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Abstract

The ric hness and expressiv e p o w er of geometric constrain ts causes unin tended am biguities and inconsis-

tencies during their solution or realization. F or example, geometric constrain t problems ma y b e turn out to

b e o v erconstrained requiring the user to delete one or more of the de�ned constrain ts, and the solutions m ust

then b e dynamically up dated. Without prop er guidance b y the constrain t solv er, the user m ust ha v e pro-

found insigh t in to the mathematical nature of constrain t systems and understand the in ternals of the solv er

algorithm. But a general user is most lik ely unfamiliar with those problems, so that the required in teraction

with the constrain t solv er ma y w ell b e b ey ond the user's abilit y . In this pap er, w e presen t strategies and

tec hniques to emp o w er the user to deal e�ectiv ely with the o v erconstrain t problem while not requiring him

or her to b ecome an exp ert in the mathematics of constrain t solving.

W e form ulate this problem as a series of formal requiremen ts that gel with other essen tials of constrain t

solv ers. W e then giv e algorithmic solutions that are b oth general and e�cien t (running time t ypically linear

in the n um b er of relev an t constrain ts).

Keyw ords: Geometric constrain t solving, o v erconstrained problem, redundan t constrain ts, con
icting con-

strain ts, inconsisten t sp eci�cations.

1 In tro duction

Pro duct design for man ufacture is a activit y driv en b y descriptiv e information. Increasingly , design includes

the explicit inclusion of design constrain ts in to the sp eci�cations, esp ecially geometric or geometry-related

constrain ts that imp ose conditions on the shap e of the pro duct. That is, the designer states sp eci�c constrain ts

without telling the system in detail ho w to satisfy them. One goal is to mak e it con v enien t for sp ecifying design

in ten t rather than pro cedure. A second goal is to pro vide the designer with a succinct, minimal represen tation

of the pro duct whic h they can sp ecify and edit in tuitiv ely . It is then the task of the underlying constrain t solv er

to deriv e a plan b y whic h to realize and up date the constrain t represenation. i.e, to solv e the constrain t system

and up date the solution in resp onse to c hanges made to the system.

Geometric constrain t systems arise in man y applications b esides CAD, including tec hnical dra wing and

teac hing geometry [35 , 20 , 34 , 26 , 18 , 32 , 1 , 3, 15 , 16 , 9, 10 , 11 , 12 , 13 , 17 , 8, 14 , 6, 7 , 23 , 24 , 2 , 25 ]. Sev eral

successful metho ds ha v e b een presen ted for planning and executing a strategy for solving constrain t systems.

This is particularly true for solving geometric constrain t systems in the plane, although some of the new er

approac hes including [10 , 11 , 12 , 13 , 2, 25 ], including generalize at v arying degrees to 3d constrain t systems as

w ell.

Informally , a ge ometric c onstr aint system consists of a �nite set of geometric ob jects and a �nite set of

constrain ts b et w een them. The geometric ob jects are dra wn from a �xed set of t yp es suc h as p oin ts, lines,

circles and conics in the plane, or p oin ts, lines, planes, cylinders and spheres in 3 dimensions. The constrain ts

include logical constrain ts suc h as incidence, tangency , p erp endicularit y , etc., and metric constrain ts suc h as

distance, angle, radius etc. The constrain ts can usually b e written as algebraic equations whose v ariables are

the co ordinates of the participating geometric ob jects.
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The solution of a geometric constrain t system is a real zero of the corresp onding algebraic system. In other

w ords, the solution is a class of v alid instan tiations of the geometric elemen ts suc h that all constrain ts are

satis�ed. Here, it is understo o d that suc h a solution is in a particular geometry , for example the Euclidean

plane, the sphere, or Euclidean 3 dimensional space. F or recen t reviews of the extensiv e literature on geometric

constrain t solving see, e.g, [12, 19 ].

Geometric constrain t solv ers are constructed to meet 3 comp eting c hallenges.

1. Generalit y of expression;

2. E�ciency of realization; and

3. Resolution of am biguities or inconsistencies, and up dating (dynamic main tanence).

F or instance, the latter problem stands in a tradeo� relationship with the �rst. It w orsens with the increase

in expressiv e p o w er or generalit y of constrain t systems whic h ma y cause them to ha v e m ultiple solutions or

realizations, con
icting requiremen ts, redundancies, etc. while the constrain t solv er is not able to reconcile

con
icts and eliminate in a clev er w a y . Th us, the designer is ask ed to in terv ene man ually , altering some con-

strain ts and dropping others altogether. A giv en constrain t problem ma y b e over c onstr aine d , wel l-c onstr aine d , or

under c onstr aine d (formally de�ned later). Only w ell-constrained problems are actually solv ed: under and o v er-

constrained problems ha v e to someho w b e detected and turned in to w ellconstrained problems, with in terv en tion

b y the designer.

When suc h in terv en tion is required, the constrain t solv er should o�er guidance b y presen ting viable c hoices.

These c hoicenitemize

- should not require mathematical pro�ciency on the user's part;

- they should neither b e limited arbitrarily , nor should they include c hoices that are irrelev an t to the core

problem;

- and they should b e unique in a w ell-de�ned sense so that the user can exp ect rep eatabilit y of the set of

c hoices.

E�cien t Realization needs DR Plans

A go o d decomp osition of the geometric constrain t system is indisp ensable in dealing with all three of the c hal-

lenges listed ab o v e. Consider the �rst: i.e, guaran teeing e�ciency of realizing the constrain t system, while

main taining full generalit y of expression. The cost of solving a geometric constrain t system is directly pro-

p ortional to the size of the largest subsystem that is solv ed using a direct algebraic/n umeric solv er. This size

dictates the practical utilit y of the o v erall constrain t solv er, since the time complexit y of the constrain t solv er

is at least exp onen tial in the size of the largest suc h subsystem. Hence the optimal or most e�cien t decomp o-

sition w ould minimize the size of the largest suc h subsystem. In other w ords, an y geometric constrain t solv er

should �rst solv e the problem of e�cien tly �nding a close-to-optimal de c omp osition-r e c ombination (DR) plan ,

b ecause that dictates the viabilit y of the constrain t solv er. Finding a DR-plan can b e done as a pre-pro cessing

step b y the constrain t solv er: a robust DR-plan w ould remain unc hanged ev en as minor c hanges to n umerical

parameters or other suc h on-line p erturbations to the constrain t system are made during the design pro cess.

While DR-plans w ere informally used b y man y constrain t solv ers, the formal de�nition of a DR-plan (giv en

in Section 2.1) as w ell as the v arious p erformance measures - based on the ab o v e t w o c hallenges as w ell as others

- w ere �rst giv en in [12 ]. A new DR-planner called the F ron tier v ertex algorithm (F A) w as designed in [13 ] to

optimize these p erformance measures. The F A DR-planner underlies FR ONTIER [27 , 28 , 29 , 22 ] (a v ailable as

GNU soft w are) [30 ], whic h is to our kno wledge the only constrain t solv er that systematically deals with fully

general, 3d constrain t systems.

Informally , a geometric constrain t solv er whic h solv es a large constrain t system E uses a a DR-planner to

guide a direct algebraic/n umeric solv er - whic h is restricted to solving small subsystems - as follo ws. It pro ceeds

b y rep eatedly applying the follo wing three steps at eac h iteration i .

1. Find a small solv able subsystem S

i

of the (curren t) en tire system E

i

(at the �rst iteration, this is simply

the giv en constrain t system E , i.e, E

1

= E ). This step is indicated b y a rectangle in Figure 1. Subsystem

S

i

could b e also c hosen b y the designer.
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Figure 1: Solving a w ell-constrained system b y decomp osition and recom bination

2. Solv e S

i

using the direct algebraic/n umeric solv er.

3. Using the output of the solv er, and p erhaps using the designer's help to eliminate some solutions, replace

S

i

b y an abstr action or simpli�c ation T

i

( S

i

) thereb y replacing the en tire system E

i

b y a simpli�cation

T

i

( E

i

) = E

i +1

. This step is indicated b y an o v al in Figure 1. Some informal requiremen ts on the simpli�ers

T

i

are the follo wing: w e w ould lik e E

i

to b e (real algebraically) inferable from E

i +1

; i.e, w e w ould lik e an y

real solution of E

i +1

to b e a solution of E

i

as w ell.

This solv er terminates when the small, solv able subsystem S

i

found in Step 1 is (a represen tation of ) the

en tire algebraic system E

i

. An optimal DR-plan will minimize the size of the largest S

i

. A DR-plan can b e

view ed as a directed acyclic graph where eac h no de represen ts a solv able subsystem S

i

(or T

i

( S

i

), also called

a cluster ) and its c hildren represen t the di�eren t subsystems (found earlier) that w ere com bined to form S

i

. If

the whole system is underconstrained, the solv er should still isolate and solv e its maximal solv able subsystems.

Inconsistency , Am biguit y and Dynamic Main tanence using DR-plans

A go o d DR-plan is not only crucial for e�cien tly realizing constrain t systems, in addition, a DR-plan helps the

designer conceptually since it can b e view ed as a feature hierarc h y that decomp oses the pro duct b eing designed.

In fact, DR-planners suc h as F A men tioned earlier [13 ], will tak e a conceptual feature hierarc h y (input b y the

designer) and ensure that the output DR-plan incorp orates it (is a prop er re�nemen t of it).

Therefore, since a DR-plan is generally a v ailable, it can and should b e e�cien tly put to use for the second

c hallenge listed ab o v e, i.e, dealing with am biguities and inconsistencies through user in terv en tion. The follo wing

sp eci�c problems arise in this con text:

\ho w to deal with m ultiple solutions;" \ho w to isolate the generically under and o v erconstrained parts; and ho w

to o�er the user an incremen tal list of constrain ts to add and remo v e; the user should b e p ermitted to sp ecify

whic h p ortions of the system these constrain ts should come from, and they should cause the least amoun t of

additional w ork in up dating the solution and the DR-plan"

These problems ha v e b een approac hed in the literature with v arious degrees of success. Man y of these metho ds

mak e e�ectiv e use of an existing DR-plan [3 , 4 , 25 , 1 , 27 , 30 , 28 , 29 , 22 ], [1, 25 ], [27 , 28 , 29 ], [30].

Systematic metho ds also exist [30 , 22 , 28 , 29 ] for dynamically main taining or up dating the DR-plan minimally

(and hence for reducing the amoun t of rep eat solving), when a c hange is made to the constrain t system.

Some kinds of up dates are w ell understo o d for general, 3d constrain t systems [30 , 22 , 28 , 29 ], for example

when the c hange in v olv es a parameter v alue, added constrain t, added ob ject, c hanged feature hierarc h y etc.

Ho w ev er, it has so far not b een w ell understo o d for the case of constrain t remo v al, or deletion, whic h arises

when o v erconstrained problems are to b e corrected.

Main Con tribution

Curren t solv ers encourage users to delete redundan t or con tradictory constrain ts, since there are no attractiv e

heuristics to do so automatically . Curren t solv ers 
ag constrain ts found to b e redundan t or con tradictory when

they are �rst detected within a cluster b eing solv ed. Ho w ev er, whic h these constrain ts are, i.e, the cluster at

whic h the o v erconstrain t is �rst detected, dep ends on the particular DR-plan, and some of the b est DR-planners
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are e�ectiv ely nondeterministic. Hence suc h adho c iden ti�cation of constrain ts to delete is essen tially random,

non-rep eatable and is unacceptable in practice.

In this pap er, w e in v estigate generically o v erconstrained problems. W e �rst de�ne precisely what is mean t b y

a generically o v erconstrained problem, and ho w to de�ne conceptually the en tire minimal subset of constrain ts

that are in con
ict. W e sho w that this subset is unique and w ell-de�ned, and o�er a simple solution to

the problem of isolating this subset, whic h w orks for fully general geometric constrain t systems in arbitrary

dimensions. W e then p oin t out the dra wbac ks of this solution: its relativ e ine�ciency , since it ignores the

DR-plan whose a v ailablilit y can b e assumed, and its in
exibilit y . W e then giv e an algorithmic solution that

is e�cien t - generally linear time in the n um b er of relev an t, output constrain ts; retains full generalit y and

moreo v er:

� tra v erses the giv en DR-plan top do wn to incremen tally output this unique set of constrain ts in rev erse

solving order { this w ould also minimize the need to resolv e of already solv ed parts of the DR-plan;

� selects constrain ts from desired parts of the constrain t system (represen ting pro duct features) demanded

b y the user;

� isolates information that can b e stored and main tained as part of the DR-plan, making the ab o v e pro cess

ev en more e�cien t; and

� automatically up dates the DR plan with minimal reorganization, once one of the output constrain ts is

c hosen b y the user to b e remo v ed.

Implemen tation

The algorithms dev elop ed here will b e implemen ted and incorp orated in to t w o fairly established geometric

constrain t solv ers that ha v e di�eren t emphases: the Sk etc hW orks and Erep solv ers dev elop ed at Purdue, the

FR ONTIER constrain t solv er [27, 28 , 29 , 22 , 21 ], dev elop ed at Florida (the latter is a v ailable as GNU soft w are

[30 ]).

Organization

The pap er falls naturally in to t w o w ell-de�ned parts.

The �rst part (through Section 2) is dev oted to the necessary bac kground discussion for con v erging to an

adequate formalization of the the problem. In particular, in Section 2, w e dev elop a signi�can t amoun t of

bac kground on geometric constrain t graphs and DR-planners as w ell as crucial sp eci�cs of the F ron tier V ertex

DR-planner whic h relies on a net w ork 
o w based, generalized degree of freedom analysis. W e then giv e an an

initial formalization of the problem, sho w that it is w ellp osed, giv e an initial, net w ork 
o w-based algorithmic

solution, discuss its dra wbac ks, and reform ulate the problem according to the informal requiremen ts listed in

the in tro duction.

The second part of the pap er giv es an an e�cien t algorithmic solution to the �nal problem form ulated in

Section 2. Section 3 giv es an algorithm for a commonly o ccuring class of 2d systems. Section 4 giv es an algorithm

and its correctness and complexit y analysis, for fully general constrain t systems in arbitrary dimensions. This

general algorithm hides an in tricate pro of of correctness, whic h has b een relegated to the App endix. Conclusions

are dra wn in Section 5.

2 Bac kground, Problem Statemen t, and Initial Solution

Giv en a constrain t system, one usually constructs the DR-plan �rst, i.e, execute Steps 1 and 3 describ ed in the

In tro duction, without access to an algebraic solv er, i.e, one generates the en tire DR-plan �rst b efore solving the

subsystems.

T o generate a DR-plan apriori, one w ould ha v e to lo cate a solv able subsystem S

i

, and without actually solving

it, �nd a suitable abstraction or simpli�cation of it that is substituted in to the larger system E

i

to obtain an

o v erall simpler system E

i +1

in Step 3. On the other hand, suc h a DR-plan w ould p ossess the adv an tage of

b eing robust, or generically indep enden t of particular n umerical v alues attac hed to the constrain ts, and of the
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Figure 2: 3d assem bly example with 1 extra degree of freedom, and corresp onding constrain t graph

solution to the S

i

, and usually only dep ends on the degrees of freedom of the relev an t geometric ob jects and

geometric constrain ts.

In order to formally de�ne suc h a DR-plan, w e follo w a common practice and view the constrain t system as the

constrain t h yp ergraph: this abstraction p ermits us to build the DR-planner on the foundation of generalized

degree of freedom analysis whic h is kno wn to w ork w ell in estimating generic solv abilit y of constrain t systems

without actually solving them. (This is explained more precisely after the formal graph-theoretic de�nitions are

in place).

2.1 Constrain t Graphs and Solv abilit y

Recall that geometric constrain t problem consists of a set of geometric elemen ts and a set of constrain ts b et w een

them. A geometric constrain t graph G = ( V ; E ; w ) corresp onding to geometric constrain t problem is a w eigh ted

graph with n v ertices (represen ting geometric ob jects) V and m edges (represen ting constrain ts) E ; w ( v ) is the

w eigh t of v ertex v and w ( e ) is the in teger w eigh t of edge e , corresp onding to the n um b er of degrees of freedom

a v ailable to an ob ject represen ted b y v and n um b er of degrees of freedom (dofs) remo v ed b y a constrain t

represen ted b y e resp ectiv ely . F or example, Figure 2 sho ws a 3d example with its constrain t graph.

Note that in general, the constrain t graph could b e a hyp er gr aph , eac h h yp eredge in v olving an y n um b er of

v ertices. A subgraph A � G that satis�es

X

e 2 A

w ( e ) + D �

X

v 2 A

w ( v ) (1)

is called dense , where D is a dimension-dep enden t constan t, to b e describ ed b elo w. F unction d ( A ) =

P

e 2 A

w ( e ) �

P

v 2 A

w ( v ) is called density of a graph A .

The constan t D is t ypically

�

d +1

2

�

where d is the dimension. The constan t D (whose negation is the densit y)

captures the dof or degrees of freedom asso ciated with the dense graph. F or planar con texts and Euclidean

geometry , w e exp ect D = 3 and for spatial con texts D = 6, in general. If w e exp ect the cluster to b e �xed with

resp ect to a global co ordinate system, then D = 0.

Next w e giv e some purely com binatorial prop erties of constrain t graphs based on densit y . These will b e later

sho wn to b e related to prop erties of the corresp onding constrain t systems.

A dense graph with densit y strictly greater than � D is called over c onstr aine d . It should b e noted that

certain trivial o v erconstrained graphs are common and require sp ecial treatmen t. These are: a single p oin t

in 2d or 3d (graphs with a singleton v ertex of w eigh t 2 or 3); and a pair of p oin ts and a distance constrain t

b et w een them in 3d (graphs with 2 v ertices of w eigh t 3 and an edge of w eigh t 1 b et w een them). The sp ecial

treatmen t is required b ecause while these graphs are tec hnically o v erconstrained (they ha v e a smaller n um b er

of degrees of freedom than a rigid ob ject), infact, this is b ecause of their rotational symmetry . In other w ords,

their \o v erconstrain t" is an external o v erconstrain t, a�ecting the ob jects that in teract with them, rather than

what is usually understo o d to b e an o v erconstrain t, i.e, b et w een the ob jects in ternal to the subgraph.
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Here w e assume that the only rotationally symmetric systems w e encoun ter corresp ond to the 2 trivial sub-

graphs listed ab o v e. See [28 , 29 ] for the implications of rotationally symmetric systems and their corresp onding

subgraphs, and ho w they should b e treated.

A graph that is dense and all of whose subgraphs (including itself ) ha v e densit y at most � D is called wel l-

c onstr aine d. A graph G is called wel l-over c onstr aine d if it satis�es the follo wing: G is dense, G has atleast one

o v erconstrained subgraph, and has the prop ert y that on replacing all o v erconstrained subgraphs b y w ellcon-

strained subgraphs, G remains dense. A dense graph is minimal if it has no dense prop er subgraph. Note that

all minimal dense subgraphs are w ell-constrained or w ell-o v erconstrained, but the con v erse is not the case. A

graph that is not w ell-constrained or w ell-o v erconstrained is said to b e under c onstr aine d . Another equiv alen t

de�nition of an underconstrained graph is one that con tains a minimal cutset of (h yp er)edges (a minimal set

of edges whose remo v al disconnects the graph), of total w eigh t less than D . Ho w ev er in the case where 1 (or

k , k > 2 relev an t only for h yp ergraphs) of the disconnected subgraphs resulting from the minimal cut ha v e one

rotational symmetry (or an external o v erconstrain t, e.g, if it is a trivial dense graph), then the minimal cut

needs to b e of w eigh t less than D � 1( k ) to cause the graph to b e underconstrained.

F act 2.1 If a dense gr aph is not minimal, it c ould in fact b e an under c onstr aine d gr aph: the density of the

gr aph c ould b e the r esult of emb e dding a sub gr aph of density gr e ater than � D . In fact, a dense, nontrivial,

under c onstr aine d gr aph m ust c ontain an over c onstr aine d, nontrivial pr op er sub gr aph. Vic eversa, if a gr aph G of

density � D c ontaine d a nontrivial sub gr aph of density � D + 1 , then G must b e under c onstr aine d.

In general, minimal dense subgraphs are allo w ed to include trivial dense graphs as prop er subgraphs. Some-

times, a single dense edge of an y kind is considered trivial and also treated as a sp ecial case, but this is more

for reasons of e�ciency . Generally , these do not require suc h sp ecial treatmen t.

While a generically solv able system alw a ys giv es a w ell-constrained graph, the con v erse is not alw a ys the

case. In fact, there are ev en minimal dense graphs whose corresp onding systems are not generically solv able,

and are in fact generically unsolv able (note that the p osition of the `not' c hanges the meaning, the latter b eing

stronger than the former). F or a detailed discussion of genericit y and the limits of purely com binatorial degree

of freedom analysis, see [13 ].

Ho w ev er, due to the reasons discussed in the ab o v e paragraph, w e restrict ourselv es to a class of constrain t

systems where w ell or w ell-o v erconstrainedness of the constrain t graph in fact implies the generic solv abilit y

of the constrain t system. As p oin ted out, the con v erse is alw a ys true, with no assumptions on the constrain t

system.

Stated in terms of constrain t graphs, the DR-planning problem in v olv es �nding a sequence of graphs G

i

- a

DR-plan tra v ersed in a consisten t linear order. The original constrain t graph G = G

1

and ev ery G

i

con tains

a minimal w ell or w ell-o v erconstrained subgraph S

i

, whic h is simpli�ed or abstracted in to a simpler subgraph

T

i

( S

i

) and substituted in to G

i

to giv e an o v erall simpler graph G

i +1

= T

i

( G

i

). While T

i

( S

i

) should b e simpler

than S

i

, it should also preserv e essen tial information from S

i

that is related to its in teraction with the rest of

G

i

. If the original graph G

1

is w ellconstrained, then the pro cess terminates when G

m

= S

m

. (If not, the pro cess

terminates with the decomp osition of G

m

in to a maximal set of w ell or w ell-o v erconstrained subgraphs).

NOTE : The linear ordering of simpli�cation steps G

i

; G

i +1

; : : : etc. is not necessary in the de�nition of DR-

plan, although they are often con v enien t for de�ning DR-planners. The DR-plan of a constrain t graph G is

inheren tly just a partial order, and can b e represen ted as a directed acyclic graph, (whic h is t ypically for most

part a tree or forest). DR-plans are not unique: see Figure 3.

An optimal DR-plan will minimize the size of the largest subgraph S

i

found during the simpli�cation pro cess.

I.e, it will minimize the maxim um fan-in of the v ertices in the DR-plan. By fan-in of a v ertex w e mean the

n um b er of c hildren of the v ertex. With this description, it should b e clear, that DR-plans obtained using

the w eigh ted, constrain t graph mo del are generically robust with resp ect to the c hanges made to the geometric

constrain ts, as long as the n um b er of degrees of freedom attac hed to the ob jects and destro y ed b y the constrain ts

remains the same, the same DR-plan will w ork for the c hanged constrain t system as w ell.

2.2 The F ron tier V ertex Algorithm (F A-DR planner )

Prior to [12 , 13 ], the DR-planning problem and the relev an t p erformance measures for go o d DR-planners w ere

not formally de�ned, and most DR planners w ere based on decomp osing the graph (if p ossible) in to �xed rigid
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Figure 3: Geometric constrain t graph sho wing w ellconstrained subgraphs and 2 DR-plans: all v ertices ha v e

w eigh t 2 and edges w eigh t 1

,

Figure 4: FR ONTIER screenshots. Left: non triangle-decomp osable constrain t graph and DR-plan: all v ertices

ha v e w eigh t 2 and edges w eigh t 1. Righ t: input sk etc h represen ting 3d constrain t system, t w o candidate solutions

and c hosen one

patterns (i.e, recognizing shap es corresp onding to certain sp eci�c minimal dense subgraphs, suc h as triangles of

3 p oin ts and 3 distance constrain ts). This w orks w ell in man y cases, esp ecially in 2d [5],[23 , 24 , 25 ]. This class of

2d constrain t systems is commonly o ccuring and is generally refered to as triangle de c omp osable . Ho w ev er, man y

natural constrain t systems are more complex (esp ecially in 3d) and do not lend themselv es to this approac h.

See, e.g, Figures 4 and 5.

In suc h cases, the graph needs to b e decomp osed in to minimal dense subgraphs of arbitrary top ology , their

only de�ning prop ert y b eing their densit y and minimalit y . Prior to [13 ] approac hes to suc h generalized degree of

freedom analysis had sev eral dra wbac ks with resp ect to the p erformance measures of go o d DR-planners de�ned

in [12 ]. The DR-planner that w as designed sp eci�cally in [13 ] to optimize these measures w as the F ron tier v ertex

Algorithm (F A) whic h w orks for general constrain t h yp ergraphs represen ting geometric constrain t systems in

arbitrary dimensions. Note that while our description here is general, our illustrations, ho w ev er, do not in v olv e

h yp ergraphs, and generally in v olv e only 2d p oin ts and distance constrain ts.

F A is a recursiv e algorithm that is used to build the DR-plan. Eac h no de or cluster C of the DR-plan is built

using 2 steps that are p erfomed alternately and rep eatedly: (1) �nding or isolating the minimal dense subgraphs

(the decomp osition step) and (2) simplifying or transforming it in to the cluster C (the recom bination step).

Both steps are applied to a graph whic h consists of clusters already simpli�ed in the previous iteration.

F or Step 1, small, w ell-constrained subgraphs are isolated b y �nding minimal dense subgraphs. The algorithm

in [10 ] whic h FR ONTIER [27 , 30 ] emplo ys a simple but crucial mo di�cation of Net w ork Flo w, in particular, the
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Figure 5: Main example constrain t graph G1 and DR-plan all v ertices ha v e w eigh t 2 and edges w eigh t 1

incremen tal max 
o w algorithm to �rst isolate a dense subgraph G

0

(with c hosen lo w er b ound on densit y) of

the giv en constrain t graph G . Then a minimal dense subgraph inside it can b e found b y successiv ely dropping

v ertices v and redoing the 
o w inside G

0

. If a new dense subgraph G

00

is found, then v is dropp ed and the

same pro cedure is carried out for G

00

: On the other hand, if no suc h dense subgraph is found, then v m ust

de�nitely b elong to ev ery minimal dense subgraph inside G

0

, hence add it to a set M of suc h v ertices, and

return M whenev er it induces a dense subgraph of G . This en tire pro cedure tak es O ( j V j

2

( j V j + j E j )) (in

practice O ( j V jj E j )) steps, where V and E resp ectiv ely are the sets of v ertices and edges of G

0

, whic h in the

w orst case could b e the original constrain t graph G .

2.2.1 Simplifying found clusters

Once a minimal dense subgraph S

i

is lo cated in G

i

, Step 2 of the recursiv e DR-planning pro cess is to simplify

it, thereb y transforming the constrain t graph G

i

at the previous stage, in to a simpler graph G

i +1

, suc h that

the densities of subgraphs of G

i

are preserv ed in G

i +1

as m uc h as p ossible, so that an optimal DR-plan can b e

found. In tuitiv ely , there are problems with a simplistic approac h suc h as condensing the cluster found in G

i

in to a single v ertex in G

i +1

with the appropriate degree of freedom: The goal is to minimize the information

lost during the simpli�cation. The cluster corresp onding to the minimal dense subgraph in teracts with the rest

of the constrain t graph, using its fr ontier vertic es, . i.e, those v ertices that are connected to the outside of the

cluster. The goal of the F ron tier v ertex algorithm (F A) is to preserv e the fron tier v ertex information, so that

an optimal DR-plan can b e found.

After a non trivial, minimal or extended dense subgraph S

i

of G

i

is disco v ered, the subgraph induced b y its

in ternal v ertices (those v ertices that are not connected b y an edge to the v ertices outside S

i

) is con tracted in

to one v ertex (the core v ertex) c

i

. Ho w ev er, this core v ertex is connected to eac h fron tier v ertex v of S

i

b y

a com bined edge whose w eigh t is the the sum of the w eigh ts of the original edges connecting in ternal v ertices

to v . The fron tier v ertices, edges connecting them, and their w eigh ts remain unc hanged . The w eigh t of the

core v ertex is c hosen so that the densit y of the en tire simpli�ed cluster is exactly equal � D where D is the

geometry-dep enden t constan t. This pro cess of �nding solv able S

i

and simplifying them is rep eated, un til the

solv able S

m

found it the en tire remaining graph G

m

.

See Figure 6 for an illustration of ho w F A constructs v arious clusters in the �nal DR-plan of Figure 5. As

noted b efore, although it is most con v enien t to describ e F A as a linear sequence of simpli�cation steps, in fact,

F A constructs a partially ordered DR-plan.

The formal graph transformation p erformed b y F A is describ ed in [13 , 14 ], using so-called simpli�er maps

whic h p ermit the pro of of v arious formal prop erties of F A, whic h in turn, illustrate F A's sup erior p erformance

with resp ect to formal measures dev elop ed for DR-planners in [12 ]; a sk etc h of the F A implemen tation is also

presen ted there. Man y of the actual algorithms, datastructures and v arious crucial issues suc h as dealing with

trivial, rotationallly symmetric, externally o v erconstrained clusters are w ork ed out in [28 , 29 ], whic h describ e

8
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Figure 7: F rom left. Cluster C

7

of Figure 6. C

7

b efore transformation: T

� 1

C

7

( C

7

) { b old edges are relev an t

edges used for resolving C

7

and b oth b old and mark ed edges are unc hanged edges. Underlying subgraph G

C

7

corresp onding to C

7

(from graph in Figure 5). Third k ey prop ert y of F A - W m ust b e a c hild of C

the en tire FR ONTIER system [30 ]. In the next subsection, w e list some of the k ey prop erties of F A that w e

rep eatedly use in this pap er.

2.2.2 Key prop erties of F A

The correctness of F A follo ws from the �rst prop ert y of F A that eac h in ternal no de in the F A DR-plan repre-

sen ts a w ell-constrained cluster C (i.e, a simpli�ed represen tation of the underlying non trivial w ellconstrained

subgraph G

C

of G ), obtained (in the second step ab o v e) b y applying a simplifying transformation T

C

to a

w ell-constrained subgraph consisting of c hild clusters of C . This subgraph is and is often also denoted T

� 1

C

( C ).

This subgraph is isolated as S

i

in the decomp osition step of some i

th

iteration of F A (recall that F A's iterations

imp ose a linear order consisten t with the partial order of the DR-plan). See Figure 7.

If the original graph G is w ell or w ell-o v erconstrained and non trivial, then the DR-plan is a dag with a single

ro ot or sink. If G is underconstrained, then F A �nds all of its maximal w ell or w ell-o v erconstrained subgraphs:

eac h sink of the DR-plan represen ts suc h a subgraph. The F A DR-plan (as do most DR-plans) ha v e the prop ert y

that if the only c hanges made to G are within a cluster C and and these preserv e the w ell-constrainedness of C

then they will preserv e the w ell-constrainedness of the ancestor clusters of C as w ell.

A second k ey prop ert y of F A is that the F ron tier v ertices and edges of the clusters C are unchange d , i.e,

they are in 1-1 corresp ondence with v ertices and edges of the original graph G . F urthermore the edges in

the subgraph T

� 1

C

( C ), b et w een the c hild clusters C

i

are also unchange d e dges (see Figure 7) that are in 1-1

corresp ondence with edges from the original graph G . These represen t constrain ts that are used in resolving or

9



Figure 8: Screenshots from FR ONTIER: (Left) 2d sk etc h, DR-plan and 1 solution p ossibilit y for a lo w er lev el

cluster subsystem; (Righ t)Ro ot cluster of DR-plan b eing resolv ed after c ho osing solution for a c hild cluster on

left �gure

recom bining C from the the resolv ed clusters C

i

. They are called the r elevant e dges for C . Con v ersely , eac h

edge e in G is relev an t for a unique cluster C in the DR-plan. The cluster C is called the r elevant cluster for

the edge e . Figure 8 is a FR ONTIER screencapture sho wing candidate solution of the ro ot cluster of the F A

DR-plan b eing recom bined or resolv ed from a c hosen solution of c hild clusters.

Sometimes, as in the graph of Figure 3 and Figure 8, the constrain ts b et w een clusters are implicit . i.e, they

are constrain ts implied b y shar e d obje cts or common fron tier v ertices b et w een clusters. These are not explicitly

listed among the relev an t constrain ts for resolving C . In this case, the only relev an t constrain ts at top lev el

cluster are not explicit constrain ts but rather implicit shared ob ject constrain ts.

A third prop ert y (crucial for F A's correctness) concerns the structure of a cluster C b efore it is simpli�ed,

i.e, the structure of T

� 1

C

( C ). First, C satis�es a cluster minimality in the follo wing sense: no prop er subset of

C 's or 2 or more c hild clusters C

i

induce a dense prop er subgraph of G . Second, if G

C

(the original subgraph

underlying C ) is non trivial and con tains a non trivial w ell or w ell-o v erconstrained subgraph W whose in tersection

with an y one of the c hild clusters C

i

of C in T

� 1

C

( C ), is a trivial, o v erconstrained subgraph (e.g, a single p oin t

as shared ob ject{ see Figure 7), then W m ust itself ha v e b een represen ted as a c hild cluster C

i

in T

� 1

C

( C

i

).

F A's design ob jectiv e that led to preserving fron tier v ertex information w as the generation optimal DR-plans,

i.e, those for whic h the maximal fan-in (n um b er of c hild clusters C

i

that com bine in to an y paren t cluster C )

is minimized. This trades o�, ho w ev er, with the n um b er of clusters in the DR-plan. Similarly , main taining

the prop ert y of the previous paragraph additionally has the e�ect of increasing the n um b er of clusters in the

DR-plan. A fourth prop ert y of F A that is crucial to prev en t an exp onen tial m ushro oming of clusters and for

main taining p olynomial complexit y of F A is that t w o clusters C

i

of the DR-plan do not o v erlap on non-trivial

w ell-(o v er)constrained graphs, unless one actually con tains the other. By F A's simpli�cation pro cedure, this

prop ert y holds for their corresp onding subgraphs G

C

i

as w ell. Due to this prop ert y , the total n um b er of clusters

in an F A DR-plan is b ounded b y O ( j V j

d

), where j V j is the n um b er of v ertices of the original graph and d is

linear in the dimension of the original geometric space. The depth of the DR-plan is b ounded b y j V j , although

in practice, the n um b er of clusters is also O ( j V j ). The minimal dense subgraph detection needed to isolate

eac h of these clusters could tak e as man y as O ( j V j

2

( j V j + j E j )) steps where j E j is the n um b er of edges of the

original graph, although, this t ypically tak es only O ( j V jj E j ) steps. In an y case, the total complexit y of the F A

DR-planner in the 2d case is b ounded b y O ( j V j

4

( j V j + j E j )) steps; in practice it t ypically tak es O ( j V j

2

j E j ) steps.

A �fth prop ert y of the F A DR-plan is used crucially here. If G is o v erconstrained, then for an y non trivial

w ell-o v erconstrained subgraph W , w e can read o� from the DR-plan D ( G ) the unique minimal non trivial

10



cluster C , whose corresp onding subgraph G

C

con tains W . Ho w ev er, G

C

could b e signi�can tly larger than

W . The uniqueness follo ws from the 4th prop ert y in the previous paragraph. If there is a unique, minimal,

non trivial, w ell-o v erconstrained graph W , then there is a unique, minimal, non trivial o v erconstrained cluster

C , in the DR-plan D ( G ), whose corresp onding subgraph G

C

con tains W . Here, minimalit y of C means that

no descendan t cluster's subgraph con tains W . This cluster C is denoted S ( D ( G )) and can b e read o� from

D ( G ) as the unique minimal cluster C where T

� 1

C

( C ) is o v erconstrained. Since the c hild clusters C

i

of C are

(b y the F A simpli�cation) alw a ys represen ted as w ellconstrained subgraphs in T

� 1

C

( C ), the o v erconstrainedness

of T

� 1

C

( C ) results en tirely from the shared ob ject constrain ts and the relev an t constrain ts used for resolving C

b y recom bining the C

i

.

A sixth k ey prop ert y is that the F A DR-plan incorp orates (is a prop er re�nemen t of ) an input hierarc h y of

(w ell or w ell-o v erconstrained) features or parts. I.e, the set features app ear as clusters in the output DR-plan).

2.3 An Initial Problem Statemen t and Solution

W e are no w ready to formally de�ne the problem b eing considered in this pap er. The r e ducible e dges in a

geometric constrain t graph G are de�ned as edges that could ha v e their w eigh t reduced b y 1 without making

G underconstrained, if G w as w ell-o v erconstrained b efore. If G w as underconstrained b efore, then these are

exactly the edges that b elong to atleast one of the maximal w ell-o v erconstrained subgraphs of G . and could b e

w eigh t-reduced b y 1 without underconstraining an y of them. By the cut-based de�nition of underconstrained

graphs giv en earlier, the reducible edges do not b elong to an y minimal cut of w eigh t D in G (assuming the

minimal cut separates the graph in to non trivial parts). An o v erconstrained graph is 1-over c onstr aine d , if it (or

eac h of its maximal w ell-o v erconstrained subgraphs) b ecomes w ell-constrained as so on as exactly one of the

edges in its reducible set has its w eigh t reduced b y 1. W e restrict 1-o v erconstrained graphs to b e non trivial.

An y 1-o v erconstrained graph should con tain a 1-w ell-o v erconstrained graph as a subgraph. W e can no w mak e

an initial statemen t of the o v erconstrain t problem discussed in the In tro duction.

Problem : Giv e an e�cien t algorithm that tak es as input a 1-o v erconstrained graph G , and outputs its reducible

set of edges, L ( G ).

A solution to this problem immediately presen ts itself due to the follo wing fact and since w e already kno w a

go o d algorithm for isolating minimal dense subgraphs(satisfying an y c hosen densit y lo w erb ound), from Section

2.2.

F act 2.2 (i) A ny nontrivial 1-over c onstr aine d gr aph G may have many (1-)over c onstr aine d sub gr aphs, but

has a unique minimal, nontrivial, 1-over c onstr aine d sub gr aph U (i.e, no pr op er sub gr aph of U is 1-

over c onstr aine d).

(ii) By the minimality and uniqueness of U , it fol lows that an e dge is in U if and only if every (1-)over c onstr aine d

sub gr aph of G c ontains it.

(iii) F urthermor e it fol lows fr om F act 2.1 that U is in fact 1-wel l-over c onstr aine d.

(iv) Most imp ortantly, U c onsists of exactly the r e ducible e dges of G .

Pr o of: The uniqueness of U is pro v ed as follo ws. Supp ose to the con trary there w ere 2 minimal, non triv-

ial 1-o v erconstrained subgraphs U . Then b y the inclusion-exclusion principle, unless their in tersection is 1-

o v erconstrained, their union has densit y atleast D + 2, i.e, atleast 1 more than that of an y 1-o v erconstrained

graph, whic h con tradicts G 's 1-o v erconstrainedness. On the other hand, if their in tersection is 1-o v erconstrained,

that con tradicts the minimalit y of U

1

and U

2

.

T o sho w that the minimal 1-o v erconstrained graph U is exactly L ( G ), assume not. First assume one of

the edges outside U is reducible. Consider reducing the w eigh t of one of the edges outside U b y 1. After this

reduction, G is still (barely) dense, i.e, has densit y � D , but it has a subgraph U of densit y � D + 1, and hence

b y F act 2.1, the new G m ust b e underconstrained. Next assume that one of the edges in U is not reducible. I.e,

its w eigh t reduction causes the reduced G to b ecome underconstrained. Ho w ev er, its w eigh t reduction causes

U and all other 1-o v erconstrained subgraphs of G to b e no longer 1-o v erconstrained, since they all con tain U .

But the reduced G 's densit y is still � D . This con tradicts F act 2.1, whic h states that there should still b e a

non trivial, 1-o v erconstrained subgraph W remaining in the no w underconstrained G . 2

11



Initial Algorithmic Solution

Due to F act 2.2, w e can immediately obtain an e�cien t O ( j V j

2

( j V j + j E j )) (in practice O ( j V jj E j )) net w ork 
o w

based algorithm for this problem, b y adapting the minimal dense subgraph lo cation algorithm giv en in Section

2.2 (i.e, b y simply increasing the densit y lo w er b ound). This w orks for completely general geometric constrait

h yp ergraphs in arbitrary dimensions. Once this graph is found, simply lo cate a minimal 1-o v erconstrained

subgraph U in it b y thro wing out v ertices one b y one and trying to �nd a subgraph of densit y � D + 1 within

the resulting subgraph, exactly as in the minimal dense algorithm describ ed in Section 2.2. The subgraph U

th us found giv es exactly L ( G ) b y F act 2.2.

2.4 Dra wbac ks and Mo di�ed Problem Statemen t

The problem statemen t and solution giv en ab o v e are unsatisfactory since they do not satisfy the follo wing

requiremen ts discussed informally in the In tro duction. These directly de�ne the mo di�ed problem.

Requiremen t 1 : giv en an existing DR-plan D ( G ), and giv en D ( G ) as input, the algorithm should b e sig-

ni�can tly more e�cien t than the one giv en ab o v e: in particular, the list L ( G ) of reducible edges of G should

b e automatically read o� from the DR-plan, pro vided a small amoun t of additional information is stored and

main tained along with the clusters (no des) of the DR-plan.

Requiremen t 2 : W e w ould lik e the list of reducible edges to b e output incremen tally as sublists, in time

t ypically linear in the n um b er of output edges. This is ac heiv able b y w alking do wn the DR-plan, cluster b y

cluster, starting from the o v erconstrained cluster S ( D ( G )) that is read o� from D ( G ) as explained in Section

2.2.2. The �rst sublist is the set of reducible edges in G (if an y) that are presen t as unc hanged edges of G , in

the cluster S ( D ( G )), i.e, these are the constrain ts that are resolv ed in the pro cess of recom bining the already

solv ed c hild clusters of S ( D ( G )). See Section 2.2.2. The next sublists output are the sets of reducible edges in

G (if an y) that are relev an t to the c hild clusters of S ( D ( G )) and so on. In general if a cluster A in D ( G ) is an

ancestor of a cluster B then the sublist corresp onding to A will b e output earlier than the sublist corresp onding

to B . In other w ords, assuming all clusters in D ( G ) ha v e b een solv ed, the edges or constrain ts in L ( G ) are

output in the rev erse order in whic h they w ould b e solv ed: \latest-solv ed-�rst." F or a sp eci�ed descendan t

cluster C , the sublist of reducible edges are among the relev an t edges of C and these sublists w ould b e output

in a latest-solv ed-�rst order as w e w alk do wn the DR-plan.

Requiremen t 3 : W e w ould lik e the sublist of reducible edges for a particular (cluster or feature) C to b e output

on demand, preferably in a manner that insp ects only the clusters on the path in the DR-plan from S ( D ( G ))

to C (the clusters that con tain C ). This is meaningful for instance in the case of F A DR-plans, b ecause they

incorp orate a designer's conceptual feature hierarc h y { the features app ear as clusters in the DR-plan.

Requiremen t 4 : This concerns dynamic main tanence of the DR-plan. W e w ould lik e the DR-plan to b e easily

and e�cien tly up dated when one of reducible edges is actually reduced. In particular, w e w ould lik e the optimal

reorganization of the DR plan without reorganizing an y of the original clusters that w ere preserv ed after the

reduction.

In the next section, W e concen trate mostly on Requiremen ts 1, 2 and 3. Requiremen t 4 follo ws from our

algorithmic solution with some routine w ork, and w e only discuss it informally .

3 T riangle Decomp osable 2d Constrain t Systems

F or the bulk of 2d constrain t systems, it is su�cien t to use the triangle decomp osition algorithm of [5 ] whose

clusters are formed b y com bining three c hild clusters pairwise sharing one geometric elemen t. When p oin ts and

lines are the geometric v o cabulary , all v ertices ha v e w eigh t 2 and edges ha v e w eigh t 1; hence 1-o v erconstrained

graphs ha v e a n um b er of edges j E j that is linear in the n um b er of v ertices j V j . Elemen tary clusters consist of

t w o v ertices and an edge b et w een them. As sho wn in [5], o v erconstrained problems are detected b y t w o clusters

sharing more than one geometric elemen t, so that the 1-o v erconstrained case implies t w o clusters that share t w o

geometric elemen ts. This includes adding an extra w eigh t-1 constrain t in to the cluster, since suc h a constrain t,

along with t w o inciden t w eigh t-2 v ertices, can b e considered a cluster. W e explain ho w to obtain the the set of

reducible (remo v able) edges.
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Figure 9: Left: Cluster pruning do es not necessarily yield the critical subproblem. Righ t: Clusters H

1

and H

2

can b e dropp ed from consideration.

Let K

1

and K

2

b e the o v erlapping clusters, u

1

and u

2

the shared v ertices b et w een them. Our algorithm

�rst examines the decomp osition tree to �nd cluster merges in K

1

and K

2

in whic h b oth u

1

and u

2

are in

the same cluster, as illustrated in Figure 9 (left). It is clear that if the clusters H

1

and H

2

can b e remo v ed,

and that the resulting, smaller cluster K remains 1-o v erconstrained. Moreo v er, since b oth H

1

and H

2

m ust

b e o v erconstrained, deleting an y constrain t within those clusters cannot c hange the original problem in to a

w ell-constrained one. Th us, iteration of the pruning step obtains a cluster K

0

that m ust con tain the unique,

minimal 1-o v erconstrained subgraph and hence all of the reducible edges b y F act 2.2.

As noted in [12, 13 ], constrain t-graph decomp osition is not deterministic, although it satis�es the Ch urc h-Rosser

prop ert y . Therefore, cluster pruning, in general, do es not necessarily preserv e the set of reducible edges, and an

example is sho wn in Figure 9 (righ t).

What is needed is a tree re-ordering that exhibits the remaining redundancies. The decomp osition metho d

of cutting [36 ] ac hiev es this, as w e explain.

Let G = ( V ; E ) b e a constrain t graph. The cutting step �nds a v ertex v 2 V suc h that the w eigh t w ( v ) is

equal to the sum of the w eigh ts of the inciden t edges. Suc h a v ertex can b e constructed as the last step of the

solution plan, and can therefore b e remo v ed from G without c hanging whether G is structurally o v er-, w ell-,

or underconstrained. Clearly , cluster pruning can b e considered a general form of the cutting step. W e th us

obtain the follo wing algorithm for iden tifying the critical subproblem:

1. Rep eat cluster pruning un til no further clusters can b e remo v ed.

2. Rep eat the cutting step un til no further v ertices or sub clusters can b e remo v ed.

The algorithm, as stated, has quadratic complexit y . This can b e lo w ered to O ( j E j log ( j E j )) = O ( j V j log( j V j ))

using a priorit y queue. Ho w ev er, a di�eren t approac h ac hiev es a linear-time algorithm.

Consider the cluster and mark the t w o shared p oin ts. All other v ertices are unmark ed. Then, consider the

v ertices in the rev erse order in whic h they w ere added to the cluster. W e will accum ulate a set S of constrain t

edges that are relev an t to the 1-o v erconstrained situation. S is initially empt y . P erform the follo wing for eac h

v ertex v encoun tered:

1. If the v ertex v is not mark ed, delete it and delete the constrain ts b y whic h it w as added.

2. If v is mark ed, then

3. If there are other v ertices in the remaining cluster that are mark ed, then include in to S the edges of the

constrain ts b y whic h v w as added and mark the v ertices inciden t to the constrain t edges.

4. Otherwise, if v is the only mark ed v ertex, terminate the pro cess.

It is in tuitiv ely clear that the mark ed edges are precisely the reducible or remo v able constrain ts that con tribute

to the o v erconstrained situation. Using reference coun t, w e can implemen t the test of remaining mark ed v ertices

in constan t time, so that the algorithm o v erall is linear-time.
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Figure 10: Left: A constrain t graph Middle: its decomp osition structure; Righ t: The result of edge reduction

Example. Consider the cluster sho wn in Figure 9(Left). V ertices 1 and 10 rev eal the 1-o v erconstrained situation

when merging the lo w er and the upp er cluster. Assume that the lo w er cluster has b een constructed b y c ho osing

the edge (1 ; 2) as cluster core and sequen tially extending the cluster in the order of v ertex en umeration.

Initially , v ertices 1 and 10 are mark ed, and in the lo w er cluster the v ertices are examined in rev erse n umerical

order. V ertex 11 is examined �rst. Since it is not mark ed, it is deleted along with the edges (7,11) and (9,11).

When examining v ertex 10, w e add the constrain t edges (8,10) and (9,10) to L and mark v ertices 8 and 9.

Examining 9 next, w e add edges (8,9) and (6,9) to L and mark 6. On examining 8, w e add (3,8) and (6,8) and

mark 3. V ertex 7 is unmark ed and is deleted along with edges (4,7) and (6,7). Ev en tually , the pro cess ends

with a set

L = f (8 ; 10) ; (9 ; 10) ; (8 ; 9) ; (6 ; 9) ; (3 ; 8) ; (6 ; 8) ; (3 ; 6) ; (2 ; 6) ; (1 ; 2) ; (1 ; 3 ) g

Note that the v ertices 11 ; 7 ; 4 ; 5 are unmark ed. 2

The algorithm is straigh tforw ardly extended to cluster pruning. Here, w e ha v e to main tain a mark reference

coun ter for the clusters themselv es, in addition to the in tra-cluster reduction explained b efore. Therefore, the

critical constrain t set can b e found in linear time.

Note: An additional di�cult y arises from the fact that triangle decomp osition cannot decomp ose all 2d w ell-

constrained problems. In the case of solv ers based on triangle decomp osition, therefore, w e iden tify additionally

the subset of constrain ts whose remo v al retains triangle decomp osabilit y . This can b e done b y deleting eac h

constrain t in turn and testing decomp osabilit y . Since 1-o v erconstrained problems are iden ti�able early , and in

view of our exp erience that the critical subproblems of suc h o v erconstrained problems are usually not v ery large,

this approac h is e�cien t.

Up dating triangle-based DR-plans: constrain t remo v al

Remo ving a constrain t corresp onds to remo ving an edge from the constrain t graph. T o minimize the c hanges

of the decomp osition, w e only mo dify or destro y clusters that are based on this edge; that is, clusters whose

induced subgraph includes the edge. Figure 10 (left) is a constrain t graph G and Figure 10 (middle) illustrates

the decomp osition structure of the G . F or example, if the edge (2 ; 4) is remo v ed, the cluster C is destro y ed

and the cluster C

1

is mo di�ed, but other clusters remain unc hanged. Figure 10 (righ t) sho ws the result of the

remo ving op eration.

4 The Algorithm for general DR plans

W e no w describ e the algorithm O verlist , whic h tak es as input a general geometric constrain t h yp ergraph G

that represen ts a geometric constrain t system in 3d or arbitrary dimension, and is kno wn to b e 1-o v erconstrained.

Therefore as in the previous section, j E j = O ( j V j ). The algorithm uses F A to generate a DR plan D ( G ) and and

outputs the complete list L ( G ) of reducible edges in G incremen tally with and 
exibly with resp ect to D ( G ),

in suc h a w a y as to satisfy all of the requiremen ts of the mo di�ed problem of Section 2.4. First w e presen t

the core algorithms. Adaptations of the algorithm are brie
y sk etc hed in Section 4.1, follo w ed b y illustrativ e

examples in Section 4.2. The algorithms are relativ ely simple, but their simplicit y hides an in tricate structure
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Theorem 4.2 whic h establishes the algorithms correctness. Its pro of is ho w ev er relegated to the App endix. The

complexit y analysis follo ws after a discussion of the imp ortance of F A's k ey prop erties.

Algorithm O verlist uses a DR-plan D ( G ) and the unique smallest (but non trivial) 1-w ell-o v erconstrained

subgraph corresp onding to a cluster S ( D ( G )) { i.e, that is actually presen t in D ( G ): b oth of these are output b y

the F A DR-planner describ ed in Section 2.2 and Section 2.2.2 . As p oin ted out in Section 2.2.2, this subgraph

corresp onding to S ( D ( G )) ma y b e quite a bit larger than the unique minimal 1-w ell-o v erconstrained subgraph

of G whic h, in general, ma y not app ear as a cluster in D ( G ). The tuple ( G; D ( G ) ; S ( D ( G ))) form the input

to the algorithm Plano v er whic h is the main tec hnical con tribution here. Algorithm Plano v er further calls 2

recursiv e subroutines Unra vel and Unra vel

�

that incremen tally output the list L ( G ), while tra v ersing the

sub-DR-plan of D ( G ) ro oted at the cluster-no de S ( D ( G ). See Figure 11 for the o v erall con trol 
o w of these

algorithms.

Algorithm O verlist ( G )

Step 1 : Run the F A DR-planner to get the DR-plan D ( G ) and the cluster S ( D ( G ) represen ting the unique

smallest 1-w ell-o v erconstrained subgraph of G that app ears as a cluster in D ( G ). Since G is kno wn to b e

1-o v erconstrained, w e kno w that this subgraph is non trivial.

Step 2 : Plano ver ( G; D ( G ) ; S ( D ( G ))

Algorithm Plano ver ( G; D ( G ) ; S ( D ( G ))

L ( G ) := ; ; C := S ( D ( G ))

Unra vel

�

( C ; ; ); Output L ( G )

Algorithm Unra vel

�

( C ; P )

L

C

:= set of unc hanged edges (from G ) in T

� 1

C

( C ) b et w een the c hild clusters C

i

of C ;

L ( G ) = L ( G ) [ L

C

; Output L

C

P

C

:= set of c ontact p oints , i.e, those v ertices of the c hild clusters C

i

in T

� 1

C

( C ) that are (a) either presen t

in more than one C

i

(these represen t \shared-ob ject" or \incidence" constrain ts); or (b) participan ts in some

edge(constrain t) in L

C

.

P

�

C

= P

C

[ P

F or eac h c hild cluster C

i

of C in D ( G ),

Unra vel ( C

i

; P

�

C

\ C

i

)

Algorithm Unra vel ( C ; P )

If C represen ts a singleton v ertex of G , then return NULL

Else,

If all the p oin ts in P lie inside a single c hild cluster C

i

of C in T

� 1

C

( C ) then

Unra vel ( C

i

; P ) (if there is more than 1 suc h c hild cluster C

i

, pic k an y one )

Else Unra vel

�

( C ; P )

Notes on the pseudo co de:

{ Algorithm O verlist is nev er called on clusters C corresp onding to trivial w ell-o v erconstrained subgraphs of

G , since S ( D ( G )) corresp onds to a non trivial subgraph, b y results in Sections 2.2, 2.3, and 2.4

{ In Algorithm Plano ver, the complete list of edges L ( G ) is output at the end, ho w ev er, the list is also

incremen tally output when sublists are encoun tered at clusters of D ( G ) during Unra vel

�

{ see b elo w

{ Unra vel

�

, is nev er called on clusters C corresp onding to singleton v ertices of G ; Moreo v er, the con tact p oin ts

in P

C

are necessarily F ron tier v ertices of the C

i

's and are hence unc hanged v ertices from G . Hence b oth L

C

and P

C

are w ell-de�ned.

{ In the description of Unra vel

�

, the C

i

are obtained from D ( G ) { see Section 2.2; Also, L

C

could b e empt y

if C resulted from only implicit or \shared-ob ject" constrain ts b et w een its c hild clusters.

{ In the description of Unra vel

�

, L

C

is output at this stage as the incremen tal sublist of L ( G ) obtained from

C . By Section 2.2.2 the edges in L ( C ) represen t the relev an t explicit constrain ts used to recom bine or solv e C

from the already solv ed c hild clusters C

i

. Th us it immediately follo ws that the Requiremen t 2 of the problem

statemen t in Section 2.4 is met b y this algorithm
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FA

PLANOVER

UNRAVEL(*)

L(G)

(G = Overconstrained graph)

S(D(G))
D(G) = DRPLAN

OVERLIST

(G, D(G), S(D(G)))

Case of G2 & G3:
    * D(G2) & D(G3) are identical to D(G1) 
    * S(D(G2)) & S(D(G3)) are also identical to S(D(G1))
    * L(G2) & L(G3) .i.e. output of PLANOVER changes since G2 & G3 are different from G1

Case of G4 & G5:

    * S(D(G4)) & S(D(G5)) are unchanged
    * D(G4) & D(G5) both change from D(G1)

    * Change in L(G4) & L(G5) .i.e. output of PLANOVER crucially depends on change in D(G4) & D(G5)

Case of G6:
    * S(D(G6)) changes from S(D(G1))
    * Change in L(G6) .i.e. output of PLANOVER crucially depends on this change

Cases G4,G5,G6 when compared to case G1 illustrate that correctness of OVERLIST depends not only on 
PLANOVER but also on the properties of FA's output (.i.e. entire input to OVERLIST).

Figure 11: Ov erall con trol 
o w of algorithms; T ext: di�erences in the example v arian ts G 1, G 2, G 3, G 4 of

Figure 12, and Figures 13, 14, 15, 16

.
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{ In the description of Unra vel

�

, P

�

C

\ C

i

represen ts those con tact p oin ts in C

i

that are inherited from C :

{ In the description of Unra vel , the call Unra vel ( C

i

; P ) is w ell de�ned for the follo wing reason: the p oin ts

in P are alw a ys v ertices from G that are unc hanged in C , they are not only F ron tier v ertices in C but also

w ell-de�ned as F ron tier v ertices of C 's c hildren C

i

in T

� 1

C

( C )

4.1 Immediate Adaptations of the Algorithm

A k ey prop ert y of the ab o v e algorithm is that it adapts easily and e�ciently to answ ering the follo wing t yp es of

user queries (Requiremen t 3 of the problem statemen t in 2.4): \Is this edge e reducible?" or \Giv en a particular

cluster C of the giv en DR-plan D ( G ) { giv e me the list L

C

of reducible edges relev an t to C (if it exists)"

Observ ation 4.1 The A lgorithm Unra vel is c al le d only on a subtr e e of of D ( G ) , in fact, it is a subtr e e of

the subplan of D ( G ) that is r o ote d at S ( D ( G )) . The sublist L

C

is forme d only on those vertic es of this subtr e e

wher e Unra vel

�

is c al le d.

This observ ation is illustrated in Section 4.2 and can b e used as follo ws. F or the �rst t yp e of query ab o v e,

�rst lo cate the unique relev an t cluster C for e . No w, for b oth t yp es of queries, the algorithm immediately adapts

to giv e an e�cien t solution that requires only lo oking at the path of clusters from S ( D ( G )) to C in the DR-plan

D ( G ) (called the unr avel ling p ath ): c hec k whether Unra vel gets called on all of these clusters starting from the

top of the path and b y follo wing the con tact p oin ts. The rest of the graph can b e completely ignored. Finally

c hec k whether Unra vel

�

gets called at C . If y es, then the relev an t edges are C are reducible edges that w ould

b e output as L

C

b y Algorithm Plano ver ab o v e.

More signi�can tly , these algorithms are easily implemen ted on top of the DR-planners of existing constrain t

solv ers. This is b ecause the en tire information 
o w in the ab o v e algorithms in v olv es simple pieces of information

that can b e stored and and up dated routinely as part of the DR-plan: relev an t cluster in the DR-plan for a

giv en edge, relev an t edges for a giv en cluster, the con tact p oin ts that they de�ne, and the inheritance of these

con tact p oin ts.

4.2 Illustrativ e Examples

W e use the realistic 2d constrain t system of Figure 5 to illustrate the w orking of Algorithm O verlist in Figure

12. Figures 13, 14, 15 and 16 all further illustrate the k ey p oin ts of the algorithm using v arian ts of the �rst

example. These examples exhibit the complexit y of geometric constrain t systems that o ccur in practice and

whic h require the general decomp osition capabilities of our F A DR-planner, and of the algorithms giv en in this

section. As men tioned b efore, the algorithms giv en in this section are completely general and w ork for constrain t

h yp ergraphs obtained from 3d constrain t systems.

In the case of the graph G 2 Figure 13(left) (formed from G 1 b y c hanging the edge h ), the DR-plan D ( G 2) =

D ( G 1) and also the cluster S ( D ( G 2)) = S ( D ( G 1)). Ho w ev er, due to the c hange of h , Unra vel ( C 21) directly

calls Unra vel ( C 20); unlik e in the case of G 1 Unra vel is not called for C 14 and C 17. The new L ( G 2) turns

out to b e all edges in subgraphs corrsp onding to C 4 and C 20.

In the case of the graph G 3 Figure 13(righ t) (formed from G 1 b y c hanging the edge e ), the DR-plan

D ( G 3) = D ( G 1) and also the cluster S ( D ( G 3)) = S ( D ( G 1)). Ho w ev er, due to the c hange of e , Unra vel ( C 6)

gets called unlik e in the case of G 1 and G 2. The new L ( G 3) turns out to b e all edges in original graph G 3.

In the case of the graph G 4 Figure 14 (formed from G 1 b y c hanging the edges i and e ), the DR-plan

D ( G 4) output b y F A m ust b e di�eren t from D ( G 1) due to the prop erties in Section 2.2.2. Ho w ev er, the cluster

S ( D ( G 4)) = S ( D ( G 1)). In this case, Unra vel ( C 7) directly calls Unra vel ( C 4

0

); Unra vel is not called for

singleton clusters (v ertices) 21 and 22. Th us edges (17 ; 21) ; (18 ; 22) ; (21 ; 22) ; (22 ; 23 ) are excluded and the edge

i c hanged in L ( G 3) to giv e L ( G 4).

In the case of the graph G 5 Figure 15 (formed from G 1 b y di�eren tly c hanging the edges i and e ), the

DR-plan D ( G 5) output b y F A m ust b e di�eren t from D ( G 1) and D ( G 4), due to the prop erties in Section

2.2.2. Ho w ev er, the cluster S ( D ( G 5)) = S ( D ( G 1)). In this case, Unra vel ( C 7) calls b oth Unra vel ( C 4

00

) and

Unra vel ( C 5). L ( G 5) is again L ( G 3), with i c hanged.

In the case of the graph G 6 Figure 16 (formed from G 1 b y di�eren tly c hanging the edges g and e ), the DR-

plan D ( G 6) output b y F A m ust b e di�eren t from D ( G 1), due to the prop erties in Section 2.2.2 and moreo v er,
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S ( D ( G 6)) = C 7

0

is not the same as S ( D ( G 1)). In this case, Unra vel ( C 7

0

) calls b oth Unra vel (12) and

Unra vel ( C 7), whic h in turn directly calls Unra vel ( C 4). P

C 7

0

is the set f 19 ; 20 ; 15 ; 12 g . L ( G 6) is exactly the

set of edges in the subgraph of G 6 corresp onding to the cluster C 4, along with the c hanged edges e; f ; g .

A Note on Implemen tation

The F A DR-plans for the examples giv en here and man y other realistic 2d and 2d geometric constrain t systems

w ere obtained b y running our FR ONTIER geometric constrain t solv er. See for example Figure 4. These

and other examples { b oth 2d and 3d, and in v olving other t yp es of ob jects and constrain ts b esides p oin ts

and distances { are a v ailable at the FR ONTIER public domain site [30 ], where the source co de can also b e

do wnloaded. The algorithms describ ed here will b e incorp orated in to FR ONTIER's \up date" mo de.

Imp ortance of the F A DR-plan's prop erties

The correctness of Algorithms O verlist and Plano ver rely crucially on the prop erties of the F A DR-plan

giv en in Section 2.2.2. This is elucidated b y the con trol 
o w and the text in Figure 11, whic h distinguishes

b et w een the v arian ts in Figures 13, 14, 15 and 16.

4.3 Correctness and complexit y

The relativ ely simple description of the algorithm hides an in tricate pro of of correctness. The follo wing theorem

sho ws that Requiremen ts 1 and 2 of the problem statemen t in Section 2.4 are met b y algorithm O verlist .

Requiremen t 3 w as discussed in Section 4.1. The pro of is giv en in the App endix .

Theorem 4.2 L et L

C

b e any sublist of e dges output during a c al l to Unra vel

�

(no sublist L

C

is output without

such a c al l) and L ( G ) b e the union of al l of these sublists as output by Plano ver , when the algorithm O verlist

is run on an input c onstr aint gr aph G . Then the fol lowing hold.

1. Every e dge in L

C

r epr esents a r elevant explicit c onstr aint for r esolving C fr om its child clusters in the F A

DR-plan D ( G ) (output in Step 1 of O verlist ). If a cluster C is an anc estor of a cluster D , then the

e dges in L

C

(if any) ar e output b efor e the e dges in L

D

(if any).

2. Every e dge in L

C

b elongs to the (unique) minimal, nontrivial 1-(wel l)-over c onstr aine d sub gr aph of G (and

is henc e r e ducible in G by F act 2.2).

3. A ny e dge that is not in the c omplete output list L ( G ) (i.e, if it not in any of the sublists L

C

's output) is

not r e ducible in G .

4.3.1 Complexit y

The complexit y of constructing the F A DR-plan D ( G ) for G is giv en in Section 2.2.2 and b y Figure 11, it gets

included in to the complexit y of Algorithm O verlist : it represen ts the dominan t complexit y term.

Ho w ev er, the k ey p oin t w as to incremen tally and 
exibly output reducible constrain ts, giv en an already

existing DR-plan D ( G ). I.e, the crucial facilit y of Algorithm Plano ver (b esides its generalit y) is the abilit y

to e�cien tly output sublists of reducible constrain ts in \latest-solv ed-�rst" order and to output on demand

the relev an t reducible constrain t sublist for a particular cluster (see Section 4.1). It is the complexit y of these

pro cedures that are of in terest. In other w ords, giv en a cluster C , what is the complexit y of Unra vel for

outputting the list L

C

, if one exists, as a function of the standard graph and DR-plan parameters, the depth of

C in the DR-tree, and the n um b er of output edges or constrain ts? .

The answ er dep ends on whether and ho w standard information suc h as: relev an t edges of a cluster, con tact

p oin ts of a cluster and so on are main tained as part of the DR-plan. T o isolate this asp ect, let us assume the

complexit y of pro cessing at an y giv en cluster C , i.e, computing L

C

, P

C

, P

�

C

\ C

i

etc. (not including the recursiv e

call) during Unra vel ( C ) is t ( k

C

; r

C

). Here The quan tit y k

C

is the n um b er of c hild clusters in T

� 1

C

( C ) that

participate in C , the fan-in of the DR-plan at C , and is b ounded b y j V j ; r

C

is the n um b er of relev an t edges in

C .

Note: Our complexit y analysis assumes that t is a linear function { simple graph datastructures ensure this,

ev en if con tact p oin ts and relev an t edges ha v e to b e computed from scratc h without b eing main tained as part of
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Figure 12: W orking of O verlist sho wing calls to Unra vel for the graph G 1 and DR-plan of Figure 5;
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for Plano ver

the DR-plan. If these data are main tained systematically using high-e�ciency datastructures, then t could b e

a p olylogarithmic function, decreasing the follo wing b ound signi�can tly . W e also assume that eac h edge in the

h yp ergraph G has a b ounded arit y (usually 2), otherwise, the arit y en ters the complexit y in a straigh tforw ard

manner as a linear factor.

Let l

C

represen t the length of (n um b er of clusters B on) the unra v elling path p

C

(in D ( G )) from S ( D ( G ))

to C , whic h is b ounded b y j V j (due to prop erties in Section 2.2.2). Hence the complexit y of outputting the list

L

C

(if one exists) { giv en a graph G , DR-plan information D ( G ) and S ( D ( G )) and a cluster C { is b ounded b y

:

P

B 2 p

C

t ( k

B

; r

B

). This clearly gro ws with l

C

, according to Requiremen t 2 of Section 2.4. One rough complexit y

upp er b ound exhibiting this dep endence is O ( l

C

( j V j + j E j )). Here j E j can b e assumed to b e the n um b er of output

edges since none others are insp ected. Ho w ev er, this is a lo ose upp er b ound since no edge of the graph and no

cluster in the DR-plan is ev er insp ected more than once, i.e, since for an y C ,

P

B 2 p

C

r

B

do es not exceed the n um b er

of output edges j E j , and since

P

B 2 p

C

k

B

do es not exceed j V j

2

(the n um b er of clusters generated b y F A DR-planner

do es not exceed O ( j V j

2

), b y Section 2.2.2). Th us the complexit y of in terest do es not exceed O (max fj V j

2

; j E jg ) :

Com bining the t w o b ounds, the complexit y of in terest is b ounded b y: O (min f l

C

( j V j + j E j ) ; max fj V j

2

; j E jg ) g ),

ev en without prior DR-plan main tanence of con tact p oin t and relev an t cluster information. In practice (see

examples in Section 4.2) { this b ound do es not exceed O ( j E j ), i.e, it is linear in the n um b er of output edges.

5 Up dating the DR-plan after edge reduction

W e no w brie
y consider Requiremen t 4 of Section 2.4. If the w eigh t of one of the reducible edges in L

C

for

a cluster C is reduced b y one, the DR plan D ( G ) ma y no longer b e correct. Ho w can the DR-plan D ( G ) b e

mo di�ed e�cien tly to giv e an correct DR-plan that is near-optimal, but preferably without reorganizing an y

of the (maximal) descendan t clusters F of S ( D ( G )) whose subgraphs G

F

remained w ellconstrained after the

reduction (recall the de�nition of optimal in Section 2.1). This can b e done b y a simple use of the relev an t

constrain t lists L

F

and con tact p oin ts along with inheritance information P

F

and P

�

F

, that are used during

Unra vel { as discussed in Section 4.3.1, these can easily b e main tained as standard information along with the

clusters in the DR-plan. W e lea v e out the formal description and pro vide an in tuitiv e description using pictures

in Figure 17.

When one of the edges in L

C

is w eigh t-reduced b y 1, the clusters that are destro y ed i.e that are no longer

w ellconstrained are exactly the clusters E along the unra v elling path p in D ( G ) from S ( D ( G )) to C , excluding

S ( D ( G ), whose corresp onding subgraph G

S

w as previously 1-w ell-o v erconstrained and no w b ecomes w ellcon-

strained. All other clusters are preserv ed. The maximal preserv ed subDR-plans are ro oted at the clusters F

whic h are exactly the c hildren of the clusters E , excepting the c hildren that are directly on p . See Figure 17.
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Figure 17: Left: unoptimized DR-plan after reduction of edge, old DR-plan is dotted; unra v elling path is

mark ed; Middle and Righ t: t w o optimization steps

An initial v alid DR-plan attac hes all of these clusters F directly as the c hildren of S ( D ( G )), ho w ev er if there

are man y suc h clusters, suc h a plan could cause S ( D ( G )) to ha v e a large fan in, i.e, the system to b e solv ed

inorder to resolv e or recom bine S ( D ( G )) could b e large, making the new DR-plan far from optimal.

Ho w ev er, the con tact p oin ts inherited b y the clusters F can b e used in a straigh tforw ard manner to optimize

this initial DR-plan. These con tact p oin ts can b e read o� from the P

�

E

for the ancestors E (of the clusters

F ) on the unra v elling path p , including the cluster S ( D ( G )). These con tact p oin ts should b e considered in

the oldest �rst order, i.e, the con tact p oin ts inherited from S ( D ( G )) are �rst to b e considered in recom bining

the clusters F . This is b ecause in tuitiv ely , S ( D ( G ) w as the only cluster whose subgraph G

S

w as previously

o v erconstrained, and hence an y \comp ensation" for the reduction of the edge from L

C

should start with the

relev an t edges and con tact p oin ts at S ( D ( G )), and propagate do wn w ards along p . Successiv e steps in obtaining

an optimized DR-plan are describ ed in the sequence of pictures b elo w.

6 Conclusions and an Op en Problem

A geometric constrain t solv er algorithm emplo ys highly sp ecialized mathematics and o ccupies a cen tral p osition

in man y applications, for instance in computer-aided mec hanical design. In most cases, the solv er is em b edded

in other soft w are and is not directly exp osed to the user.

When form ulating a constrain t problem in an application con text, it is p ossible that situations arise that re-

quire the user to in teract with the solv er. The required in teraction ma y b e a problem reform ulation or assistance

to the solv er to select a di�eren t solution v arian t. In those situations, in tuitiv e metho dologies m ust b e dev elop ed

for users who are unfamiliar with the underlying mathematics and with the particular strategies emplo y ed b y

the constrain t solv er algorithms. Suc h users m ust b e able to e�ectiv ely comm unicate their requiremen ts without

ha ving to understand the w orkings of the solv er or the deep er principles on whic h it is based.

W e ha v e considered the issues requiring user in teraction for o v erconstrained problems, where users ma y not

understand wh y their problem sp eci�cation has redundan t constrain ts. Here, w e m ust presen t the user with all

relev an t c hoices for deleting redundancies. Curren tly , solv ers either giv e no information, simply lab elling the

problem as o v erconstrained, or else 
ag only an e�ectiv ely random subset of the reducible constrain ts at the

immediate cluster in whic h the problem w as detected. But those constrain ts ma y b e essen tial for the application

that should not b e deleted. Th us, al l relev an t constrain ts m ust b e iden ti�ed. These m ust moreo v er b e output

e�cien tly and 
exibly and on the user's demand, from desired subsystems of the constrain t system whic h could

represen t sp eci�c parts or features. F urthermore, the algorithm should e�cien tly use information and data that

are cen tral to the constrain t solv er, and hence already exist, suc h as the DR-plan; these data m ust also b e

e�cien tly up dated or dynamically main tained when one of the reducible constrain ts is remo v ed b y the user.

W e ha v e formally iden ti�ed these requiremen ts, and giv en e�cien t algorithms that apply to fully general, 3d

geometric constrain t h yp ergraphs in arbitrary dimensions along with sp eci�c, simpler algorithms to deal with

commonly o ccuring 2d cases. These algorithms will b e incorp orated in to t w o established geometric constrain t

solv ers Erep and Sk etc h w orks at Purdue and FR ONTIER [30 ] at Florida.
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Note: W e ha v e only dealt with the case of 1-o v erconstrained problems. The general k -o v erconstrained case

promises equal practical in terest, but app ears to b e signi�can tly more complex, based on preliminary w ork in

[31 ].

Ac kno wledgemen ts

Man y thanks to Nandhini Koharesw aran for the pictures.
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App endix

Pr o of of The or em 4.2: Item 1 holds immediately from the de�nition of the L

C

in Unra vel

�

and from the

recursiv e nature of Unra vel .

Pr o of of Item 2 W e will sho w that ev ery 1-o v erconstrained subgraph W of G con tains ev ery edge in L

C

. This

implies Item 2.

By the prop erties of F A in Section 2.2.2, the subgraph G

S

of G corresp onding to the cluster S ( D ( G ) is 1-w ell-

o v erconstrained and con tains the minimal 1-w ell-o v erconstrained graph.

Hence it is su�cien t to sho w that that ev ery 1-(w ell)-o v erconstrained subgraph W of G

S

con tains ev ery edge in

L

C

. This follo ws from Item (iv) in Claim 1 b elo w.

Claim 1: L et C b e any cluster on which Unra vel is c al le d, let G

C

b e the c orr esp onding sub gr aph of G . A ny

1-wel l-over c onstr aine d sub gr aph W of G

S

:

(i) Must interse ct G

C

on a wel lc onstr aine d or wel l-over c onstr aine d sub gr aph W

C

(ii) L et G

C

i

b e the sub gr aphs of G c orr esp onding to the childr en C

i

of C , found in T

� 1

C

( C ) . The interse ction

W

C

i

= W

C

\ G

C

i

= W \ G

C

i

, if nonempty, is wel lc onstr aine d and nontrivial pr ovide d G

C

i

is nontrivial.

(the trivial c ases of G

C

i

ar e hand le d str aightforwar d ly).

(iii) (a) Either W

C

� G

C

i

; i.e, W

C

= W

C

i

, for some i , or

(b) W

C

i

is nonempty for every child cluster C

i

of C .

(iv) If Unra vel

�

is c al le d at C , then (iii)(b) holds, i.e, W

C

i

is nonempty for every child cluster C

i

of C ; mor e

imp ortantly, W

C

includes al l e dges in L

C

and every c ontact p oint in P

C

.

Pr o of. W e pro v e Claim 1 b y induction on the n um b er l

C

of clusters (along a path p in the DR-plan D ( G )

from S ( D ( G )) to C ) on whic h Unra vel is called. This path consists of clusters that are b oth descendan ts of

S ( D ( G )) and ancestors of C . It is clear from the algorithm that if Unra vel (

�

) is ev en tually called on C , then

suc h a unique unr avel ling p ath p m ust exist, and Unra vel is called on all of the clusters on this path.

Basis: l

C

= 0, i.e, C = S ( D ( G )). In this case, W

C

= W ; so (i) holds immediately , and in fact, W

C

is

w ell-o v erconstrained. T o pro v e (ii), (iii), (iv), w e �rst pro v e the follo wing claims.

Claim 2:

(a) W

C

c annot b e a sub gr aph (pr op er or not) of any of G

C

i

's.

(b) If some W

C

i

is nonempty, then it c annot b e over c onstr aine d unless it is also trivial.

Pr o of. If W w ere a subgraph of one of the G

C

i

's or if W

C

i

w as o v erconstrained, then G

C

i

w ould b e w ell-

o v erconstrained, and b y de�nition of S ( D ( G ), w e w ould con tradict our Case 1 assumption that C

i

's paren t

C = S ( D ( G )). 2 (Claim 2)

Claim 3: None of the W

C

i

's is trivial over c onstr aine d unless the c orr esp onding G

C

i

is trivial over c onstr aine d.

Pr o of. Assume not. This implies that G

S

con tains a w ell-o v erconstrained subgraph W

C

that in tersects atleast

one of G

C

i

on a trivial o v erconstrained subgraph. Ho w ev er, b y a k ey prop ert y of F A DR-plans in Section 2.2.2,

suc h a subgraph w ould ha v e to directly yield or b e represen ted as one of the c hild clusters of C , con tradicting

Claim 2a. 2 (Claim 3)

Claim 2 and Claim 3 imply that: there are atleast 2 nonempt y W

C

i

's and if nonempt y , then the W

C

i

's are w ell

or underconstrained and non trivial pro vided G

C

i

is non trivial.

Next w e sho w that the W

C

i

's are nonempt y for ev ery c hild cluster C

i

. Supp ose to the con trary that W

C

o v erlaps

only the G

C

i

for i 2 Q , where Q is a prop er (index) subset of the c hildren of C and j Q j > 1. Let L

Q

C

b e the

restriction of L

C

induced b y Q , i.e, those edges in L

C

that are inciden t on only v ertices in the G

C

i

for i 2 Q .

Let G

Q

S

b e the subgraph of G

S

induced just b y the v ertices in G

C

i

: i 2 Q . No w: densit y( G

Q

S

) is atleast

P

i 2 Q

densit y( G

C

i

)+ (total edge w eigh t of L

Q

C

) whic h is atleast

P

i

densit y( W

C

i

)+ (total edge w eigh t of L

Q

C

) whic h is

atleast densit y( W

C

). But since W

C

w as c hosen to b e o v erconstrained, this implies that G

Q

S

is o v erconstrained.

Since w e kno w that none of the G

C

i

is o v erconstrained (recall that C = S ( D ( G ))), b y the prop erties of the
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F A DR-planner in Section 2.2, it follo ws that the C

i

's ha v e the same (w ellconstrained) densit y as the G

C

i

's

and it w ould further follo w that the subgraph of T

� 1

C

( C ) induced b y the C

i

: i 2 Q is also o v erconstrained).

But this con tradicts the minimalit y prop ert y in Section 2.2.2 of the cluster C as ha ving b een found b y an F A

DR-planner.

Next w e sho w that none of the W

C

i

is underconstrained, and all the con tact p oin ts in P

C

are con tained in

W

C

. Assume to the con trary that one of these do es not hold. It is clear that one of the inequalities (*) and

(**) b elo w m ust b e prop er: densit y( W

C

) is � (*)

P

i

densit y( W

C

i

)+ (total edge w eigh t of L

C

) whic h is �

(**)

P

i

densit y( G

C

i

)+ (total edge w eigh t of L

C

) (since the G

C

i

are w ell or w ell-o v erconstrained b y de�nition

of DR-plan and prop erties of F A in Section 2.2.2, and since the W

C

i

are not o v erconstrained). This latter

quan tit y is is equal to densit y( G

S

) : But since G

S

is just 1-o v erconstrained, it follo ws that W

C

= W w ould not

b e o v erconstrained whic h con tradicts our c hoice of W as an o v erconstrained subgraph of G

S

.

2 (Basis)

Inductive step: Assume Claim 1 is true for clusters C with l

C

� m . F or a cluster C with l

C

= m + 1, there

m ust b e some other closest ancestor cluster E

0

on the path p with l

E

0

� m on whic h Unra vel

�

is called. Let

E

0

; E

1

; E

2

; : : : ; E

k

= C , 1 � k � ( l

C

� l

E

0

) b e the clusters along the path p b et w een E and C .

By Induction h yp othesis on E, W

E

1

is nonempt y , w ellconstrained, non trivial (unless G

E

1

is trivial) and

includes all the con tact p oin ts P

�

E

0

\ G

E

1

. In fact, all of these con tact p oin ts m ust lie in (b e inherited b y)

G

E

1

; : : : ; G

C

: this is clearly true if k = 1 and E

1

= C . If not, i.e, if k > 1, then this is true again b ecause

otherwise Unra vel

�

w ould ha v e b een called on one of the clusters E

1

; : : : ; E

k � 1

, con tradicting the c hoice of

E = E

0

as closest ancestor to C where Unra vel

�

is called.

This means that W

E

1

\ G

C

is nonempt y and hence: This means that W

C

de�ned as W \ G

C

= W

E

1

\ G

C

(since G

C

� G

E

1

), is also nonempt y . Therefore b y Induction h yp othesis (ii) applied to its paren t E

k � 1

, it

follo ws that (i) holds for W

C

.

T o pro v e (ii), (iii), (iv) of the induction step, w e consider t w o cases. Whether Unra vel

�

is called at C or not.

In the former case, consider again the con tact p oin ts P

�

E

0

inherited from C 's closest ancestor E

0

on p where

Unra vel

�

is called. As b efore in the inductiv e step for (i), W

C

m ust con tain all of the con tact p oin ts P

�

E

0

\ G

E

1

,

where E

1

is a c hild of E

0

. Since Unra vel

�

is called at C , W

C

m ust therefore ha v e a nonempt y in tersection

with atleast 2 of C 's c hildren C

i

. This is a di�eren t pro of of Claim 2a of the base case. The remainder of the

inductiv e step for this case go es through exactly as in the induction basis.

In the latter case, i.e, when Unra vel

�

is not called at C , Claim 2a is no w false, and so is Claim 3. Ho w ev er

w e do not need to sho w (iv). T o sho w (ii) and (iii), w e mo dify Claim 2a and Claim 3 as follo ws. The pro ofs of

these mo di�cations are straigh tforw ard from the fact that Unra vel

�

is not called at C .

Claim 2a': W

C

is a sub gr aph of G

C

i

for atle ast one of its childr en C

i

, only if al l the c ontact p oints P

�

E

of C 's

p ar ent E fal l into C

i

.

Claim 3': If W

C

is not a sub gr aph of some G

C

i

, then none of the W

C

i

's is trivial over c onstr aine d unless the

c orr esp onding G

C

i

is trivial over c onstr aine d.

The remainder of the pro of for this case pro ceeds exactly as in the induction basis. 2 (Item 2)

Pr o of of Item 3 There are only 2 cases of these edges that are left out of L ( G ): those that are in G

S

, i.e, the

subgraph corresp onding to S ( D ( G )) and those that are not. Edges outside G

S

are not reducible b y Section

2.2.2, so that tak es care of the latter case.

The former case of edges inside G

S

m ust app ear as unc hanged edges in T

� 1

C

( C ), i.e, relev an t edges for

resolving a unique descendan t cluster C of S ( D ( G )) for whic h Unra vel

�

is not called. These are the clusters

C in whic h all con tact p oin ts P

�

E

- inherited through Unra vel on its paren t E - fall in to G

C

i

for one of the

c hild clusters C

i

of C .

F or eac h suc h cluster C , w e exhibit a subgraph W

C

of G

S

that is 1-o v erconstrained and do es not include

an y of the unc hanged edges of G that are inciden t on more than 1 cluster in T

� 1

C

( C ). This implies that none of

these edges b elong to the minimal 1-o v erconstrained subgraph of G and b y F act 2.2 are not reducible.

This W

C

is constructed as follo ws. See Figure 18. T ak e the unique unra v elling path p (de�ned during

the pro of of Item 2) b et w een S ( D ( G )) = E

0

; E

1

; : : : E

k

= C ( k � 1) in the DR-plan D ( G ). W alking do wn p

incremen t W

C

in stages, one stage for ev ery cluster E

l

on p where Unra vel

�

is called, include in to W

C

all the

subgraphs of all the c hildren clusters of E

l

except for the ancestor of C , namely E

l +1

. Include in to W

C

all the

unc hanged edges of G that are inciden t on more than 1 cluster in T

� 1

E

i

( E

i

) as w ell as the con tact p oin ts in P

�

E

l
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Construction of WC

Edges included in WC
����
����
����
����

����
����
����
����

Shared object

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

��
��
��
��
��

��
��
��
��
��

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������
����������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������
�������������

C=E4

S(D(G))

E1

E2

E3

C=E4

Unravelling
path P.

S(D(G))E1

E2
E3

Figure 18: Construction of W

C

for cluster C

(unc hanged v ertices of G ) that are in E

l +1

{ w e call this the set L of dangling con tact p oin ts. Finally , include

all the edges in G

C

i

in to W

C

. By construction, W

C

con tains none of the unc hanged edges that are inciden t on

more than 1 cluster in T

� 1

C

( C ).

The argumen t for W

C

b eing 1-o v erconstrained runs as follo ws. By the fact that G

S

is 1-o v erconstrained, it

follo ws that at an y giv en stage l of incremen tation, W

C

can b e made 1-o v erconstrained b y em b edding the set L

of dangling con tact p oin ts (i.e, adding enough edge w eigh t to mak e them) in to a w ell-constrained subgraph. A t

the �nal stage, w e p erform exactly this em b edding b y including all the edges in the w ell-constrained G

C

i

in to

W

C

. 2 (Item 3, and Theorem 4.2)
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