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Abstract

FR ONTIER is a general 2D and 3D, op ensource, v ariational constrain t solv er, designed and implemen ted to

meet sev eral requiremen ts that corresp ond to inadequacies in curren t v ariational constrain t solv ers. These

requiremen ts include: the abilit y to mix constrain ts with feature based and other represen tations; generalit y

and corresp onding computational e�ciency in dealing with complex, cyclic or 3D constrain t systems; user-

driv en na vigation of the set of solutions that is complete in some w ell-de�ned sense; recognizing and o�ering

the user systematic, e�cien t and complete metho ds to detect and correct inconsistencies and am biguities;

o v erall transparen t arc hitecture, implemen tation, data 
o w and represen tation including p ortable mo dules

and an extensible 3D visual user in terface.

P art I of this man uscript describ es FR ONTIER's input-to-output functionalit y , arc hitecture and imple-

men tation (sp eci�cally ho w it meets the last requiremen t ab o v e), along with essen tial bac kground, motiv ation

and comparisons with previous w ork. It also form ulates a list of previously unsolv ed 6 tec hnical and 2 imple-

men tational problems that capture the ab o v e requiremen ts. The solutions to the implemen tational problems

are discussed in P art I. The other problems, requiring algorithmic solutions are discussed in P art I I.

FR ONTIER lev erages the adv an tages of the �rst author's existing geometric constrain t decomp osition

algorithm called the F ron tier V ertex Algorithm, as w ell as some of its previously published prop erties suc h

as the systematic detection and correction of o v erconstrain ts. Ho w ev er, the solutions presen ted here - to the

ab o v e list of tec hnical and implemen tational problems - are describ ed here for the �rst time.

Keyw ords: V ariational geometric constrain t solving, Cyclical and 3d geometric constrain t systems, Decomp o-

sition of geometric constrain t systems, User na vigation of solution conformations, F eature-based and assem bly

mo deling, Conceptual design, P arametric constrain t solving, Underconstrained and Ov erconstrained systems,

Degree of F reedom analysis, Constrain t graphs.
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1 In tro duction and Motiv ation

T o da y's CAD systems largely restrict v ariational constrain t represen tations to 2D cross sections. This p ersists

despite the general consensus that adv o cates a judicious use of 3D v ariational constrain ts for the in tuitiv e

expression and main tanence of certain complex and cyclic relationships that often o ccur b et w een features, parts

or subassem blies [7] [15 ] [10 ] [40 ] [43 ] [42 ] [62] [64 ] [66 ].

It is generally understo o d that purely pro cedural, history based represen tations risk tediousness and inef-

�ciency in the generation and main tanence ev en in simple cases suc h as the examples sho wn in Figures 5 and

4.

Suc h represen tations often require the designer to p erform hand calculations, or explicit trial and error

constructions on screen. F urthermore, in tuitiv ely lo cal c hanges and up dates could require long \rollbac ks," at

w orst rep eating the design pro cess from scratc h. These di�culties p ersist, ev en if the pro cedural represen tation

incorp orates B-rep or CSG solids, v ariational constrain ts on 2D cross sections com bined with sw eeps, extrusions

or parametric constrain ts.

Scop e.

W e restrict our discussion here primarily to shap e and geometry information at the conceptual design stage, and

w e will lo osely use the w ord feature (hierarc h y) to denote feature, part and subassem bly (hierarc hies). Within

these b ounds, w e sta y consisten t with FEMEX and other standard de�nitions of feature hierarc h y . See [8],

[3] [6 , 11 , 12 ], [54 , 55 ]. With few exceptions, w e generally restrict ourselv es rigid, non 
exible shap e elemen ts

as primitiv e geometric ob jects, and v ariational and assem bly constrain ts expressible as p olynomial equations,

although w e explain in P art I I, Section 4 ho w w e deal with certain simple inequalities. W e usually rely on generic

com binatorial or degree of freedom analysis during the constrain t decomp osition pro cess. Ho w ev er, w e detect

exceptions, and pro vide metho ds for correctin misclassi�cation in 3D caused b y algebraic dep endences. While

w e sk etc h ho w to facilitate the use of geometric constrain ts in conjunction with other geometric represen tations

of features, parts and subassem blies in a feature hierarc h y , our fo cus is not the con v ersion from one geometric

represen tation to another: w e generally assume the existence of suc h in terfaces. W e also do not deal with

p ersistence, generic naming and related issues suc h as rep eatabilit y , feature matc hing and recognition. Other

imp ortan t problems and extensions that w e do not discuss here are listed in P art I I, Section 8, under future

w ork and op en problems.

Within the ab o v e scop e, w e iden tify 5 requiremen ts b elo w that m ust b e satis�ed b y an e�ectiv e constrain t engine

in order for 3D constrain ts (v ariational and assem bly) to b e used to their full p oten tial in to da y's CAD systems.

New Con tributions of this 2 part Man uscript

The con tributions of this 2 part man uscript can b e summarized as the metho ds using whic h FR ONTIER -

in tro duced in [57 ] and a v ailable as GNU op ensource soft w are [65 ] - meets the 5 requiremen ts b elo w.

It is necessary to distinguish the con tributions of this man uscript from those of related other pap ers b y the

�rst author [38 , 39 ], [35 , 36 , 39 ], in [53 ], [26 ], whic h led up to the dev elopmen t of FR ONTIER . A guide to the

reader: our previous results are sk etc hed in the bac kground Sections 2 and 4 only . Later sections - Section 6

and 7 of P art I and all of P art I I - are dev oted en tirely to new con tributions.

The new con tributions are made precise as a series of 8 tec hnical problems in Section 5. Subsequen tly ,

the �rst t w o implemen tational problems is dev oted a section here and the remaining 6 problems, requiring

algorithmic solutions are discussed in P art I I of this man uscript.
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Figure 2: Multiple views (dotted and dashed) with di�eren t referencing elemen ts x and y ; n um b ers represen t

dofs; t w o views ha v e in tert wined feature hierarc hies (ab o v e and b elo w); b o x con tains net shap e elemen ts common

to b oth views

In order to motiv ate and formally state these problems, w e �rst state the 5 requiremen ts, brie
y describ e the

progress so far in addressing the 5 requiremen ts, compare them to FR ONTIER's, pro vide basic bac kground on

geometric constrain t solving (Section 2), giv e an input-output description of FR ONTIER, (Section 3), as w ell

as bac kground on the prior w ork that led up to FR ONTIER (Section 4).

1.1 Requiremen t 1: Generalit y com bined with E�ciency

Geometric constrain t engines in 2D and 3D need to b e b oth general and e�cien t in order to b e e�ectiv e in

solving complex, cyclic, spatial constrain t systems. In general, e�ciency and generalit y are strongly comp eting

requiremen ts. Crucial to tac kling this tradeo� is the e�cien t generation of a close-to-optimal de c omp osition

and r e c ombination (DR) plan for suc h constrain t systems, in order to deal with the tractabilit y b ottlenec k in

constrain t solving: minimizing the size of sim ultaneous p olynomial equation systems, thereb y con trolling the

dep endence on exp onen tial time algebraic-n umeric solv ers. In particular, a general algebraic-n umeric solv er is

practically crippled in dealing with ev en mo derately sized systems. Consider the notorious constrain t problem

of �nding a line in 3D that is tangen t to 4 giv en spheres, or in other w ords, at a sp eci�ed distance from 4 giv en

p oin ts [14 ]. While this problem cannot b e decomp osed, its di�cult y { relativ e to its size { dictates the need for

decomp osition of larger systems.

1.1.1 Previous w ork and Comparisons

FR ONTIER's DR-planner is based on the recen tly dev elop ed F ron tier v ertex algorithm (F A) [38 ], [53 ], [26 ]

whic h builds up on nearly a decade of w ork on geometric constrain t solving. While this b o dy of w ork implicitly

relied on earlier metho ds for constrain t system decomp osition, the optimal DR-planning problem w as isolated

or de�ned in the literature for the �rst time only in [36 ].

Un til then, man y 2D v ariational constrain t solv ers used decomp osition metho ds that detected only sp eci�c

patterns of constrain ts suc h as triangles, thereb y lac king generalit y . In particular, implemen tations of most of

these metho ds are lik ely to p erform p o orly on at least one of the natural examples sho wn in Figures 5 and 4.

Others su�ered from di�eren t dra wbac ks, suc h as far-from-optimal DR plans, and their inabilit y to incorp o-

rate a desired input decomp osition in to features and subassem blies (see next requiremen t b elo w). Most of these

previous metho ds suc h as e.g.[4 , 59 , 60 , 4 ], [40 , 41 , 18 , 20 ], [1 , 61 , 51 , 48 ], are classi�ed and their p erformance

is formally analyzed with resp ect to a n um b er of relev an t new measures in [38 ].

A serious di�cult y in 3D v ariational constrain t solving is the the lac k of a com binatorial c haracterization of

rigidit y ev en for p oin t and distance constrain t systems. See [24 ]. In particular, the few existing 3D v ariational

constrain t solv ers are not able to ev en deal with simple rigid subsystems in 3D that are not amenable to a

degree-of-freedom analysis, but are y et crucial building blo c ks of most generically w ellconstrained systems. As
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a result, practically no 3D constrain t solv ers existed and one of the most general 3D constrain t solving problem

that could b e tac kled b y prior solv ers w as the pip e-routing problem of [58 ]. A general 3D constrain t solv er

should b oth automate and pro vide systematic help to the user to b oth recognize and deal with nongeneric,

sp ecial-case b eha vior that is not predicted b y an automated degree-of-freedom analysis suc h as the \bananas

problem" e.g., Figure 6. FR ONTIER augmen ts the F ron tier v ertex algorithm to deal with suc h commonly

o ccuring 3D problems. This is discussed in P art I I, Section 3.

1.2 Requiremen t 2: Mixed represen tations and F eature Hierarc hies

Designers �nd it in tuitiv e to represen t man y spatial features as a pro cedural history or an almost linear sequence

of attac hmen ts, extrusions, sw eeps, or CSG Bo olean op erations suc h as in tersections, or parametric constrain ts

etc. p ermitting B-rep and other represen tations of some features along the w a y . On the other hand, designers

appreciate the expressiv eness and in tuitiv eness of using v ariational constrain ts. It w ould b e desirable if a

pro cedural history could incorp orate b oth 2D and 3D v ariational constrain ts, as w ell as other represen tations.

In this pap er, w e denote suc h represen tations as mixe d represen tations. See Figure 1. In particular, it w ould b e

desirable to use v ariational constrain ts to express the in teraction of a collection of features, parts or subassem blies

at some lev el of a feature hierarc h y . Recursiv ely , the features could themselv es b e represen ted en tirely using

other represen tations, or in a similar, mixed manner, using constrain ts to relate the sub-features. This is a

natural represen tation, since regardless of the w a y in whic h the features at an y giv en lev el are represen ted,

constrain ts b et w een features at that lev el could b e sp eci�ed b et w een primitiv e geometric ob jects or hand les

b elonging to the features.

T o ac hiev e this t yp e of represen tation, the decomp osition plan discussed under Requiremen t 1 has to in-

corp orate an input, p artial de c omp osition represen ting the underlying feature, part or subassem bly hierarc h y , a

partial order, t ypically represen ted as a Directed Acyclic Graph or dag . See Figures 1 and 2. This incorp oration

of an input, conceptual design decomp osition is crucial also in order to capture design in ten t, or assem bly order

and allo w indep enden t and lo cal manipulation of features, parts, subassem blies or subsystems within their lo cal

co ordinate systems. This is also crucial for pro viding the user with a feature rep ertoire, the abilit y to paste

in to a sk etc h already resolv ed features and constrain t subsystems that are sp eci�ed in another represen tation or

allo wing certain features or easier subsystems to b e solv ed using other, simpler, metho ds suc h as triangle-based

decomp osition or parametric constrain t solving. Sometimes the user w ould prefer to sp ecify a priorit y at the

v ertices of the dag whic h dictates the order of resolution of the features, parts, subassem blies or subsystems.

Note that parametric constrain t solving can in fact b e ac hiev ed as a sp ecial case, where the order is a complete,

total order. More generally , this can b e used in the CAD database main tanence of m ultiple pro duct views as in

[29 ], [12 ], for example the design view and a do wnstream application clien t's view ma y b e somewhat di�eren t

constrain t systems and the t w o feature hierarc hies ma y not ev en b e re�nemen ts of one another, but in tert wined.

F urthermore, eac h view could con tain di�eren t referencing shap e elemen ts that are not part of the net shap e

and therefore, not part of the other views. See Figure 2. This is particularly the case when these referencing

shap e elemen ts are generated during the op erations of a history-based pro cedural represen tation.

1.2.1 Previous W ork and Comparisons

Previous w ork on suc h mixed represen tations can b e classi�ed in to t w o broad t yp es. The �rst t yp e, suc h as

[46 , 47 , 13 ], dictates a uni�ed represen tation language whic h is an amalgamation of v ariational constrain ts

with other represen tation languages suc h as CSG and Brep. The second t yp e, suc h as [25] wrestles with a

heterogeneous approac h, using man y serv ers, one for eac h represen tation language, so that the appropriate one

can b e called when required. Both approac hes, while highly general in scop e, ha v e their ob vious dra wbac ks. Our

approac h through FR ONTIER has a narro w er fo cus: ho w to freely enable a v ariational constrain t represen tation

of feature in teractions using feature handles at an y lev el within a mixed pro cedural represen tation of the larger

feature hierarc h y , p ermitting the features to b e indep enden tly manipulated. FR ONTIER represen ts feature

handles as so-called F r ontier vertic es of a rigid cluster corresp onding to the feature, in the corresp onding

constrain t graph. (See Sections 2 and 4 for formal de�nitions). More imp ortan tly , its DR-planner incorp orates

an input design decomp osition or feature hierarc h y . This is discussed in P art I I, Section 2.

It is sho wn in [38 ] that man y of the previous decomp osition metho ds listed ab o v e (or an y ob vious mo di�-

cations of them) w ould inheren tly fail to incorp orate ev en tree-lik e input design decomp ositions. FR ONTIER's

DR-planner incorp orates m ultiple views, or in tert wined input design decomp ositions. This is discussed in P art
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I I, Section 2. This is also crucial for designer-guided, conceptually meaningful na vigation of the solution space,

see b elo w. This is discussed in P art I I, Section 4.

1.3 Requiremen t 3: Conceptually meaningful na vigation of the Solution Space

Constrain t solv ers should deal with the standard and w ell do cumen ted problem of classifying and steering

through m ultiple generic solutions, realizations or conformations in a conceptually meaningful manner: sp eci�-

cally p ermitting recursiv e na vigation of the solution space of eac h feature and subassem bly in the input partial

decomp osition. Other metho ds of pic king out solution c hoices should b e p ermitted suc h as the app earance and

relativ e orien tation of primitiv es in the sk etc h in searc hing for a solution; and to help c ho ose sp eci�c solutions,

incorp orating v ariet y in the constrain t rep ertoire to include constrain ts for na vigation, suc h as functional and

equational or engineering constrain ts and simple inequalities.

1.3.1 Previous w ork and Comparisons

The �rst approac h [16 , 19 , 58 ] attempts to automatically pic k a solution that is as close as p ossible to the

app earance of the input sk etc h. T ypically , c hiralit y (or relativ e orien tation) of the geometric primitiv es in the

sk etc h is used as the guide. A related approac h uses explicitly de�ned \na vigation" constrain ts pro vided b y the

user. These could include c hiralit y constrain ts, and other constrain ts related to c hiralit y (b y orien ted matroid

theory) suc h as in tersection or nonin tersection of con v ex h ulls or subsets of the p oin ts, and reduce to sp eci�c

p olynomial inequalities, as w ell as relational or engineering constrain ts [20 ].

A second approac h giv es the user an indexing [5], of the solution space using a DR-plan of the constrain t

system as a guide. The metho ds of [5] pro vide tractable steering for simple, 2D constrain t systems that are

triangle decomp osable, or ha v e linear DR-plans, similar to ruler and compass constructible systems, that p ermit

solving for one geometric primitiv e at a time.

In this case, eac h suc h addition pro vides t w o \bifurcation" c hoices that are t ypically t w o re
ections of the

newly solv ed-for primitiv e. Ho w ev er, suc h DR-plans exist only for sp ecial constrain t systems and ev en then ma y

not incorp orate a user's conceptual feature decomp osition, den ying the user's prefered na vigation path.

The third approac h ( FR ONTIER 's) is a h ybrid metho d that b oth uses na vigation constrain ts and o�ers

t w o options: a visual w alkthrough with bac ktrac king or automatic searc h for a solution. FR ONTIER uses its

DR-plans to pro vide the user con trol o v er na vigation b y recursiv ely na vigating the features and subassem blies

of the input feature hierarc h y , or design decomp osition. In addition, since FR ONTIER is built on a clear,

formal basis, its arc hitecture and algorithms decouple the metho ds for optimal DR-planning (via the F ron tier

v ertex algorithm, F A) from metho ds that are built up on a go o d DR-plan, regardless of ho w it is found. As a

result sev eral of the latter metho ds that w ere coupled with prior decomp ositions, carry o v er. This is discussed

in P art I I, Section 4.

F or example: relational and engineering constrain ts are often used to sp ecify desired solutions; these t ypically

relate one distance to another without �xing either. The metho d for dealing with suc h constrain ts based on

the decomp osition giv en in [4 , 4, 18 , 20 ], carries o v er to the DR-plan giv en b y the F ron tier v ertex algorithm

and can b e adopted b y FR ONTIER . Chiralit y constrain ts reduce to p olynomial inequalities giv en b y certain

determinan ts and prior metho ds for dealing with these carry o v er. Note ho w ev er that dealing with general

p olynomial inequalities as constrain ts is a di�cult problem related to solving underconstrained systems. See

P art I I, Section 8.

1.4 Requiremen t 4: Dealing with Inconsistencies and Am biguities Flexibly

P artly due to the ric h declarativ e p o w er and expressiv eness of v ariational constrain ts (as opp osed to more rigid

pro cedural represen tations), constrain t engines should supp ort the managemen t of a wide v ariet y of am biguities

and inconsistencies of b oth input and output. In addition, to allo w the user to deal with suc h am biguities in gen-

eral and complex constrain t systems, constrain t solv ers should p ermit 
exible user feedbac k and na vigation at

ev ery stage of the constrain t sp eci�cation and solving pro cess. This includes: (a) detecting o v er(under)sp eci�ed

(o v er)underconstrained systems and di�eren t constrain t systems represen ting m ultiple clien t views; (b) facili-

tating e�cien t o�ine user up dates of v arious parts of the constrain t system including the input design decom-

p osition (c) online, instan taneous resolution of partially sp eci�ed systems, (d) p ermitting automatic as w ell as

6



user-driv en, step-b y-step insp ection for algebraic dep endencies and instabilities and pre as w ell as p ost pro cess-

ing of the (indecomp osable) algebraic systems sen t to the canned algebraic/n umeric solv er; whic h is related to

(e) easy editabilit y of the constrain t rep ertoire as w ell as editabilit y of the constrain t-to-(algebraic) equation

parsing mec hanism. In addition, pro viding all of this 
exibilit y of user feedbac k and in teraction also requires

(f ) a user in terface that supp orts it.

1.4.1 Previous W ork and Comparisons

Issues (a), (b), ab o v e gain from a go o d decomp osition metho d that p ermits a partial decomp osition to b e input.

Detection of com binatorially o v erconstrained clusters is ac hiev ed b y man y DR-planners, including [51 ], [27 ],

and a mo di�cation of [61 ] d escrib ed in [38 ]. See Figure 8. Most solv ers ask the user to remo v e constrain ts in an

o v er-constrained situation but giv e p o or guidance whic h constrain ts to delete. In con trast, recen t w ork in [26 ]

pro vides a sequence of unique, w ell-de�ned, complete lists of o v erconstrain ts that can b e generically remo v ed

without making the system underconstrained. This metho d extends directly to a solution to the problem of

constrain t reconciliation of m ultiple clien t views, and to a metho d of e�cien tly up dating the sytem once one

of these constrain ts is remo v ed. This metho d is based on the fron tier v ertex algorithm, and is hence directly

incorp orated in to FR ONTIER . This is discussed in Section 4.

Underconstrained sk etc hes arise often in practice. No satisfactory metho d exists for a systematic description

and na vigation of the in�nite solution space of underconstrained systems (see P art I I, Section 8), but man y

constrain t solv ers including [51 ] and [27] detect them. In fact, the complete set of maximal w ellconstrained

clusters of underconstrained systems can b e read o� as the \sources" or \ro ots" of a FR ONTIER 's DR-plan [53 ].

F or underconstrained systems, FR ONTIER also pro vides a sequence of exhaustiv e lists of constrain ts(t yp es,

not v alues) that can b e generically added (a so-called completion) without making the system o v erconstrained.

This w as implemen ted in [65 ] (2001 v ersion for general 2D constrain t systems, 2002 v ersion for a small class of

3D constrain t systems, and b y the 2003 v ersion for most 3D constrain t systems). A pro of of wh y this metho d

w orks is giv en in a paragraph of P art I I, Section 6. This should b e compared with a metho d for obtaining

completions for a class of triangle decomp osable 2D constrain t systems whic h is the sub ject of the pap er [45 ].

Obtaining the v alues asso ciated with these completion constrain ts represen ts the remaining di�cult y in solving

underconstrained systems. Ho w ev er, for the CAD application, there are e�ectiv e heuristics to infer these v alues

[21 , 68 , 73 ] from the input sk etc h of the constrain t system.

Issue (b), the question of e�cien t up dates w as mostly ignored b efore the DR-planning problem w as formally

de�ned and the qualit y and p erformance of DR-plan structure sho wn to b e crucial for the en tire geometric

constrain t solving pro cess in [38 ]. Moreo v er, since the constrain t systems are often simple and triangle decom-

p osable, with e�ectiv ely linear DR-plans whose subsystems w ere of small size and t ypically in v olv ed solving a

single quadrati c equation, those constrain t solv ers suc h as [58 ] implemen t up dates simply redoing the en tire sys-

tem from scratc h. F or general 3D constrain t systems and more complex DR-plans, this approac h is in tractable.

The FR ONTIER geometric constrain t solv er lev erages prop erties of its F A DR-plans in conjunction with the

mo dularit y and clarit y of its arc hitecture and other routines to p erform e�cien t up dates. This is discussed in

P art I I, Section 6.

Issue (c) namely online and in teractiv e resolution (sa y , of the partial input constrain t sk etc h so far) is related

to the resolution of general underconstrained systems. This is, in general, a complex problem whic h has no

satisfactory solution to date. See P art I I, Section 8. The di�cult y is ho w ev er ameliorated b y the fact that

while the the online solving and partial output pro cess need to b e fast and inexp ensiv e, some incorrectness and

incompleteness can b e tolerated, since the partial output is usually only mean t to guide the user and the errors

will b e recti�ed when the input is complete and the (correct and complete) o�ine algorithm is run.

The b est o v erall p erformance to date with resp ect to online and underconstrained system resolution is

that of the commercial 2D v ariational geometric constrain t solv er b y D-cub ed amenable to a triangle based

decomp osition metho d [58 ]. FR ONTIER 's approac h is to lev erage its decomp osition along with metho ds

for resolving simple underconstrained systems, and parameterless constrain ts via its \Simplesolv er." This is

discussed in P art I I, Section 7.

Issues (d) and (e) are crucial mainly in 3D (although they o ccassionally arise with the presence of angle

and incidence constrain ts in 2D as w ell) and hence ha v e not b een addressed b y the (primarily 2D) v ariational

constrain t solv ers so far. See Figure 6. FR ONTIER pro vides automatic as w ell as user-driv en reduction and

stabilit y c hec king for algebraic dep endencies (common in 3D, as in the \bananas" problem, see Figure 6) while
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form ulating indep enden t equations to resolv e subsystems{ this is a non trivial task comp ounded b y instabilities

(during algebraic-n umeric solving) caused b y the presence of rotationally symmetric ob jects, shared ob jects

and incidence constrain ts in the subsystem b eing resolv ed. This is discussed in P art I I, Section 5. This is

imp ortan t since algebraic-n umeric solv ers t ypically need all the help they can get ev en on minimal or irreducible

constrain t systems obtained after decomp osition. In teractiv e, 
exible sym b olic reduction and stabilit y c hec king

of of algebraic equation systems b y the user are desirable. This gains from an editable and e�cien t constrain t

rep ertoire and in teractiv e parsing mec hanism, pro vided b y FR ONTIER . This is discussed in P art I I, Section

5.

Concerning Issue (f ), w e �rst discuss user in terfaces sp eci�cally of v ariational constrain t solv ers (w e do not

discuss parametric constrain t solv er, or traditional solid mo deler user in terfaces). These include 2D (Erep,

D-cub ed, I-DEAS, [5], [58 ]) and 3D user in terfaces, suc h as Ho�man's 3D constrain t in terface built at Purdue,

Bruderlin's 3D constrain t in terface built at TU-Ilmenau, and [58 ]. W e also include in terfaces that use some

form of v ariational constrain t solving (in a generous in terpretation). The 2D user in terface that is curren tly

most successful is the commercial proprietary solv er [58 ]. They also ha v e a 3D constrain t solv er for example

whic h solv es the \pip e routing" problem. In particular, as p oin ted out earlier, the 2D in terface is impressiv e at

bringing to the user an online resolution of the sk etc h so far; and consisten tly and rep eatably in terpreting the

sk etc h's app earance (sa y using relativ e orien tation of primitiv e ob jects or c hiralit y). The latter is used also b y

other constrain t solv ers suc h as [5 ] and a commercial solv er I-DEAS. Some user in terfaces also in terpret gestures

made b y the user. Quic ksk etc h [69] is a GUI that in terprets the users strok es to construct the ob ject rather

than pic king ob jects from the men u lik e most other 3D computer mo deling/sk etc hing systems. The sk etc hes

th us dra wn can then b e re�ned b y de�ning 2D/3D constrain ts on them. Quic ksk etc h is a to ol for p en-based

computers. Bro wn Univ ersit y's Sk etc h [74 ] uses a similar metho d for dra wing and mo ving 3D ob jects on the

screen using the mouse. Man y of the commercial solid mo deling and CAD systems infer geometric constrain ts

and try to capture design in ten t b y in terpreting the users mouse mo v emen ts.

It is imp ortan t to note that the demands on the user in terface are prop ortional to the n um b er of bac k end

facilities that the v ariational constrain t solv er o�ers and w an ts to bring to the user. The existing v ariational

constrain t solv ers do not usually o�er the generalit y and v arious bac k end facilities as discussed earlier. More

signi�can tly , they generally try to distance or hide the solving pro cess completely from the user.

FR ONTIER's user in terface, on the other hand, encourages the user to in teract during all asp ects of the

solving pro cess, during DR-planning, building stable algebraic systems, na vigating the solution space, bac k-

trac king, etc. A t the same time it functions e�cien tly ev en without the user in terv en tion and o�ers complete,

w ell-de�ned sets of options to the user when up dates need to b e made to the constrain t system, as discussed

under Issues (a), (b) ab o v e. Hence the design of the user in terface is signi�can tly di�eren t. Extensibilit y is the

primary issue. This is discussed in Section 7.

Some no v el asp ects are: FR ONTIER p ermits 3D sk etc hing either b y editing a 3D scene graph, or b y using a

2D-3D user in terface whic h allo ws sk etc hing the conceptual 3D constrain t system on a 2D can v as and sp ecifying

an y input decomp osition requiremen ts in tuitiv ely , but p ermitting the user to bac ktrac k and na vigate through

the v arious subsystem solutions, displa y ed on a 3D can v as. The bac ktrac king is facilitated b y displa ying the

constrain t system's DR-plan and allo wing the user to clic k on subsystems in it to do the na vigation. As discussed

under Issues (d), (e) ab o v e FR ONTIER also p ermits the user to create a constrain t-equation parse tree that

is not hardco ded, add and delete constrain t t yp es, ob ject t yp es, and feature t yp es, and p ermits the user to

massage the constrain t subsystems (sen t to the algebraic or n umeric solv er) in to a stable and minimal form.

1.5 Requiremen t 5: Extensibilit y , T ransparency , P ortabilit y

Finally , no constrain t engine is a stand alone en tit y , and preferably eac h of its comp onen ts needs to b e easily and

individually p ortable in to a larger CAD system. This p oses non trivial implemen tation c hallenges particularly

for constrain t solv ers that o�er a high degree of generalit y and capabilities. This requires dealing with with a

corresp onding increase in the complexit y of the individual mo dules, their organization and their comm unication.

1.5.1 Previous W ork and Comparisons

Existing constrain t solv ers that ha v e b een w ell incorp orated in to larger CAD systems include the 2 commercial

constrain t solv ers b y D-cub ed [58 ] and I-DEAS (b oth 2D). T o ac hiev e p ortabilit y , FR ONTIER relies on a con-

strain t represen tation language and ne datastructures that are shared seamlessly b y all of its mo dules including

8



Figure 3: T ypical 3D sk etc her: icons sho w rep ertoire of ob ject and constrain t t yp es

the graphical user in terface. This activ ely facilitates almost all of FR ONTIER's capabilities. The represen-

tation is based on the constrain t system's DR-plan. This represen tation merges geometric and com binatorial

information in a natural manner and is discussed in Section 6.

2 Basic Bac kground

Geometric constrain t systems also arise in man y other applications b esides CAD, including rob otics, molec-

ular mo deling and teac hing geometry [71 , 56 , 70 , 63 , 49 , 51, 55 , 67 ] [5, 16 , 32 , 33 , 28 , 35 ] [36 , 38 , 39 , 37 ]

[34 , 27 , 37, 22 , 23 , 59 ] [60 , 7, 58 , 61 , 1 ] [26 , 53 , 57 , 65 ]. F or recen t reviews of the extensiv e literature on ge-

ometric constrain t solving see, e.g, [36 , 48 , 17 ]. Most of the constrain t solv ers so far deal with 2D constrain t

systems, although some of the new er approac hes including [30 , 31 , 38, 39 ] [37 , 7 , 58 ] [26, 53 , 57 , 65 ], extend to

3D constrain t systems.

A ge ometric c onstr aint system consists of a �nite set of geometric ob jects and a �nite set of constrain ts

b et w een them. See Figure 3. The constrain ts can usually b e written as algebraic equations and inequalities

whose v ariables are the co ordinates of the participating geometric ob jects. F or example, a distance constrain t

of d b et w een t w o p oin ts ( x

1

; y

1

) and ( x

2

; y

2

) in 2D is written as ( x

2

� x

1

)

2

+ ( y

2

� y

1

)

2

= d

2

A solution or r e alization of a geometric constrain t system is the (set of ) real zero(es) of the corresp onding

algebraic system. In other w ords, the solution is a class of v alid instan tiations of (the p osition, orien tation and

an y other parameters of ) the geometric elemen ts suc h that all constrain ts are satis�ed. Here, it is understo o d

that suc h a solution is in a particular geometry , for example the Euclidean plane, the sphere, or Euclidean 3 di-

mensional space. A constrain t system can b e classi�ed as over c onstr aine d , wel l-c onstr aine d , or under c onstr aine d .

W ell-constrained systems ha v e a �nite, alb eit p oten tially v ery large n um b er of rigid solutions; their solution

space is a zero-dimensional v ariet y . Underconstrained systems ha v e in�nitely man y solutions; their solution

space is not zero-dimensional. Ov erconstrained systems do not ha v e a solution unless they are c onsistently

over c onstr aine d . W ell or o v erconstrained systems are called rigid systems.
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Figure 4: 3D example (underconstrained), and dof constrain t graph; 2D example, constrain t graph, DR-plan

all unn um b ered v ertices and edges ha v e dof w eigh ts 2 and 1

T ec hnically , geometric constrain t solving straddles com binatorics, algebra and geometry . Sp eci�cally , it

o v erlaps com binatorial rigidit y theory , geometric metho ds for kinematics, rob otics and mec hanisms, automated

geometry theorem pro ving, geometric in v arian t theory , and computational algebraic geometry (solving sp eci�c

classes of p olynomial systems arising from geometric constrain ts).

The question of \to what exten t can geometric constrain t problems b e approac hed com binatorially?" is highly

non-trivial and imp ortan t. It pro vides a framew ork for a systematic discussion of progress in the area and leads

to a natural organization of the new con tributions to b e discussed in this man uscript.

2.1 Constrain t Graphs and Degrees of F reedom

Recall that geometric constrain t problem consists of a set of geometric elemen ts and a set of constrain ts b et w een

them. A geometric constrain t graph G = ( V ; E ; w ) corresp onding to geometric constrain t problem is a w eigh ted

graph with n v ertices (represen ting geometric ob jects) V and m edges (represen ting constrain ts) E ; w ( v ) is the

w eigh t of v ertex v and w ( e ) is the w eigh t of edge e , corresp onding to the n um b er of degrees of freedom a v ailable

to an ob ject represen ted b y v and n um b er of degrees of freedom (dofs) remo v ed b y a constrain t represen ted b y

e resp ectiv ely .

F or example, Figures 4, 11, 5 sho w 2D and 3D constrain t systems and their resp ectiv e dof constrain t graphs.

Sev eral more 3D constrain t systems whose graphs ha v e v ertices of w eigh t 3, 5 and edges of w eigh t 1,3 can b e

found in Figures 11, 12, 6, 7, 8. One more 2D constrain t system whose graph has v ertices of w eigh t 3 (v ariable

radius circles) and 2 and edges of w eigh t 1 can b e found in P art I I, Figure 13.

Note that the constrain t graph could b e a hyp er gr aph , eac h h yp eredge in v olving an y n um b er of v ertices. A

subgraph A � G that satis�es

X

e 2 A

w ( e ) + D �

X

v 2 A

w ( v ) (1)

is called dense , where D is a dimension-dep enden t constan t, to b e describ ed b elo w. F unction d ( A ) =

P

e 2 A

w ( e ) �

P

v 2 A

w ( v ) is called density of a graph A .

The constan t D is t ypically

�

d +1

2

�

where d is the dimension. The constan t D captures the degrees of freedom

of a rigid b o dy in d dimensions. F or 2D con texts and Euclidean geometry , w e exp ect D = 3 and for spatial

con texts D = 6, in general. If w e exp ect the rigid b o dy to b e �xed with resp ect to a global co ordinate system,

then D = 0.

Next, w e giv e some purely com binatorial prop erties of constrain t graphs based on densit y . These will b e later

sho wn to b e related to prop erties of the corresp onding constrain t systems.

A dense graph with densit y strictly greater than � D is called over c onstr aine d . A graph that is dense and

all of whose subgraphs (including itself ) ha v e densit y at most � D is called wel lc onstr aine d. A graph G is called

wel l-over c onstr aine d if it satis�es the follo wing: G is dense, G has atleast one o v erconstrained subgraph, and has

the prop ert y that on replacing all o v erconstrained subgraphs b y w ellconstrained subgraphs (in an y manner), G

remains dense. A graph that is w ellconstrained or w ell-o v erconstrained is said to b e rigid or a cluster . A dense

graph is minimal if it has no dense prop er subgraph. Note that all minimal dense subgraphs are clusters but
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Figure 5: Tw o more 2D constrain t systems examples; constrain t graphs; DR-plans; all unn um b ered v ertices

and edges ha v e dof w eigh ts 2 and 1. On left: v ertices L1, L2, L3 in constrain t graph represen t the line ob jects;

solution sho wn at b ottom

the con v erse is not the case. A graph that is not a cluster is said to b e under c onstr aine d . If a dense graph is

not minimal, it could in fact b e an underconstrained graph: the densit y of the graph could b e the result of

em b edding a subgraph of densit y greater than � D .

T o discuss ho w the graph theoretic prop erties based on de gr e e of fr e e dom (dof ) analysis describ ed ab o v e relate to

corresp onding prop erties of the corresp onding constrain t system , w e need to in tro duce the notion of genericity .

Informally , constrain t system is generically rigid if it is rigid for most of c hoices of co e�cien ts of system. More

formally w e use the notion of genericit y of e.g, [9]. A prop ert y is said to hold generic al ly for p olynomials

f

1

; : : : ; f

n

if there is a nonzero p olynomial P in the co e�cien ts of the f

i

suc h that this prop ert y holds for all

f

1

; : : : ; f

n

for whic h P do es not v anish.

Th us the constrain t system E is generically rigid if there is a nonzero p olynomial P in the co e�cien ts of

the equations of E - or the parameters of the constrain t system - suc h that E is solv able when P do es not

v anish. F or example, if E consists of distance constrain ts, the parameters are the distances. Ev en if E has

no o v ert parameters, i.e, if E is made up of constrain ts suc h as incidences or tangencies or p erp endicularit y or

parallelism, E in fact has hidden parameters capturing the exten t of incidence, tangency , etc., whic h w e consider

to b e the parameters of E .

2.2 Inadequacy of a pure dof analysis

A generically rigid system alw a ys giv es a cluster, but the con v erse is not alw a ys the case. In fact, there are

w ell-constrained, ev en minimal dense clusters whose corresp onding systems are not generically rigid and are

in fact generically not rigid. Consider for example the Figures 7, 6, 8, 11 related to the so-called \bananas"

problem in 3D, whic h can b e detected as the ro ot cause b eneath large class of com binatorial misclassi�cations,

although this detection is non trivial.

A com binatorial dof analysis of the 3D constrain t system in Figure 7(top) w ould correctly rep ort the left

and righ t subsystems ( P 1 ; P 2 ; P 3 ; P 4 ; P 5 and P

1

; P

6

; P

7

; P

8

; P

5

resp ectiv ely) and the whole system to b e w ell-

constrained clusters. Figure 8 (b ottom) has the same n um b er of constrain ts, but a dof analysis w ould correctly

rep ort b oth that the left subgraph as o v erconstrained and the whole as underconstrained. Figure 6 (left) also
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Figure 6: Algebraic o v erconstrain t in 3D: constrain t system dra wn on a 2D can v as; corresp onding constrain t

graphs ha v e v ertices of w eigh t 3 and edges of w eigh t 1

has the same n um b er of constrain ts and app ears to b e a w ellconstrained cluster according to a dof analysis.

Ho w ev er, while the left and righ t subsystems are (in fact) w ellconstrained clusters, the whole system is gener-

ically o v erconstrained. In a w ell-de�ned sense, this is an algebr aic as opp osed to c ombinatorial o v erconstrain t.

Ho w ev er, when restricted to consisten tly o v erconstrained situations (those c hoices of distances - suc h as in this

example - that are guaran teed to admit a solution), the system in Figure 6 (left) is generically underconstrained,

although the system on Figure 6(righ t) is generically w ellconstrained. A similar classi�cation holds for Figure

11.

In fact, constrain t system is algebraically o v erconstained if the common o v erlap of an y subset of its w ell-

constrained clusters is underconstrained. The ab o v e \bananas" is a sp ecial case of this. Ho w ev er, the dof

analysis is inaccurate only in the \bananas" situation. Another standard example, in 4 dimensions the graph

K

7 ; 6

represen ting distances is minimal dense, and hence a cluster, but it do es not represen t a generically rigid

system. Ho w ev er, it should b e noted that in 2 dimensions, according to Laman's theorem [50 ] if all geometric

ob jects are p oin ts and all constrain ts are distance constrain ts b et w een these p oin ts then an y minimal dense

cluster represen ts a generically rigid system.

In fact, there is no kno wn, tractable c haracterization of generic rigidit y of systems for 3 or higher dimensions,

based purely prop erties of the constrain t graph. While it is p ossible to determine generic rigidit y b y examining

the corresp onding graph rigidit y matrix of indeterminates, (based on so-called in�nitesimal framew ork rigidit y)

this approac h and the b est kno wn \almost-c haracterizations" and conjectures based on graph rigidit y and

matroids (in 3 dimensions) lead to algorithms that ha v e t ypically exp onen tial b eha vior, and no kno wn conjectures

has held up in 4 dimensions [72 ], [24 ].

In fact ev en in 2D, while Laman's theorem [50 ] com binatorially c haracterizes generic rigidit y of p oin t and

distance systems, there are no kno wn com binatorial c haracterizations of rigidit y , when other constrain ts b esides

distances are in v olv ed.

F or example, Figure 9 sho ws a case of angle constrain ts in 2D: 3 line segmen ts with 3 incidence constrain ts

form a triangle with 3*4-3*2 = 6 (resp. 3*6-3*3 = 9) degrees of freedom. It w ould app ear that to mak e it

w ellconstrained, w e can in tro duce 3 angle constrain ts (eac h of whic h remo v es 1 dof ). But in fact, this w ould

mak e it algebraically o v erconstrained. (This can b e lev eraged for building ligh t w eigh t, online, constrain t solv ers

for sp ecial constrain t systems. See P art I I, Section 7).

NOTE: W e will nev ertheless rely hea vily on com binatorial dof analysis of constrain t graphs - carefully augmen ted

b y some c hec ks for algebraic dep endence as in P art I I, Section 3) - to determine generic rigidit y of constrain t

systems; hence from no w on w e will use the terms rigid system and cluster in terc hangeably .
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Figure 7: Mo di�cations to 3D system in Figure 6: Com binatorially w ell constrained (DR-plan has single source,

top) and underconstrained (DR-plan has man y sources, b ottom)

2.3 The need for decomp osition: DR-plans and their prop erties

The o v erwhelming cost of solving a geometric constrain t system is the size of the largest subsystem that is

solv ed using a direct algebraic/n umeric solv er. This size dictates the practical utilit y of the o v erall constrain t

solv er, since the time complexit y of the constrain t solv er is at least exp onen tial in the size of the largest suc h

subsystem.

Therefore, an e�ectiv e constrain t solv er should com binatorially dev elop a plan for (recursiv ely) decomp osing

the constrain t system in to small subsystems, whose solutions (obtained from the algebraic/n umeric solv er)

can b e (recursiv ely) recom bined b y solving other small subsystems. Suc h a recom bination is straigh tforw ard,

pro vided all the subsystems are generically rigid (ha v e only �nitely man y solutions). The DR-planner is a graph

algorithm that outputs a de c omp osition-r e c ombination plan (DR-plan) of the constrain t graph. In the pro cess

of com binatorially constructing the DR-plan in a b ottom up manner, at stage i , it lo cates a w ellconstrained

subgraph or cluster S

i

in the curren t constrain t graph G

i

, and uses an abstract simpli�c ation of S

i

to to create

a transformed constrain t graph G

i +1

.

Although recursiv e decomp ositions w ere used for geometric solving from the b eginning, DR-plans and their

prop erties w ere formally de�ned for the �rst time in [38]. See Figures 4, 5. F ormally , a DR-plan of a constrain t

graph G is a directed acyclic graph (D A G) whose no des represen t clusters in G , and edges represen t con tainmen t.

The lea v es or sinks of the D A G are all the v ertices (primitiv e clusters) of G . The ro ots or sources are all the

maximal clusters of G . There could b e man y DR-plans for G . See Figures 13, and 10. An optimal DR-plan is

one that minimizes the maxim um fan-in. The size of a cluster in a DR-plan is its fan-in (it represen ts the size

of the corresp onding subsystem, once its c hildren are solv ed).

Besides solving e�ciency purp oses, it is straigh tforw ard that a DR-plan is required for the classi�cation

problem (the output requiremen t (1) ab o v e) and for the underconstrained detection and completion problem

(output requiremen t (4) ab o v e). In addition, it will b e clear from Section 4.3, and P art I I, Sections 4, 6, that it

is indisp ensable also for na vigation, dealing with o v erconstrain ts and for e�cien t up dates (output requiremen ts

(2), (3) (5) ab o v e).

Sometimes a somewhat mo di�ed de�nition of a DR-plan is used that incorp orates another partial order
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Figure 8: Com binatorially o v erconstrained clusters in w ell (single source in DR-plan) and underconstrained

(m ultiple sources in DR-plan) graphs
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called the solving priority or der , whic h is consisten t with the DR-plan's D A G order, but could b e more re�ned.

This is particularly useful in 3D for assem bly constrain t systems as w ell as for correcting inaccurate dof analyses

(as will b e seen in P art I I, Section 3. The in ten t is that clusters that app ear later in the order need to b e solv ed

after the clusters that app ear earlier. In fact, the no des in suc h a DR-plan ma y not b e indep enden t clusters

that app ear in the original constrain t graph or constrain t system. They b ecome w ellconstrained clusters only

in the transformed constrain t system (resp. graph) after earlier clusters in the solving order are already solv ed

(resp. simpli�ed).

A few other prop erties of DR-plans are of in terest. W e w ould lik e the width i.e, n um b er of clusters in the

DR-plan to b e small, preferably linear in the size of G : this re
ects the complexit y of the planning pro cess and

a�ects the complexit y of the solving pro cess that is based on the DR-plan. Since clusters are t ypically minimal

dense subgraphs (see Section 2), it is desirable for DR-plans to ha v e the cluster minimality prop ert y: i.e., for

an y no de in the DR-plan, no prop er subset of at least 2 of its c hildren induces a cluster. Another desirable

prop ert y is that the DR-plan inc orp or ate an input p artial de c omp osition . I.e., giv en an input D A G P whose

no des are subgraphs of G and whose edges represen t con tainmen t, a DR-plan of ev ery no de in P should b e

em b edded in the output DR-plan for G .

All prop erties de�ned ab o v e for DR-plans transfer as p erformance measures of the DR-planners or DR-

planning algorithms. It is sho wn in [53 ], that the problem of �nding the optimal DR-plan of a constrain t graph

is NP-hard, and appro ximabilit y results are sho wn only in sp ecial cases. Nonappro ximabilit y results are not

kno wn. See P art I I, Section 8. Ho w ev er, most DR-planners mak e adho c c hoices during computation (sa y the

order in whic h v ertices are considered) and w e can ask ho w w ell (close to optimal) the b est computation path of

suc h a DR-planner w ould p erform (on the w orst case input). W e call this the b est-choic e appr oximation factor

of the DR-planner.

3 Basic Input-Output capabilities of FR ONTIER

Note: This is illustrated b y the v arious screenshots of the FR ONTIER 's op eration, throughout this 2-part

man uscript.

FR ONTIER is in tended to b e called b y a CAD system at an y stage where v ariational (2D or 3D) constrain ts

are used to sp ecify relationships b et w een primitiv e geometries at some lev el of a feature or assem bly hierarc h y .

While FR ONTIER is in tended to in teract directly with the GUI of the calling CAD system, it also has its o wn

graphical user in terface to b e discussed later in this pap er and in P art I I.

Assuming that its o wn GUI is b eing used for input/output, w e describ e b elo w is a generic session with

FR ONTIER .

The generic input to FR ONTIER consists of the follo wing.

(1) A 2D or 3D geometric constrain t system (see Section 2), S , i.e, a set of primitiv e geometric ob jects, eac h

of a sp eci�ed t yp e, and constrain t t yp es relating pairs (or larger subsets) of these ob jects. See Figure 3. Some

constrain t t yp es ha v e a metric v alue sp eci�cation and these could b e constan ts or v ariables related to other

suc h v alues (in the case of so-called relational or engineering constrain ts). In addition, in terv als of v alues are

p ermitted for some of the incidence or in tersection constrain ts whic h are e�ectiv ely c hiralit y or orien ted matroid

constrain ts, declaring (non) in tersections of con v ex h ulls, and used primarily for na vigation of the solution

space (for example the constrain t that 2 line segmen ts should or should not in teresect). The constrain t system

(including 3D systems) is often sk etc hed on a 2D can v as. See Figures 11 and 12.

(2) An input partial decomp osition of the constrain t system P obtained from one or more feature, part or

subassem bly hierarc h y design views. The features or subassem blies (no des of the D A G) are in tended to b e

manipulated indep enden tly within their o wn lo cal co ordinate systems, as w ell as mo v ed around relativ e to eac h

other in the co ordinate system of a higher lev el feature or subassem bly . There could b e a priorit y order giv en

to the resolution of the features (a linear order degenerates to parametric constrain t solving), or subassem blies.

See Figure 13.

(3) Some of the features or subassem blies in the input hierarc h y ma y ha v e b een already solv ed and ma y b e

c hosen from a rep ertoire of commonly o ccuring suc h features, parts or subassem blies. In this case, they ma y

not b e input as constrain t systems; they are 
agged and treated en-blo c as already solv ed rigid b o dies.

(4) Additions, c hanges, up dates to all of the ab o v e. See P art I I, Figure 16.
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Figure 11: 3D generically algebraically o v erconstrained system, sk etc h on a 2D can v as; for giv en set of distances,

w ellconstrained; corresp onding DR-plan

Figure 12: 3D constrain t system dra wn on 2D can v as with line and p oin t ob jects and distance and angle

constrain ts (graph has v ertices of w eigh t 3(p oin ts and lines); edges of w eigh t 3 (incidences) and 1 (distances and

angles). Solution (righ t)
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Figure 13: Left: input partial decomp ositions for 3D constrain t system sho wn in Figure 12; groups are features

or subassem blies. Righ t: 3 di�eren t DR plans incorp orating corresp onding input decomp osition. F eatures

app ear as clusters or, if underconstrained, their complete set of maximal clusters. F eatures ma y (not) in tersect

on (non) trivial subgraphs.
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(5) Other in teractiv e user input requested b y the geometric constrain t solv er during solution space na vigation.

See P art I I, Figures 10, 11, 12, 13.

FR ONTIER 's outputs are the follo wing.

(1) Classi�c ation of the input constrain t system S as (generically) w ellconstrained, o v erconstrained or under-

constrained. Classi�cation of eac h feature or subassem bly in the hierarc h y P as w ellconstrained, o v erconstrained

or underconstrained. See Figures 7, 8, 6.

(2) In the case the system is classi�ed as w ellconstrained, FR ONTIER giv es a metho d for systematic (with

or without user in terv en tion) navigation of the solution space, sp eci�cally , the v arious solutions, realizations or

conformations of eac h of the w ellconstrained features, parts and subassem blies of the asso ciated input partial

decomp osition P , in priorit y order (if one is giv en) See P art I I, Figures 10, 11, 12, 13, and Figure 12.

(3) In case com binatorially o v erconstrained (p oten tially inconsisten t ) features, parts, subassem blies or subsys-

tems are presen t, see Figures 8 (for an y requested collection of them), FR ONTIER giv es a complete, na vigable

represen tation of the w ellconstrained r e ductions ; for example an exhaustiv e list of existing constrain ts an y one of

whic h can b e remo v ed without generically making the en tire system or an y of the subsystems (in the collection)

underconstrained. F or eac h suc h remo v al, a second exhaustiv e list of constrain ts that can b e remo v ed, and so

on, resulting in a sequence of lists.

(4) In case of those (sub)systems classi�ed as underconstrained (or am biguous), FR ONTIER giv es a decom-

p osition in to a complete set of maximal clusters (i.e., where all the maximal clusters are presen t). In addition,

a complete, tractable, na vigable represen tation of its w ellconstrained c ompletions . This question again has a

w ell-de�ned in terpretation using rigidit y matroids whic h w e omit here. One suc h na vigable represen tation could

b e an exhaustiv e list of constrain ts (participating ob jects and t yp e of constrain t, but not v alue) that can b e

added without generically making the system o v erconstrained. F or eac h suc h addition, a second exhaustiv e list

of constrain ts that can b e added, and so on, resulting in a sequence of lists.

(5) A metho d of e�cien tly up dating the output when incremen tal c hanges are made to the input. F or example:

a con train t v alue is c hanged, a constrain t is added or remo v ed, an ob ject is added or remo v ed, a feature is added

etc. These could b e o�ine or online up dates (see settings of a t ypical constrain t solv er b elo w).

3.1 FR ONTIER 's phases, solving options, mo des and settings

As discussed in Section 2 and Section 4, FR ONTIER has a planning phase, whic h is purely com binatorial,

mainly graph theoretic resulting in a DR-D A G; and a solving phase where the p olynomial systems corresp onding

to the no des of the DR-D A G are actually solv ed using an algebraic-n umeric solv er. In the latter phase, t w o

solving options are a v ailable. The autosolve option in whic h FR ONTIER searc hes and displa ys a solution or

realization of the en tire input system (in case it is w ellconstrained). There could b e exp onen tially man y suc h

solutions, the pro cess is not steered b y the user and eac h solution is displa y ed as it is found. See for example the

full solution displa y ed in Figure 12. In the navigate option, the user is p ermitted to guide the pro cess closely b y

pic king one of the a v ailable solutions (displa y ed on a separate windo w) for eac h subsystem app earing as a no de

in the DR-D A G, whic h should include all the maximal w ell or w ell-o v erconstrained subsystems of the user's

input conceptual feature, part or subassem bly hierarc h y See P art I I, Section 2 and Section 4. Bac ktrac king

starting at an y subsystem of the DR-D A G is fully supp orted, and partially solv ed systems should b e displa y ed.

See Figures 13 and P art I I, Figures 10,11, 12, 13.

FR ONTIER 's gener ate mo de is used when the input is new; the up date mo de is used when incremen tal

c hanges are b eing made to an y of the part of an earlier input; the underlying algorithms of the planning and

solving phases p ermit e�cien t up dates for the c hanged input. See P art I I, Figure 16. One imp ortan t adv an tage

of mo dularizing the phases is that in the up date mo de (P art I I, Section 6), the DR-planning phase is en tirely

omitted when, for example, only v alue c hanges are made to existing constrain ts { these do not generically c hange

the DR-plan. FR ONTIER 's o�ine setting w ould b e used if the en tire input is constructed (sk etc hed using the

GUI) b efore the planning and solving phases are b egun. The online setting is used when an instan t resolution

of eac h constrain t is required ev en as it is b eing input, t ypically b y sk etc hing on the GUI screen. See P art I I,

Figure 17 and P art I I, Section 7.

19



e

gf

a c

b

3

4

3

33

2
3

2 1

3

f

e

c

b

a

g

t

3

3

3

2

3

4

2
1

3

3

0

0

s

2

s t

2

3

4

3

3

3

1
2

1
2

1

3

s t

*

3
3

3

2

3

40

Figure 14: F rom Left. Constrain t graph G with edge w eigh t distribution. D is assumed to b e 0 (system �xed in

co ordinate system); A corresp onding 
o w in bipartite G

�

. Another p ossible 
o w. Initial 
o w assignmen t that

requires redistribution

4 Previous W ork: The F ron tier V ertex Algorithm (F A) DR-Planner

Decomp osition algorithms based on constrain t graphs ha v e b een prop osed since the early 90's based on recog-

nition of subgraph patterns suc h as triangles [21 , 59 , 60 , 58 ] [51 , 55 ]; and based on Maxim um Matc hing [61, 1].

Ho w ev er, prior to [38 ], the DR-planning problem and appropriate p erformance measures for the planners w ere

not formally de�ned. That pap er also giv es a table comparing 3 main t yp es of DR-planners, with resp ect to

these p erformance measures including those in Section 3 and Section 2.

In this this section, w e sk etc h the prop erties of the F ron tier v ertex DR-plans and the corresp onding DR-

planner (F A DR-planner) [39 , 37 , 53 , 57 , 26 , 65 ] whic h w as designed sp eci�cally to excel sim ultaneously in

these strongly comp etin p erformance measures. FR ONTIER uses this DR-planner; in particular sev eral new

algorithms related to DR-planning in tro duced in P art I I (Sections 2 and 3). are built up on this DR-planner.

Note. The pseudo co de in App endix of P art I I incorp orates the new algorithms in to the existing F A-DR-planner.

4.1 The F ron tier V ertex DR-plan (F A DR-plan)

In tuitiv ely , an F A DR-plan is built b y follo wing t w o steps rep eatedly:

1. Isolate a cluster-minimal dense subgraph C in the curren t graph G

i

(whic h is also called the cluster gr aph

or 
ow gr aph for reasons that will b e clear b elo w). Chec k for algebraic dep endencies that could cause a

dof misclassi�cation.

2. Simplify C in to T ( C ), transforming G

i

in to the next cluster graph G

i +1

= T ( G

i

) (the recom bination

step).

4.1.1 Isolating Clusters

The isolation algorithm, �rst giv en in [35 , 36 ] is a mo di�ed incremen tal net w ork maxim um 
o w algorithm. The

k ey routine is the distribution of an edge (see the DR-planner pseudo co de in the App endix of P art I I) in the

constrain t graph G . F or eac h edge, w e try to distribute the w eigh t w ( e ) + D + 1 to one or b oth of its endp oin ts

as 
ow without exceeding their w eigh ts, referred to as \distributing the edge e ." See DistributeEdge in the

pseudo co de in P art I I, App endix. This is b est illustrated on a corresp onding bipartite graph G

�

: v ertices in one

of its parts represen t edges in G and v ertices in the second part represen t v ertices in G ; edges in G

�

represen t

incidence in G . As illustrated b y Figure 14, w e ma y need to redistribute (�nd an augmen ting path).

If w e are able to distribute all edges, then the graph is not dense. If no dense subgraph exists, then the


o w based algorithm will terminate in O ( n ( m + n )) steps and announce this fact. If there is a dense subgraph,

then there is an edge whose w eigh t plus D + 1 cannot b e distributed (edges are distributed in some order, for

example b y considering v ertices in some order and distributing all edges connecting a new v ertex to all the

v ertices considered so far). It can b e sho wn that the searc h for the augmen ting path while distributing this edge

marks the required dense graph. It can also b e sho wn that if the found subgraph is not o v erconstrained, then it

is in fact minimal. If it is o v erconstrained, [35 , 36 ] giv e an e�cien t algorithm to �nd a minimal cluster inside it.

4.1.2 Cluster Simpli�cation

This simpli�cation w as giv en in [39 , 37 ]. The found cluster C in teracts with the rest of the constrain t graph

through its fr ontier vertic es ; i.e., the v ertices of the cluster that are adjacen t to v ertices not in the cluster. The
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Figure 15: F rom left: F A's simpli�cation of graph givin DR-plan in Figure 10; clusters are simpli�ed in their

n um b ered order: C4 is simpli�ed b efore C7 etc.

v ertices of C that are not fron tier, called the internal vertic es , are con tracted in to a single c or e v ertex. This core

is connected to eac h fron tier v ertex v of the simpli�ed cluster T ( C ) b y an edge whose w eigh t is the the sum of

the w eigh ts of the original edges connecting in ternal v ertices to v . Here, the w eigh ts of the fron tier v ertices and

of the edges connecting them remain unc hanged. The w eigh t of the core v ertex is c hosen so that the densit y of

the simpli�ed cluster is � D , where D is the geometry-dep enden t constan t. This is imp ortan t for pro ving man y

prop erties of the F A DR-plan: ev en if C is o v erconstrained, T ( C )'s o v erall w eigh t is that of a w ellconstrained

graph, (unless C is rotationally symmetric - see P art I I, Section 3, for ho w this imp ortan t exception is treated).

T ec hnically , T ( C ) ma y not b e w ellconstrained in the precise sense: it ma y con tain an o v erconstrained subgraph

consisting only of fron tier v ertices and edges, but its o v erall dof coun t is that of a w ellconstrained graph.

Figure 15 illustrates this iterativ e simpli�cation pro cess ending in the �nal DR-plan of Figure 10.

4.2 The F ron tier V ertex Algorithm (F A DR-planner)

The c hallenge met b y F A is that it pro v ably meets sev eral comp eting requiremen ts including those of Section

3 and Section 2. The graph transformation p erformed b y the F A cluster simpli�cation is describ ed formally

in [39 , 37 ] that pro vide the v o cabulary for pro ving certain prop erties of F A that follo w directly from this

simpli�cation. Ho w ev er, other prop erties of F A require details of the actual DR-planner that ensures them, and

are brie
y sk etc hed here.

Note: A detailed pseudo co de of the F A DR-planner (the existing v ersion, explained in [53 ], incorp orating the

new algorithms dev elop ed in P art I I of this man uscript, can b e found in the App endix of P art I I).

The basic F A algorithm is based on an extension of the distribute routine for edges (explained ab o v e) to v ertices

and clusters in order for the isolation algorithm to w ork at an arbitrary stage of the planning pro cess, i.e, in

the cluster or 
o w graph G

i

.

First, w e brie
y describ e this basic algorithm. Next, w e emphasize the parts of the algorithm that ensure 4

crucial prop erties of the output DR-plan:

(a) dealing with com binatorially o v erconstrained subgraphs in order to obtain correct DR-plans (in a w ell-

de�ned sense) for w ellconstrained graphs, as w ell as

(b) for underconstrained graphs - whic h requires outputing a complete set of maximal clusters as sources of the

DR-plan;

(c) con trolling width of the DR-plan to ensure a p olynomial time algorithm; and

(d) ensuring cluster-minimalit y of clusters in the DR-plan.

Three datastructures (elab orated in Section 6) are main tained. The curren t 
ow or cluster gr aph , G

i

the

curren t DR-plan (this information is stored en tirely in the hierarc hical structure of clusters at the top lev el of

the DR-plan), and a cluster queue , whic h is the top-lev el clusters of the DR-plan that ha v e not b een distributed
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so far, in the order that they w ere found (see b elo w for an explanation of ho w clusters are distributed). W e

start with the original graph (whic h serv es as the cluster or 
o w graph initially , where the clusters are singleton

v ertices). The DR-plan consists of the leaf or sink no des whic h are all the v ertices. The cluster queue consists

of all the v ertices in an arbitrary order.

The metho d DistributeV ertex (see pseudo co de of P art I I, App endix) distributes all edges (calls Distribu-

teEdge) connecting the curren t v ertex to all the v ertices considered so far. When one of the edges cannot b e

distributed and a minimal dense cluster C is disco v ered, its simpli�cation T ( C ) (describ ed ab o v e) transforms

the 
o w graph. The 
o ws on the in ternal edges and the core v ertex are inherited from the old 
o ws on the

in ternal edges and in ternal v ertices. Notice that undistributed w eigh ts on the in ternal edges simply disapp ear.

The undistributed w eigh ts on the fron tier edges are distributed (within the cluster) as w ell as p ossible. Ho w-

ev er, undistributed w eigh ts on the fron tier edges (edges b et w een fron tier v ertices) ma y still remain if the fron tier

p ortion of the cluster is sev erely o v erconstrained. These ha v e to b e dealt with carefully . (See discussion on

dealing with the problems caused b y o v erconstrain ts b elo w.) The new cluster is in tro duced in to the DR-plan

and the cluster queue.

No w w e describ e the metho d DistributeCluster (see pseudo co de of P art I I, App endix). Assume all the

v ertices in the cluster queue ha v e b een distributed (either they w ere included in a higher lev el cluster in the

DR-plan, or they failed to cause the formation of a cluster and con tin ue to b e a top lev el no de of the DR-plan,

but ha v e disapp eared from the cluster queue). Assume further that the DR-plan is not complete, i.e., its top

lev el clusters are not maximal. The next lev el of clusters are found b y distributing the clusters curen tly in the

cluster queue. This is done b y �lling up the \holes" or the a v ailable degrees of freedom of a cluster C b eing

distributed b y D units of 
o w. The PushOutSide successiv ely considers eac h edge inciden t on the cluster with

1 endp oin t outside the cluster. It distributes an y undistributed w eigh t on these edges + 1 extra w eigh t unit on

eac h of these edges. It can b e sho wn that if C is con tained inside a larger cluster, then atleast one suc h cluster

will b e found b y this metho d once all the clusters curren tly in the cluster queue ha v e b een distributed. The

new cluster found is simpli�ed to giv e a new 
o w graph, and gets added in the cluster queue, and the DR-plan

as describ ed ab o v e.

Ev en tually , when the cluster queue is empt y , i.e, all found clusters ha v e b een distributed, the DR-plan's top

lev el clusters are guaran teed to b e b e maximal. See [53 ] for formal pro ofs.

Note : Throughout, in the in terest of formal clarit y , w e lea v e out ad ho c, but highly e�ectiv e heuristics that

�nd simple clusters b y a v oiding full-
edged 
o w. One suc h example is called \sequen tial extensions" whic h

automatically creates a larger cluster con taining a cluster C and a v ertex v pro vided there are atleast D edges

b et w een C and v . These can easily b e incorp orated in to the 
o w based algorithm, pro vided certain basic

in v arian ts ab out distributed edges is main tained (see b elo w).

This completes the description of the bac kb one of the basic F A DR-planner. Next w e consider some details

ensuring the prop erties (a) { (d) ab o v e.

4.2.1 (a) Problems caused b y o v erconstrained subgraphs and trivial in tersections

In Figure 16, after C

1

and C

2

are found, when C

1

is distributed, C

1

and C

2

w ould b e pic k ed up as a cluster,

although they do not form a cluster. The problem is that the o v erconstrained subgraph W in tersects C

1

on a

trivial cluster, and W itself has not b een found. Had W b een found b efore C

1

w as distributed, W w ould ha v e

b een simpli�ed in to a w ellconstrained subgraph and this misclassi�cation w ould not ha v e o ccurred.

It has b een sho wn in [53 ] that this misclassi�cation can b e a v oided ( W can b e forced to b e found after C

2

is found), b y main taining the follo wing in v arian t: alw a ys distribute all undistributed edges connecting a new

found cluster C (or the last distributed v ertex that caused C to b e found), to all the v ertices distributed so far

that are outside the cluster C . Undistributed w eigh t on edges inside C are less crucial: if they b ecome in ternal

edges of the cluster, then this undistributed w eigh t \disapp ears" when C is simpli�ed in to a w ellconstrained

cluster; there is also a simple metho d of treating undistributed w eigh t on fron tier edges so that they also do not

cause problems - the metho d and pro of can b e found in [53 ]).

4.2.2 (b) Finding a complete set of maximal clusters in underconstrained graphs

While the DR-planner describ ed so far guaran tees that at termination, top lev el clusters of the DR-plan are

maximal. It also guaran tees that the original graph is underconstrained only if there is more than one top lev el

cluster in the DR-plan. Ho w ev er, in order to guaran tee that al l the maximal clusters of an underconstrained
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Figure 16: Finding W �rst will prev en t misclassi�cation: Left 2D example, Righ t 3D example.

graph app ear as top lev el clusters of the DR-plan, w e use the observ ation that an y pair of suc h clusters in tersect

on a subgraph that reduces (once incidence constrain ts are resolv ed) in to a trivial subgraph (a single p oin t in

2D or a single edge in 3D). This b ounds the total n um b er of suc h clusters and giv es a simple metho d for �nding

all of them. Once the DR-planner terminates with a set of maximal clusters, other maximal clusters are found

b y simply p erforming a Pushoutside of 2 units on ev ery v ertex (in 2D) or ev ery v ertex and edge (in 3D), and

con tin uing with the original DR-planning pro cess un til it terminates with a larger set of maximal clusters. This

is p erformed for eac h v ertex in 2D and eac h edge in 3D whic h guaran tees that all maximal clusters will b e

found. See [53 ] for pro ofs.

4.2.3 (c) Con trolling width of the DR-plan

d
c
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Figure 17: Prev en t accum ulation of clusters

F A ac hiev es a linear b ound on DR-plan width b y main taining the follo wing in v arian t of the cluster or 
o w

graph: ev ery pair of clusters in the 
o w graph (top lev el of the DR-plan) at an y stage in tersect on at most a

rotationally symmetric subgraph . F A do es this b y rep eatedly p erforming 2 op erations eac h time a new p oten tial

cluster is isolated.

The �rst is an enlar gement of the found cluster. In general, a new found cluster N is enlarged b y an y cluster

D

1

curren tly in the 
o w graph, if their nonempt y in tersection is not a rotationally symmetric or trivial subgraph.

In this case, N neither en ters the cluster graph nor the DR-Plan. Only N [ D

1

en ters the DR-plan, as a paren t

of b oth D

1

and the other c hildren of N . It is easy to see that the sizes of the subsystems corresp onding to b oth

N [ D

1

and N are the same, since D

1

w ould already b e solv ed.

F or the example in Figure 17, when the DR-plan �nds the cluster C

2

after C

1

, the DR-planner will �nd that

C

1

can b e enlarged b y C

2

The DR-planner forms a new cluster C

4

based on C

1

and C

2

and puts C

4

in to the

cluster queue, instead of putting C

2

to cluster queue. (Refer to the pseudo co de in P artI I, App endix : A ddChild,

CanCombine .)
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Figure 18: Ensuring Cluster Minimalit y: E is a set of essen tial clusters that m ust b e presen t in an y subset of

the c hildren of C that form a cluster. In this case, E itself forms a cluster. C

0

is a cluster made up of a prop er

subset of at least 2 of C 's c hildren

The second op eration is to iterativ ely c ombine N [ D

1

with an y clusters D

2

; D

3

; : : : based on a nonempt y

o v erlap that is not rotationally symmetric or trivial. In this case, N [ D

1

[ D

2

, N [ D

1

[ D

2

[ D

3

etc. en ter the

DR-plan as a staircase, or c hain, but only the single cluster N [ D

1

[ D

2

[ D

3

[ : : : :: en ters the cluster graph

after remo ving D

1

, D

2

, D

3

: : : .

Ofcourse, b oth of these pro cesses are distinct from the original 
o w distribution pro cess that lo cates clusters.

Refer to the DR-planner pseudo co des: addChild, c anCombine in P art I I, App endix.

4.2.4 Cluster Minimalit y

Recall from Section 2 that a desirable prop ert y of DR-plans is that for an y cluster in the DR-plan, no prop er

subset of atleast 2 of its c hild clusters forms a cluster. This prop ert y is crucial for correcting com binatorial

o v erconstrain ts (see Section 4.3 and [26]) and dof misclassi�cations in pure com binatorial dof analysis, arising

from algebraic o v erconstrain ts (see P art I I, Section 3). F A ensures this using a generalization of the metho d

Minimal of [35 , 36 ] whic h �nds a minimal dense subgraph inside a dense subgraph lo cated b y DistributeV ertex

and DistributeEdge .

Once a cluster C is lo cated and has c hildren C

1

; : : : ; C

k

, for k � 2, the recursiv e metho d clusMin (see

pseudo co de in P art I I, App endix) remo v es one cluster C

i

at a time (replacing earlier remo v als) from C and

redo es the 
o w inside the 
o w graph restricted to C , b efore C 's simpli�cation. If a prop er subset of atleast 2

C

j

's forms a cluster C

0

, then the clusMin algorithm is rep eated inside C

0

and thereafter in C again, replacing

the set of c hild clusters of C that are inside C

0

b y a single c hild cluster C

0

. If instead no suc h cluster is found,

then the remo v ed cluster C

i

the essential . I.e., it b elongs to ev ery subset of C 's c hildren that forms a cluster.

When the set of clusters itself forms a cluster E (using a dof coun t), then clusMin is called on C again with a

new c hild cluster E replacing all of C 's c hildren inside E .

4.3 Correcting Com binatorial Ov erconstrain ts

A metho d for dealing with com binatorial o v erconstrain ts as p er the output requiremen t in Section 3 - w as giv en

recen tly in [26 ]. It is based on sho wing that there is a unique, w ell-de�ned set of r e ducible constrain ts that can

b e deleted without making the graph underconstrained. See Figure 19. (Detecting and correcting algebraic

o v erconstrain ts of Section 2 is a more di�cult problem and is discussed in P art I I, Section 3.)

The com binatorial o v erconstrain t correction metho d is further based on k ey prop erties of the F A-DR-plan

and giv es an e�cien t (generally linear time) solution that retains full generalit y and moreo v er:

(i) T ra v erses the giv en DR-plan top do wn to incremen tally output this unique set of constrain ts in rev erse

solving order, minimizing the need to solv e again previously solv ed p ortions of the DR-plan;

(ii) Selects constrain ts from those parts of the constrain t system that the user iden ti�es;

(iii) Isolates information that can b e routinely stored and main tained as part of the DR-plan, making the ab o v e

pro cess ev en more e�cien t; and

(iv) Automatically up dates (see Figure 19) the DR plan with minimal reorganization, once one of the reducible

constrain ts is remo v ed, whic h ma y cause man y lo w er lev el clusters of the DR plan to b ecome underconstrained.

This metho d is describ ed in [26] and is part of the FR ONTIER solv er [65 ]. This metho d is deceptiv ely

simple but mak es sophisticated use of the F A DR-plan and hence requires an in tricate pro of of correctness.
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Figure 19: Left: unoptimized DR-plan of G 1 in Figure 10, after reduction of edge (1 ; 7); mo di�cation path is

mark ed; Middle and Righ t: t w o optimization steps

5 Problem List

The prop erties of the F ron tier v ertex algorithm F A discussed in Section 4 are incorp orated in to FR ONTIER .

Here w e presen t a further list of concrete tec hnical problems whose solutions represen t the new con tributions of

this 2-part man uscript. The �rst t w o are implemen tational problems discussed in the next 2 sections of P art I,

and the remainder are problems that require algorithmic solutions and are discussed in P art I I.

� Problem 1: Designing the arc hitecture for the implemen tation of a full-
edged, p ortable geometric con-

strain t solv er based on F A. These are discussed in P art I, Section 6. Crucial data structures form the

basis for a constrain t represen tation language, and are designed to facilitate the seamless comm unication

b et w een the individual comp onen ts of the geometric constrain t solv er, as w ell as the p ortabilit y of the

individual comp onen ts. This directly addresses Requiremen t 5 of the In tro duction, and pla ys a role in all

of the other requiremen ts as w ell.

� Problem 2: User in terface that p ermits easy editabilit y of the constrain t, feature, part and subassem bly

rep ertoire, and supp orts the high degree of 
exible and online user feedbac k and in teraction of Problem

5. This addresses Requiremen t 4(f ) of the In tro duction and is discussed in P art I, Section 7.

� Problem 3: Augmen ting F A b ey ond [39 , 53 ], sp eci�cally to deal with (m ultiple) input feature, part or

subassem bly decomp ositions that result in a feature D A G. This automatically allo ws priorit y assignmen ts

in the feature D A G, thereb y incorp orating, for example, assem bly order, triangle-based decomp osition as

w ell as parametric constrain t solving as sp ecial cases. This automatically also allo ws to paste in features

and already solv ed parts of a sk etc h, i.e, delineate parts of the input constrain t system as already solv ed.

This augmen tation of F A addresses Requiremen t 2 of the In tro duction and is discussed in P art I I, Section

2.

� Problem 4: Dealing with the inadequacy of com binatorial dof analysis in 3D, sp eci�cally with simple

algebraic dep endencies b et w een constrain ts that cannot b e com binatorially detected b y a degree of freedom

analysis { one example concerns rotationally symmetric clusters and other motifs that o ccur commonly and

are crucial for building larger clusters, but are resp onsible for a large class of dof analysis misclassi�cations,

although detecting them is highly non trivial. Again, since these mo di�cations do not immediately preserv e

other crucial prop erties of F A, they result in further mo di�cations to restore those prop erties. This

addresses Requiremen t 1 of the In tro duction and is discussed in P art I I, Section 3.

� Problem 5: Conceptually meaningful na vigation or steering through the solution space, recursiv ely na vi-

gating the solution spaces of features, subassem blies in the input partial decomp ositions as w ell as other

clusters in the DR-plan, with fully 
exible bac ktrac king. Incorp orating resolution metho ds for relational,

engineering and other na vigation constrain ts sp eci�c inequalit y constrain ts and c hiralit y c hec ks. This

addresses the Requiremen t 3 of the In tro duction, is a k ey ac hiev emen t of FR ONTIER's Equation and

Solution Manager (ESM) and is discussed P art I I, Section 4.

� Problem 6: F orm ulating stable, indep enden t algebraic equations from constrain ts for the resolution of

individual clusters of the DR-plan. (These are then sen t to the canned algebraic-n umeric solv er). The
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Figure 20: Organization of FR ONTIER

form ulation of a stable set of equations requires non trivial c hec ks for algebraic dep endencies in 3D whic h is

comp ounded b y the presence of shared ob jects and incidence constrain ts b et w een the c hild clusters that are

to b e resolv ed in to a paren t cluster. This is facilitated b y main taining an editable constrain t-to-equation

parse tree, whic h in addition p ermits step-b y-step insp ection and pre-pro cessing as w ell as p ost-pro cessing

of the sim ultaneous p olynomial system to b e sen t to the canned algebraic-n umeric solv er. These are other

ac hiev emen ts of of FR ONTIER's ESM, discussed in P art I I, Section 5; and addresses Requiremen ts 1 and

4(d,e) of the In tro duction.

� Problem 7: Detecting and dealing with underconstrain ts (o v erconstrain ts w ere dealt with in [53 ] and the

metho d is sk etc hed in Section 4.3, and incorp orated in to FR ONTIER ). In addition, e�cien t user up dates

are handled b y FR ONTIER's up date mo de { discussed in P art I I, Section 6. Ho w ev er, e�cien t up dates

are ac hiev ed through functionalities o�ered b y FR ONTIER's datastructures, its DR-planner, its Equation

and Solution Manager, and its Univ ersal T ransfer Unit (UTU). This addresses Requiremen ts 4(a,b) of the

In tro duction.

� Problem 8: Incorp orating simple metho ds for (online) resolution of certain t yp es of underconstrained

sk etc hes { this is ac hiev ed b y FR ONTIER's Simplesolv er. This is discussed in P art I I, Section 7. This

addresses some asp ects of Requiremen t 4(c) of the In tro duction.

6 Solution to Problem 1: Organization and Data
o w

The FR ONTIER system is comp osed of six mo dules:
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� The GUI (Section 7), sometimes just refered to as Sk etc her, is written in Ja v a, Ja v a 3D is the main driv er

for FR ONTIER and is used for all input and output. The GUI is used to input: the constrain t system

and a conceptual decomp osition or feature hierarc h y , (these could ha v e b een partially solv ed and stored

from an earlier session), an y up dates to these, and in teractiv e user input during the constrain t parsing

and equation building stages and solution space na vigation. The GUI is also used to mo dify the ob ject,

con train t and feature rep ertoire or constrain t-to-equation parse tree. The GUI is used to output: the DR-

plan of the input constrain t system consisten t with the input conceptual decomp osition, the b est p ossible

online resolv ed displa y of it using the Simplesolv er; (P art I I, Section 7) the system of equations as they

are b eing parsed in stages from the constrain ts, the subsystem solutions corresp onding to the no des of the

DR-plan, the partially solv ed system as the na vigation pro ceeds, and the �nal solution.

� The univ ersal transfer unit (P art I I, Section 6, written in C++) co ordinates comm unication b et w een the

v arious mo dules and mak es decisions ab out whic h mo dules are called for v arious up date op erations. It

additionally manages the translations required b y FR ONTIER's mo dules, for example, it con v erts the

geometric constrain t system input obtained from the Sk etc her or GUI to a dof graph input for the DR-

planner. See description of data
o w b elo w.

� The Simplesolv er (P art I I, Section 7, written in Ja v a) that is used for a rough online resolution of the

input sk etc h for displa y purp oses.

� The DR-planner (Section 4 and P art I I, Sections 2, 3, pseudo co de in App endix ; written in C++) ob-

tains/up dates the DR-plan that is used to guide the solving.

� The Equation and Solution Manager (ESM) (P art I I, Sections 4,5, pseudo co de in App endix written in

C++) obtains/up dates subsystems corresp onding to the no des of the DR-plan to the Algebraic-Numeric

Solv er to obtain all the p ossible solutions (giv en a �xed c hoice of solutions for the c hild subsystems),

and manages the user's na vigation of the solution space b y appropriately storing the solutions, as w ell

as tra v ersing and bac ktrac king on the DR-plan. (The Algebraic-Numeric Solv er is o�-the-shelf and not

discussed in this man uscript).

� The Constr aint to Equation Parser (CEP) (P art I I, Section 5, written in C++) is a submo dule of the

ESM used to build the subsystems corresp onding to the no des of the DR-plan, with input from the user.

It also allo ws the user to c hange the constrain t-to-equation parse tree (to impro v e e�ciency or when new

constrain t or ob ject t yp es are added).

Next, w e discuss the data
o w b et w een these mo dules. See Figure 20. T o do so, w e �rst explain the main

datastructure, organized based on the DR-plan structure (Sections 2 and 4), that is shared seamlessly b y all the

mo dules. The datastructure is ph ysically shared b y the C++ mo dules, and is comm unicated, through the UTU,

to the Ja v a mo dules using a Ja v a Nativ e In terface (JNI arra ys); ho w ev er the same datastructure is conceptually

mirrored in the ob ject orien ted hierarc hies used b y the Ja v a mo dules. See Section 7.

A secondary , related datastructure organizes the constrain ts in a hierarc h y for e�cien t parsing in to equations.

This datastructure is also conceptually mirrored b y the constrain t hierarc h y used b y the Sk etc her (see Section

7). The datastructure is called the constrain t-to-equation parse tree and is used b y the CEP while building

stable systems of equations to send to the algebraic-n umeric solv er.

These datastructures together address Problem 1 of the list in Section 5. The details of the secondary CEP

datastructure are discussed in P art I I, Section 5; ho w ev er the data
o w b et w een the CEP and the other mo dules

is discussed here.

6.1 Primary Datastructures

These are based on the F A DR-plan describ ed in Section 4.

6.1.1 Original Graph and Flo w Graph or Cluster Graph

The graph datastructure is simply con tains t w o lists and t w o parameters. The parameters, the depth of the

graph and the dimension of the graph, store the depth of the largest cluster (distance to leaf or sink in the

DR-plan) and the dimension of the ob jects in the graph represen ts resp ectiv ely . The t w o lists are a list of
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v ertices (geometric ob jects) and a list of edges (constrain ts). The structures of the v ertex and edge ob jects are

the bulk of the graph datastructure. The graph structure along with a Cluster queue of curren t undistributed

clusters in the graph (See Section 4 and the top lev el clusters in the DR-plan (the Cluster structure and DR-plan

are describ ed b elo w) constitute the conceptual Cluster or Flo w graph.

An e dge ob ject represen ts a single constrain t within the geometric system that is b eing pro cessed. The

�elds of the edge ob ject can b e divided in to t w o groups, the descriptiv e parameters and the con trol parameters.

The descriptiv e parameters group stores the v arious parameters that describ e eac h particular constrain t. They

include a constrain t ID, T yp e, the degree of freedom w eigh t of the constrain t, and the ID's of the endp oin t

v ertices.

The con trol parameters group stores parameters that are used to con trol the pro cess of 
o w distribution.

See Section 4. First there are t w o 
ags, scan and lab el. These 
ags are used to mark those edges that should

b e tested as part of the curren t augmen ting path searc h and those ob jects that are part of the curren tly found

cluster resp ectiv ely . Next, there are the three �elds that store information ab out the 
o ws on the edge: a left


o w �eld and a righ t 
o w �eld, whic h record the 
o ws on to the left and righ t endp oin ts of this edge; and the

p ossible 
o w �eld that records the curren t amoun t of 
o w left to distribute for this edge. Finally , there is a

predecessor v ertex �eld. This �eld stores the ID of the v ertex that w as pro cessed to bring this edge in to the

augmen ting path. Along with a complemen tary �eld, predecessor edge, in the v ertex ob ject. This �eld allo ws

the curren t augmen ting path to b e searc hed as a link ed list.

The vertex ob ject stores information ab out the corresp onding geometric ob ject and lik e the edge ob ject, has

sev eral in ternal �elds that can b e divided in to descriptiv e and con trol groups. The descriptiv e group con tains

sev eral simple �elds, the ID of the ob ject, the in teger T yp e of the ob ject, the w eigh t (n um b er of degrees of

freedom) of the ob ject, and a list of the edge ID's adjacen t to this v ertex. Additional �elds include a list of


ags one for eac h degree of freedom indicating whether eac h degree of freedom is free. This allo ws the user or

the ESM to �x some of the degrees of freedom and solv e for the remainder.

The con trol group is a bit more complicated for the v ertex ob ject. First it con tains iden tical lab el and scan


ags to indicate v ertices in the augmen ting path found during the edge distribution (see Section 4), and v ertices

in the curren t cluster resp ectiv ely . Second it con tains a frozen �eld. This b o olean �eld is used in the presence of

input conceptual decomp ositions See P art I I, Section 2. When a v ertex is mark ed as frozen it is not pro cessed

during distribution. F reezing groups of v ertices is crucial to �nding a DR-plan that incorp orates a user de�ned

input feature hierarc h y . Finally , there are p ossible 
o w and existing 
o w �elds. The p ossible 
o w is a coun t of

the amoun t of 
o w that this v ertex can still accomo date. I.e., the n um b er of degrees of freedom of the v ertex

that ha v e not y et b een appropriated b y 
o ws on inciden t edges. The existing 
o w is the amoun t of 
o w that

this v ertex already con tains.

6.1.2 Cluster

A cluster ob ject represen ts the fron tier v ertex simpli�cation of a w ellconstrained or a w ell-o v erconstrained

subgraph, as w ell as its original subgraph. See Section 4. The k ey to this represen tation is the division of the

v ertices within the subgraph in to in terior and fron tier v ertices. In terior v ertices are v ertices within the subgraph,

whic h ha v e no adjacen t edge that is not part of the subgraph. The remainder of the v ertices in the subgraph

are fron tier v ertices. Within the cluster ob ject, the fron tier v ertices are stored in a list. Ho w ev er, the in terior

v ertices and all of the edges b et w een them are con v erted in to a single new v ertex, the core of the cluster. This

new v ertex ob ject is also stored in the cluster. These cluster ob jects are hierarc hical and form a directed acyclic

graph (D A G), i.e, their sub-DR-plan. The D A G in terrelationships are stored within eac h cluster as a list of its

immediate c hildren.

Next, the cluster con tains more descriptiv e �elds, a group ID corresp onding to a feature, if an y , in the input

feature hierarc h y , that this cluster corresp onds to (note that not ev ery feature in the input feature hierarc h y is

a cluster; ho w ev er, ev ery cluster feature m ust app ear in the output DR-plan { see P art I I, Section 2). Another

imp ortan t descriptiv e �eld is the cluster t yp e that indicates whether this cluster is w ellconstrained, rotationally

symmetric, w ell-o v erconstrained (com binatorially), algebraically o v erconstrained etc. (see P art I I, Section 3 for

the algorithmic imp ortance of this �eld); a list of original v ertices that constitute this cluster; and t w o lists of

inner edges and fron tier edges that store the edges b et w een the fron tier v ertices and the core and the edges

b et w een the fron tier v ertices resp ectiv ely .

Next, the cluster ob ject has sev eral �elds that store the solv ed degrees of freedom of the cluster. See P art
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Figure 21: JNI comm unication of Shap es, Constrain ts, F eature hierarc h y data.

I I, Section 4 for algorithmic details. A list of strings is stored, one for eac h solution of the cluster returned from

the algebraic-n umeric solv er (giv en �xed c hosen solutons to eac h of the c hild clusters). When the user selects

a desired solution, that string is parsed in to a list of actual degree of freedom v alues for this cluster. Multiple

copies of the list are p ermitted, one for eac h paren t of the cluster in the DR-plan, if they exist. The �nal �eld

is a 
ag that indicates whether this cluster has b een solv ed or not.

The DR-Plan ob ject is simply a p oin ter to the ro ot no de of a list of clusters as they are describ ed ab o v e. In

case the graph is underconstrained, the ro ot no de is a dumm y no de, whose c hildren are the actual sources of

the DR-plan, i.e, a complete set of maximal clusters. See Section 4.

6.2 Comm unication b et w een the Mo dules

The Sk etc her is used for all user input and for all output displa ys. It shares its Ja v a datastructures directly with

the Simplesolv er, also written in Ja v a, whic h p erforms a rough online resolution (to the exten t of its capabilit y)

of the input constrain t system as it is b eing sk etc hed (see P art I I, Section 7). The bac k end C++ mo dules

are used for more detailed and accurate solution using constrain t system decomp osition (DR-planner) feature

solution space na vigation (ESM) etc. All information passed b et w een the Sk etc her and the bac k end mo dules

(C++) pro ceeds via the UTU. It is passed through a JNI in terface of three arra ys, one of in tegers, one of

doubles and one of c haracters. The sk etc her writes information in to these three arra ys, and nativ ely calls the

C++ co ded UTU with these three arra ys as parameters. The UTU parses these arra ys and from them creates

(or restores, see b elo w) the graph and DR-Plan data structures describ ed ab o v e - that are used b y b oth the

ESM and the DR-Planner to pro cess the user's request. The UTU then directs the b oth the DR-Planner and

the ESM to accomplish the sp eci�c request made b y the user. These requests are di�eren tiated b y the use of

an in teger 
ag that is passed as the �rst in teger in the in teger arra y .

While the DR-Planner nev er needs to initiate comm unication with the user, the ESM m ust con tin ually

in teract with the user (through the UTU) to select v arious subsytem solutions and to direct the path to w ards

�nal solution. See P art I I, Section 4. The comm unication b et w een the ESM and the Sk etc her is accomplished

through the same three arra ys describ ed ab o v e. While there are n umerous t yp es of information the ESM can

pass bac k to the Sk etc her through the UTU, their pro cess is alw a ys the same. First, the UTU m ust translate

the curren t state of the DR-Plan and graph data structures in to the three comm unication arra ys. Then all

additional comm unication information is written to the three arra ys. The Sk etc her reads only this comm u-

nication information, but stores the residual data structure information while it pro cesses the comm unication

information. The residual data structure information is passed bac k to the UTU, if necessary , during the next

29



request, and using it, the UTU can rebuild the curren t state of the solution pro cess and the ESM can con tin ue

where it left o�. The detailed actions of the Sk etc her, UTU, and the ESM in eac h mo de of comm unication are

outlined in the next sections.

6.2.1 Comm unication during the Generate Mo de

The Generate mo de of comm unication b egins when the Sk etc her has a new graph to send to the DR-Planner and

the ESM. In this case, there is no residual data structure information to return the ESM; an y suc h information

that the Sk etc her is storing is discarded. The Sk etc her sets the request 
ag to signal a new input graph, and

then the writes a list of the curren t ob jects and their parameters in to the three comm unication arra ys. F ollo wing

this is a list of all the curren t constrain ts and parameters and a list of all the user-de�ned groups. The Sk etc her

then calls the UTU. The UTU parses these lists, creates the input graph, and calls the DR-Planner with them

as parameters for the planning phase . The completed DR-Plan is returned to the UTU, whic h then sends it to

the ESM for the solving phase .

The ESM tak es the DR-Plan, parses it in to the comm unication arra ys and returns it to the Sk etc her (follo wing

the pro cedure describ ed ab o v e). The Sk etc her displa ys the DR-Plan to the user and allo ws the user to appro v e

of the DR-Plan b efore solution b egins. If the plan is not appro v ed, the Sk etc her en ters the Up date Mo de , and

in teractiv e editing of the graph is p ermitted (see b elo w and P art I I, Section 6 for details of the underlying

algorithms). Ho w ev er, if the plan is appro v ed, the Sk etc her simply passes the request 
ag, set to the con tin ue

option, bac k to the UTU along with a solving option 
ag that indicates whether the user c ho oses to na vigate

the solution space ( Navigate option ), or whether the ESM should automatically solv e the system ( A utosolve

option ).

6.2.2 Comm unication during the Na vigate option

When the UTU receiv es the con tin ue 
ag, the UTU simply sends the reconstructed graph and DR-Plan directly

to the ESM. When the ESM receiv es the con tin ue 
ag, it b egins the solution-na vigation pro cess and a visual w alk-

through or steering through the solution space (See Figures in Section 3, and P art I I, Section 4 also for underlying

algorithmic details). The ESM tra v erses the DR-plan b ottom up, comm unicating with the Constrain t-to-

Equation P arser (CEP) to build a stable system of equations (See P art I I, Section 5 for details { this pro cess

also p ermits in teraction with the user describ ed separately in a subsection b elo w), and comm unicating with the

algebraic-n umeric solv er. This con tin ues un til the ESM reac hes the p oin t where it has sev eral subsystem solutions

to o�er to the user. A t this p oin t, the user m ust select one of sev eral p ossible realizations or conformations

that the ESM will use to create the �nal solution. This information m ust b e passed from the ESM bac k to

the Sk etc her for displa y . The ESM sends bac k t w o lists of information via the UTU. First, for eac h solution

p ossibilit y , the ESM writes out a list of the ob jects in the subsystem. F or eac h ob ject, the ESM writes the

ob ject's ID, and a list of its solv ed degrees of freedom. Second, the ESM writes a list of the clusters con tained

in the curren t DR-Plan and a b o olean 
ag to indicate whether they ha v e b een solv ed or not. This information

allo ws the user to consider the curren t p osition of the solution in the DR-Plan when making his/her c hoice of a

solution. As a �nal step, the ESM sets a 
ag to indicate that this information is a new solution p ossibilit y and

returns.

The Sk etc her displa ys eac h solution p ossibilit y or conformation to the user in a separate windo w. The original

sk etc h and a p artial ly solve d sketch , incorp orating the subsystem solutions c hosen so far in to the unsolv ed original

sk etc h are also displa y ed and allo ws the user to mak e a c hoice of sev eral options describ ed b elo w. (See Figures

in Section 3, and P art I I, Section 4.

1. Select a solution and con tin ue solution - In this case, the Sk etc her simply sets the ESM comm unication 
ag

to indicate a solution c hoice and sends the UTU the n um b er of the c hosen solution. The ESM uses this to

up dates the DR-Plan to con tain the ob ject p ositions con tained in the c hosen solution and con tin ues the solution

na vigation pro cess. Assuming that the user alw a ys selects a solution, this pro cess of solving, solution selection,

and DR-Plan up date w ould con tin ue un til all the subsystems in the DR-Plan ha v e b een solv ed.

2. Cho ose to bac ktrac k - If the user decides that none of the curren t solution c hoices are to their liking, they

ma y c hose to edit his earlier selections. F or editing, the user has t w o options: resolv e the curren t cluster with

new c hoices for its c hildren's solutions, or rep eat the solving of some previous cluster after making new c hoices

for the solutions of its c hildren. In either case, the Sk etc her sends a 
ag bac k to the UTU that indicates that
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bac ktrac king is to o ccur and an ID of the cluster from whic h the users wishes to con tin ue solution. The UTU

edits the DR-Plan and resets the \solv ed" 
ags that indicate that that cluster is the next to b e solv ed. The

ESM will ignore an y previous solutions if the �n 
ag has b een unset, and when the UTU calls it with the altered

\solv ed" list, it will con tin ue solving from an earlier p oin t exactly as describ ed ab o v e. Note that the user can

in teractiv ely up date the graph (see b elo w) un til a �nal solution is returned.

3. Cho ose to up date - This �nal option indicates that the user b eliev es there is something wrong with the input

graph itself, rather than the bifurcation c hoices that ha v e b een made earlier. Man y minor mo di�cations of the

graph do not require the re-planning and solution of the system. These c hanges can b e made in teractiv ely during

solution and m uc h of the original plans and solutions can b e reused. The comm unications and data
o w for the

up date mo de is describ ed in its o wn section b elo w, the algorithmic details of up date op erations are describ ed

in P art I I, Section 6.

Of course, sometimes no solution will exist for a giv en cluster in the DR-Plan. In this case, the ESM will

ha v e no solution options to return to the user. In this instance, the ESM �rst decides what is the nature of the

lac k of solution, either zero solutions, in�nite solutions (underconstrained), or erroneous solution (see P art I I,

Sections 4, 5 for descriptions of these problems caused b y the presence of na vigation and inequalit y constrain ts

or unstable systems resp ectiv ely). Then rather than a solution p ossibilit y , the ESM returns a no solution 
ag

to the Sk etc her, and an in teger co de to indicate the t yp e of non-solution encoun tered. In this case, the user is

presen ted with only options 2 and 3 ab o v e, whic h will allo w him or her to edit the solution un til a v alid solution

is found.

Assuming a solution to the curren t system exists and the user can select subsystem solutions to �nd it, all

comm unication in the Generate Mo de will end when all the ro ot clusters in the DR-Plan ha v e b een solv ed. A t

this p oin t, the ESM writes a 
ag to indicate that a �nal solution is to b e returned. Then it returns a ordered

list of all ob jects, their ID's and the �nal p ositions of their degrees of freedom. The ESM ends and the solution

pro cess is completed.

6.2.3 Comm unication during the Autosolv e option

If the user c hose the autosolv e as opp osed to the na vigate option, there is no in teraction b et w een the user

and the ESM after the DR-Plan has b een accepted. The pro cess of auto-solving is the same as the na vigate

solution option (as describ ed ab o v e, details in P art I I, Section 4), except that when the ESM w ould request a

bifurcation c hoice from the user, the ESM automatically c ho oses a selection. The ESM will searc h the en tire

space of bifurcations for the �rst set that returns a v alid solution for eac h cluster in the DR-Plan. A t the end of

the auto-solution pro cess the ESM either returns a �nal solution exactly as in the Generate Mo de, or it returns

a 
ag that indicates that no v alid solution exists.

6.2.4 Comm unication during the Up date Mo de

The Up date mo de, as men tioned ab o v e, allo ws the user to in teractiv ely edit the input graph during the pro cess

of solution. The algorithmic details can b e found in P art I I, Section 6. Up date mo de allo ws �v e c hanges to

b e made to the graph during solution: c hange a constrain t parameter, add a constrain t, remo v e a constrain t,

add or delete an ob ject, and add or delete a feature to the input feature hierarc h y . The sk etc her indicates

whic h mo de the user has selected with a 
ag and required data (for example, the ID of the ob ject or constrain t

to b e deleted) that it sends to the UTU. The UTU then up dates the input graph and calls the DR-Planner

and the ESM whic hev er is required, to correctly edit the graph and con tin ue solution with the least amoun t of

rep eat solving. See P art I I Section 6 for details on ho w UTU mak es these decisions and the resulting op erations

p erformed b y the DR-planner and ESM.

6.2.5 Comm unication b et w een the Constrain t-to-Equation P arser (CEP) and the GUI

The CEP (metho d and datastructure describ ed in P art I I, Section 5 ) p ermits the user to b oth set up the

constrain t-to-equation parse tree, and to in teractiv ely build subsystems of equations that the ESM sends to the

algebraic-n umeric solv er. This comm unication also tak es place via the UTU, and through a JNI arra y to the

GUI. The GUI op ens a text windo w for this comm unication.

The GUI options allo w the user to set in teractiv e/automatic mo de for the CEP at an y p oin t during a session.

In the in teractiv e mo de of the CEP , the user is again giv en the option of taking the En try mo de (where the user
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can input or mo dify the parse tree) or the P arse mo de (in whic h case, the user is prompted during the solving

phase, eac h time when a subsystem of equations is built b y the ESM to send to the algebraic-n umeric solv er).

In automatic mo de of op eration, the default c hoice is to sh ut o� all user in teraction with the CEP .

7 Solution to Problem 2: Design and Implemen tation of an Appro-

priate GUI

Sp eci�cations on the design of the GUI are imp osed b y the v arious functionalities of FR ONTIER that are brough t

to the user via the GUI are describ ed in Section 1 with �gures in Section 3 (as w ell as in v arious sections of

P art I I). These functionalities o ccur during the v arious mo des (generate and up date), phases (planning and

solving), solving options and settings (online and o�ine). Other sp eci�cations are imp osed b y the arc hitecture

of FR ONTIER, in particular, the data
o w b et w een the GUI (whic h is the main driv er) and the other mo dules

during the v arious mo des, phases, solving options and settings - via the the constrain t represen tation language

and seamless datastructure used b y the mo dules, are all describ ed in Section 6.

Here, w e concen trate on the in ternal design of the GUI that (i) p ermit the ab o v e sp eci�cations to b e met

(ii) ensure extensibilit y , robustness, resource e�ciency and scalabilit y . Hence w e only discuss the represen tation

of geometric ob jects and constrain ts for the purp oses of input constrain t system sk etc hes, extending the input

ob ject and constrain t rep ertoire, comm unication with bac k-end mo dules and output displa y .

W e do not discuss other in teresting user p erception and sk etc h or gesture in terpretation issues that arise

during the constrain t system sk etc hing pro cess, esp ecially in 3D; similarly , w e do not discuss other imp ortan t

displa y issues. F or example, pro viding user friendly and in tuitiv e, but e�cien t utilization of the can v as for

displa y . This is needed while refreshing the displa y b y a rough online resolution of the input system as it is

b eing sk etc hed (b y the FR ONTIER's Simplesolv er discussed in P art I I, Section 7), while displa ying subsystem

solutions on a separate conformation windo w during na vigation (P art I I, Section 4), while displa ying a partially

solv ed system, whic h incorp orates solv ed parts in to the original unsolv ed sk etc h, and while displa ying the �nal

solution. Other input/output and storage issues of the GUI are visible from FR ONTIER screenshots in Sections

3 and in v arious sections of P art I I. These are not discussed here, although their implemen tation p oses some

in teresting problems suc h as the follo wing. An in tuitiv e mec hanism for inputing design decomp ositions; output

displa y of the DR-plan whic h in v olv es a go o d graph dra wing algorithm; mo difying the ob ject, constrain t or

feature rep ertoire; the related issue of storing partial or complete results of a session suc h as a sk etc h along

with partial solution information suc h as the DR-plan and some of the subsytem solutions in a �le (a feature

rep ertory), that can b e op ened at a later session, as part of a new, larger constrain t system; inputing and

mo difying constrain t-to-equation parse tree to b e used b y the ESM; simplifying the mo di�cations to the algebraic

equations for a subsytem that is b eing constructed b y the ESM, sp eci�cally b y the constrain t-to-equation parser

(input); solution space na vigation and bac ktrac king b y clic king v arious subsystems on the DR-plan or buttons

to c ho ose subsystem solutions; up dating the constrain t system or input decomp ositon (input), etc. All of these

issues are ho w ev er strongly in
uenced b y the represen tation of the geometric ob jects and constrain ts whic h w e

discuss here.

The main features of the ob ject and constrain t represen tation are mo dularit y and hierarc h y within the

ob jects and constrain ts. These prop erties are a direct e�ect of the clean and ob ject-orien ted nature of the co de,

whic h simpli�es an y future expansion and hence pro vides extensibilit y . Sim ultaneously , this GUI represen tation

also re
ects the in ternal geometric prop erties of these ob jects in a natural w a y , i.e., the manner in whic h they

are represen ted and analyzed b y the bac k-end mo dules (as subgraphs in the DR-planner, or subsystems in the

ESM). This ensures a common represen tation and the seamless data
o w b et w een the mo dules, not requiring

a wkw ard translations from one represen tation to another.

There are three di�eren t v ersions of Sk etc her, the 2D Sk etc her, the 2D-input 3D-output Sk etc her, and the

3D Sk etc her. W e shall �rst discuss the implemen tation details of the 2D Sk etc her. The 2D-input 3D-output

Sk etc her and the 3D Sk etc her ha v e a similar design, th us main taining consistency in addition to the other

features.
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Figure 22: 2D Shap es or Ob jects

, ,

Figure 23: Hierarc h y within 2D shap es or ob jects

7.1 2D Sk etc her and Can v as

The 2D Sk etc her is written in JA V A using JA V A A WT and Swing pac k ages. The application can b e divided

(implemen tation-wise) in to t w o ma jor comp onen ts the part that handles the displa y with all the asso ciated

comp onen ts and the in terface that comm unicates with the UTU. The 2D Sk etc her has the follo wing primitiv e

geometric ob jects: p oin ts, lines, ra ys, line segmen ts, circles and arcs and the bitmap \image" ob ject, whic h

represen ts an arbitrary rigid ob ject that has already b een solv ed and is p erhaps represen ted in another rep-

resen tation language b y the calling CAD mo dule and could p oten tially just b een con v erted to a bitmap, with

understo o d dimensions. The constrain ts that can b e applied to these ob jects are: distance, incidence, p erp en-

dicularit y , parallel and tangency constrain ts. Eac h of the shap es has a unique ID, and similarly eac h of the

constrain ts ha v e a unique ID.

7.1.1 Represen tation of 2D Ob jects (Shap es) and Constrain ts

All the shap es descend from a baseShap e class. The prop erties that are common to all the shap es lik e: Name:

Name of the shap e, ID: Unique ID of that particular instance, Shap eT yp eID: Unique ID for that class of shap e,

Selected Flag that indicates whether the shap e is selected or not, Color etc., are declared in this class. The Line,

circle and the arc shap es are descenden ts of this class. The normalShap e class is a descenden t of the baseShap e

class. It also includes another prop ert y . The ob jects of this class ha v e x; y co ordinates de�ned b y their p osition

on the screen. These ob jects can b e dragged on the screen using the mouse. The p oin t and the \image" shap es

are b oth descendan ts of this class. The follo wing �gures sho w the ob ject hierarc h y within the shap es and the

v arious attributes of eac h shap e.

Another k ey feature of the design is the p oin tSubShap e class, whic h is a descenden t of the p oin tShap e

class. All the other ob jects lik e the line, circle, arc and the image shap es ha v e sub-shap es that are of t yp e

p oin tSubShap e. F or example the line segmen t has t w o sub-shap es that are its end p oin ts. In case of the line

segmen ts the sub-shap es are of t yp e p oin tLineShap e. The p oin tLineShap e is a descenden t of the p oin tSubShap e,

whic h can b e set to in�nit y . The line and the ra y are considered to b e sp ecial cases of the line segmen t where

b oth or one of the end p oin ts is set to in�nit y , resp ectiv ely . The p ositions of the shap es that are not of t yp e

normalShap e are de�ned b y the p ositions of their sub-shap es that are of t yp e normalShap e.
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Figure 24: 2D Constrain ts
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Figure 25: Constrain t Hierarc h y

This ob ject-orien ted design pro v es to b e v ery adv an tageous for most of the functionalities of Sk etc her (b oth

displa y and comm unication with bac k-end mo dules). Go o d examples are the writeT oStream/readF romStream

metho ds that are used to sa v e to �le and read from one resp ectiv ely . These metho ds in the baseShap e class

write/read the common prop erties and then call the writeAdditionalProps/readAdditionalProps metho d in

the deriv ed classes to write/read additional prop erties of the shap es. In eac h deriv ed class (of shap es) these

metho ds are o v erridden to write/read the sp eci�c prop erties of that particular shap e and then calls the writeAd-

ditionalProps/readAdditionalProps metho ds of the its sub-shap es, if an y . F or example in lineShap e this metho d

writes/reads the length of the line segmen t and then calls the writeAdditionalProps/readAdditionalProps meth-

o ds of its end p oin ts. In the writeAdditionalProps/readAdditionalProps metho ds of the end p oin ts the co ordi-

nates of the p oin ts are written/read. Similarly in case of circle shap e the radius is written/read and then the

writeAdditionalProps/readAdditionalProps metho d of its cen ter is called.

The constrain ts are also implemen ted in a similar manner. All constrain ts descend from a baseConstrain t class.

The metric constrain ts lik e distance and angle ha v e a prop ert y asso ciated with them that de�ne their v alue

while the logical constrain ts lik e tangency , parallelism, and p erp endicularit y do not. Eac h constrain t main tains

an arra y of shap es that are asso ciated with that constrain t.

F or some of the constrain ts just sp ecifying the shap es in v olv ed, is not enough. W e also need to sp ecify whic h

part (sub-shap e) of that shap e is in v olv ed. F or example if w e sp ecify an incidence constrain t b et w een a p oin t

and a line segmen t then w e ha v e to sp ecify whic h end p oin t of the line segmen t is inciden t with the p oin t.

Similar to the hierarc h y in shap es there is normalConstrain t class that descends from the baseConstrain t class.

All the descenden ts of the normalConstrain t class ha v e an additional prop ert y that sp eci�es whic h sub-shap e

of eac h of the t w o shap es are in v olv ed in the constrain t. Displa ying the constrain ts using graphics, b y itself is

an in teresting issue. The represen tation of the constrain t needs to b e in tuitiv e enough for the user to b e able

to in terpret it easily . The simplesolv er mo dule usually resolv es the incidence, tangency constrain ts online for

displa y (See P art I I, Section 7), and these are not represen ted explicitly b y an y graphics. Again the ob ject-
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Figure 26: P artial scenegraph used to displa y 3D scenes in Sk etc her

orien ted design pro v es to b e useful with the constrain ts, for the same reasons discussed earlier. F or example the

metho d dra wConstrain t is called ev ery time the screen is repain ted. And this metho d is o v erridden in all the

constrain ts to displa y the sp eci�c graphics of that constrain t.

7.2 2D-Input-3D-Output Sk etc her and the 3D sk etc her

The �rst v ersion of Sk etc her is capable of handling b oth 2D and 3D constrain t systems. The user can c ho ose

to w ork in either the 2D mo de or the 3D mo de. In the 2D mo de it functions exactly lik e the 2D v ersion. In

the 3D mo de, the user is allo w ed to dra w the 3D sk etc h on a 2D can v as and solv e it in the 3D mo de. Ho w ev er

the subsystem solution c hoices, partially solv ed sk etc h and the �nal sk etc h are displa y ed on the 3D can v as.

The solv er do es not use the input co ordinates of the ob jects to calculate the solution (relativ e orien tations of

the p oin ts placed on the can v as ma y b e used as c hiralit y na vigation constrain ts during solving, but the actual

co ordinate v alues of p oin ts on the can v as are not used). So the Sk etc her simply sends a 0 as the z co ordinate for

all the ob jects. The other mo dules treat the sk etc h as a 3D problem and solv e for all the 3 dimensions. When

the subsystem solution c hoices are displa y ed all the ob jects ha v e 3 meaningful dimensions so they are displa y ed

on a 3D can v as. And the �nal output is also displa y ed on a 3D can v as.

The implemen tation of the 2D parts of this Sk etc her is similar to that of the 2D Sk etc her. The only di�erence

is that ev ery time a 2D shap e or constrain t is created a corresp onding 3D shap e or constrain t is created and

attac hed to the scenegraph, whic h ma y or ma y not b e used in future. This is done to allo w the user to switc h

b et w een the t w o mo des easily at an y p oin t. The implemen tation of the 3D ob jects (Shap es and Constrain ts)

is the same in b oth the 2D-input 3D-output v ersion and the full 3D v ersion. These ob jects are implemen ted

using JA V A3D (hea vy w eigh t) [2]. On the other hand, 2D Sk etc her is written using JA V A A WT and JA V A

Swing (ligh t w eigh t). A hea vyw eigh t comp onen t is one that is asso ciated with its o wn nativ e screen resource

(commonly kno wn as a p eer). A ligh t w eigh t comp onen t is one that "b orro ws" the screen resource of an ancestor

(whic h means it has no nativ e resource of its o wn { so it's "ligh ter"). In particular, this means that a can v as3D

will dra w on top of Swing ob jects no matter what order Swing thinks it should dra w in. As a result, JA V A3D

and JA V A Swing are not fully compatible with eac h other [44 ]. T o w alk around this, �xes in tro duced b y the

Swing team ha v e to b e follo w ed.

W e use a Ja v a3D scene graph for rendering, sk etc hing and editing purp oses. The scene graph is a graph structure

that con tains Ja v a3D no des. Eac h no de connection represen ts a paren t-c hild relationship.

The 3D Sk etc her is a second v ersion of Sk etc her that allo ws the user to in teractiv ely sk etc h in 3D space. There

are man y issues that need to b e addressed in case of a 3D GUI [52] in order to pro vide the user the in tuitiv e feel

of sk etc hing, mo ving and manipulating ob jects in a 3D scene, including camera, visibilit y , shading and texture

issues.

Ho w ev er, w e restrict our discussion primarily to the ob ject and constrain t represen tations. The 3D Sk etc her

uses the same ob ject hierarc h y as the 2D Sk etc her and the 2D-input 3D-output Sk etc her, but the 3D Sk etc her

has some more 3D Shap es.
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Figure 27: 3D Shap es or Ob jects con taining the p oin t subshap e as handle

A scene graph is constructed in suc h a w a y that state information cannot b e shared among sub-graphs.

This enables Ja v a3D to render scenes concurren tly . The viewBranc h no de go v erns the camera p osition. The

axisGroup no de con tains the no des corresp onding to X ; Y and Z axes and the X - Z plane that are displa y ed at

all times in the 3D scene to help the user visualize the 3D space. The scene no de has a mouseRotate no de that

allo ws the user to rotate the whole scene. Along with the scene the axes and the plane are also rotated using an

other no de (not sho wn in the �gure). The pic k er no de under the scene no de allo ws the user to pic k an y of the

ob jects that are presen t in the scene. The ligh t no de is resp onsible for the ligh ting in the scene. The ro otGroup

no de con tains the all the no des corresp onding to the di�eren t shap es and constrain ts in the scene.

7.2.1 Represen tation of 3D Ob jects and Constrain ts

The p oin t is represen ted b y a small sphere in 3D space. The basic hierarc h y among the shap es is main tained

exactly as it is in 2D Sk etc her. The p oin t is the basic shap e and all the other shap es ha v e sub-shap es that are

p oin ts and act as handle to manipulate the p osition or the dimensions of the ob ject. The line segmen t has t w o

sub-shap es that are its end p oin ts. The line segmen t consists of a thin cylinder connecting the t w o end p oin ts.

The orien tation and the length are calculated using the p ositions of the t w o endp oin ts of the line segmen ts.

The length is c hanged b y appropriately scaling the cylinder along its axis. Then the mouse directed rotation is

applied to the scaled cylinder to p osition it accurately .

In addition to the p oin ts and the line segmen ts in the 2D-input 3D-output Sk etc her there are some more

shap es in the 3D Sk etc her. See Figure 3.

The plane shap e is a quadrilateral ha ving three handles, eac h p ositioned at one of the four corners of the

rectangle. The plane of the ob ject can b e c hanged b y dragging the handles. The handle can also b e used to

extrude and or rotate the plane shap e as required. The sphere ob ject has only one handle, whic h is used to

c hange the radius of the sphere. The p osition can b e c hanged b y dragging the sphere itself. The cylinder ob ject

is similar to a line segmen t except that it has one more handle that is used to c hange the radius of the cylinder.

This handle is placed at on the circumference of the cylinder. The handles along the axis of the cylinder can

b e used to rotate the cylinder or c hange the heigh t of the cylinder. The cone ob ject is similar to the cylinder

ob ject ha ving three handles.

Curren tly , the 2D-input 3D-output Sk etc her has only three constrain ts the distance constrain t, angle constrain t

and torsion angle constrain t. F or 3D examples, it allo ws an angle constrain t to b e sp eci�ed b et w een three

p oin ts/sub-shap es. The three shap es in v olv ed in an angle constrain t can b e sub-shap es of line segmen ts or a

p oin t ob jects. It considers the p oin t that w as pic k ed second among the three p oin ts to b e the v ertex of the angle.

The torsion angle is b et w een 2 line segmen ts that ma y not share a p oin t. Tw o sp eci�ed p oin ts are iden ti�ed,

forcing the line segmen ts in to a common plane, and the constrain t then sp eci�es the angle b et w een them.

8 Conclusion of P art I

W e in tro duced and motiv ated FR ONTIER using 5 requiremen ts that are essen tial for 2D and 3D v ariational

constrain t solv ers in CAD applications; compared FR ONTIER's approac h and p erformance with other constrain t

solv ers on eac h of these requiremen ts; pro vided basic bac kground on geometric constrain t solving; precisely

describ ed the input-output capabilities of FR ONTIER; and pro vided bac kground results on the F ron tier V ertex

DR-planner on whic h FR ONTIER is based. This set the preliminaries for listing the new con tributions of this

2 part man uscript as a list of 8 tec hnical problems. FR ONTIER's arc hitecture and implemen tation address 2 of

these problems (Problems 1 and 2 of Section 5) and ha v e b een discussed here. The remainder of the problems,

requiring algorithmic solutions, will b e discussed in P art I I.
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