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Abstract

We develop a model for elucidating the assembly pathwayshigtwan icosahedral viral shell forms from 60 identical
constituent protein monomers. This poorly understood gss@ remarkable example of macromolecular self-assembly
occuring in nature and possesses many features that aratidesihile engineering self-assembly at the nanoscale.

The model uses static geometric and tensegrity constrtaingpresent the driving (weak) forces that cause a virdl she
to assemble and hold it together. The goal is to answer fdcggestions about the structural properties of a successful
assembly pathway. Pathways and their properties are dgrd&uned and computed using computational algebra and
geometry, speci cally state-of-art concepts in geomatdnostraint decomposition. The model is analyzable andaiel@
and avoids expensive dynamics. We show that it has a protauiable and accurate computational simulation and that
its predictions are roughly consistent with known inforiroatabout viral shell assembly. Justi cations for matheicgit
and biochemical assumptions are provided, and comparem@ndrawn with other virus assembly models. A method
for more conclusive experimental validation involving speviruses is sketched. Overall the paper indicates argjro
and direct, mutually bene cial interplay between (a) tha@oepts underlying macromolecular assembly; and (b) a wide
variety of established as well as novel concepts from coatbital and computational algebra, geometry and algebraic
complexity.

Organization of Paper

—Introduction and Motivation
—Geometric Constraints Background

—The Virus Assembly Model: Pathways and Effort
—Justi cation of Mathematical Assumptions
—Comparison with Other Models

—A Tractable and Accurate Simulation
—Preliminary Validation of the Model

—Conclusive Validation of the Model

1 Introduction and Motivation

Icosahedral viral shell assembly is an outstanding exaofpianoscale, macromolecular self-assembly occuringtiraa
[81]. Mostly identicalcoat proteinmonomers assemble with high rate of ef cacy into a closedat@dratapsidor shelt
onset and termination are spontaneous, and assembly istyodypid and economical. All of these requirements are both
desirable and dif cult to achieve when engineering macrtaoolar self-assembly. See Figures 1.
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However the viral assembly process - just like any other spe@ous macromolecular assembly process such as
molecular crystal formation - is poorly understood. Answgrfocused questions about viral assembly pathways can
help both to encourage macromolecular assemblies for eagig, biosensor and gene therapy applications, but and al
discourage assembly for arresting the spread of viral fitec

This paper addresses the relevance of computational algefst geometry to develop static, analyzable, re nable
models and fast, accurate computational simulations fewaring focused questions about virus assembly pathways.
The paper also discusses the relevance of random walks dwnetnains for randomly sampling symmetric algebraic
structures. Speci cally, we use the following. First, weeustate of the art methods for decomposition of geometric
constraint system [7, 10, 11, 9] [44, 42, 43, 100, 102, 32, &8}vell as solving and estimating number of solutions. &hes
leverage both combinatorial approaches related to rigidéory [17], as well as standard algebraic techniquesfarse
elimination and solving [27, 38, 105, 33]. Second, we useloamwalks [1, 15, 70, 48, 40, 21, 80] to obtain statistically
good samples for enumerating and counting substructuregnometric algebraic structures that have an interpretatio
as decompositions of the underlying geometric constraisiiesns, and are combinatorially related to rigidity matsoi
[103, 101]. Existence of purely algebraic methods of ediimyesuch statistics [24] is likely and would be useful to .nd

1.1 Virus Preliminaries

The viral shell is important in that it packages viral “life&, the genomic nucleic acid, which could be single strande
DNA (ssDNA, double-stranded DNA, or RNA. See Figure 1. However, in ynzases, viral shell assembly occurs with
no interference from the enclosed genetic material: empdiiss or shells packaging incomplete genomic materiahfor
with equal facility [61], a fact that simpli es the modelind\ symmetric shell [36] is a consequence of its consisting of
(almost) identical monomers. The predominant structungraf shells is icosahedral since the exact ve-fold, thfekl
and two-fold point-group symmetry of the icosahedron p&sriequasi-equivalensymmetry [4] required to construct
structures with a large number of monomers (see Figures Th&)number of monomers for each vertex of each triangle
of the (20-triangle) icosahedron is refered to as the (glpgicsmall) T number: a T=1 virus shell has 60 identical
monomers, a T=7 virus shell has 420 monomers etc. See Figjudes

Virus assembly involves [37] highly speci c monomer-monengprotein-protein), - and possibly protein-genomic
materialinteractions all of which are governed by geometry or by weak forces tlaat loe treated geometrically [13]
(see Figure 2). More speci cally, the nal viral structuram be viewed formally as the solution to a system of geometric
constraints that translate to algebraic equations andialiigs. Note. The model presented here directly applies (without

any additional work) to viruses of any T-numbers, in factaty arbitrarily large macromolecular assembly formed from
a xed set of types of monomeric units and a xed set of typessdembly-driving interactions between them. However,
our experimental validation is based on ssDNA T = 1 viral khelpeci cally those that assemble without interference
from the genomic material or so-called chaperone or saiiffgl proteins, since we do not model such interference.
Furthermore, T=1 viral shells provide the most exactingdalon for our model, since they are the most economical and
precise assemblies. Finally, T=1 viral shells provide gjiowariety so that different viruses can be carefully chdsen
test various aspects of our model, For this reason, andrfgliity of presentation, we present our model assuming T=1
rather than for a general T number.



1.2 State of the Art

While there is a well-developed structure theorycofmpleteviral shells [36, 4], veri ed by X-ray crystallography and
other experimental data, ttrocessesf viral shell assembly are poorly understood. From an erpertal point of
view, this lack of understanding is due to the extreme rapidfi the assembly so that wet-lab snapshots of intermediate
sub-assemblies are generally unsuccessful.

From a modeling point of view, this lack of understanding ido the fact that existing computational models
[52, 54, 55, 37, 58, 110, 29, 28, 25, 41] generally involveaiyits of (simpli ed versions) of virus assembly (further
description of these approaches and comparison with ouoapp can be found in Section 5. Dynamics are currently
used even when the assembly models only seek to elucidasgrtleture ofpathways See Section See Figures 12, 10.
See Section 4 for de nition. By carefully de ning the proliity space, we obtain the probabilities of pathway treaghkl
that are known to result in successful assemhigesg a purely static model based on geometric constraints.

Models whose output parameters are de ned only as the entt s dynamical process are computationally costly,
often requiring oversimpli cations to ensure tractalilitn addition, such models are also not easily tunable onable
since their input-to-output function is generally not aizable and therefore do not provide a satisfactory conedptu
explanation of the phenomenon being modeled.

2 List of Contributions

Contribution 1:
(Section 4) Development of a mathematical model of virallskesembly whosénput parameterare: information ex-

tracted from (a) the geometric structure of the coat proteimomer that forms the viral shell, including all relevant
(rigid) conformations; (b) the geometric and weak-foraeiactions - between pairs of monomers - that drive assembly
(see Figure 2); and (c) (optional) the neighborhood stneatfithe complete viral shell. The latter is crucial for adeed
model thatonly deals withthosepathways that are knowapriorito lead to a complete viral shell. However, the model
can be generalized to the case where (c) is not part of the aymlunsuccessful assemblies are included. The imput
utilized by the model is complete in that it comtains all of thformation that is considered necessary to drive assembl
The output information sought from the model: rst, the pabllity of a speci ¢ successful assembly pathway that in-
corporates a speci ¢ subassembly and leads to the comptateskiell and has bounded totffort in short, a probability
distribution over successful, bounded effort assemblinways that incorporate certain substructures; this hasigbt-
forward generalization (Section 4.5) to a distribution roa# possible assembly pathways (not necessarily suadgssf
within an effort bound. The model satis es the following téiggments.
(i) (Section 4) The description of the model - i.e. the inpubtdput function - is static, i.e. does not rely on dynamics of
the assembly process. This is essential for forward anbilyza
(i) The assumptions of the model are mathematically and bioidadlgnjusti able. These justi cations and comparisons
of the model with existing models of viral shell assemblygiven in Sections4.5, 5, and 8. The mathematical assungption
are clearly classi ed as pathway structure assumptionsdeming stability of subassemblies, validity and effaitirrg
of pathways) and pathway probability space assumptiortstteese assumptions are further categorized so that it ill b
clear that even if some of these assumptions were to be ctaoter aspects of the model would still apply and the

model would continue to be useful and novel.
(iii) (Section 6) The model is computationally tractable, i.eadgsompanied by an ef cient algorithm for computing

(a provably good approximation of) the pathway probabititgtribution. This is essential for backward analyzapilit



which is needed for two reasons: rst, for iteratively reng the model so that its output matches known biochemical
information or experimental results; and second, for eeglimg a desired output, for example engineering the monome
structure to prevent/encourage certain subassembl@sianto force certain pathways to become more likely thhenrst

or to prevent successful assembly.

Contribution 2:

(Section 7) Preliminary simulation results are given shmgathat, in principle, the model's predictions are quallilly
consistent with known studies of virus assembly.

(i) (Section 8) For a more complete validation, we describe thegss of designing the inputs to the computational model
starting from real data from speci ¢ T=1, ssDNA viruses, iarficular, from cryo electron microscopy and sequence
mapping structure studies or X-ray structure of Murine Bainus minute virus of mice (MVM) and Maize streak virus
(MSV), Figure 2. Input design for other viral structuresisas AAV - Adeno-associated virus - are in process. We give
a justi cation of the choice of viruses to test speci c asfgeof the model. We additionally sketch the experiment desig
Conclusive experimental validation is in process.

Contribution 3:

Overall, the paper provides an indication of the direct,unally bene cial interplay between (a) the concepts undagy
macromolecular assembly and (b) established as well ad coneepts from combinatorial and computational algebraic
geometry and algebraic complexity.

3 Geometric constraint solving and Tensegrity background

Geometric constraint systems arise in a wide variety ofiagfbns including robotics, mechanical computer aided
design, and teaching geometry [108, 93, 107, 99, 91, 12, 19{26, 77, 31, 62, 60, 5] [7, 10, 11, 9] [16, 20, 9, 63,
64, 95] [96, 71, 94, 97, 59] [44, 42, 43, 100, 68, 102, 32]. Mealevantly, geometric constraints are used in molecular
conformational structure determination and represantd@5], [76], [72]. For recent reviews of the extensiveriiiire
on geometric constraint solving see, e.g, [7, 90, 78]. Mb#t®constraint solvers so far deal with 2D constraint syste
although some of the newer approaches including [6, 8, 1J0{9171, 94] [44, 42, 43, 100, 68, 102, 32], extend to 3D
constraint systems.

A geometric constraint systeoonsists of a nite set of geometric objects and a nite setcofistraints between
them. See Figure 3. The constraints can usually be writtalgabraic equations and inequalities whose variablesare t
coordinates of the participating geometric objects. F@aneple, a distance constraint dfbetween two point$x;y1)
and(xz;y») in 2D is written agx>  X1)?+(y> y1)? = o?

A solution or realizatiorof a geometric constraint system is the real algebraic tyemig(set of) real zero(es) of the cor-
responding algebraic system. In other words, the solu§i@ndlass of valid real instantiations of (the position, iatidion
and any other parameters of) the geometric elements suicdiitbanstraints are satis ed. Here, itis understood thiahsa
solution is in a particular geometry, for example the Euedid plane, the sphere, or Euclidean 3 dimensional spacen-A co
straint system can be classi ed egerconstrainegwell-constrainedor underconstrainedWell-constrained systems have
a nite, albeit potentially very large number afjid solutions orconformationstheir solution space is a zero-dimensional
variety. Underconstrained systems have in nitely many#ohs; their solution space is not zero-dimensional: éited
aconformational or con guration spacA roadmapof this conformational set (space) — capturing connegtauitd repre-
senting conformational regions of topologically distioktsses of con gurations — is usually part of the realizatibhese
classes also overlap with regions that are associated wét relative orientations of the set of geometric primiiead



these regions can be “picked out” using so-called chiralitystraints that are determinantal inequalities. Ovesttaimed
systems do not have a solution unless theycargsistently overconstrainedVell or overconstrained systems are called
rigid systems.

The question of “to what extent can geometric constrainblems be approached combinatorially?” is important. Sace
signi cant proportion of the results of this paper rely omdoinatorial approaches, we discuss these and their lionitsit
here.

3.1 Constraint Graphs and Degrees of Freedom

A geometric constraint grap® = (V; E; w) corresponding to geometric constraint problem is a wegygtaph withn
vertices (representing geometric objedtsandm edges (representing constrairs)w(v) is the weight of vertex and
w(e) is the weight of edge, corresponding to the number dégrees of freedom (dofayailable to an object represented
by v and number of degrees of freedom removed by a constrairésepted by respectively.

For example Figures 4 and 5, and Figure 3 show a 3D and 2D edmtsgraphs. All of these examples involve only
points and distances: see [102, 100] for a variety of exasiplduding other objects and constraints.

Note that the constraint graph could beypergraph each hyperedge involving any number of vertices. A suldgrap

A G that satis es

X X
w(e)+ D w(v) (2)
e2A V2A

P
is calleddense whereD is a dimension-dependent constant, to be described belonctiBnd(A) =, , w(e)
v2 A W(V) is calleddensityof a graphA.

The constanD is typically d+21 whered is the dimension. The constadt captures the degrees of freedom of a rigid

body ind dimensions. For planar contexts and Euclidean geometrgxwectD = 3 and for spatial context® = 6, in
general. If we expect the rigid body to be xed with respecatglobal coordinate system, thBn=0.

Next we give some purely combinatorial properties of canstrgraphs based on density. These will be later shown to be
related to properties of the corresponding constrainesyst

A dense graph with density strictly greater thab is calledoverconstrainedA graph that is dense and all of whose
subgraphs (including itself) have density at mo&l is calledwellconstrainedA graphG is calledwell-overconstrained
if it satis es the following: G is dense( has atleast one overconstrained subgraph, and has thetyribyae on replacing
all overconstrained subgraphs by wellconstrained sultgr&@ remains dense. A graph that is wellconstrained or well-
overconstrained is said to bigid or acluster A dense graph isninimalif it has no dense proper subgraph. Note that
all minimal dense subgraphs are clusters but the convensetithe case. A graph that is not a cluster is said to be
underconstrainedlf a dense graph is not minimal, it could in fact be an undest@ined graph: the density of the graph
could be the result of embedding a subgraph of density grdaa D.

To discuss how the graph theoretic properties basedegree of freedom (dof) analysigscribed above relate to cor-
responding properties of the corresponding constigiater we need to introduce the notion of genericity. Informally,
constraint system is generically rigid if it rigid for most choices of coef cients of system. More formally we use the



Thus the constraint systelnis generically rigid if there is a nonzero polynomiain the coef cients of the equations
of E - or the parameters of the constraint system - suchEhit solvable wherP does not vanish. For example Hf
consists of distance constraints, the parameters aredtamdes. Even E has no overt parameters, i.eHfis made up of
constraints such as incidences or tangencies or perpéaiigor parallelismE in fact has hidden parameters capturing
the extent of incidence, tangency, etc., which we consmlbetthe parameters &f.

According to Laman's theorem [92] in 2D, if all geometric ebjs are points and all constraints are distance congraint
between these points then any minimal dense cluster regsesgenerically rigid system. However, in 3D or in 2D with
other constraints such as angle constraints, a generigithsystem always gives a cluster, but the converse isnatys
the case. In fact, there are well-constrained, even mindease clusters whose corresponding systems are not gaheric
rigid and are in fact generically not rigid. A classic examp the so-called “bananas” problem in 3D, which can be
detected as the root cause beneath large class of comlghat@sclassi cations, although this detection is noniaiv
See [102, 68]. Here two clusters independently x the diseahetween 2 points shared by them, causinglgabraic
overconstraint A combinatorial analysis will falsely report the pair as allaconstrained or rigid cluster, while in fact,
the cluster is underconstrained (if the algebraic overnraim is consistent) since the two clusters can rotate atieu
axis formed by the two shared points.

Another standard example, in 4 dimensions the grdph representing distances is minimal dense, and hence a
cluster, but it does not represent a generically rigid syste

In fact, there is no known, tractable characterization ofggi rigidity of systems for 3 or higher dimensions, based
purely properties of the constraint graph [17].

NOTE:Having noted these problems, we will nevertheless rely lyeam combinatorial dof analysis of constraint graphs

- carefully augmented by some checks and corrections fabadgc dependences such as the “bananas” problem, given
in [102, 68], to determine generic rigidity constraint gras; hence from now on we will use the terriggd systemand
clusterinterchangeably.

3.2 The need for decomposition: DR-plans and their properts

Now we describe a structure called the DR-plan which is alifor our viral assembly pathway model. These structures
are natural decompositions of geometric constraint systm one of their many motivations (see [7, 10, 11, 42, 44, 102
100, 32]) is that the overwhelming cost of solving a georsetonstraint system is the size of the largest subsystensthat
solved using a direct algebraic/numeric solver. This sigtates the practical utility of the overall constraintwa since
the time complexity of the constraint solver is at leagbonentiain the size of the largest such subsystem.

Therefore, an effective constraint solver shoalwmbinatoriallydevelop aplanfor (recursively)decomposindghe
constraint system into small subsystems, whose solutabtaifed from the algebraic/numeric solver) can be (réaeisg
recombinedy solving other small subsystems. Such a recombinatiandgyatforward, provided all the subsystems are
generically rigid (have only nitely many solutions). TheR3planner is a graph algorithm that outputdecomposition-
recombination plan (DR-plan)f the constraingraph In the process of combinatorially constructing the DRaplaa
bottom up manner, at staggit locates a wellconstrained subgraph or clu§eim the current constraint gragh;, and
uses an abstrastmpli cation of S; to to create a transformed constraint gr&ihy .

Although recursive decompositions were used for geomstitiding from the beginning, DR-plans and their properties
were formally de ned for the rst time in [10]. Formally, a Diplan of a constraint grap8 is a directed acyclic graph
(DAG) whose nodes represent cluster§&Sinand edges represent containment. The leaves or sinks DiGeare all the



vertices (primitive clusters) d&. The roots or sources are a complete set of maximal clust€ss 8ee Figures 3, 4 and
5. There could be many DR-plans f@r. An optimal DR-plan is one that minimizes the maximum fan-in. ®ieeof a
cluster in a DR-plan is its fan-in (it represents the sizeheft¢orresponding subsystem, once its children are solved).

The DR-plan additionally incorporates another partiakorchlled thesolving priority order which is consistent with
the DR-plan's DAG order, but is more re ned. This is partiarly useful in 3D for correcting inaccurate dof analyses
[68, 102]. The intent is that clusters that appear laterétitder need to be solved after the clusters that appeagrednli
fact, the nodes in such a DR-plan may not be independenectustat appear in the original constraint graph or condtrai
system. They become wellconstrained clusters only in #resformed constraint system (resp. graph) after earlistels
in the solving order are already solved (resp. simpli ed).

A few other properties of DR-plans are of interest. We woilld thewidthi.e, numberof clusters in the DR-plan to be
small, preferably linear in the size &f: this re ects the complexity of the planning process aneeiff the complexity of
the solving process that is based on the DR-plan. Since rinima dense subgraphs could be misclassi ed as clusters,
and for other reasons such as correcting misclassi catthres to algebraic overconstraints, correcting combinatori
overconstraints, and for updating the constraint systd,44, 102, 68], it is desirable for DR-plans to have ¢hester
minimalityproperty: i.e., for any node in the DR-plan, no proper subsis children induces a cluster. Another desirable
property is that the DR-plaimcorporate an input partial decomposition.e., given an input DA@ whose nodes are
subgraphs os and whose edges represent containment, a DR-plan of evdeyin® should be embedded in the output
DR-plan forG.

All properties de ned above for DR-plans transfer as parfance measures of tHeR-plannersor DR-planning
algorithms. It is shown in [42], that the problem of ndingettoptimal DR-plan of a constraint graph is NP-hard, and
approximability results are shown only in special casesdpproximability results are not known. However, most DR-
planners make adhoc choices during computation (say thex oravhich vertices are considered) and we can ask of how
well (close to optimal) thdestcomputation path of such a DR-planner would perform (on thestwcase input). We call
this thebest-choice approximation factof the DR-planner.

3.3 Tensegrity

Tensegrity structures were invented by K. Snelson (poddrby Buckminster Fuller) [74]. The wornsegrityis
obtained from the combination of the words tension and nitlefy' 5], [79]. Tensegrity structures are very generalti&da
structures formed by a combination of rigid elements in caragion (struts, or repulsive forces) and connecting atésne
that are in tension (ties or attractive forces). No pair oftsttouch and the end of each strut is connected to non+tapla
ties [109]. The struts are usually, but not always, considéo have xed length (or in a small interval) but the ties may
or may not be compliant, with the force on them typically, bot necessarily, (inversely) proportional to the square of
their length (as with tensile or electrostatic forces). €hére con guration stands by itself and maintains its faately
because of the internal arrangement of the struts and #3.[$ee Figure 6.

The development of tensegrity structures is relatively aed the works related have only existed for approximately
twenty ve years [87, 106, 109, 104, 89]. The method for sofythe position solution of tensegrity systems is usually
addressed in one of three ways. Force balance equationgaaritten for the node points of the system and the solution
of this set of equations can yield the equilibrium positg)n(In the second approach, equilibrium can be found by
determining minimum potential energy con gurations of gystem. Thirdly, equilibrium can be determined by nding
con gurations where the virtual work done by an externalcBmoment is zero. These approaches have to date led
to the closed-form determination of equilibrium con gumats for special cases, such as when the tensegrity system is



symmetric [104], which is suf cient for our virus applicati.

Our virus assembly model will leverage the fact that the tvgb methods of representing tensegrity structures can
be directly formulated using abstract tensegfigmeworkgd69], [73] — force balance equations are effectively geainet
constraints. Thus general tensegrity systems are spexsakmf general geometric constraint systems and viceversa
common types of the latter, such as distance constrairgmgsare special cases of general tensegrity systems.

4 The Virus Assembly Model

The original architects of the so-callegiasi-equivalencéheory of viral structure and viral shell self-assemblys@ar
and Klug, [4], by their own admission, informally derivecethinspiration from tensegrity structures. Since someéhef t
aspects of the original quasi-equivalence model that wased on highly exible and deformable subunits have been
refuted, this has wrongly discredited tensegrity modetetaon the false assumption that tensegrity systems ars-nece
sarily highly exible. To the contrary, general tensegritystems include all (including rigid or nearly rigid) geame
constraint systems. In fa@/most allviral structure and assembly models (including those thatmolecular dynamics or
other dynamics simulations) are based entirely upon spaeeak forces driving assembly and standard geometry (bond
lengths, bond angles and torsion angles) of the monomeis.|&4dds to the observation that all such modefermally
and implicitlytreat viral shells as tensegrity systems within the gerdealition of tensegrity.

The main idea here is to use a geometric and tensegrity @imsfiormulation of viral structure to givefarmal, static
de nition of a viral assembly pathway (i.e, a partial ordésabassemblies), as a certain type of DR-plan of the unitheyly
constraint system. We then give an effort rating for eachyay indicating the dif culty of subassembly formation alp
the pathway.

The input parameters of the viral assembly model are vievgeal geometric constraint system which is then repre-
sented as a geometric constraint graph based on degree®dbfn as described in Section 3. More speci ¢ de nitions
below.

4.1 Formal de nition of the Model Input

De nition A viral geometric constraint systeim speci ed in 4 parts. It is based on the assumption that trad shell is
icosahedral and made up of 60 identical protein moleculés Bgjure 1. Hence both thmonomer structure constraints
and theinterface constraint§(1) and (2) below) are speci ed just for a single referencaoemer.

(1) Themonomer structure constraint systésee Figure 6): the primitive objects in this system are {sai@presenting
essentiahtomic markersand line segments representing essetisdson the backbone and side chains of the protein
monomer. The constraints in this system are of three distypes.

(a) Theprimary stuctureconstraints consisting of distance, angle, torsion angervals between the points and line
segments; these represent bond lengths, bond angles ammhtangles involving the corresponding atomic markers and
bonds. These constraints typically form a polygonal chdth side chains.

(b) Themonomer weak forceonstraints consisting of distance intervals and tengefmices between the points; these
represent hydrogen bonds and other weak forces betweeicatmrkers. This is also called tineonomer contact map

(c) Required relative orientation constraints on subsietoints (see Section 3): these represent allowed cliésitif the
corresponding atomic markers and are used pick out the efidrigid) conformations of the monomer. These constraints
can be replaced in some cases by extra distance constraintsdn the relevant points (atomic markers).



(2) Theinterface constraint systefigsee Figures 6, 7) This consists of 3 constraint systemedcaltP(A), A-T(A) and
A-D(A), involving 4 monomers A, P(A), T(A) and D(A). Each csmaint system is between the reference monomer A
and one of its reference neighbors P(A), T(A) or D(A), acragsentamer, trimer or dimer interface respectively. The
monomer A participates in two more symmetric pentamer aneetrinterfaces P1(A)-Aand T 1(A)-A, with monomers

P Y(A)and T 1(A), but these need not be speci ed as they can be inferred fr@ constraint systems A-P(A), A-T(A),
where P 1(A) (resp. T 1(A)) takes the place of A, and A takes the place of P(A) (resfp))l Each constraint system
consists of distance intervals or tensegrity forces. Edtiese constraints involves one point in A and one point i)P(
D(A) or T(A), depending on the interface. These represemtibak forces or interactions between the monomers that
drive assembly. These are also called ititerface contact maps(3) The neighborhood structur¢see Figures 8:) A
regular, directed graph with labeled vertices represgritia monomers and edges representing the icosahedratacdyac
structure imposed by the interfaces. The labels are tylpiocithe formN x, whereN is the label of one of the icosahedral
triangular faces anxl is one of the icosahedral verticd$x is the monomer closest to vertexand faceN . As described
above, each vertex A has 3 outgoing edges A-P(A), A-T(A) afid(A), representing its forward pentamer, forward trimer
and dimer interfaces and 2 incoming edged®)-A and T 1(A)-A, representing its backward pentamer and backward
trimer interfaces (the backward dimer is generally irralghand is omitted).

(4) Global chirality constraintsthese are not crucial, but can be used to specify relatientaiions of sets of 4 atomic
markers that do not belong to the same monomer. These couth&ehedrally symmetric, or not. in which case, it is
suf cient to specify these for the reference monomer alame, at least one of the participating atomic markers irheac
constraint belongs to the reference monomer.

As in the case of the monomer chirality constraints, thesstraints can be replaced in some cases by extra distance
constraints between the relevant points (atomic mark@is}se constraints represent external restrictions onch®c
mations of the complete viral shell that are not capturedhigyimput (1c) restrictions on monomer conformations. See
Section 8 for the method by which these constraints are chpséend of de nition)

4.2 Formal de nition of Pathways and Effort ratings

De nition. A pathwayP for a viral constraint graplt is a DR-plan forG (see Section 3 and Figures 8.4 3) that
additionally satis es 3 properties.

(i) No pair of clusters in the pathway intersect on a nondiciuster (for DR-plans, this invariant is slightly weakesee
below) unless one is contained in the other;

(ii) No cluster is formed entirely by overlap constraintsveeen the children (i.e., only the overlap constraints leetw
the children should be inadequate to form the parent cluster

Instead of the cluster-minimality property of DR-plansthyeays should satisfy the following:

(i) Every cluster in the pathway has the followingerlap-minimalityproperty.| (end of de nition).

In fact, Properties (i) and (ii) are inconsistent with thester-minimality property of DR-plans. Since nonminimeahde
graphs may be misclassi ed as clusters, some form of chmtaimality check has to be performed by the DR-planner
before subgraphs can be correctly classi ed as clustenseter, due to Properties (i) and (i) above, those clustexg m
have to be enlarged, before they are put into the pathway.S8eton 6 for a description of this process. Intuitively,
Properties (i) and (ii) assert that when two clusters ogeolaa primitive object, then they are linked by that objeat.,|

a biophysically valid decomposition cannot in general maapies” of the variables corresponding object, treat them
independently in separate clusters and then equate themoagdap constraint, unless this overlap constraint isahg



force the participating clusters to form a cluster. Thisrigc@l in giving a biophysically valid measure effortrequired
form clusters de ned below.

clusterC using overlap constraints alone. See Figure|1@nd of de nition)
Notice that the Property (i) above guarantees thesthith (see Section 3) of a pathway and in fact the total number
of clusters in a pathway is roughly linear in the number otices in the viral constraint graph.

Assumption 1: Overlap-minimal clusters of a viral constraint grapthave a constargtize or fan-in(see Section 3), i.e.,
number of children, which is independent of the number ofizes ofG. This is based on observations of a large number
of known viral structures. See Section 8 for detailed biocical justi cations of this and other model assumptions.

Notice that clusters could be constructed from parts of muers. I.e., clusters are not necessagilpassembliese.,
consisting of whole monomers. This provides our pathwaysphistication that appears to be essential for making good
predictions. See Figure 9.

Each cluste€ does have a subassembly denatelC) loosely associated with it, namely, that subassembly sbnsi
ing of that set of monomers that the cluster overlaps.

A clusterC represents a (-stablesubassembly s&) only if a su ciently large fraction () of the points or
atomic markers in syl€) are actually present i€. A subassembly istabilizableif a suf ciently large portion of it is
a cluster. While a subassembly may be stabilizable, it maypeatable at a particular point in a pathway, i.e., when the
corresponding cluster in the pathway does not encompasgadaough portion of the subassembly. Furthermore, by
our de nition of pathways, even a minimal stable subassegri®., no subassembly contained in it is stable) may have
several pathways tits formation.

Thus each pathwal embeds a unique coarser sub-pathway consisting of thosterduthat represent stable sub-
assemblies. We call this sub-pathway the embedtedale subassembly pathwiayP . Figures 11, and 12 show a stable
subassembly pathway based on 2 stable subassembliesmgestand trimers of pentamers. Figures 9, and 10 show a
stable subassembly pathway based on 2 stable subassernbtiess and pentamers of trimers.

Note that a pathway could have single root or many roots aicesudepending on whether the complete viral constraint
system is (or forces the shell to be) rigid.

Assumption 2: The constraints in a viral constraint gra@hare suf cient to enforce a stable entire assembly or viral
shell; i.e., the pathways f@ will contain one giant root or source clusterwhose associated subassembly(§libis the
entire assembly. In other words,contains the bulk (at leastfraction) of the entire assembly or shell. The other sources
of the pathway represent other smaller rigid componentsigear within exible sidechains and surface decoratimis
the shell. See Section 8 for justi cation of biochemicalasptions.

Note that Assumption 2 implies that for any pathvitapf a viral constraint grap@, the embedded stable subassembly
pathway has a single root.

We have just de nedabeledpathways (i.e., where the leaves or geometric primitiveslaboeled). But we will be
primarily interested in the probabilities associated withabeled pathways grathway isomorphism classésr a viral
constraint graplG. These are de ned in the obvious manner as equivalenceedasfsthe equivalence relatiggerm
between pathways, induced by the automorphismG ¢f.e, those permutations of the vertices@fthat preserve the
geometric object types that the vertices represent; anidiaaly preserve the edges, including the geometric traimg
types associated with the edges) More speci cally, for tathgvaysP andQ of G are related byerm(P; Q) if P can
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be obtained fron@Q by applying some permutation - from the automorphism grdu@ e to the leaves or sinks, i.e., the
primitive geometric objects d?.

Each pathway is assigned effiort rating which will be formally based on (and inversely related t@ inherent algebraic
complexity of the subsystems that appear in the pathwayterraltely, the dif culty of formation of the clusters. We
would like this to be a complexity measure satisfying seM@guirements. (i) It should be somewhat independent of the
properties speci ¢ to known algorithms for solving the sydtems, or other arbitrary variables, for example elimorat
order (the complexity measure should, for example, asshmbédst order) (ii) Furthermore, we would like the value of
this measure to be polynomial time computable, given a stbgy. (iii) On the other hand, it would be desirable to have
an algorithm for solving the subsystem whose running tinowiples a reasonably close upper bound on the value of this
measure atleast for a large, well-de ned class of subsystgiv) Finally, as mentioned earlier in the context of oagrl
minimality, the measure should have a biophysical justi@a, for example, it should be related to the energy basrier
that are overcome in physically forming the cluster (sajvihe subsystem) or the geometric or topological precisfon o
the motions of the child clusters that are necessary to fbewluster.

These considerations and the fact that viral geometrictcaing systems are typically sparse, motivate us to use a
re ned version of the familiar BKK bound [22] as an appropeianeasure. This bounds the number of solutions of a
polynomial system, is usually superior to the Bezout bounmdparse systems, is computed as theked volumand is
by now used as a standard tool in sparse polynomial reswtemputation, elimination and root nding algorithms, both
symbolic and semi-numeric [27], [38], [105], [33]. Altholngve are interested only in (isolated) real solutions, we nd
the BKK bound better for our purposes although it bounds tmalrer of complex roots rather than the the Khovanskii
fewnomial [88] bounds which actually estimate real rooisstisome standard de nitions.

ax (where = g5k, d andx denotesx;*:::x,*) is the convex hull of the points 2 zZk

for which the coef cienta is nonzero. Thamixed volumef a setS of polynomial equation® = 0 in k variables

is de ned as an alternating sum of the volumes of the Minkdveskms of subsets the Newton polytopddsw(P):

P .
MV (S) = ( 1YIMSp,q(New(P)) whereMS denotes the Minkowski sum. THBKK (Bernstein-Kuchirenko-
Q s

Khovanskii) bound [22] says that the number of solutions gystemS of k polynomials ink variables is bounded by

MYV (S) (this is an equality if the polynomials are generic, i.ethiir coef cients are algebraically independent).

Mixed volume computations are done using so-cali@ded subdivisionsf the underlying polytopes. Using these,
algorithms that are polynomial in the degree and numberofdeand only singly exponential in the number of variables
[27] are known for computing the resultant and solutionspafrse systems. Moreover, mixed subdivisions give rise to a
class of numeric algorithms callgmblyhedral homotopwglgorithms [105, 33] that nd all roots, and which run for #m
roughly proportional to the mixed volume. Together with fhet that clusters in pathways (see de nition above), are
not underconstrained, i.e., they suit the BKK bound, ancel@My nitely many solutions, and the fact that they are
overlap-minimal, along with Assumption 1 stating that daprminimal clusters of viral geometric constraint system
have constant size, our above Requirements (i), (i) ande therefore met by the mixed volume and the BKK bound.

We now describe the effort rating of a pathway based on the BKKnd. The crucial measure is the effort rating of a
cluster in a pathway and it incorporates three intuitiveagle(a) Primary structure constraints are - in a physicaesen
“solved” constraints, i.e, the underlying monomers andassbmblies inherently satisfy them; hence the effort imfiog
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a cluster is based on the other unsolved (weak force) cantstdaoth between its child clusters. (b) Overconstrained
clusters offer different ways of resolution and the bestighds assumed in the computation of effort. (c) Although
the clusters in pathways are overlap-minimal, they couldubaer algebraically reducedn well-de ned ways that are
biophysically justi able: for example, as mentioned earlunder the context of overlap-minimality, the decomposit
cannot indiscriminately “make copies” of the variablesresponding to overlapped objects.

One such method of algebraic reduction is shown in Figure82B [On Left: solving by rst xing 6 dofs (degrees of
freedom) of 1 cluster resolving 2 of the overlaps; and thévirsg the algebraically reduced system consisting of 1 layer
(3 constraints) and 3 distance constraints simultaneduoslgll 3 rotational dofs for each of the other two clusteré —
constraints, 6 variable®n Right: rst solving one algebraically reduced systenadfiangle of distances, one from each
cluster, between the overlapped points, xing the 6 dofshig hew triangular cluster and resolving the 3 overlaps (thi
xes all but 1 rotational dof for each of the 3 original triamligr cluster); then solving the second algebraically reduc
cluster 3 distance constraints simultaneously for 1 roteti dof per original triangular clusterenly 3 constraints and 3

variables
De nition LetS be an overlap-minimal, algebraically-reduced clustebggstem) of a viral constraint system, and3et

runs over all well-constrained overlap-minimal subsyst&%of S.

Y
Ef (S) = wi2"2K + min_ws(  Sol(S ))=S0kSY + w,Sol(SY;

whereSol(S%) = MV (S9 MV (S% Q), andws;:::w;, are the viral model's tunable parametgrs(end of de nition)

Here the rst summand ief (S) is simply the conjectured (and observed) time complexityai¥ing a cluste§s of size

or fan-ink, i.e., a sparse systegin O(k) variables. The second summand represents the ratio ofzb@tthe search
space to the size of the solution space, and the second sudmmaghly represents the size of the solution space or the
effort in listing all the solutions 08° assuming that the equations®\ Q (primary structure constraints) are already
solved. This intuitively justi es the presence of both suamds in the de nition oEf (S).

4.3 The Pathway Probability Space

Our probability space is the set of all labeled pathways adrapete viral constraint graph. By de nition of effort, and
the isomorphism classes of pathways, isomorphic pathwayes the same effort. For any xed effort value, we assume a
uniform probability distribution over all labeled pathveagf that effort.

Assumption 3: An underlying natural assumption is an additional inveationship between a pathway's probability
and its effort (see Section 8 for biochemical justi catioofsmodeling assumptions). While this assumption intuliive
motivates the results of this paper, they are not formalseblaon this assumption. For xed effort bounds, we are gdiyera
interested in the probability of an unlabeled pathway ortAway isomorphism class, which is proportional to the size o
the isomorphism class. This type of probability and effernputation is suf cient to answer our focused questionsubo
pathways as will be shown in Section 4.5.
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4.4 A Restricted Model

While the formal de nition of pathways and effort ratingsvgn above are well-posed for the general viral constraint
systems given above, here we consider only restricted egastraint systems that include no inequalities and ireolv
tensegrity forces in highly limited ways. Inorder to inciuhese, we need a suitable generalization of clusters @mzeh
pathways) to include underconstrained systems. More itaptly, the tractable and accurate computational simaraif

the model given in Section 6 applies only to the restrictedl\donstraint systems.

4.5 Mathematical Assumptions and Justi cations

We discuss two distinct types of assumptions: those comggpathway structure and those concerning the pathway
probability space. These are relatively independent aed #vone set of assumptions changes, the other can still be
applied to give a useful model.

Pathway structure.

The notions of a stable subassembly, effort of formatio, eadid pathway are all de ned geometrically. One jus-
ti cation for this has been mentioned earlier;: assembliyidg interactions are, in effect, geometry-based and ggner
minimization in tensegrity systems can be expressed asttsfagtion of geometric constraints. Furthermore, theleho
offers candidate geometric properties for de ning stajileffort etc. but offers a fairly wide scope for the exacoicie
of de nition. In fact, the intent is to iteratively re ne omne these de nitions (and hence the model) to t experimen-
tal results. For example, as a rst cut, stability of a suleasisly is considered equivalent to approximate combinakori
rigidity. Firstly, this means that any apriori chosen legéLinderconstrainedness or exibility can be incorporaited
the notion of stability and the theory of DR-plans and patys\tat has been developed in the previous sections sti#l goe
through. Secondly, and more importantly, the physical rrepof general combinatorial rigidity should not be confdise
with physical rigidity: it changes based on what the inpudmetric constraints are — as mentioned above, these could be
chosen so that combinatorial rigidity would imply not proairigidity, but rather energy-based stability.

Next, ouravoidance of dynamiaests crucially on the ability to restrict our treatmentb@notonicpathways, i.e,
we assume that “disassembly” or the break-up of intermedialbassemblies - which is incorporated into well-devedope
formal molecular models of computation based on dynamigstesns [23, 2] - can be avoided due to our focus on
speci ¢ questions concerning successful pathways (sdenagt probability space assumptions, below). Our pathway, b
de nition, only contains successful subassemblies i.aesothat did not disassemble or break-up after they assdmble
The effort rating assigned to a subassembly can be madedmini@te the various ways it can form from its successful
constituents after potentially several intermediateragdies and disassemblies; and we typically compute thegtnitity
of a pathway (isomorphism type) given a total effort boundmifar care in designing the effort rating allows us to
incorporate solvent interactions.

Pathway probability space.Recall from Section 4 that we are mainly interested in thdabdity of a pathway isomor-
phism type, for a complete viral constraint graph, i.e.,d@uccessful assembly of a xed labeled set of 60 monomers.
Unsuccessful pathways and malformations do not enter titarpi One intuitive description: we start with a complete
virus, and ask about the different pathways (partial ordsubassemblies) in which its 60 labeled monomers in salutio
could havemonotonicallyassembled successfully. We informally view these monometiough they “know where they
are going, are restricted to legal interactions with theighbors in the complete viral structure, but are compjdtele

to decide in what order they interact.” Thus, all labelechpatys of a given effort rating are considered equally prédab
and the probability of an (unlabeled) pathway (isomorphigpe) of a given effort rating is directly proportional toeth
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sizeof the isomorphism class. The dif culty of the interactimtability of the resulting subassembly etc. are re ected in
the effort rating, not in the probability of the pathways.elinderlying understanding is that the probability of a path
isomorphism type is, in addition, inversely related to tfferg

This type of probability space would give us enough infoliorato conclude, for example, that an overwhelming
number of low effort pathways rely on a building around a Ementamer nucleus or that most of the low effort pathways
rely on trimeric subassemblies that further assemble ysmgameric interactions etc. See Figures in 4. In partictia
symmetries of the nal structure could force large isomasphclasses of pathways, so that sheer numbers of pathways
could offset relatively large inaccuracies in estimatidreffort ratings: i.e., the most likely pathway types remtie
same over fairly large changes in the effort calculations.

Furthermore, relativeoncentration®f monomers and other subassemblies [58, 110] that occumglassembly
would potentially affect the probability of pathways oveperiod of time (and viceversa). Even an equilibrium model

where the concentration levels of monomers and nal assesilalre xed should be consistent with this. Our model
seems to ignore thedenetics The justi cation for this rests again on the careful deipit of our probability space as

explained at the beginning of this section, which is taitbt@ our focused questions. Hence the rates and concensatio
need not enter these computations, beyond being directyporated into the effort ratings for subassemblies. Hewe
viceversa, a rough estimate of rates and concentrationsecahtained simply from the average effort ratings of pagsva
that lead to speci c subassemblies.

5 Novelty and Comparisons

The rst novel aspect and the basis of the proposed appraatieifollowing observation: by narrowly focusing only
on the required output information - i.esuccessfupathway likelihoods - we create a starting point for thirgketbout
assembly while avoiding dynamics. Furthermore, the avaidaof dynamics permits more sophisticated - but essential
- monomer structure and interaction information to be talkenm consideration, while still remaining computatioyall
tractable. Additionally, the restriction of effort to sessful assemblies alone makes the assembly model sigtliycan
easier to develop, but at the same time is generalizable tora extensive model of viral assembly.

The second new aspect of this approach to self-assembly Eagtis on fully 3D geometric constraints (including
tensegrity) and state-of-the-art concepts [7, 10, 11,48]42, 43, 100, 102, 68, 32], and software [100] for decontjorsi
and recombination of geometric constraint systems; asagetloncepts and techniques for sparse elimination [27, 38].
These together permit a tractable and accurate simulatidriaualization (see Section 6) of pathways. It should keaho
that the use of so-called distance geometry is fairly estaddl as one phase of (NMR) molecular structure deternoimati
[3], [65], [72], [76]. These however use very special typég@metric constraint systems — a complete set of distance
constraints (usually a linear algebra based completion péréial distance matrix) which gives the work a different

character.
One key advantage of thus representing viral (sub)strestoir any other geometric composites using geometric con-

straints is that their various conformations can be ndiudddtained as the different solutions to the associateelakic
systems, described in Section 3. See Figure 13. It shouldteslthat conformational switching is a key ingredient of
viral assembly. Many existing dynamic viral assembly meded it dif cult to deal with this, since they do not have an
inherent way of representing all possible conformationsutifassemblies.
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5.1 Comparisons with existing virus assembly models

We omit comparisons with self-assembly models for DNA cotimuy for example, [23, 2] which deal with dynamics
issues discussed in Section 4.5. The geometry contentttacur models is not relevant to theirs.

We only give initial comparisons of our virus assembly modéh the closest existing computational virus model
[56] based on the “local-rules” theory of [52, 54, 55, 53]. M¢hwe draw upon some of their ideas, there are several
fundamental priniciples that differentiate our model frimirs. In addition, arguments that differentiate bothmadels
from other relevant models [25, 110, 41, 29, 28] are giverbB.[ First the super cial similarities. Since their modsl i
not static, we draw the comparison with the generalizatfoouo static model to a local-rules type of dynamical system,
which can however be simply formulated as a system of stdichdiferential equations that can be numerically solved t
obtain the kinetics. This resembles their “local-rulegalmodel. Both are overall consistent with the theme (nut, see
e.g., [86, 85]) that the distributed protein molecules-sefanize during virus assembly and crystallization, blydweng
in an individually “sel sh” manner, in response to local @iimstances, without any programmed or prior knowledge of
the global composite that they will assemble into.

Another point of similarity is that both our models use (pablity spaces based on) relatively few protein subunita as
function of the number that constitute a virus. This congrésth of our models from those such as [110].

The fundamental difference stems from the [56] model rgjydrucially on the following. (i) Full-blown dynamic simu-
lation (their approach has no static analogy for analyzirggsessful pathways alone, which is the thrust of of this pape
(i) Simple polygonal subcomposites consisting of only adfal of geometric primitives and an explicitly speci edtse
of their rigid conformations. (iii) Simpli ed geometric teractions explicitly and procedurally speci ed as locales.
These provided just the necessary level of detail to andweekinds of questions about (nucleation limited) viral hel
assembly that they were interested in.

In contrast, we begin with the thesis that complex (time,sghar any continuous parameter) dynamics are not nec-
essary for our precise and focused questions about virah#syg, [66], even those assemblies that involve “acrobatic
interactions that could be forged even as the constitueréjprmonomers complete their folding. We maintain that our
“no dynamics” model is consistent with these suggestions.

In particular, due to our geometry and tensegrity basedadierepresentation that captures conformations naygural
we have a relatively simply described con guration spacehilé/key factors such as current conformation geometry of
the composite, and other factors such as current posititenfémence from neighboring molecules, solvent intecarcti
etc. are strongly factored into the de nition of the effoating of subassemblies and pathways, these factors haie sta

de nitions.
In a rough sense, our “no dynamics” model adequately captilme complexity of the dynamical simulations by

other viral models such as [56] because of the carefully dd probability space, the focused nature of the questions
being answered, and the appropriate increase in the (alig¢bomplexity of: the representation of individual morens)
interactions, and the algebraic functions that deterntieesffort ratings of subassemblies and pathways.

6 Tractable and Accurate Computational Simulation of the Madel

It is not viable to give a combinatorial enumeration of padlye of viral constraint graphs — even those that satisfy the
restrictions of Section 4.4 — using generating functionsxany manner give a closed form analysis of the probability
distribution over pathways of bounded total effort. Alsesgite the overall icosahedral symmetry, the number ofipless
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pathway isomorphism classes is prohibitively large, amichean exhaustive enumeration and over the pathways is not

tractable.
We use the following approach. We

(1) use the fact that pathways for viral constraint graplisfging the restrictions of Section 4.4 are a modi ed DRxpl
(see Section 3);

(2) modify and randomize an existing DR-planner called Frantier vertexalgorithm (FA) that runs in time cubic in
the number of vertices of the input constraint graph, so ithg&nerates a random valid pathway that contains a given
subassembly or sub-pathway, and computes the pathwaiyig eftciently;

(3) use the fact that viral constraint systems inherit thsahedral symmetries :

(4) use the fact that DR-plans have a correspondence wiihaisases of the underlying rigidity matroid (see [67R]8
[17]);

(5) and the fact that matroid bases form a markov chain ontwiaicdom walks converge in polynomial time to stationary
distributions that permit random sampling and approxinsateting [1, 15, 70, 48, 21, 40, 80, 103] and

(6) use (3), (4) and (5) to argue that the algorithm in (2) getes a representative sample of pathways that approxémate
their true probability distribution well.

6.1 Generating Random Pathways using the Frontier Vertex (&) DR-Planner

DR-planners based on geometric constraint graphs haveareposed since the early 90's for restricted classes ofhgrap
that are decomposable simply by detecting certain pattrals as triangles (“triangle decomposable”) [18, 95, 96, 94
[12, 19]; and based on Maximum Matching [97, 59, 12, 90], aglity matroids (for 2D points and distances) [67, 82].
However, prior to [10], the DR-planning problem and apprafgr (and strongly competing) desirable properties for DR-
planners were not formally de ned or motivated. That pagdso g@ives a table comparing 3 main types of DR-planners,
with respect to these performance measures including ihdSection 3. These performance measures were optimized
by the Frontier vertex DR-plans and the corresponding Darupér (FA DR-planner) described very brie y below [11, 9,
42,43, 44, 100, 102, 32].

6.2 The Frontier Vertex DR-plan (FA DR-plan)
Intuitively, an FA DR-plan is built by following two stepspeatedly:

1. Isolatea cluster-minimal dense subgra@hin the current grapis; (which is also called theluster graphor ow
graphfor reasons that will be clear below). Check for algebraijgat@lencies that could cause a dof misclassi ca-
tion.

2. SimplifyC into T (C), transformingG; into the next cluster grapB8i.; = T(G;) (the recombination step).

6.2.1 Isolating Clusters

The isolation algorithm, rst given in [5, 7] is a modi ed imemental network maximum ow algorithm. The key routine
is thedistribution of an edge (see the DR-planner pseudocode in the AppendiarbflPin the constraint grapf. For
each edge, we try tdistributethe weightw(e) + D + 1 to one or both of its endpoints asw without exceeding their
weights, referred to as “distributing the edgé SeeDistributeEdgein the pseudocode in Part Il, Appendix. This is best
illustrated on a corresponding bipartite graph: vertices in one of its parts represent edge&imand vertices in the
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second part represent verticesGn edges inG represent incidence i®. As illustrated by Figure 14, we may need to
redistribute ( nd an augmenting path).

If we are able to distribute all edges, then the graph is nosee If no dense subgraph exists, then the ow based
algorithm will terminate inO(n(m + n)) steps and announce this fact. If there is a dense subgraghtitare is an edge
whose weight plu® + 1 cannot be distributed (edges are distributed in some dimegxample by considering vertices
in some order and distributing all edges connecting a netexdo all the vertices considered so far). It can be shown
that the search for the augmenting path while distributitig¢dge marks the required dense graph. It can also be shown
that if the found subgraph is not overconstrained, theniit fact minimal. If it is overconstrained, [5, 7] give an efent
algorithm to nd a minimal cluster inside it.

The found cluster is then checked (and corrected) for plesdidif misclassi cation due to the presence of algebraic
overconstraints described in Section 3 (especially in 3ihdhe presence of angle constraints)geometricovercon-
straints such as rotational symmetry.

6.2.2 Cluster Simpli cation

This simpli cation was given in [11, 9]. The found clust€r interacts with the rest of the constraint graph through its
frontier verticesi.e., the vertices of the cluster that are adjacent toeestnot in the cluster. The vertices@that are not
frontier, called thenternal verticesare contracted into a singt®revertex. This core is connected to each frontier vertex
v of the simpli ed clusterT (C) by an edge whose weight is the the sum of the weights of thénatigdges connecting
internal vertices to. Here, the weights of the frontier vertices and of the edgesecting them remain unchanged. The
weight of the core vertex is chosen so that the density ofithplsed clusteris D, whereD is the geometry-dependent
constant. This is important for proving many propertieshef EA DR-plan: even i€ is overconstrained; (C)'s overall
weight is that of a wellconstrained graph, (unl€sss rotationally symmetric - in this case, it is simpli ed tockuster of
weightD  1). Technically,T(C) may not be wellconstrained in the precise sense: it may goataoverconstrained
subgraph consisting only of frontier vertices and edgesitboverall dof count is that of a wellconstrained graph.
Figure 15 illustrates this iterative simpli cation prosesnding in the nal DR-plan of Figure 8.4.

The challenge met by the FA DR-planner is that it provably teiseveral competing requirements. See Section 3 for

de nitions.
(a) It deals with key problems of algebraic overconstraamig rotational symmetries and hence recti es misclassicra

of clusters for a large class of 2D constraint graphs cointgiangle and incidence constraints as well as 3D constraint
graphs.
(b) For wellconstrained graphs it outputs a DR-plan withragks root representing the entire graph as a cluster: for
underconstrained graphs - it outputs a complete set of nadxlusters as sources of the DR-plan.
(c) It controls the width of the DR-plan to ensure a polyndrime algorithm.
(d) It ensures the cluster-minimality of clusters in the pR#.
(e) It outputs DR-plans consistent with input partial depositions.

The graph transformation performed by the FA cluster simogtion is described formally in [11, 9] that provide the
vocabulary for proving the properties of FA that follow ditly from this simpli cation. However, other properties BA
require details of the actual DR-planner that ensures tdy43, 44, 100, 102, 68].

Note. A detailed pseudocode of the FA DR-planner can be found in182]. Properties (a) and (e) above are proven in
[102, 68] and Properties (b), (c), (d) are proven in [42].
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6.3 Crucial Modi cations for obtaining Random Pathways

The randomization procedure is straightforward and yefiopers well in providing a representative sample of pathways
(see discussion on simulation accuracy in Section 6.31&.ekact randomization cannot be formally described withou
refering in detail to the FA pseudocode in [42, 100]. Howeitds conceptually simple and easy to describe intuitively
everywhere that the FA DR-planner performs operations atices, edges or clusters laxicographicorder orqueue
order, this is replaced byrmmndomorder.

Recall from Section 4, that the additional requirements ghpathway has to meet 3 properties beyond the DR-plan
properties.

Property (i) is ensured by modifying the FA DR-planner asofes.

FA achieves a linear bound on DR-plan width by maintainirg fitllowing invariant of the cluster or ow graph:
every pair of clusters in the ow graph (top level of the DRap) at any stage intersect on at most a rotationally symenetri
subgraphFA does this by performing 2 operations after a new poteciister-minimal cluster is isolated by the cluster-
minimality routine (see [42, 102]). Note that this routigerequired even though we do not require cluster-minimality
for pathways. It is required to ensure that the found clustarnot been misclassi ed due to combinatorial and algebrai
overconstraints, i.e., to ensure Property (a) of the FA DdRuper (see [42, 102, 68]).

The rst operation is arenlargemenof the found cluster. In general, a new found cludleis enlarged by any cluster
D, currently in the ow graph (top level of the DR-plan), if th@ilonempty intersection isota rotationally symmetric or
trivial subgraph. In this cas®&l does not enter the top level of the DR-plan ONlyf D; enters the DR-plan, as a parent
of bothD; and the other children dfi . It is easy to see that the#zesof the subsystems corresponding to bt D 1
andN are the same, sind2; would already be solved.

For the example in Figure 16, when the DR-plan nds the cluSteafterCy, the DR-planner will nd thatC; can be
enlarged byC, The DR-planner forms a new clusj based orC; andC, and put<, into the top level of the DR-plan,
instead ofC,.

The second operation is to iterativedpmbineN [ D with any clusterd,;D3;::: based on a honempty overlap
that is not rotationally symmetric or trivial. In this ca$¢,] D1 [ D2, N[ D1 [ D[ D3z etc. enter the DR-plan as a
staircase, or chain, but only the single clustef D[ D,[ D3| ::::: entersthe top level of the DR-plan.

Ofcourse, both of these processes are distinct from thénatigow distribution process thalbcateslusters.

Now, in order to ensure that the DR-plan has the Propertyf(gathways mentioned above, the enlargement process
subsumes the combining process. The clustes iteratively enlarged by the clustells so thatonlyN [ D[ Dy:::
enters both the DR-plan as a common parem aind theD;'s; and it enters the cluster graph, after removindxll

Property (ii) is ensured by checking each newly found cluliteo see if it can be formed entirely by overlap con-
straints between the children. This requires a careful @oht using inclusion-exclusion. If overlap constrainte ar
suf cient to form the clusteN , then the last found child clust&€ of N is removed from the DR-plan and its children are
directly made children ol (leaving out any children that are trivial clusters in thieisection ofC and one of the other
original children ofN ). See Figure 16.

To ensure Property (iii) or overlap-minimality of clustethey are treated as follows after the combining step has
found the clusteC that can no longer be combined with any of the clusters in & graph, i.e., top level clusters

form the clustelC using overlap constraints alone.f does not satisfy overlap-minimality, then it is decompoised
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a sub-DR-plan consisting of overlap-minimal clusters. sTisidone by a recursive meth@erlapminsimilar to the
cluster-minimality routine of [42]. This method takes aguanents the subgragof the cluster graph S does not have

clusters with the subgraph of the cluster graph induced émjh The base case is wh8rconsists of only 2 clusteiG;
andC,. In this case, ifC; andC, have a nontrivial overlap, the® is returned, since it is itself overlap-minimal. If not,
C, andC; are returned as the maximal overlap-minimal clusters wighi The recursion is acheived by rst locating
a proper subgrap8® of S that overlaps the remaining set of clustersSim S® only on a trivial subgraph. This is done
by running a minimum vertex separator (or cut) algorithmhsas [84] on thebipartitegraph obtained from the standard
overlap hypergraptof the clusters irs. In the hypergraph, clusters are vertices and each ovedapxis an edge; in
the bipartite graph, one side consists of vertices reptiegewertices of the hypergraph and the other consists dicesr
representing edges of the hypergraph. See Figure 17.

If no such subset is located, thénis overlap minimal. If such a subs8P is located, therDverlapmincalls itself

overlap-minimal. IfS%is itself a cluster, then it is the single root or source of ub-DR-plan. If not, a complete Skt
of maximalclusters withinS® appear as the sources. The second call is with argum@raisd the union of the sat and
the remaining clustefsCy+1 :::;Cngin SnS°

It can be formally proven that the above modi cations engheeadditional Properties (i), (i) and (iii) of pathways
and do not affect the Properties (a), (b), (c), (e) guarahbsethe FA DR-planner ([42] and [102, 68]). In particular,
the Property (e) can be leveraged by adding a particulaglgal subassembly or even a particular (labeled) sub-@gthw
as an input partial decomposition, so that the output pathwith contain them. Moreover, the pathway's effort can be
computed in time directly proportional to the number of nettethe pathway, since by the assumption on viral constraint
graphs in Section 4, the number of children of a overlap-maiicluster of a viral constraint graph is bounded by a
constant and hence the effort rating of such a cluster canf@gted in constant time, independent of the size of thé vira
constraint graph (number of atomic markers). Finally, sittte FA-DR-planner's property l.e., we obtain the follogin
theorem.

Theorem 6.1 On an input viral constraint grapks and a labeled subassembly or sub-pathwathe FA-DR-planner -
as modi ed above - outputs a valid assembly pathwafpr G that containsP, as well asA's effort rating, within time
cubic in the number of vertices (or essential atomic makefs.

Note The FA DR-planner is incorporated into the (opensourcelada from GNU) FRONTIER geometric constraint
software [100] developed at the university of Florida. Tpisvides a hands-on ef cient computational simulation and
visualization tool for viral pathway simulation as seentie screenshot gures in Sections 4 and 7.

6.3.1 Proving Accuracy of Simulation

The above theorem proves the ef ciency or tractability af gimulation. However, it is still necessary to show that the
randomization procedure mentioned above outputs a trulgam pathway; i.e., it outputs a representative sample of
pathways (under a given effort bound) that accurately risebe probability distribution over all successful assmb
pathways (under the same effort bound) predicted by thedbmmodel in Section 4. For example, it is necessary to show
that bounded effort pathways obtained owetrials of the simulation accurately (with error decreassay, proportionally
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to m¥7k for somek) represent the probability distribution over the entirecfesuccessful, bounded effort pathways. I.e.,
we need to prove the following type of theorem.

De nition. LetM be a multiset of successful pathways of effort at nixtbiat contain a particular (labeled) subassembly
or subpathway for some viral constraint grap@. Let0 < < 1 be a desired accuracy. Letr be the number of
pathways inM that are in the same isomorphism cldss Let pr be the probability that &-effort pathway ofG that
containsP belongs to the isomorphism clags We say thaM is an -representativesample (otb-effort pathways foiG

containingP) if for every pathway isomorphism cla3s jmt=jM|j  prj .| (end of de nition).

Theorem 6.2 There is a xedk such that for any) < < 1 the following holds. LeM be any set ob-effort pathways
containing a (labeled) subpathwdy output over independent runs by the the randomized, modi&dR-planner
(described above) on an input viral constraint graBh ThenM is an -representative sample providé (1= ).
This holds for effort boundsthat include a reasonably large number of pathways and féwpsthwaysP of constant
bounded size which includes the case whdn a single subassembly.

In the general case of viral constraint graplof Section 4.4, this theorem is still a conjecture. Howetrex,observed
accuracy of the sample obtained by the above randomizatisumdported by the fact that the theorem has been proven in
[103] for a special class of of viral constraint gra@hn which each pathway corresponds to a distinct, well-dd basis
class of the rigidity matroid that is obtained fra&(see [67], [82], [17]). The proof further leverages (1) tgensnetry of
the complete icosahedral shell which intuitively makesntmg easier and (2) the fact that distinct matroid basews far
markov chain on which random walks converge rapidly (in tpog/nomial in the size of the original graph andlin ) to
stationary distributions that providerepresentative samples. Various results of this typetaves in [48], [80], [40] for
so-called balanced matroids. The proof requires the extes$ these results to (1) a class of rigidity matroids; (Zjane
each elementin the markov chain is a pathway, i.e, a distielitde ned basis class of the underlying rigidity matrpas
opposed to a distinct basis. Finally, the proof shows thastinple randomization of the FA-DR-planner described abov
corresponds in a natural manner to a random walk on the abaxemchain.

7 Preliminary Validation of the Model

For viral constraint systems obeying the restrictions afti®e 4.4 (no inequality constraints and hence no chiraiiy-
straints, and no tensegrity forces) a simulation and vizatibn study was performed using the FRONTIER geometric
constraint solver and interactive visualization softwfd@0] with the randomization and modi cations describedec-

tion 6. The monomer constraint system that was used for thalations contained 12-15 atomic markers (see Figure
6) related by primary structure constraints that speci &fahces and angles and weak force constraints specifisag d
tances. The interface constraints were purely distancgt@ints. These constraints were modi ed over the differans

in order to simulate various aspects of the model. For exantipé constraints were engineered so that: monomers were
underconstrained, wellconstrained, or overconstraitiedpathway contained small clusters that included partswdral
monomers as in Figure 9, or in contrast, all overlap-minichadters were forced to include entire subassembliesdile.
overlap-minimal clusters represent stable subassembBesilarly, the constraints were engineered so that onlgsred
combination of subassemblies were stabilizable and others not. For example pentamer (resp. trimer assembligs) Fi
ure 18 are stabilizable but dimers are not, etc. A completerably obtained during the simulation is shown in Figure
17. All the pathways shown in Figure 10 and Figures 11, 12 wétained during the simulation. (The visualization
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software is best used interactively, with clicking and zdmgm especially for pathways with more than 10 vertices, we
have therefore used hand-drawn gures instead of screénshdlustrate the pathways).
Next, we indicate some basic questions that can be askedradidions that can be made by the simulation results.

Prediction 1. We rst asked the questionAssuming that the smallest stabilizable (polymeric) sebamlies are pen-
tamers or trimers, which (successful) stable-subassepathways are most likely: (a) those that are based on a pentam
nucleations that assemble further via trimeric (and dig)ariteractions rst forming a trimer of pentamers and then
adding single pentamers, such as in Figures 11, 12, or (Bpttiaat are based on trimer nucleations followed by pen-
tameric interactions rst forming a pentamer of trimers ahéen adding on more trimers such as in Figures 9, 10?

We asked the same question using standard cluster pathwagk are easier to analyze than stable-subassembly
pathways, by engineering the monomer and interface cantstiia such a way that all overlap-minimal clusters are in
fact stable subassemblies. The overall qualitative tresfcthe pathway probabilities and effort ratings obtainedsy
running several trials of the simulation algorithm - can bedaibed as follows. We use rough calculations that arettijre
based on the model de nition in Section 4. The model (and &tien) predict - given an effort bound - that pentamer
nucleation based pathways are overall more likely, sindb e number and size of the isomorphism classes of such
pathways is larger. A rough calculation also shows that tmmér pathways of type (a) in fact involve less effort than
the latter type (b), on average. Pentamer based pathwayp@f{a) as in Figures 11, 12, use only 12 pentamer clusters
followed by one cluster of fanin 3 and nine subsequent atagiefanin 2. In contrast, trimer based pathways of type (b)
as in Figure 10, use 20 trimer clusters as in Figure 9 follolyedne cluster of fanin 5, one cluster of fanin 4, four cluster
of fanin 3 and 4 clusters of fanin 2. For simplicity, we assurg& monomers, (i.e. monomers are clusters), and that the
number of monomer conformations (size of the solution spéd¢e monomer constraint system), while nontrivial (our
example monomers typically have about 8 conformationserhby 3 independent re ections), is however signi cantly
smaller than the number of pentamer and trimer conformai{size of pentamer and trimer solution spaces). We assume
the latter two to be equal (typically about 24 in our examples

Using these natural assumptions, the effort rating caticugdassuming all weights; are 1) shows that trimer based
pathways of type (b) involve effort that is atleast a facti24 (number of trimer conformations) larger than the pergam
based pathways of type (a).

Note that the equality between the number of trimer and peataonformations is justi ed since, due to symmetry,
pentamers tend to become overconstrained as soon as thfsyr@rd to be wellconstrained and hence have relatively
fewer conformations (if monomers are clusters with 6 degddreedom, we require the pentamer interfaces to remove
5 degrees of freedom each inorder to obtain the pentamer atable subassembly, i.e., as a cluster; however, now the
pentamer has only 5 degrees of freedom, i.e., it is overcainsd).

The above analysis also answers the questidmder what natural conditions would trimer based pathwdygme
(b) be more likelyZlearly, if trimers are forced to have small numbers of comf@tions (typically enforced by overcon-
straints) compared to pentamers, then the above trendant efilculations can be reversed, making type (b) pathways
have signi cantly lower effort and hence more likely, buethwould have to be severely overconstrained to offset the
small size of their isomorphism classes. In fact, in thigation, by the above arguments, the most likely pathwayddvou
still be those that would use a combination of trimer and e nucleations.

These predictions seem to t structural studies of commof Viruses: those viruses such as MVM that exhibit highly
overconstrained trimers (highly interdigitated trimeteirfaces with large proportion of buried surfaces, which ba
obtained using the CNS software [72] ) are generally betldvause trimer nucleation based pathways, while others with
less interdigitated trimers such as MSV are believed to es¢gmer nucleation based pathways.
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In fact, 2 even simpler arguments based on our model sugpesetand structural studies.

Prediction 2. Assume monomers and pentamers are stable subassembiigisnffticity, we assume 1-stable subassem-
blies, i.e., they are exactly clusters and hence have 6 degfdreedom), but trimers are not. Assume as well that dimer
interfaces remove 4 degrees of freeddofis Then a triple of pentamers as in Figure 11 interacting vian8d interface
constraints alone (no trimer interface constraints remgl)ihas (6*3 - 4*3 =) 6 dofs, making it a cluster as well. Thus we
can achieve a pentamer based pathway as in Figures 11 anthjpastamer and dimer constraints alone. In fact, clus-
ters further up the pathway are eveverconstraine@again without using trimer interface constraints; jushgsdimer
interface constraints alone) and hence their effort rangjgni cantly lower as discussed in Section 4, increading
likelihood of such pathways.

In contrast, if monomers and trimers were stable subassesr{olusters with 6 dofs) and pentamers were not, and if
dimer interfaces again removed 4 dofs, and pentamer icgdanstraints were analogously not relied upon, the gpiatu
of trimers as in Figure 9 has (6*5 - 4*5 =) 10 dofs and is henagenconstrained, not a cluster or a stable subassembly. In
fact, the smallest stable assembly (beyond the trimers)diouolve the entire shell (each of the 20 trimers has 6 dots a
each of the 30 dimers removes 4 dofs)! This pathway's isomerp class has size 1 (there is a single labeled pathway of
this type) and it has a very large effort (the top cluster efgiathway has a fanin of 20!) and is hence very unlikely.

Prediction 3. Even if pentamers aneot 1-stabilizable subassemblies - assume they have 7 dofspl@df pentamers

is still fully stabilizable using 5-dof-removing dimer grfaces (7*3 - 5*3 =6; no trimer interfaces required), anasth
pathway based on triples of pentamers such as in Figuresdl12amwould be valid when the bottom two levels are merged
to form one cluster of fanin 15 and others of fanin 6 or less.ilg®Mhhas relatively high effort, the isomorphism class of
such pathways is still fairly large and hence the likelihobduch pathways is nontrivial.

In contrast, trimers with 7 dofs and 5-dof-removing dimeenfaces again permit only the single highly unlikely taivi
pathway of fanin 20, since the entire shell is again the mahistable assembly. In comparison, highly underconstdaine
pentamers with even 10 dofs and only 4-dof-removing dimearfaces or pentamers with 7 dofs and very loose 3-dof-
removing dimer interfaces (no trimer interfaces requiree@ither case) will still result in a stable entire shell (1@*=
4*30; 7*12 j 3*30).

These predictions using our model indicate that for viralstoaint systems to signi cantly favor trimer based pathigva
such as Figures 9, 10 as opposed to pentamer based pathwayasshigures 11 and 12 a set of competing, stringent

conditions have to be met.
(a) Such pathways typically have to depend on pentamefatconstraints as well (not just dimer interfaces, as show

above).

(b) At the same time, these pentamer interface constrdiotdd nevertheless be inadequate (should not remove tog man
dofs) to stabilize pentamers, in order to hinder pentamsedaathways.

(c) To keep effort ratings manageable, the trimer intedat®uld remove enough dofs (be suf ciently interdigitatexd
make the trimers highly overconstrained.

Prediction 4. Another prediction by our model supports structural stsdiethe geminate “two headed” MSV virus.
See Figure 2 (right). This virus is made up of 2 single heaash enissing a pentamer where they join. Thus each head
consists of 11 pentamers. The viral monomers sometimesdorghe heads [51] but not 3 or multiple heads. These are
indicated by our model as follows. Using the example in (et pentamers with 7 dofs along with 3-dof-removing
dimer interfaces achieve 1-stability with exactly 11 pemas that use the corresponding 25 dimer interfaces (7*125 3

i 6). The 5dimer-likeinterfaces - that (require a conformational switch to) jiiia 2 heads - need only remove a total of
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6 dofs to stabilize the entire geminate shell. However, tanfa 3 headed “peanut” is signi cantly more dif cult, since
the central head will consist of 10 pentamers and only 20 douoestraints, causing it to be highly underconstrained (10
dofs) and it will have to be stabilized by its 5 dimer-likeenfaces with each of the 2 neighboring heads. This will permi
a single unlikely pathway (isomorphism class of size 1) with clusters of fanin 11 joining with 10 monomers to give
the entire shell as a cluster of fanin 12. The pathway wowle t@aw probability additionally due to high effort caused by
the lack of overconstraints and due to the large solutionespaf the clusters involved.

8 Conclusive Validation of the Model

The model will be tested using real input data from MVM, MS\AAand other viruses. The simulation predictions will
be veri ed using carefully directed and designed experitaeRor example, if the simulation predicts high likelihaafd
pentamer and dimer based assembly pathways for MSV, thedisiicted mutagenesis to hinder either the formation or
continuation of pentamers could be used to verify the ptidicA brief description of these and other experimentaglo
with justi cations of biochemical assumptions can be fodredow.

8.1 About the choice of viruses

The Murine Parvovirus minute virus of mice (MVM) and the MaiBtreak Virus (MSV) were chosen carefully so that
speci c aspects of the model can be experimentally tested.

Some of the reasons for their choice are the following. Be¢éhTa=1 viruses, i.e, icosahedral viruses containing the
smallest possible number of monomers and requiring higbbnemical and precise assembly. MSV is a geminivirus,
dumbell shaped, with 2 icosahedral heads, apparently niagua key conformational switch for the 2 heads to join.
See Figure 2. While both viruses have a T=1 capsid archiechiVM represents the prototypical icosahedral capsid
made up of 60 monomeric subunits [14], while MSV is atypicathiat capsids contain 110 monomers, with a geminate
arrangement of two incomplete icosahedral capsids (the two

heads), each missing a pentamer at the interface [51]. Tdditi@nally appear to be limited to 2 heads, not 3 or more.
The MVM capsid is able to assemble in the absence of genetieriag[83], and without the involvement of scaffolding
proteins which is important since our formal model does motsader the involvement of such material. "Single” head
MSYV capsids were also recently isolated [51] that contagoinplete genetic material. Finally, structural studieshef
geminate capsid and the single head particles clearly shmatsa conformational switch of the coat protein monomer
is required to enable the two heads to join. Thus MVM and M3\gl& heads provide an example of capsid assembly
driven mainly by protein-protein interactions and gemésltSV an example in which structural switching is essential.

8.2 Designing the input parameters for 2 speci c viruses
8.2.1 Designing model input

The capsid structures of MVM and MSV have been very recentipmped either by X-ray crystallography [14] or by
cryo-electron microscopy, image reconstruction and hogmlis modeling [51]. Signi cantly, high resolution 3D data
available for other members of the Parvoviridae such as AA¥ fecently shown that members with as little as 15-18%
sequence identity have the same overall capsid topology\dd Nbuilt from conserved amino acid sequences present at
the N- and C-terminal ends of the primary amino acid sequdnaadition, our recent sequence analysis of geminivsuse
from the four known genera also indicates conservation p$icearchitecture and core residues.
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Only suchconservedhteractions, based on structural observations, will leglus design the i input parameters of the
proposed model. This similarity to other viruses addititynallows a fairly high con dence in isolating both the essial

features of monomer structure and the driving biochemit@ractions (interface constraints) between the comstitu
monomers.
Designing the model's input, i.e., a viral geometric coaistr system (see Section 4) based on MVM, MSV, AAV or

any of the planned T=1 viruses involves the choice of reddyifew (20 -100)atomic markergpoints) - which represent an
average position of a group of essential residues - on thigopcotein monomer backbone and inportant side chains. These
are chosen either because they are crucial for specifysmmtmomer structure or bacause they are crucial in the auerf
constraints that drive assembly. These can be rst foundgugie CONTACT subroutine in the CNS program package
[76] [72] followed by selection oaverageatomic positions, based on groups of interacting atomsedrptiogram O [34]

and - most importantly - abbreviated using conservatioresidue type in related viruses as discussed in the previous
paragraph.

As de ned in Section 4, the monomer structure primitivesitddally include bonds (line segments) incident on
the atomic markers, representing averaged bonds betweamtresponding essential residues. The monomer structure
constraints are of two types: rst the primary structure siaints obtained as average values of distance, angle and
torsion angle intervals, representing the bond lengthlearmand torsion angle predictions from rst priniciples. cdad,
the weak force constraints (these constitute the so-catletact mamf the monomer): hydrogen bond lengths and other
weak forces represented as distance intervals and tetységie constraints between the atomic markers. These are
also obtained from NMR or X-ray structure data and predisiboth from biochemical rst principles, and mechanical
signi cance using broad tensegrity principles. The monopgterality constraints - representing relative orierdaas of
atomic markers which restrict the monomer conformationre -obtained using X-ray and Cryo-EM structure data.

The 3 types of interface constraints are similarly generbea simple averaging calculation of inter-atomic hydroge
bond and weak force interactions at buried dimer, trimer@agtamer interfaces (these constitute the so-catledface
contact maps These are again found using the CONTACT subroutine in ti€ @rogram package [76] [72] followed by
selection ofaveragdorces and distances between the chosen atomic markegsthsiprogram O [34] and biochemical
as well as tensegrity principles. The third and fourth madput are the standard icosahedral neighborhood topology
(see Figure in Section 4) of the monomers, and the globahlifyiconstraints representing relative orientationsutfsets
of 4 atomic markers on different monomers: these could afiseexample, due to crucial external restrictions such as
interactions with the viral core of genetic material and@tained using X-ray and Cryo-EM structure data. Thesedcoul
be replaced by extra distance constraints as mentioneatio8d. Together, all of these will determine the completalv
geometric constraint system that serves as the input to tiiehand to its computational simulation of Sections 4 and 6.
A preliminary input for MVM for the restricted model of Seati 4.4 has been generated by the above-described process

consisting ofcompletely rigid monomerand the interface constraints have been expressed as gistlgce constraints

between atomic markers. The monomers are further restictene xed conformation and hence the monomer structure
constraint system is subsumed by specifying explicit pmsstof the atomic markers in its local coordinate systems Th

type of input still retains adequate complexity in the ifdee constraints in order to obtain meaningful predictiontgput
by the model and its computational simulation of Sectionad &, which can then be experimentally tested. See Figure
19.
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8.3 Justi cation of Biochemical Assumptions and Experimemn Design

The rst key assumption is that the complete assembled structueghtegwith sequence comparison with similar viruses
can be used in determining the pre-assembly monomer steuantal driving interactions. Our justi cation for this isded
on the following observations.

(a) For the Parvoviridae, our 3D structures show that membetsasi little as 15% sequence identity are built from
the same arrangement of core beta-strands which contasepgd residues at both the N- and C-terminal regions of the
primary sequence. These strands knit together to form astmiéonto which surface decorations - which It is therefore
reasonable to assume the conserved residues, at monomerraointerfaces, are playing a role in capsid assembly.

(b) Structures determined for fully assembled virus capsigs baen predictive in our analysis of assembly enabling
interactions for the adeno-associated parvoviruses (AA¥e can correlate disruption of monomer-monomer intévast
with mutations that result in no capsid phenotypes [49](@ulje-McKenna and Muzyczka, unpublished data).

(c) There are numerous examples of structural studies wheredsalution cryo-EM structures of viruses and their
complexes with receptor or antibody molecules are intéggrbased high resolution structures of component proteins
These are placed as rigid bodies inside the cryo-EM envelBpmetimes adjustments are required to satisfy the density
but for the most part, the high resolution structures t welthout adjustments (Reviewed (for viruses) in [39] [50]).
Antibodies that are generated against assembled capsiddban shown to recognize subassemblies for MVM [35] and
other parvoviruses. These recognize the capsid surfadatedaces where the interactions happen.

(d) Our sequence analysis of geminiviruses from the four knoamega (MSV is the type species of the Mastrevirus
genus) show that the core beta-strands that form the cagsid@re conserved than the variable loops that differeagtiat
members of the different genera (Faulker et al, in prepamati

A secondasigni cant assumption made by our assembly model is thatmolvement by extraneous genomic nucleic acids
or scaffolding or chaperone proteins is present duringrabe While this is justi ed for MVM and probably for the
single head MSV's, there is evidence that the characteigetminate capsid of MSV is only able to form when genomic
DNA is present [47];[98]. Furthermore, it is not known whetlthaperones are needed in MSV assembly.

8.4 Experimental validation

The model will be re ned by testing the output prediction leétsimulation against experiments on MSV brie y described
below. For MSV, we have identi ed what we believe are key sdemblies (pentameric capsomers, "single” head and
geminate capsids) for MSV from wild type maize leaf infen8ausing biochemical techniques and it seems that concen-
trations of subassembly formations are observable. Thewble to express single mutant monomers, altered to arrest
assembly.

Well-established experimental protocols will be utilizedsalidate the essential subassemblies predicted by oo+ co
putational simulation. For example, if pentamers are theally predicted as having the highest concentratiomsdu
the assembly of the T=1 capsids, we are able to alter corsseme@omer-monomer interactions in the 3D structures by
site-directed mutagenedis either arrest assembly eitherior to pentamer formation or stop growtieyondassembled
pentamers by mutagenesis. We would generate mutant clomegiess the MSV coat protein, bearing the appropriate
amino acid changes, to be produced in E.coli, as has beemdevieusly to express an N-terminal truncated coat protein
mutant [47] and also into the available MSV infectious clforanfection of maize leaves. Then we would use established
methods to purify subassemblies from E.coli expressionazeleaf infection and determine their concentrationthamr
experimental goals are the following.
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Firstto and re ne our model inputs (the current inputs on MSV ar&oted from cryo-EM and sequence mapping
structure) by performing complete X-ray crystallograpétizictural analyses of isolated subassembilies, for casgrar
with our available structures of "single” head and gemirgapsids [51] (Zhang et al., unpublished data), using stahda
procedures [45], [46]. It should be noted that obtainingcttiral data on assembly naive components is never trivial
(as evidence by the fact that there is no such data for any Asiis) and is often precluded by a shift in the equilib-
rium from monomers to assembled capsid due to accumulatidrsabsequent nucleation. These studies are aimed at
visualizing snapshots of intermediates that give rise sembled topologies. They will enable us to analyze strattur
re-arrangements the drive assembly and provide re nedtidpta for computational simulations. CD and DLS will be
used to identify candidate intermediates that are cogréaliied and mono-disperse for crystallization studies.

Secondto try to set up an in vitro assembly system for T=1 virusesabjch more precise control of rates and

concentrations would become viable.
Third, to test our model on other T=1 parvoviruses besides MVM a&¥/Mpeci cally starting with AAV2, by all of

the above methods.
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Figure 2: Dimer, trimer and pentamer interactions and elgsef atomic interaction (Left). Geminivirus MSV
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Figure 3: (Left)FRONTIER [100] 3D geometric constraintarface: icons show repertoire of object and constraintsype
(Right) Input 3D constraint system, output decompositioBR plan
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Figure 4: Combinatorially well constrained (DR-plan hasgé source, top) and underconstrained (DR-plan has many
sources, bottom) 3D constraint system.
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Figure 5: 2D constraint graph G1 and DR-plan; all verticespaints and edges are distance constraints
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N

Figure 6: (Left) Tensegrity systems. (Right) Example moeoprimitives and constraints. Balls (points) - atomic mark
ers; Green line segments - variable length bonds; Arrowsidon angles between green line segments (primary stejctur
Red - distances representing xed length bonds (primanycstire), Arcs — angles (primary structure), Dotted lines —
distances (weak force) (using FRONTIER [100])
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Figure 8: Icosahedral neighborhood graph - the 3rd inpuarpater
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Figure 9: (Right) Icosahedral face numbers and pentameiméts. (Left) Clusters that overlap parts of monomers;
decomposition of stable pentamer a into non-monomer chuste
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Figure 10: Pathways based on trimeric stable subassemblies
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Figure 11: (Left) Icosahedral vertex numbers: trimer oftperers. (Right) pathway isomorphism classes based on
pentamer stable subassemblies
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Figure 12: More pathway isomorphism classes based on pentastable subassemblies
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Figure 13: (Left) Example of algebraic reduction: Octaloedsplit into 3 triangle clusters joined by 3 overlap pointsla
3 distance constraints — see description in text. (RighpRRIER: conformational navigation, nal chosen realizati
for constraint system in Figure 3
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Figure 14: From Left. Constraint graghwith edge weight distributiorD is assumed to be 0 (system xed in coordinate
system); A corresponding ow in bipartit€ . Another possible ow. Initial ow assignment that requéeedistribution
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Figure 15: From left: FA's simpli cation of graph giving Dipfan in Figure 8.4; clusters are simpli ed in their numbered
order: C4 is simpli ed before C7 etc.
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Figure 16: (Left) Maintaining linear width of DR-plan: seext. (Right) Ensuring Property (ii)Cs andC, are directly
made children o€, destroyingCs; the operation is performed recursively 6p andCs.
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Cluster Graph Overlap Graph

C1 V12

Cc2 V13

C3 V23
V123

Bipartite Graph

Figure 17: (Left) Ensuring Overlap minimality — nding mimum vertex separator on bipartite graph obtained from the
overlap graph of the original cluster graph. (Right) Theeassled viral shell: the solved viral geometric constranatain
of Figures 6, 7 and 8
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Figure 18: Pentamer and Trimer stable subassemblies débécaetric constraint graphs obtained from Figures 6, 7 and
8
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Figure 19: Real viral (MVM) data: atomic markers, rigid momers and simpli ed distance-based interactions (prelimi-
nary computational model input)
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