwith arbi-
trary threshold functionrv(x) instead ofrv(x) = dx/2e. The analysis involves a non-
supmodular potential function that can be overcome with techniques in [45, 46].
Though, it is unclear if the technique can be extended for theweighted cases.ut

3.2 Power-law Networks

Many social, biological, and technology networks including OSNs display a non-
trivial topological feature: their degree sequences can bewell-approximated by a
power-law distribution [47]. Many optimization problems that are hard on general
graphs, can be solved much more efficient in power-law graphs[48, 49].

We use the well-knownP(α,β ) model[50] in which there arey vertices of degree
x, wherex andy satisfy logy= α−β logx. In other words,

|{v : d(v) = x}|= y=
eα

xβ

Basically,α is the logarithm of the size of the graph andβ is the log-log growth
rate of the graph. Graphs with a sameβ value often express the same behaviors
and common characteristics. Hence, it is natural to categorize all graphs sharing aβ
value into a family of graphs and regard toβ as an constant (not a part of the input).
Without affecting the conclusions, we will simply use real number instead of round-
ing down to integers. The error terms can be easily bounded and are sufficiently
small in our proofs.

The maximum degree in aP(α,β ) graph ise
α
β . The number of vertices and edges

are

n=
e

α
β

∑
x=1

eα

xβ ≈











ζ (β )eα if β > 1
αeα if β > 1

e
α
β

1−β if β < 1

, m= 1
2

e
α
β

∑
x=1

x
eα

xβ ≈











1
2ζ (β −1)eα if β > 2
1
4αeα if β = 2

1
2

e
2α
β

2−β if β < 2

whereζ (β ) = ∑∞
i=1

1
iβ

is the Riemann Zeta function.

Theorem 11.Minimum PIDS is APX-hard i.e. there is a positive constantε depends
only on the log-log growth rateβ such that approximating PIDS withiin1+ε is NP-
hard[51].
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Theorem 12.In a power-law graph G∈ P(α,β ), the size of the optimal PIDS

OPTPIDS=







Ω(nβ ) if β < 1
Ω(n/ logn) if β = 2
Ω(n) if β > 2

Proof. 1. Letk be the size of the optimal PIDS. Note that all nodes of degree more
thank/ρ must be selected (otherwise the number of selected neighbors will exceed
k). The number of nodes with degree larger thank will be

k>
e

α
β

∑
x=k/ρ

eα

xβ >
e

α
β

∑
x=k/ρ

eα

x
= eα(lne

α
β − lnk) (5)

Solving the above relation gives usk> Ω(eα ) = Ω(nβ ).
2. Similarly, whenβ = 2, we havek= Ω(eα) = Ω(n/ logn).
3. We use a dual setting approach to obtain the lower bound. Consider the fol-

lowing linear program and its dual of the PIDS problem

LP: min ∑
v∈V

xv DP: max ∑
u∈V

ruyu−∑
v∈V

zv

s. t. rvxv+ ∑
u∈N(v)

xu≥ rv s. t. ruyu+ ∑
v∈N(u)

yv− zu≤ 1 (6)

− xu≥−1 zv≥ 0

xu≥ 0 yv≥ 0

whereru = ρdu. We note that for the integral versions of LP(6) and DP(6), both
settingru = ρdu andru = dρdue yield the same optimal solutions, however, setting
ru = ρdu simplifies the approximation ratio analysis.

Setyu = γ ∀u∈V. We solve for value ofγ to achieve the tightest lower bound on
the size of the optimal PIDS.

To satisfy constraints in the dual, setzu = max{(ρ + 1)duγ − 1,0}. Then the
objective value becomes

DP=ργ ∑
u∈V

du−∑
u∈V

max{(ρ +1)duγ−1,0} (7)

=ργ ∑
u∈V

du− ∑
du>τ(γ)

((ρ +1)duγ−1) (8)

whereτ(γ) denotes(ρ +1)−1γ−1.
Substituteγ = 1

(ρ+1)τ into (8), we obtain
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DP=
ρ

(ρ +1)τ

e
α
β

∑
x=1

eα

xβ x−∑
x>τ

(
1
τ

eα

xβ x− eα

xβ ) (9)

=
ρ ζ (β −1)
(ρ +1)τ

eα −∑
x>τ

(
1
τ

eα

xβ−1
− eα

xβ ) (10)

Except for at mostbe
α
β c pointsτ = 1,2, . . . ,be

α
β c, the derivatives of the objective

function, dDP
dτ , is defined. Moreover, at those integral points, both one-sided lim-

its, lim
τ→i−

DP and lim
τ→i+

DP, agree i.e.DP is a continuous function everywhere with

respect toτ.

Lemma 4. For everyτ ∈ (i, i+1), i ∈ IN+, the derivativedDP
dτ is defined and satisfies

dDP
dτ

=− 1
τ2

(

ρ ζ (β −1)
ρ +1

eα −∑
x>τ

eα

xβ−1

)

(11)

By (11), there exists an fixed dividing pointx0 ∈ N
+ that depends only onβ , sat-

isfying dDP
dτ (τ) ≥ 0, ∀τ < x0 and dDP

dτ (τ) < 0, ∀τ > x0. Since DP is continuous
everywhere, it obtains the global maximum value atτ = x0.

We show that the value of DP atτ = x0 is Ω(n), and since the objective of the
primal is lower bounded by DP, it follows that the size of the minimum PIDS will
be at leastΩ(n).

DP(x0) =
1
x0

(

ρ ζ (β −1)
(ρ +1)

eα − ∑
x>x0

eα

xβ−1

)

+ ∑
x>x0

eα

xβ

≥ ∑
x>x0

eα

xβ ≈ (ζ (β )− ∑
x≤x0

1

xβ )eα ≈ (1−
∑x≤x0

1
xβ

ζ (β )
)n= Ω(n) ut

Using the same approach in Theorem 12, we have similar boundsfor T-PIDS.

Theorem 13.In a power-law graph G∈ P(α,β ), the size of the optimal T-PIDS,

OPTT−PIDS=

{

Ω(n) if β < 1 or β > 2
Ω(n/ logn) if β = 1

Theorem 14.In a power-law graph G∈ P(α,β ), the size of the optimal C-PIDS,

OPTC−PIDS=

{

Ω(n) if β > 2
Ω(n/ logn) if β = 1

If networks have optimal PIDS/T-PIDS/C-PIDS ofΩ(n) size, clearly, any algo-
rithms that produce valid PIDS/T-PIDS/C-PIDS will be constant factor approxima-
tion algorithms.

Theorem 15.Given a power-law P(α,β ) graph G= (V,E)
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1. β < 1: PIDS is not in APX (cannot be approximated within a constantfactor),
while T-PIDS admits a constant factor approximation algorithm.

2. β > 2: There exist constant factor approximation algorithms forPIDS, T-PIDS,
and C-PIDS problems.

3.3 Dense Graphs

Fig. 3: A PIDS(left) may consist of only one node, while a T-PIDS(right) must
contain at leastO(

√

|V|+ |E|).

Lemma 5. If PT is a T-PIDS of G= (V,E), then|PT | ≥Ω(
√

|V|+ |E|).

Proof. Let k = |PT | be the size of an T-PIDS. Allv∈V \PT must be adjacent to
at least one vertex inPT . Thus,|V| ≤ |PT |+

⋃

v∈PT
|N(v) \PT |. Moreover, for

each vertexv∈PT , |N(v)∩PT | ≥ ρ |N(v)| ⇒ |N(v) \PT | ≤ 1−ρ
ρ |N(v)∩PT | ≤

1−ρ
ρ (k−1). Therefore

n≤ k+ k
1−ρ

ρ
(k−1) =

1−ρ
ρ

k2+
2ρ−1

ρ
k (12)

Divide edges inE into three categories: (1) edges whose both ends are inPT , (2)
edges whose exact one end is inPT , (3) edges whose both ends are not inPT . We
have at most

(k
2

)

edges of type 1. For a vertexv∈PT , the number of type 2 edges

incident tov is at most1−ρ
ρ (k−1) sincev is adjacent to at mostk−1 vertices inPT .

Hence, the number of type 2 edges is upper bounded by 2k1−ρ
ρ (k−1) = 2(1−ρ)

ρ
(k

2

)

.

For each vertexu /∈PT , the number of type 3 edges incident tou is at most1−ρ
ρ

times the number of type 2 edges incident tou. Therefore, the number of type 3

edges is at most(1−ρ)2
ρ2

(k
2

)

.
Adding all three types of edges together, we have
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|E| ≤
(

1+
2(1−ρ)

ρ
+

(1−ρ)2

ρ2

)(

k
2

)

=
1

ρ2

(

k
2

)

(13)

It follows from (12) and (13) that|PT |= k= Ω(
√

|V|+ |E|). ut

The bound is tight i.e. we can construct a T-PIDS of sizeΩ(
√

|V|+ |E|). For
example we construct a ‘hairy’ clique ofn = k+ k · b1−ρ

ρ (k− 1)c vertices and

m=
(k

2

)

+ k · b1−ρ
ρ (k− 1)c edges by connecting each vertex in a clique of sizek

to b1−ρ
ρ (k−1)c leaf nodes (Fig. 3). The minimum T-PIDS will be the clique itself

that is of sizek= Ω(
√

n+m).

Theorem 16.For a dense graph G= (V,E) with |E|=Ω(|V|2), there exist constant
approximation algorithms for PIDS, T-PIDS, and C-PIDS problems.

3.4 Finding Optimal Solutions in Trees

In trees, it is possible to find optimal GDS and T-GDS in polynomial time. However,
designing such algorithms in a linear-time fashion is not too obvious. We present
two Depth-first search-based (DFS) algorithms in Algorithms 2 and 3 for GDS and
T-GDS, respectively. Notice that the solution forkC-GDS and TC-GDS problems
on trees is trivial; the optimal solution is simply the set ofall non-leaf nodes.

GDS-TREE(G)
1: P = /0
2: PIDS-VISIT(u), for anyu∈V
3: return P

GDS-VISIT(u)
1: for each unvisitedv∈ N(u) do
2: GDS-VISIT(v)
3: if rp(v,P)> 0 then
4: P = P ∪{u}
5: if rp(u,P)> 1 then
6: P = P ∪{u}

Algorithm 2: GDS-TREE(G)

T-GDS-TREE(G)
1: T = /0
2: T-GDS-VISIT(u,u), for anyu∈V
3: return T

T-GDS-VISIT(u, pu)
1: for each unvisitedv∈ N(u) do
2: T-GDS-VISIT(v,u)
3: if rt(u,T )> 0 then
4: T = T ∪{pu}
5: Select arbitraryrt(u,T ) unselected
neighbors(children) ofu into T .

Algorithm 3: T-GDS-TREE(G)

Theorem 17.Optimal GDS and T-GDS in trees can be found in linear-time.

Proof. At a given step,P/T denote the current GDS/T-GDS. For eachv ∈ V,
define the functionsrp(v,P) = drv (d(v))e(1−1P(v))−|N(v)∩P| andrt(v,T ) =

drv (d(v))e− |N(v)∩T |, where1A(x) =

{

1 if x∈ A,

0 if x /∈ A.
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Functionsrp(v,P), rt(v,T ) determine the minimum numbers ofv’s neighbors
to include into the optimal solutions. A nodeu with rp(u,P)> 0 or rt(u,T )> 0 is
calleduncovered, otherwiseu is calledcovered.

Assume that the tree is rooted at some vertexu. For an edge(u,v), if u is visited
beforev, thenu is the parent ofv andv is a child ofu.

Correctness. We show by induction that each selection step is optimal.
GDS: Assume that all the selections made so far are optimal. Assume nodeu, the

parent ofv is selected in step 3, Alg. 2. Fromrp(v,P)> 0, we have

1. v /∈P or elserp(v,P)< 0 and
2. rp(v,P) = 1 if not v has already been selected by the end of GDS-VISIT(v)).

To coverv, we have to either selectv, u or some children ofv. However, since all
nodes in the subtree rooted atv have been covered. There will be no extra benefit
in selectingv or its children. Formally, if we have an optimal solution that selectsv
or its children, we can always replace the selected vertex with u and obtain a new
optimal PIDS. In caserp(u,P)> 1, we are forced to selectu.

T-GDS: After T-GDS-VISIT(v, pv) finishes,v always becomes covered. Assume
the selection of vertices intoT is optimal so far. During the visit of a nodeu, if
rt(u,T ) > 0, we selectpu, the parent ofu, if pu /∈ T . Sincepu might cover other
vertices, while selecting children ofu will not affect any uncovered vertices other
thanu. Finally, we might have select children ofu to fully coveredu (but only after
pu is selected).

Time complexity. Values ofrp(v,P) andrt(v,T ) can be maintained inO(|V|).
Only when a new vertex is added, we need to updaterp(.) and/orrt(.) values of that
node and all its neighbors. Each node is added at most once, hence the total cost has
the same order with the total degree of all vertices i.e. 2|V|. Adding the timeO(|V|)
taken by the DFS traversal, the overall time complexities are still O(|V|). ut
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